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In this paper, we construct three types of symmetric peaked solutions for a
Neumann problem involving critical Sobolev exponent: the interior peaked
solution, the boundary peaked solution and the interior-boundary peaked
solution.

1. Introduction

This paper is a continuation of our study on multipeak solutions for the semilinear
Neumann problem,

~Au+tdu=u* "t raut™l, w>0, in,
a_u =0, on Jf2, (L)
v
where 2 C R" is a bounded domain with smooth boundary having certain sym-
metries (to be specified below), N > 5, A > 0 is a large constant, a > 0 is a fixed
constants, ¥ = v(z) is the unit outer normal to 92 at z, 2* = 2N/(N — 2) is the
critical Sobolev exponent and 2 < ¢ < 2*.
Let k£ > 1 be an integer. A solution uy of (1.1) is said to be k-peaked if u attains
its maximum over {2 only at k points in 2. The construction of k-peak solutions
has been studied extensively in the last few years for the problem,

—~Au4 u=u""t, u>0, in £,
ou (1.2)
Eo 0, on 012,
v
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where 2 < p < 2*. To state the results, we define the energy functional associated
with (1.2):

E\(u) = l/ (|Vul* + Mu?) — l/ |u|P.

2Jq pJa
A solution of (1.2) is called a least energy solution if it minimizes the functional
Ex(u) in {u € H'(2) : (E\(u),u) = 0,u # 0}. Ni and Takagi [21,22] and Ni
et al. [23] proved that for A > 0 large, the least energy solution for (1.2) is one-
peaked and its maximum point lies on the boundary and tends, as A — 400, to
a point attaining the global maximum of the mean curvature of the boundary. If
2 < p < 2%, k-peak solutions with all peaks on 92 (the boundary peak solution),
or with all peaks lying in {2 (the interior peak solution), or with some peaks on
92 and others in {2 (the interior-boundary peak solution), have been constructed
in [6,9,11,13,15-17,19,32-34]. If p = 2*, there are several results on the existence
and multiplicity of boundary k-peak solutions. See [1,2,7,14,20,25-31,35]. However,
very little is known on the existence of interior peak solution or interior boundary
peak solution.

In [8], the authors have established that if p = 2* (1.2) has no interior peak
solution, while under the symmetric assumption that (2 is invariant under some
group action of I C O(N) (the orthogonal group in R"), satisfying that the orbit
of each point except the origin is at least three, (1.1) has an interior single peak
solution.

In this paper, we introduce a class of symmetric domains for which (1.1) with
a > 0 has all of the three types of peaked solution: interior peaked, boundary peaked
and interior-boundary peaked.

To state our results, let us first introduce some notation.

For any = = (x1,...,2yx) € RY, define

i = (.1‘1,. s Lj—1y = L4y Tjg1y - - .,.Z‘N).

Throughout this paper, we assume that a > 0 and {2 satisfies the following
symmetry condition:

pix €2, fzxef2, i=1,... N. (1.3)

Let

1 x
= [ 30val + ) - - [l =2 [ i, we mo)
[ 2" Jg qJ0
Hi(2)={u:ue HY(R2), ulp;x) =u(z), Vo e 2, i=1,...,N}.

Define
(u,v)r = / (VuVo + Auw)
2

and | - || is the corresponding norm.
For any = € RV, let
[N(N — 2)](N-2)/4

V) = eon
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and for p >0, y € RV, let
Usuly) = p™N =220 (u(y — x)). (1.4)

For any z € 2, let

oU, »
Emv#:{v:veHl(Q), (U#,x,v>>\=<—“’ ,v> =0,
o A

<%,v> =0, j:l,...,N}.
dz; A

For any z; € 002, 1=,1,...,1, let

U, .
Frvﬂ’lz{v:veHl(Q), (U#,xi,v>,\=<—“’ l,v> =0
o A

<%,v> =0, izl,...,l},
87'1' A

where 7; is any tangent unit vector of 02 at x;.

