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In this paper, we construct three types of symmetric peaked solutions for a
Neumann problem involving critical Sobolev exponent: the interior peaked
solution, the boundary peaked solution and the interior-boundary peaked
solution.

1. Introduction

This paper is a continuation of our study on multipeak solutions for the semilinear
Neumann problem,

¡ ¢u + ¶ u = u2¤¡1 + auq¡1; u > 0; in « ;

@u

@ ¸
= 0; on @« ;

9
=

; (1.1)

where « » RN is a bounded domain with smooth boundary having certain sym-
metries (to be speci­ ed below), N > 5, ¶ > 0 is a large constant, a > 0 is a ­ xed
constants, ¸ = ¸ (x) is the unit outer normal to @« at x, 2¤ = 2N=(N ¡ 2) is the
critical Sobolev exponent and 2 < q < 2 ¤ .

Let k > 1 be an integer. A solution u ¶ of (1.1) is said to be k-peaked if u ¶ attains
its maximum over ·« only at k points in ·« . The construction of k-peak solutions
has been studied extensively in the last few years for the problem,

¡ ¢u + ¶ u = up¡1; u > 0; in « ;

@u

@ ¸
= 0; on @« ;

9
=

; (1.2)
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where 2 < p 6 2 ¤ . To state the results, we de­ ne the energy functional associated
with (1.2):

E ¶ (u) =
1

2

Z

«

(jruj2 + ¶ u2) ¡ 1

p

Z

«

jujp:

A solution of (1.2) is called a least energy solution if it minimizes the functional
E ¶ (u) in fu 2 H1( « ) : hE0

¶ (u); ui = 0; u 6= 0g. Ni and Takagi [21, 22] and Ni
et al . [23] proved that for ¶ > 0 large, the least energy solution for (1.2) is one-
peaked and its maximum point lies on the boundary and tends, as ¶ ! +1, to
a point attaining the global maximum of the mean curvature of the boundary. If
2 < p < 2 ¤ , k-peak solutions with all peaks on @« (the boundary peak solution),
or with all peaks lying in « (the interior peak solution), or with some peaks on
@« and others in « (the interior-boundary peak solution), have been constructed
in [6,9,11,13,15{17,19,32{34]. If p = 2 ¤ , there are several results on the existence
and multiplicity of boundary k-peak solutions. See [1,2,7,14,20,25{31,35]. However,
very little is known on the existence of interior peak solution or interior boundary
peak solution.

In [8], the authors have established that if p = 2 ¤ , (1.2) has no interior peak
solution, while under the symmetric assumption that « is invariant under some
group action of ¡ » O(N ) (the orthogonal group in RN ), satisfying that the orbit
of each point except the origin is at least three, (1.1) has an interior single peak
solution.

In this paper, we introduce a class of symmetric domains for which (1.1) with
a > 0 has all of the three types of peaked solution: interior peaked, boundary peaked
and interior-boundary peaked.

To state our results, let us ­ rst introduce some notation.
For any x = (x1; : : : ; xN ) 2 RN , de­ ne

pix = (x1; : : : ; xi¡1; ¡ xi; xi+ 1; : : : ; xN ):

Throughout this paper, we assume that a > 0 and « satis­ es the following
symmetry condition:

pix 2 « ; if x 2 « ; i = 1; : : : ; N: (1.3)

Let

I¶ (u) =

Z

«

1
2 (jruj2 + ¶ u2) ¡ 1

2 ¤

Z

«

juj2
¤

¡ a

q

Z

«

jujq ; u 2 H1( « );

H1
s ( « ) = fu : u 2 H1( « ); u(pix) = u(x); 8x 2 « ; i = 1; : : : ; Ng:

De­ ne

hu; vi ¶ =

Z

«

(rurv + ¶ uv)

and k ¢ k ¶ is the corresponding norm.
For any x 2 RN , let

U (y) =
[N (N ¡ 2)](N¡2)=4

(1 + jyj2)(N¡2)=2
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and for · > 0, y 2 RN , let

Ux;· (y) = · (N¡2)=2U ( · (y ¡ x)): (1.4)

For any x 2 « , let

Ex;· =

»
v : v 2 H1( « ); hU · ;x; vi ¶ =

½
@U · ;x

@·
; v

¾

¶

= 0;

½
@U· ;x

@xj
; v

¾

¶

= 0; j = 1; : : : ; N

¼
:

For any xi 2 @« , i =; 1; : : : ; l, let

Fx;· ;l =

»
v : v 2 H1( « ); hU· ;xi ; vi ¶ =

½
@U · ;xi

@·
; v

¾

¶

= 0;

½
@U · ;xi

@½ i
; v

¾

¶

= 0; i = 1; : : : ; l

¼
;

where ½ i is any tangent unit vector of @« at xi.

Theorem 1.1. Suppose that « satis¯es (1.3) and N > 5. Then there is a ¶ 0 > 0
such that for each ¶ > ¶ 0, (1.1) has a solution of the form,

u ¶ ;I = ¬ ¶ ;0;IU0;· ¶ ;0 + v ¶ ;I ; (1.5)

where ¬ ¶ ;I and · ¶ ;0 are constants, v ¶ ;I 2 E0;· ¶ ;0
\ H1

s ( « ), and as ¶ ! +1,
¬ ¶ ;0;I ! 1, kv ¶ ;Ik ! 0 and ·

(N¡2)(2¡q)=2
¶ ;0 ¶ ! c ¤ > 0.

For the existence of boundary peak solution, let zi = @« \fxi > 0; xj = 0; j 6= ig,
ẑi = pizi. We have the following theorem.

Theorem 1.2. Suppose that « satis¯es (1.3) and N > 5. Let (zim ; ẑim ), m =
1; : : : ; k, be k pairs of points. If one of the following conditions holds:

(i)

q >
2(N ¡ 1)

N ¡ 2
;

(ii)

q <
2(N ¡ 1)

N ¡ 2
and H(zim ) > 0; m = 1; : : : ; k;

where H(y) is the mean curvature of @« at y;

(iii)

q =
2(N ¡ 1)

N ¡ 2
and G2 + H(zim )G3 > 0;

where

G2 =
a(2 ¡ (N ¡ 2)(q=2 ¡ 1))

q

Z

RN

U q
0;1

https://doi.org/10.1017/S0308210500001268 Published online by Cambridge University Press

https://doi.org/10.1017/S0308210500001268


1042 D. Cao, E. S. Noussair and S. Yan

and

G3 =
1

2

Z

RN ¡ 1

jrU0;1(y0; 0)j2 dy0 ¡ 1

2 ¤

Z

RN ¡ 1

U 2¤

0;1(y0; 0) dy0 > 0;

then there is a ¶ 0 > 0 such that for each ¶ > ¶ 0, (1.1) has a solution of the form,

u ¶ ;B =

kX

m = 1

( ¬ ¶ ;m;BUzim ;· ¶ ;m + ¬ ¶ ;m;BUẑim ;· ¶ ;m ) + v ¶ ;B ; (1.6)

where ¬ ¶ ;m;B and · ¶ ;m are constants, v ¶ ;B 2 Fz;· ¶ ;2k \ H1
s ( « ), and as ¶ ! +1,

¬ ¶ ;m;B ! 1, m = 1 : : : ; k, kv ¶ ;Bk ! 0 and

·
(N¡2)(2¡q)=2
¶ ;m ¶ ! c ¤ > 0 if q >

2(N ¡ 1)

N ¡ 2
;

· ¡1
¶ ;m ¶ ! c ¤

m > 0 if q 6 2(N ¡ 1)

N ¡ 2
:

The next result is about the existence of interior-boundary peak solution.

Theorem 1.3. Assume the hypotheses of theorem 1.2 hold and N > 6. Then there
is a ¶ 0 > 0 such that for each ¶ > ¶ 0, (1.1) has a solution of the form,

u¶ = ¬ ¶ ;0U0;· ¶ ;0 +

kX

m = 1

( ¬ ¶ ;mUzim ;· ¶ ;m + ¬ ¶ ;mUẑim ;· ¶ ;m ) + v ¶ ; (1.7)

where ¬ ¶ ;m and · ¶ ;m are constants, v ¶ ;B 2 E0;· ¶ ;0
\ Fz;· ¶ ;2k \ H1

s ( « ), and as
¶ ! +1, ¬ ¶ ;m ! 1, m = 0; 1 : : : ; k, kv ¶ k ! 0,

·
(N¡2)(2¡q)=2
¶ ;0 ¶ ! c ¤ > 0;

and

·
(N¡2)(2¡q)=2
¶ ;m ¶ ! c ¤ > 0 if q >

2(N ¡ 1)

N ¡ 2
;

· ¡1
¶ ;m ¶ ! c ¤

m > 0 if q 6 2(N ¡ 1)

N ¡ 2
:

We remark that when q < 2(N ¡ 1)=(N ¡ 2), the interior peak solution constructed
in theorem 1.1 concentrates at the origin faster than the boundary peak solutions in
theorem 1.2 do. This makes it harder to construct interior-boundary peak solutions
because one needs to glue together solutions with di¬erent concentration rates.
To achieve this goal, as in [10] we shall carefully estimate the interaction between
di¬erent peaks to obtain a nice control of the term kv ¶ ¡ v ¶ ;I ¡ v ¶ ;Bk.

In this paper, the symmetry of the domain will play a crucial role to locate the
peaks of the solutions. For a general domain, it is still an open problem whether
(1.1) has interior peak solution or interior boundary peak solution.

In [8], the interior single peak solution was obtained by proving the minimizer of
the corresponding minimization problem in some symmetric space has exactly one
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local maximum point at the origin. Now consider following problem:

c ¶ = inf

»
I¶ (u) : u 2 H1

s ( « ); u 6= 0;

Z

«

(jruj2 + ¶ u2) =

Z

«

(juj2
¤

+ ajujq)

¼
: (1.8)

It is easy to check that c ¶ < SN=2=N , where S is the best constant for the Sobolev
embedding H1(RN ) ! L2¤

(RN). So (1.8) has a minimizer u ¶ . Under the condition
(1.3) here, we can only conclude that a minimizer of (1.8) has either one interior
peak at the origin, or two boundary peaks at zj, ẑj for some j. In some domains
satisfying (1.3), we can actually show that the minimizer of (1.8) has two boundary
peaks. See the discussion in x 3. So unlike the case in [8], we can not obtain an
interior peak solution as a minimizer of (1.8).

Problem (1.1) may be viewed as a prototype of pattern formation in biology and
is related to the steady state problem for chemotactic aggregation model by Keller
and Segel [18].

This paper is organized as follows. In x 2, we establish the existence of a symmetric
interior peak solution. In x 3, we construct boundary peak solutions and in x 4, we
construct interior-boundary peak solutions.

2. Existence of symmetric single peak solution

First we de­ ne

M ¯ ;I = f( ¬ ; x; · ; v) 2 R + £ « £ R + £ Ex;· : j ¬ ¡ 1j 6 ¯ ; x 2 B ¯ (0); · > ¯ ¡1;
p

¶ =· 2 6 ¯ ; kvk¶ 6 ¯ g;

where ¯ > 0 is a small constant. Let

JI( ¬ ; x; · ; v) = I( ¬ Ux;· + v); ( ¬ ; x; · ; v) 2 M ¯ ;I :

It is now well-known (see Bahri [3] and Bahri and Coron [4]) that if ¯ > 0 is
small enough, then for ( ¬ ; x; · ; v), u = ¬ Ux;· + v is a critical point of I¶ (u) in
H1( « ) if and only if ( ¬ ; x; · ; v) is a critical point of JI( ¬ ; ; x; · ; v) in M ¯ ;I , which
is equivalent to the existence of a0 2 R, b0 2 R, c` 2 R for ` = 1; : : : ; N , such that
the following equations hold:

@JI( ¬ ; x; · ; v)

@¬
= 0; (2.1)

@JI( ¬ ; x; · ; v)

@v
= a0Ux;· + b0

@Ux;·

@·
+

NX

` = 1

c`
@Ux;·

@x`
; (2.2)

@JI( ¬ ; x; · ; v)

@xj
= b0

½
@2Ux;·

@· @xj
; v

¾

¶

+

NX

` = 1

c`

½
@2Ux;·

@x`@xj
; v

¾

¶

; (2.3)

@JI( ¬ ; x; · ; v)

@·
= b0

½
@2Ux;·

@· 2
; v

¾

¶

+

NX

` = 1

c`

½
@2Ux;·

@· @x`
; v

¾

¶

: (2.4)

As usual, we ­ rst solve (2.1) and (2.2) so that we can reduce the problem to a
­ nite-dimensional problem.
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Proposition 2.1. For each ¯xed x 2 « and · > 0 large, there are unique ¬ ¶ ;I(x; · )
and v ¶ ;I(x; · ) 2 Ex;· , such that (2.1) and (2.2) hold. Moreover,

j ¬ ¶ ;I(x; · ) ¡ 1j + kv ¶ ;I (x; · )k ¶ = O

³³ p
¶

·

1́+ ³

+
1

· (2¡ ¼ )=2+ ³

´
;

for some ³ > 0, where ¼ = (N ¡ 2)(q=2 ¡ 1) > 0.

Proof. As in [3] and [24], we expand JI( ¬ ; x; · ; v) at ¬ = 1 and v = 0:

JI( ¬ ; x; · ; v) = JI(1; x; · ; 0) + hfx;· ; !i + 1
2
hQx;· !; !i + Rx;· (!);

where ! = ( ¬ ¡ 1; v),

hfx;· ; !i = ¡
Z

«

U 2¤¡1
x;· v ¡ a

Z

«

U q¡1
x;· v

+

³Z

«

jrUx;· j2 + ¶

Z

«

U 2
x;· ¡

Z

«

U 2¤

x;· ¡ a

Z

«

U q
x;·

´
( ¬ ¡ 1)

=: h ~fx;· ; vi + gx;· ( ¬ ¡ 1); (2.5)

hQx;· !; !i

= kvk2
¶ ¡ (2 ¤ ¡ 1)

Z

«

U 2¤¡2
x;· v2 ¡ a(q ¡ 1)

Z

«

U q¡2
x;· v2

+

³Z

«

jrUx;· j2 + ¶

Z

«

U 2
x;· ¡ (2 ¤ ¡ 1)

Z

«

U 2¤

x;· ¡ a(q ¡ 1)

Z

«

U q
x;·

´
( ¬ ¡ 1)2

¡ 2(¬ ¡ 1)

³
(2 ¤ ¡ 1)

Z

«

U 2¤¡1
x;· v + a(q ¡ 1)

Z

«

U q¡1
x;· v

´
; (2.6)

R(i)
x;· (!) = O(k!km in (3;2¤)¡i); i = 0; 1; 2; (2.7)

where

R(0)
x;· (!) = Rx;· (!); R(1)

x;· (!) = R
0

x;· (!); R(2)
x;· (!) = R

0 0

x;· (!):

It is easy to check that Qx;· is invertible. So it is standard to prove that there
are unique ¬ x;· and vx;· satisfying (2.1), (2.2) and

j ¬ ¶ ;I(x; · ) ¡ 1j + kv ¶ ;I(x; · )k ¶ = k!k = O(kfx;· k):

Now we estimate kfx;· k. First, we have

gx;· =

Z

«

jrUx;· j2 + ¶

Z

«

U 2
x;· ¡

Z

«

U 2¤

x;· ¡ a

Z

«

U q
x;·

=

Z

@«

@Ux;·

@¸
Ux;· + ¶

Z

«

U 2
x;· ¡ a

Z

«

U q
x;·

= O

³
1

· N¡2
+

¶

· 2
+

1

· 2¡ ¼

´

= O

³
¶

· 2
+

1

· 2¡ ¼

´
: (2.8)
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Since q > 2 > (4N ¡ 4)=3(N ¡ 2), we can choose

p 2
³

2N

N + 2
;

4N

(N ¡ 2)q + 4

´
and p close to

4N

(N ¡ 2)q + 4
;

such that p(N ¡ 2)(q ¡ 1) > N . We have

­­­­
Z

«

U q¡1
x;· v

­­­­6 C

³Z

«

U (q¡1)p
x;·

1́=p

kvk¶

6 C
1

· N=p¡(N¡2)(q¡1)=2
kvk ¶

= C
1

· (2¡ ¼ )=2+ ½
kvk ¶ ; (2.9)

where ½ = N=p ¡ 1
2 (N ¡ 2)(q ¡ 1) ¡ 1

2 (2 ¡ ¼ ) > 0.
Now we estimate ¶

R
«

Ux;· v. Choose

t 2
³

N

N ¡ 2
; 2

´
\

µ
2N

N + 2
; 2

´
:

Let

t0 =
t

t ¡ 1
and ² =

Nt ¡ 2N + 2t

2t
:

Then

¶

­­­­
Z

«

Ux;· v

­­­­6 ¶

³Z

«

U t
x;·

1́=t

jvjt0

6 C¶
1

· N=t¡(N¡2)=2
jvjt0 6 C¶

1

· N=t¡(N¡2)=2
jvj²2 jvj1¡²

2¤

= C¶ 1¡ ² =2 1

· N=t¡(N¡2)=2
(
p

¶ jvj2) ² jvj1¡ ²
2¤

6 C1 ¶ 1¡² =2 1

· N=t¡(N¡2)=2
kvk ¶

= C1

³ p
¶

·

2́¡ ²

kvk ¶

= C1

³ p
¶

·

1́+ ½ 1

kvk ¶ ; (2.10)

where ½ 1 = 1 ¡ ² > 0.
Using (2.10), we see
Z

«

U 2¤¡1
x;· v = ¡

Z

«

¢Ux;· v

= ¡ ¶

Z

«

Ux;· v ¡
Z

@«

@Ux;·

@¸
v = O

³
1

· (N¡2)=2
+

³ p
¶

·

1́+ ½ 1
´

kvk ¶ :

(2.11)
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Combining (2.5), (2.8), (2.9) and (2.11), we obtain

jh ~fx;· ; vij = O

³³ p
¶

·

1́+ ½ 1

+
1

· (2¡ ¼ )=2+ ½

´
kvk ¶ :

As a result,

kfx;· k = O

³³ p
¶

·

1́+ ½ 1

+
1

· (2¡ ¼ )=2+ ½

´
:

So we have completed the proof of this proposition.

In the rest of this section, we ­ x x = 0. For simplicity, we denote ¬ 0;I = ¬ ¶ ;I(0; · )
and vI = v ¶ ;I(0; · ).

Lemma 2.2. v ¶ (y) is even in each yj, j = 1; : : : ; N .

Proof. For ­ xed j, let ·vI(y) = vI(pjy). Then it is easy to check ·vI 2 E0;· and for
any ¿ 2 E0;· , we have

I( ¬ 0;IU0;· + ·vI + t¿ ) = I( ¬ 0;IU0;· + vI + t·¿ );

where ·¿ (y) = ¿ (pjy). So ·¿ 2 E0;· . As a result,

d

dt
I( ¬ 0;IU0;· + ·vI + t¿ )jt= 0 =

d

dt
I( ¬ 0;I U0;· + vI + t ·¿ )jt= 0

=

½
@JI( ¬ 0;I ; 0; · ; vI)

@v
; ·¿

¾
= 0:

Similarly, we have

@JI( ¬ 0;I ; 0; · ; ·vI)

@¬
=

@JI( ¬ 0;I ; 0; · ; vI)

@¬
= 0:

So ( ¬ 0;I ; ·vI) also satis­ es (2.1) and (2.2). By the uniqueness, we have ( ¬ 0;I ; ·vI) =
( ¬ 0;I ; vI). Thus ·vI = vI .

Lemma 2.3. cj = 0, j = 1; : : : ; N .

Proof. By lemma 2.2, vI is even in each yj . On the other hand, @U0;· =@xi is odd
in each yj . So it is easy to check

½
@JI( ¬ 0;I ; 0; · ; vI)

@v
;

@U0;·

@xi

¾
= 0; i = 1; : : : ; N: (2.12)

Also noting that
½

U0;· ;
@U0;·

@xi

¾

¶

=

½
@U0;·

@·
;

@U0;·

@xi

¾

¶

= 0;

we obtain from (2.2) and (2.12) that

NX

j = 1

cj

½
@U0;·

@xj
;

@U0;·

@xi

¾

¶

= 0; i = 1; : : : ; N:

So cj = 0, j = 1; : : : ; N .
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Lemma 2.4. For any · > 0 large, ( ¬ 0;I ; 0; · ; vI) satis¯es (2.3).

Proof. By lemma 2.3, (2.3) becomes

@JI( ¬ 0;I ; 0; · ; vI)

@xi
= b0

½
@2U0;·

@· @xi
; vI

¾

¶

:

But by lemma 2.2, it is easy to check that both the left-hand side and the right-hand
side of the above equation are identically equals to zero. So the claim follows.

By proposition 2.1 and lemma 2.4, it remains to ­ nd · > 0 large such that
( ¬ 0;I ; 0; · ; vI) satis­ es (2.4).

Proof of theorem 1.1. By the above discussion, we just need to solve (2.4). We have

@JI( ¬ 0;I ; 0; · ; vI)

@·
=

½
@JI( ¬ 0;I ; 0; · ; vI)

@v
;

@U0;·

@·

¾

= ¬ 0;I

³Z

«

rU0;· r@U0;·

@·
+ ¶

Z

«

U0;·
@U0;·

@·

´

¡ ¬ 2¤¡1
0;I

Z

«

U 2¤¡1
0;·

@U0;·

@·
¡ a¬ q¡1

0;I

Z

«

U q¡1
0;·

@U0;·

@·

¡ (2 ¤ ¡ 1)¬ 2¤¡2
0;I

Z

«

U 2¤¡2
0;·

@U0;·

@·
vI

¡ a(q ¡ 1)¬ q¡2
0;I

Z

«

U q¡2
0;·

@U0;·

@·
vI + O

³
1

·
kvIk2

´

= ¡ ¶ ¬ 0;I

Z

RN

U 2
0;1

2

· 3

+
a¬ q¡1

0;I

q

Z

RN

U q
0;1

2 ¡ ¼

· 3¡ ¼
+ O

³³
¶

· 2

1́+ ½
1

·
+

1

· 3¡ ¼ + ½

´

= ¡ G1 ¶

· 3
+

G2

· 3¡ ¼
+ O

³³
¶

· 2

1́+ ½
1

·
+

1

· 3¡ ¼ + ½

´
; (2.13)

where

G1 = 2

Z

RN

U 2
0;1 > 0; G2 =

a(2 ¡ ¼ )

q

Z

RN

U q
0;1 > 0:

Now we estimate b0 in (2.2). From (2.2), we have

a0

½
U0;· ;

@U0;·

@·

¾

¶

+ b0

®®®®
@U0;·

@·

®®®®
2

¶

=
@JI( ¬ 0;I ; 0; · ; vI)

@·

= O

³
¶

· 3
+

1

· 3¡ ¼

´
; (2.14)

a0kU0;· k2
¶ + b0

½
U0;· ;

@U0;·

@·

¾

¶

=
@JI( ¬ 0;I ; 0; · ; vI)

@¬
= 0: (2.15)

Solving (2.14) and (2.15), we obtain

b0 = · O

³
¶

· 2
+

1

· 2¡ ¼

´
: (2.16)
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From lemma 2.3, (2.13) and (2.16), we see that (2.4) is equivalent to

¡ G1 ¶

· 3
+

G2

· 3¡ ¼
= O

³³
¶

· 2

1́+ ½
1

·
+

1

· 3¡ ¼ + ½

´
; (2.17)

where ½ > 0 is a small constant.
It is easy to prove that (2.17) has a solution · ¶ satisfying

· ¶

¶ 1=¼
!

³
G1

G2

1́=¼

as ¶ ! +1:

3. Existence of symmetric multiple boundary peak solutions

For ¯ > 0 small, de­ ne

M ¯ ;B =

»
( ¬ ; x; · ; v) 2 Rl

+ £ (@« )l £ Rl
+ £ Fx;· ;l :

lX

i = 1

j¬ i ¡ 1j 6 ¯ ;

jxi ¡ xj j > c0 > 0; i 6= j; · i > ¯ ¡1;

p
¶

· i
6 ¯ ; i = 1; : : : ; l; kvk ¶ 6 ¯

¼
:

Let

JB( ¬ ; x; · ; v) = I

³ lX

j = 1

¬ jUxj ;· j + v

´
; 8( ¬ ; x; · ; v) 2 M ¯ ;B:

Let f½ j1; : : : ; ½ j(N¡1)g form an orthogonal basis of the tangent space of @« at
xj . In order to prove that u =

Pl
j = 1 ¬ jUxj ;· j + v is a critical point of I(u), we just

need to prove that ( ¬ ; x; · ; v) 2 M ¯ ;B satis­ es

@JB( ¬ ; x; · ; v)

@¬ j
= 0; (3.1)

@JB( ¬ ; x; · ; v)

@v
=

lX

j = 1

³
ajUxj ;· j + bj

@Uxj ;· j

@· j

´
+

kX

j = 1

N¡1X

` = 1

cj`

@Uxj ;· j

@½ j`
; (3.2)

@JB( ¬ ; x; · ; v)

@½ ji
= bj

½
@2Uxj ;· j

@· j@½ ji
; v

¾

¶

+

N¡1X

` = 1

cj`

½
@2Uxj ;· j

@½ j`@½ ji
; v

¾

¶

; (3.3)

@JB( ¬ ; x; · ; v)

@· j
= bj

½
@2Uxj ;· j

@· 2
j

; v

¾

¶

+
N¡1X

` = 1

cj`

½
@2Uxj ;· j

@· j@½ j`
; v

¾

¶

: (3.4)

for some aj, bj , cj` 2 R1, j = 1; : : : ; l, i = 1; : : : ; N ¡ 1.
First, we reduce the problem of ­ nding a critical point of the form

lX

j = 1

¬ jUxj ;· j + v

to a ­ nite-dimensional problem.
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Proposition 3.1. For xj 2 @« , j = 1; : : : ; l, jxi ¡ xjj > ¯ > 0, i 6= j, and · j > 0
large, there are unique ¬ ¶ ;B(x; · ) and v ¶ ;B(x; · ) 2 Fx;· ;l, such that (3.1) and (3.2)
hold. Moreover,

lX

j = 1

j ¬ j;¶ ;B(x; · ) ¡ 1j + kv ¶ ;B(x; · )k¶ = O

³ lX

j = 1

³³ p
¶

· j

1́+ ³

+
1

·
(2¡¼ )=2+ ³
j

+
1

· 1¡ ³
j

´´
;

for some small ³ > 0, where ¼ = (N ¡ 2)(q=2 ¡ 1) > 0.

Proof. The proof of proposition 3.1 is similar to that of proposition 2.1 Thus we
omit it.

For the rest of this section, we take l = 2k, k > 1, x2j¡1 = zij , x2j = ẑij ,
· 2j¡1 = · 2j, j = 1; : : : ; k. Without loss of generality, we assume ij = j. For
simplicity, we let ¬ B = ¬ ¶ ;B(z; · ), vB = v ¶ ;B(z; · ).

Lemma 3.2. vB is even in each yj and ¬ 2j¡1;B = ¬ 2j;B , j = 1; : : : ; k.

Proof. Let ·vB(y) = vB(pjy),

¼ j ¬ = ( ¬ 1; ¬ 2; : : : ; ¬ 2(j¡1)¡1; ¬ 2(j¡1); ¬ 2j ;

¬ 2j¡1; ¬ 2(j + 1)¡1; ¬ 2(j + 1); : : : ; ¬ 2k¡1; ¬ 2k):

We have

JB( ¼ j ¬ ; z; · ; ·v) = JB( ¬ ; z; · ; v):

So it is easy to check that ( ¼ j ¬ B; ·vB) also satis­ es (3.1) and (3.2). By uniqueness,
we have ( ¼ j ¬ B ; ·vB) = ( ¬ B ; vB) and the claim follows.

Lemma 3.3. We have a2j¡1 = a2j , b2j¡1 = b2j and cj` = 0, j = 1; : : : ; k, ` =
1; : : : ; N ¡ 1.

Proof. First we know that all the constants aj, bj and cij are uniquely determined
by the systems obtained by taking inner product of (3.2) with

Uzj ;· j ; Uẑj ;· j ;
@Uzj ;· j

@· j
;

@Uẑj ;· j

@· j
;

@Uzj ;· j

@½ 2j¡1;`
;

@Uẑj ;· j

@½ 2j;`
:

So if we can choose Aj and Bj suitably, such that a2j¡1 = a2j = Aj , b2j¡1 = b2j =
Bj, cj` = 0 satisfy the same system, then our claim follows.

Let Aj and Bj be determined by the following systems:

½
@JB( ¬ B ; z; · ; vB)

@v
; Uẑi;· i

¾
=

kX

j = 1

AjhUzj ;· j + Uẑj ;· j ; Uẑi;· i i ¶

+

kX

j = 1

Bj

½
@Uzj ;· j

@· j
+

@Uẑj ;· j

@· j
; Uẑi;· i

¾

¶

; (3.5)
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½

@JB( ¬ B ; z; · ; vB)

@v
;

@Uẑi;· i

@· i

¾
=

kX

j = 1

Aj

½
Uzj ;· j + Uẑj ;· j ;

@Uẑi;· i

@· i

¾

¶

+

kX

j = 1

Bj

½
@Uzj ;· j

@· j
+

@Uẑj ;· j

@· j
;

@Uẑi;· i

@· i

¾

¶

:

(3.6)

It is easy to check that Aj and Bj are uniquely determined by (3.5) and (3.6). For
such Aj and Bj, we also have
½

@JB( ¬ B ; z; · ; vB)

@v
; Uzi;· i

¾

=

½
@JB( ¬ B ; z; · ; v)

@v
; Uẑi;· i

¾

=

kX

j = 1

AjhUzj ;· j + Uẑj ;· j ; Uẑi;· i
i ¶ +

kX

j = 1

Bj

½
@Uzj ;· j

@· j
+

@Uẑj ;· j

@· j
; Uẑi;· i

¾

¶

=

kX

j = 1

AjhUzj ;· j + Uẑj ;· j ; Uzi;· i i ¶ +

kX

j = 1

Bj

½
@Uzj ;· j

@· j
+

@Uẑj ;· j

@· j
; Uzi;· i

¾

¶

:

(3.7)

Similarly, we have

½
@JB( ¬ B ; z; · ; vB)

@v
;

@Uzj ;· i

@· i

¾
=

kX

j = 1

Aj

½
Uzj ;· j + Uẑj ;· j ;

@Uzi;· i

@· i

¾

¶

+

kX

j = 1

Bj

½
@Uzj ;· j

@· j
+

@Uẑj ;· j

@· j
;

@Uzi;· i

@· i

¾

¶

:

(3.8)

Moreover,

½
@JB( ¬ B ; z; · ; vB)

@v
;

@Uzi;· i

@½ i`

¾
= 0 =

kX

j = 1

Aj

½
Uzj ;· j + Uẑj ;· j ;

@Uzi;· i

@½ i`

¾

¶

+

kX

j = 1

Bj

½
@Uzj ;· j

@· j
+

@Uẑj ;· j

@· j
;

@Uzi;· i

@½ i`

¾

¶

;

(3.9)
½

@JB( ¬ B ; z; · ; vB)

@v
;

@Uẑi;· i

@½ i`

¾
= 0 =

kX

j = 1

Aj

½
Uzj ;· j + Uẑj ;· j ;

@Uẑi;· i

@½ i`

¾

¶

+

kX

j = 1

Bj

½
@Uzj ;· j

@· j
+

@Uẑj ;· j

@· j
;

@Uẑi;· i

@½ i`

¾

¶

:

(3.10)
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So we see a2j¡1 = a2j = Aj , b2j¡1 = b2j = Bj and cj` = 0 is the solution of the
systems.

Lemma 3.4. For any · j > 0 large, ( ¬ B; z; · ; vB) satis¯es (3.3).

Proof. By lemma 3.2,
Pk

j = 1( ¬ 2j;BUzj ;· j + ¬ 2j;BUẑj ;· j ) + vB is an even function of
yj, j = 1; : : : ; N . Thus

@JB( ¬ B; z; · ; vB)

@½ 2j;`
= 0:

On the other hand, it is easy to check the right-hand side of (3.3) is zero. So our
claim follows.

Lemma 3.5. If · j (j = 1; : : : ; k) satis¯es

@JB( ¬ B ; z; · ; vB)

@· 2j¡1

­­­­
· 2j ¡ 1 = · 2j = · j

= bj

½
@2Uzj ;· j

@· 2
j

; vB

¾

¶

; (3.11)

then · j (j = 1; : : : ; k) also satis¯es

@JB( ¬ B ; z; · ; vB)

@· 2j

­­­­
· 2j ¡ 1 = · 2j = · j

= bj

½
@2Uẑj ;· j

@· 2
j

; vB

¾

¶

:

Proof. We have

@JB( ¬ B; z; · ; vB)

@· 2j

­­­­
· 2j ¡ 1 = · 2j = · j

=

½
@JB( ¬ B ; z; · ; vB)

@v
;

@Uẑi;· i

@· j

¾

¶

=

½
@JB( ¬ B ; z; · ; vB)

@v
;

@Uzi;· i

@· j

¾

¶

(since ¬ 2j¡1;B = ¬ 2j;B ; vB(pjy) = vB(y))

= bj

½
@2Uzj ;· j

@· 2
j

; vB

¾

¶

= bj

½
@2Uẑj ;· j

@· 2
j

; vB(pjy)

¾

¶

= bj

½
@2Uẑj ;· j

@· 2
j

; vB

¾

¶

:

Proof of theorem 1.2. Similar to (2.13) in the proof of theorem 1.1, we can check
that

@JB( ¬ B; z; · ; vB)

@· 2j¡1

­­­­
· 2j ¡ 1 = · 2j = · j

=
G3H(zj)

· 2
j

¡ G1 ¶

· 3
j

+
G2

· 3¡ ¼
j

+ O

³ kX

j = 1

³³
¶

· 2
j

1́+ ½
1

· j
+

1

· 2+ ½
j

+
1

· 3¡ ¼ + ½
j

´´
:

(3.12)
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Besides, similar to (2.14) and (2.15), using (3.12), we can check

bj = · jO

³ kX

i = 1

³
¶

· 2
i

+
1

· i
+

1

· 2¡ ¼
j

´´
: (3.13)

Combining (3.12) and (3.13), we see that (3.11) is equivalent to

G3H(zj)

· 2
j

¡ G1 ¶

· 3
j

+
G2

· 3¡ ¼
j

= O

³ kX

j = 1

³³
¶

· 2
j

1́+ ½
1

· j
+

1

· 2+ ½
j

+
1

· 3¡ ¼ + ½
j

´´
; (3.14)

where

G3 =
1

2

Z

RN ¡ 1

jrU0;1(y0; 0)j2 dy0 ¡ 1

2 ¤

Z

RN ¡ 1

U 2¤

0;1(y0; 0) dy0 > 0;

y0 = (y1; : : : ; yN¡1).
(i) If 3 ¡ ¼ < 2, that is, q > 2(N ¡ 1)=(N ¡ 2), then (3.14) has a solution

( · 1;¶ ; : : : ; · k;¶ ) satisfying

·
(N¡2)(1¡q=2)
j;¶ ¶ ! G2

G1
> 0:

(ii) If 3 ¡ ¼ > 2 and H(zj) > 0, j = 1; : : : ; k, that is, q < 2(N ¡ 1)=(N ¡ 2) and
H(zj) > 0, j = 1; : : : ; k, then (3.14) has a solution ( · 1;¶ ; : : : ; · k;¶ ) satisfying

· j;¶ ¶ ¡1 ! G1

G3H(zj)
> 0:

(iii) If 3 ¡ ¼ = 2 and G2+G3H(zj) > 0, j = 1; : : : ; k, that is, q = 2(N ¡ 1)=(N ¡ 2)
and G2 + G3H(zj) > 0, j = 1; : : : ; k, then (3.14) has a solution ( · 1;¶ : : : ; · k;¶ )
satisfying

· j;¶ ¶ ¡1 ! G1

G2 + G3H(zj)
> 0:

Before we close this section, we discuss brie®y the least energy solution in the
symmetric space.

Proposition 3.6. Let u ¶ 2 H1
s ( « ) be the minimizer of (1.8). Suppose that 2 <

q < 2(N ¡ 1)=(N ¡ 2). We have the following.

(i) If H(zj) < 0, j = 1; : : : ; N , then u¶ is an interior single peak solution with
its peak in the origin.

(ii) If H(zj) > 0 for some j, then u ¶ is a boundary two peak solution with its
peaks in zj0 ; ẑj0 , where H(zj0 ) = max06 j6 N H(zj).

Proof. By the symmetry of the domain, we know that u ¶ has either one interior
peak in the origin, or has two peaks in zi; ẑi for some i.

(i) If H(zj) < 0, j = 1; : : : ; N , from (3.14), we see that (1.1) has no boundary
two solution with its peak in zi; ẑi. So in this case, u ¶ is an interior single peak
solution.
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(ii) Suppose that H(zj) > 0 for some j. Then for any symmetric boundary two
peak solution u ¶ ;j with its peak in zj; ẑj, H(zj) > 0, we have the following energy
expansion:

I ¶ (u ¶ ;j) =
SN=2

N
¡ cj

¶
+ O

³
1

¶ 2+ ½

´

for some cj > 0 depending on H(zj). But for an interior single peak solution u ¶ ;0

with its peak at the origin, we have

I¶ (u ¶ ;0) =
SN=2

N
¡ c0

¶ 2=¼ ¡1
+ O

³
1

¶ 2=¼ ¡1+ ½ =¼

´
;

for some c0 > 0. So we see

I ¶ (u¶ ;j) < I¶ (u ¶ ;0);

since 2=¼ ¡ 1 > 1.

4. Existence of symmetric interior-boundary peak solutions

Let ¯ > 0 small. De­ ne

M ¯ =

»
( ¬ ; x; · ; v) 2 Rl+ 1

+ £ ( « £ (@« )l) £ Rl + 1
+ £ (Ex0 ;· 0 \ Fx;· ;l) :

lX

i = 0

j ¬ i ¡ 1j 6 ¯ ; x0 2 B ¯ (0); jxi ¡ xj j > c0 > 0; 1 6 i < j 6 l;

· i > ¯ ¡1;

p
¶

· 2
i

6 ¯ ; i = 0; : : : ; l; kvk ¶ 6 ¯

¼
:

Let

J( ¬ ; x; · ; v) = I

³ lX

j = 0

¬ jUxj ;· j + v

´
; 8( ¬ ; x; · ; v) 2 M ¯ :

In this section, we will construct an interior-boundary peak solution of the form
u =

Pl
j = 0 ¬ jUxj ;· j + v. As in the previous sections, this is equivalent to ­ nd

( ¬ ; x; · ; v) 2 Rl+ 1
+ £ ( « £ (@« )l) £ Rl + 1

+ £ (Ex0 ;· 0 \ Fx;· ;l) satis­ es

@J( ¬ ; x; · ; v)

@¬ j
= 0; (4.1)

@J( ¬ ; x; · ; v)

@v
= a0Ux;· 0 + b0

@Ux0 ;·

@· 0
+

NX

` = 1

c0`
@Ux0;· 0

@x0`

+

lX

j = 1

³
ajUxj ;· j + bj

@Uxj ;· j

@· j

´
+

lX

j = 1

N¡1X

` = 1

cj`

@Uxj ;· j

@½ j`
; (4.2)
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@J( ¬ ; x; · ; v)

@x0i
= b0

½
@2Ux0;· 0

@· 0@x0i
; v

¾

¶

+

NX

` = 1

c0`

½
@2Ux0;· 0

@x0`@x0i
; v

¾

¶

; (4.3)

@J( ¬ ; x; · ; v)

@½ ji
= bj

½
@2Uxj ;· j

@· j@½ ji
; v

¾

¶

+

N¡1X

` = 1

cj`

½
@2Uxj ;· j

@½ j`@½ ji
; v

¾

¶

; (4.4)

@J( ¬ ; x; · ; v)

@· 0
= b0

½
@2Ux0;· 0

@· 2
0

; v

¾

¶

+

NX

` = 1

c0`

½
@2Ux0 ;· 0

@· 0@x0`
; v

¾

¶

; (4.5)

@J( ¬ ; x; · ; v)

@· j
= bj

½
@2Uxj ;· j

@· 2
j

; v

¾

¶

+

N¡1X

` = 1

cj`

½
@2Uxj ;· j

@· j@½ j`
; v

¾

¶

; (4.6)

for some aj, bj , cj` 2 R1.
First, we reduce the problem of ­ nding a critical point of the form

lX

j = 0

¬ jUxj ;· j + v

to a ­ nite-dimensional problem.

Proposition 4.1. For x0 2 « and xj 2 @« , j = 1; : : : ; l, jxi ¡ xjj > ¯ > 0, i 6= j,
and · j > 0 large, there are unique ¬ ¶ (x; · ) and v ¶ (x; · ) 2 Ex0 ;· 0 \Fx;· ;l, such that
(4.1) and (4.2) hold. Moreover,

lX

j = 0

j¬ ¶ ;j(x; · ) ¡ 1j + kv ¶ (x; · )k ¶ = O

³ lX

j = 0

³³ p
¶

· j

1́+ ³

+
1

·
(2¡ ¼ )=2+ ³
j

+
1

· 1¡ ³
j

´´
;

for some small ³ > 0, where ¼ = (N ¡ 2)(q=2 ¡ 1) > 0.

Proof. The proof of proposition 4.1 is similar to that of proposition 2.1 Thus we
omit it.

For the rest of this section, we take l = 2k, k > 1, x0 = 0, x2j¡1 = zij , x2j = ẑij ,
· 2j¡1 = · 2j, j = 1; : : : ; k. Without loss of generality, we assume ij = j. For
simplicity, we let ¬ = ¬ ¶ ((0; z); · ), v = v ¶ ((0; z); · ).

Arguing as in x 2 and x 3, we know that v is even in yj, a2j¡1 = a2j, b2j¡1 = b2j

and cij = 0. Similar to the proof of theorems 1.1 and 1.2, using the estimate in
proposition 4.1, we see that to get a solution of the form

¬ U0;· 0
+

kX

j = 1

( ¬ 2jUzj ;· j
+ ¬ 2jUẑj ;· j

) + v

is equivalent to solve the following system:

¡ G1 ¶

· 3
0

+
G2

· 3¡ ¼
0

= O

³ kX

j = 0

³³
¶

· 2
j

1́+ ½
1

· j
+

1

· 2+ ½
j

+
1

· 3¡¼ + ½
j

´´
; (4.7)

G3H(zj)

· 2
j

¡ G1 ¶

· 3
j

+
G2

· 3¡ ¼
j

= O

³ kX

j = 0

³³
¶

· 2
j

1́+ ½
1

· j
+

1

· 2+ ½
j

+
1

· 3¡¼ + ½
j

´´
: (4.8)
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If 3 ¡ ¼ 6 2, then 1=· 2 is a higher-order term than 1=· 3¡ ¼ for 3 ¡ ¼ < 2 and
is the same order of 1=· 3¡ ¼ for 3 ¡ ¼ = 2. So we can solve (4.7) and (4.8) to get
a solution · j;¶ satisfying · ¼

j;¶ ¶ ¡1 ! c > 0. Thus we only need to consider the case
3 ¡ ¼ > 2. From (4.8), we expect · j;¶ ¶ ¡1 ! c > 0. So the right-hand side of (4.7)
is of order 1=¶ 2+ ½ , which is not a higher-order term of the left-hand side of (4.7).
Thus we are not able to determine · 0 from (4.7).

In order to glue together the interior peak solution and the boundary peak solu-
tion, which have di¬erent concentration rates, more work is needed.

The main work of this section is to improve the estimate of (4.7). We shall prove
that (4.5) is equivalent to

¡ G1 ¶

· 3
0

+
G2

· 3¡ ¼
0

= O

³³
¶

· 2
0

´1+ ½
1

· 0
+

1

· 3¡ ¼ + ½
0

´
: (4.9)

To get (4.9), we need to estimate kv ¡ vI ¡ vBk ¶ . Let

f (u) = juj2
¤¡2u + ajujq¡2u:

First, we have the following pointwise estimate for vI and vB .

Lemma 4.2. Let vI be the function obtained in proposition 2.1. Then for ¯xed small
" > 0,

vI = O

³³ p
¶

· 0

1́+ ½

+
1

·
(2¡ ¼ )=2+ ½
0

´
8y 2 ·« n B"(0):

Proof. By (2.2), we know that vI satis­ es

½
@JI

@v
; ’

¾
= a0hU0;· 0 ; ’i ¶ + b0

½
@U0;· 0

@· 0
; ’

¾

¶

:

Thus, vI satis­ es

¡ ¢vI + ¶ vI = f ( ¬ 0U0;· 0 + vI) ¡ ¬ 0U2¤¡1
0;· 0

¡ ¶ ¬ 0U0;· 0

+ a0(U 2¤¡1
0;· 0

+ ¶ U0;· 0 ) + b0

³
(2 ¤ ¡ 1)U 2¤¡2

0;· 0

@U0;· 0

@· 0
+ ¶

@U0;· 0

@· 0

´

=: F (y); y 2 « ;

@vI

@¸
= ¡ a0U0;· 0 ¡ b0

@U0;· 0

@· 0
; y 2 @« :

Moreover, we have the following estimate,

kvIk¶ = O

³³ p
¶

· 0

1́+ ½

+
1

·
(2¡ ¼ )=2+ ³
0

´
;

which is small if ¯ > 0 is small. We also have

jF (y)j 6 C¶

·
(N¡2)=2
0

+ CjvI j2
¤¡1 + CjvI jq¡1; jyj > "=2 > 0:
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Using [5] and [12, theorem 8.17], we have that

jvI(y)jL1 (B"=2(y)) 6 C jvI jL2N=(N ¡ 2) (B"(y)) +
C¶

·
(N¡2)=2
0

= O

³³ p
¶

· 0

1́+ ½

+
1

·
(2¡ ¼ )=2+ ½
0

´
8jyj > " > 0:

Similarly, we have the following lemma.

Lemma 4.3. Let vB be the function obtained in proposition 3.1. Then

vB = O

³ kX

j = 1

³³ p
¶

· j

1́+ ½

+
1

·
(2¡¼ )=2+ ½
j

´´
8y 2 ·« n [k

j = 1(B"(zj) [ B"(ẑj)):

Now we are ready to estimate kv ¡ vI ¡ vBk ¶ .

Proposition 4.4. We have

kv ¡ vI ¡ vBk ¶ = O

³³ p
¶

· 0

1́+ ½

+
1

·
(2¡ ¼ )=2+ ½
0

´
:

Proof. By (2.1) and (4.1), we have

½
¬ 0U0;· 0 +

kX

j = 1

¬ 2j(Uzj ;· j + Uẑj ;· j ); U0;· 0

¾

¶

¡
Z

«

f

³
¬ 0U0;· 0 +

kX

j = 1

¬ 2j(Uzj ;· j + Uẑj ;· j ) + v

´
U0;· 0 = 0 (4.10)

and

h ¬ 0;IU0;· 0 ; U0;· 0 i ¶ ¡
Z

«

f ( ¬ 0;IU0;· 0 + vI)U0;· 0 = 0: (4.11)

Let
G(x) = ¬ 0;IU0;· 0 + vI + vB :

Since

hUzj ;· j
; U0;· 0

i ¶ = O

³
1

( · 0 · j)(N¡2)=2
+

¶

( · 0 · j)(N¡2)=2

´

and (by lemma 4.3)
Z

«

v2¤¡1
B U0;· 0 =

Z

« nB"(0)

v2¤¡1
B U0;· 0 +

Z

« \ B" (0)

v2¤¡1
B U0;· 0

6 C

·
(N¡2)=2
0

kvBk2¤¡1 + C jvB j2
¤¡1

L1 (B"(0))

Z

«

U0;· 0

= o

³
1

·
(N¡2)=2
0

´

https://doi.org/10.1017/S0308210500001268 Published online by Cambridge University Press

https://doi.org/10.1017/S0308210500001268


Symmetric solutions 1057

for j > 0, we have

h( ¬ 0 ¡ ¬ 0;I)U0;· 0 ; U0;· 0 i ¶ + o

³
1

·
(N¡2)=2
0

´

=

Z

«

f

³
¬ 0;· 0 U0;· 0 +

kX

j = 1

¬ 2j;¶ (Uzj ;· j + Uẑj ;· j ) + v ¶

´
U0;· 0

¡
Z

«

f( ¬ 0;· 0;IU0;· 0 + vI)U0;· 0

=

Z

«

f

³
¬ 0;· 0 U0;· 0 +

kX

j = 1

¬ 2j;¶ (Uzj ;· j + Uẑj ;· j ) + v ¶

´
U0;· 0

¡
Z

«

f(G(x))U0;· 0 + o

³
1

·
(N¡2)=2
0

´

=

Z

«

f 0(G(x))( ¬ 0;· 0 ¡ ¬ 0;· 0;I)U 2
0;· 0

+

Z

«

f 0(G(x))(v ¡ vI ¡ vB)U0;· 0

+ O(j ¬ 0;· 0
¡ ¬ 0;· 0;I j1+ ½ )

+ O(kv ¡ vI ¡ vBk1+ ½ ) + o

³
1

·
(N¡2)=2
0

´
; (4.12)

for some ½ > 0.
Noting that

kU0;· 0 k2 ¡ (2 ¤ ¡ 1)

Z

«

U 2¤

0;· 0
¡ a(q ¡ 1)

Z

«

U q
0;· 0

= ¡ (2 ¤ ¡ 2)(A + o(1)) < 0;

hU0;· 0 ; Uz2j ;· j
i" = o(1) and

R
«

f 0(G(x))U0;· 0 Uz2j ;· j = o(1) for j > 0, where o(1) !
0 as · 0; · j ! +1, we can solve (4.12) to get

j¬ 0 ¡ ¬ 0;I j = o

³
1

·
(N¡2)=2
0

´
+ O(kv ¡ vI ¡ vBk): (4.13)

Similarly, we have

j ¬ 2j ¡ ¬ 2j;B j = o

³
1

·
(N¡2)=2
0

´
+ O(kv ¡ vI ¡ vBk): (4.14)

On the other hand, by (2.2), (3.2) and (4.2), we have

½
¬ 0U0;· 0 +

kX

j = 1

¬ 2j(Uzj ;· j + Uẑj ;· j ) + v; ¿

¾

¶

¡
Z

«

f

³
¬ 0U0;· 0 +

kX

j = 1

¬ 2j(Uzj ;· j + Uẑj ;· j ) + v

´
¿ = 0; ¿ 2 E0;· 0

\ Fz;· ;2k;

(4.15)

h ¬ 0;IU0;· 0 + vI ; ¿ i ¶ ¡
Z

«

f( ¬ 0;I U0;· 0 + vI) ¿ = 0; ¿ 2 E0;· 0 ; (4.16)
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and

½ kX

j = 1

¬ 2j;B(Uzj ;· j
+ Uẑj ;· j

) + vB ; ¿

¾

¶

¡
Z

«

f

³ kX

j = 1

¬ 2j;B(Uzj ;· j + Uẑj ;· j ) + vB

´
¿ = 0; ¿ 2 Fz;· ;2k: (4.17)

Thus,

hv ¡ vI ¡ vB ; ¿ i ¶ =

Z

«

f

³
¬ 0U0;· 0 +

kX

j = 1

¬ 2j(Uzj ;· j + Uẑj ;· j ) + v

´
¿

¡
Z

«

f ( ¬ 0;IU0;· 0 + vI) ¿

¡
Z

«

f

³ kX

j = 1

¬ 2j;B(Uzj ;· j
+ Uẑj ;· j

) + vB

´
¿ ;

8 ¿ 2 E0;· 0 \ Fz;· ;2k: (4.18)

Let

G1(x) = ¬ 0;I U0;· 0 + vI +

kX

j = 1

¬ 2j;B(Uzj ;· j + Uẑj ;· j ) + vB : (4.19)

By lemma 4.2, for p = 2 ¤ or p = q, we have
Z

«

(U0;· 0 + jvI j)(Uzj ;· j + jvBj)p¡2j¿ j

6 o(1)

Z

« \ B"(0)

(U0;· 0 + jvI j)j ¿ j

+ C

³
1

·
(N¡2)=2
0

+

³ p
¶

· 2
0

1́+ ½ ´ Z

« nB"(0)

(Uzj ;· j + jvBj)p¡2j¿ j

= o

³
1

·
(N¡2)=2
0

+ kvIk +
1

·
(N¡2)=2
0

+

³ p
¶

· 2
0

1́+ ½ ´
k ¿ k

= o

³³ p
¶

· 2
0

1́+ ½

+
1

·
(N¡2)=2
0

´
k ¿ k: (4.20)

Using the following inequality:

jja + bjp ¡ jajp ¡ jbjpj 6

(
Cjajp¡1jbj; if jaj > jbj;
Cjajjbjp¡1; if jaj < jbj;

6 C jajjbjp¡1;

if 1 < p 6 2,

jja + bjp ¡ jajp ¡ jbjpj 6 C(jajp¡1jbj + jajjbjp¡1);
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if p > 2, and noting (4.20), we see

Z

«

f (G1(x)) ¿ =

Z

«

f( ¬ 0;IU0;· 0 + vI) ¿ +

Z

«

f

³ kX

j = 1

¬ 2j;B(Uzj ;· j + Uẑj ;· j ) + vB

´
¿

+ O

³Z

«

(U0;· 0
+ jvI j)

³ kX

j = 1

(Uzj ;· j
+ Uẑj ;· j

) + jvB j
2́¤¡2

j ¿ j
´

+ O

³Z

«

(U0;· 0 + jvI j)
³ kX

j = 1

(Uzj ;· j + Uẑj ;· j ) + jvB j
q́¡2

j ¿ j
´

=

Z

«

f( ¬ 0;IU0;· 0 + vI) ¿ +

Z

«

f

³ kX

j = 1

¬ 2j;B(Uzj ;· j + Uẑj ;· j ) + vB

´
¿

+ o

³³ p
¶

· 2
0

1́+ ½

+
1

·
(N¡2)=2
0

´
k ¿ k: (4.21)

Combining (4.18) and (4.21), we obtain

hv ¡ vI ¡ vB; ¿ i ¶ =

Z

«

f

³
¬ 0U0;· 0 +

kX

j = 1

¬ 2j(Uzj ;· j + Uẑj ;· j ) + v ¡ f (G1(x))

´
¿

+ o

³³ p
¶

· 2
0

´1+ ½

+
1

·
(N¡2)=2
0

´
k ¿ k

=

Z

«

f 0(G1(x))(v ¡ vI ¡ vB) ¿

+

Z

«

f 0(G1(x))( ¬ 0 ¡ ¬ 0;I)U0;· 0 ¿

+

Z

«

f 0(G1(x))
kX

j = 1

( ¬ 2j ¡ ¬ 2j;B)(Uzj ;· j
+ Uẑj ;· j

) ¿

+ O

³
j ¬ 0 ¡ ¬ 0;I j1+ ¼ +

kX

j = 1

j ¬ 2j ¡ ¬ 2j;B j1+ ¼

´
k ¿ k

+ O(kv ¡ vI ¡ vBk1+ ¼
¶ )k ¿ k ¶

+ o

³³ p
¶

· 2
0

´1+ ½

+
1

·
(N¡2)=2
0

´
k ¿ k: (4.22)

Since for any ¿ 2 E0;· 0 \ Fz;· ;2k, we have

Z

«

f 0(G1(x))Uzj ;· j ¿ = (2¤ ¡ 1)

Z

«

(G2¤¡2
1 (x) ¡ U 2¤¡2

zj ;· j
)Uzj ;· j ¿ + o(1)k¿ k

= o(1)k¿ k: (4.23)
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Consequently, from (4.22), (4.13) and (4.23), we obtain

hv ¡ vI ¡ vB; ¿ i ¶ = (2 ¤ ¡ 1)

Z

«

G2¤¡2
1 (x)(v ¡ vI ¡ vB) ¿

+ o(kv ¡ vI ¡ vBk ¶ k ¿ k ¶ )

+ o

³³ p
¶

· 2
0

1́+ ½

+
1

·
(N¡2)=2
0

´
k¿ k ¶ ; 8 ¿ 2 E0;· 0

\ Fz;· ;2k:

(4.24)

Choose ­ j and ® ij such that

¿ = v ¡ vI ¡ vB + ­ 0U0;· 0 +

kX

j = 1

(­ 2j¡1Uzj ;· j + ­ 2jUẑj ;· j )

+ ² 0
@U0;· 0

@· 0
+

kX

j = 1

³
² 2j¡1

@Uzj ;· j

@· j
+ ² 2j

@Uẑj ;· j

@· j

´

+

NX

i= 1

® 0i
@U0;· 0

@x0i
+

kX

j = 1

N¡1X

i = 1

³
® 2j¡1;i

@Uzj ;· j

@½ 2j¡1;i
+ ® 2j

@Uẑj ;· j

@½ 2j;i

´

2 E0;· 0
\ Fz;· ;2k:

Noting that

hvI ; Uzj ;· j
i ¶ = O(kvIk ¶ ); hvB; U0;· 0

i ¶ = O

³
1

·
(N¡2)=2
0

´
;

etc., we obtain

­ j ; ² j; ® ij = O

³³ p
¶

· 2
0

1́+ ½

+
1

·
(2¡ ¼ )=2+ ½
0

´
:

So we ­ nd from (4.24) that

k¿ k2
¶ 6 O

³³ p
¶

· 2
0

1́+ ½

+
1

·
(2¡ ¼ )=2+ ½
0

´
k ¿ k ¶

and the result follows.

As a direct consequence of proposition 4.4, we have the following expansion.

Proposition 4.5. Let ( ¬ ; v) be the map obtained in proposition 4.4. Suppose that
¼ < 1. Then we have

@J

@· 0
= ¡ G1 ¶

· 3
0

+
G2

· 3¡ ¼
0

+ O

³³
¶

· 2
0

1́+ ½
1

· 0
+

1

· 3¡¼ + ½
0

´
; (4.25)

½
@J

@v
; U0;· 0

¾
= O

³
¶

· 2
0

+
1

· 2¡ ¼
0

´
: (4.26)
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Proof. Let

H(y) = ¬ 0U0;· 0 +

kX

j = 1

¬ 2j(Uzj ;· j + Uẑj ;· j ):

Then

@J

@· 0
=

½
H;

@U0;· 0

@· 0

¾

¶

¡
Z

«

f (H(y) + v)
@U0;· 0

@· 0

= ¡
Z

«

[f (H(y) + v) ¡ f (H(y)) ¡ f 0(H(y))v]
@U0;· 0

@· 0

¡
Z

«

(f 0(H(y)) ¡ (2 ¤ ¡ 1)(¬ 0U0;· 0 )2¤¡2)v
@U0;· 0

@· 0

¡ (2¤ ¡ 1)

Z

«

( ¬ 0U0;· 0 )2¤¡2 @U0;· 0

@· 0
v

+

½
H;

@U0;· 0

@· 0

¾

¶

¡
Z

«

f (H(y))
@U0;· 0

@· 0

=: I1 + I2 + I3 + I4; (4.27)

where Ii, i = 1; 2; 3; 4, is the natural splitting of the last formula.
We have

jI1j 6 C

· 0

Z

« \ B"(0)

U 2¤¡2
0;· 0

jvj2 + O

³
1

· 3
0

´

6 C

· 0

Z

« \ B"(0)

U 2¤¡2
0;· 0

jv ¡ vI ¡ vB j2 +
C

· 0

Z

« \ B"(0)

U 2¤¡2
0;· 0

jvB j2

+
C

· 0

Z

« \ B"(0)

U 2¤¡2
0;· 0

jvI j2 + O

³
1

· 3
0

´

6 C

· 0
kv ¡ vI ¡ vBk2 +

C

· 3
0

+
C

· 0
kvIk2

= O

³³
¶

· 2
0

1́+ ½
1

· 0
+

1

· 3¡ ¼ + ½
0

´
: (4.28)

Now we estimate I2:

jI2j 6 C

· 0

Z

« \ B"(0)

(U 2¤¡2
0;· 0

+ U q¡1
0;· 0

)jvj +
C

·
1+ (N¡2)=2
0

6 C

· 0

³Z

«

U
(2¤¡2)2N=(N + 2)
0;· 0

(́N + 2)=(2N)

kvk

+
C

· 0

Z

« \ B"(0)

U q¡1
0;· 0

jv ¡ vI ¡ vBj +
C

· 0

Z

« \ B"(0)

U q¡1
0;· 0

jvI j

+
C

· 0

Z

« \ B"(0)

U q¡1
0;· 0

jvBj +
C

·
1+ (N¡2)=2
0

= O

³
1

· 3
0

´
: (4.29)
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As for the estimate of I3, we have

jI3j 6 C

­­­­
Z

@«

@

@¸

³
@U0;· 0

@· 0

´
v

­­­­+ O

³
¶

· 0

Z

«

U0;· 0
jvj

´

6 O

³
¶

·
1+ (N¡2)=2
0

+
¶

· 0

Z

«

U0;· 0 jv ¡ vI ¡ vBj

+
¶

· 0

Z

«

U0;· 0
jvI j +

¶

· 0

Z

«

U0;· 0
jvB j

´

= O

³³
¶

· 2
0

1́+ ½
1

· 0
+

1

· 3¡ ¼ + ½
0

´
: (4.30)

Finally, we estimate I4.

I4 =

½
H;

@U0;· 0

@· 0

¾
¡

Z

«

U 2¤¡1
0;· 0

@U0;· 0

@· 0
¡ a

Z

«

U q¡1
0;· 0

@U0;· 0

@· 0
+ O

³
1

·
1+ (N¡2)=2
0

´

= ¡ G1 ¶

· 3
0

+
G2

· 3¡ ¼
0

+ O

³³
¶

· 2
0

1́+ ½
1

· 0
+

1

· 3¡ ¼ + ½
0

´
: (4.31)

So (4.25) follows from (4.28), (4.29), (4.30) and (4.31). We can prove (4.26) in a
similar way.

Lemma 4.6. Let aj ; bj be the constants in proposition 4.1. Then

a0; · 0b0 = O

³
¶

· 2
0

+
1

· 2¡ ¼
0

´
:

Proof. We have

a0hU0;· 0 ; U0;· 0 i ¶ + b0

½
@U0;· 0

@· 0
; U0;· 0

¾

¶

=

½
@J

@v
; U0;· 0

¾
+ O

³
1

·
(N¡2)=2
0

´
;

(4.32)

a0

½
U0;· 0 ;

@U0;· 0

@· 0

¾

¶

+ b0

½
@U0;· 0

@· 0
;

@U0;· 0

@· 0

¾

¶

=
@J

@· 0
+ O

³
1

·
(N¡2)=2
0

´
: (4.33)

Using proposition 4.5, we can solve the above system to obtain the desired esti-
mates.

As a direct consequence of proposition 4.5 and lemma 4.6, we have the following
proposition.

Proposition 4.7. Let ( ¬ ; v) be the map obtained in proposition 4.4. Then (4.5) is
equivalent to

¡ G1 ¶

· 3
0

+
G2

· 3¡ ¼
0

= O

³³
¶

· 2
0

1́+ ½
1

· 0
+

1

· 3¡ ¼ + ½
0

´
:

Proof of theorem 1.3. From the discussion in the beginning of this section, we only
need to deal with the case 2 ¡ ¼ > 1. By proposition 4.7 and (4.8), we see that (4.5)
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and (4.6) are equivalent to

¡ G1 ¶

· 3
0

+
G2

· 3¡ ¼
0

= O

³³
¶

· 2
0

1́+ ½
1

· 0
+

1

· 3¡¼ + ½
0

´
; (4.34)

¡ G1 ¶

· 3
j

+
G3H(zj)

· 2
j

= O

³ kX

j = 0

³³
¶

· 2
j

1́+ ½
1

· j
+

1

· 2+ ½
j

´´
: (4.35)

Let · 0 = t0 ¶ 1=¼ , · j = tj ¶ . Then (4.34) and (4.35) become

¡ G1

t3
0

+
G2

t3¡ ¼
0

= o(1); (4.36)

¡ G1

t3
j

+
G3H(zj)

t2
j

= o(1); (4.37)

where o(1) ! 0 as ¶ ! +1. It is easy to see that (4.36) and (4.37) has a solution
(t0 ¶ ; : : : ; tk¶ ) satisfying

t0¶ !
³

G1

G2

1́=¼

; tk¶ ! G1

G3H(zj)
as ¶ ! +1:
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