THEOREM 1.1. Suppose that (2 satisfies (1.8) and N = 5. Then there is a Ao > 0
such that for each A > Xg, (1.1) has a solution of the form,

ux,1 = ax0,1U0,ux 0 T VAT (1.5)

where ay 1 and pyo are constants, v§\1 € Eypuy, N HYQ), and as X\ — +oo,
axor — 1, ||v>\1||—>0andu(N 2)(2 D2\ S * > 0.

For the existence of boundary peak solution, let z; = 02N{x; > 0, z; =0, j # i},
Zi = p;z;- We have the following theorem.

THEOREM 1.2. Suppose that (2 satisfies (1.3) and N > 5. Let (2i,,,%:,), m =
.k, be k pairs of points. If one of the following conditions holds:

>2(N—1).
q N_2
(ii)
2(N —1
q<u and H(z;, ) >0, m=1,...k,

N -2
where H(y) is the mean curvature of 02 at y;
(iif)
2(N —1
= % and Ga+ H(Zim)Gg > 0,

where

_a2-(N-2)(g/2-1) g
GQ = q /RN UO,l
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and

1

1 "
Go=g [ VUL 0P - [ U0 >0
RN-1 RN-1

then there is a Mg > 0 such that for each A > Xo, (1.1) has a solution of the form,

k
Uy B = Z (@xm,BUz, pxm T m,BUz  psm) FUABs (1.6)

m=1

where ax m.B and pxm are constants, va B € Fy 4y ok N HN(2), and as X\ — +oo,

axm,B— 1, m=1...k, |loxgl — 0 and
(N—2)(2—q)/2 . : 2(N-1)
aom PN = >0 if 4> ===
2N = 1)
—1 * .
,U’)\,m)\_>cm>0 qu< N —9 .

The next result is about the existence of interior-boundary peak solution.

THEOREM 1.3. Assume the hypotheses of theorem 1.2 hold and N > 6. Then there
is a Ao > 0 such that for each X > Xo, (1.1) has a solution of the form,

k
ux = o 0Uoin o + D (@xmUsi i + 0xmUsz, gin )+ 0a, (1.7)

m=1

where ax ., and iy, are constants, vap € Ko, o N Fz 26 N HY(), and as

)\—>+OO; a)\,m—>1, m:O,l...,k, ||U)\||_>0’
M(Az’\g—2)(2—q>/2)\_> c* >0,
and
o 2(N —1
A e %;
) 2(N - 1)
1 * )
A= >0 ifa< Ag—

We remark that when ¢ < 2(N—1)/(N—2), the interior peak solution constructed
in theorem 1.1 concentrates at the origin faster than the boundary peak solutions in
theorem 1.2 do. This makes it harder to construct interior-boundary peak solutions
because one needs to glue together solutions with different concentration rates.
To achieve this goal, as in [10] we shall carefully estimate the interaction between
different peaks to obtain a nice control of the term [|uyx — vx; — va Bl

In this paper, the symmetry of the domain will play a crucial role to locate the
peaks of the solutions. For a general domain, it is still an open problem whether
(1.1) has interior peak solution or interior boundary peak solution.

In [8], the interior single peak solution was obtained by proving the minimizer of
the corresponding minimization problem in some symmetric space has exactly one
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local maximum point at the origin. Now consider following problem:
N = inf{b\(u) cu € HX2), u #0, / (|Vul? + M?) = / (Ju|?" + a|u|q)} . (1.8)
[0 [0

It is easy to check that c) < SN/Q/N, where S is the best constant for the Sobolev
embedding H'(RY) — L¥ (RY). So (1.8) has a minimizer uy. Under the condition
(1.3) here, we can only conclude that a minimizer of (1.8) has either one interior
peak at the origin, or two boundary peaks at z;, 2; for some j. In some domains
satisfying (1.3), we can actually show that the minimizer of (1.8) has two boundary
peaks. See the discussion in §3. So unlike the case in [8], we can not obtain an
interior peak solution as a minimizer of (1.8).

Problem (1.1) may be viewed as a prototype of pattern formation in biology and
is related to the steady state problem for chemotactic aggregation model by Keller
and Segel [18].

This paper is organized as follows. In § 2, we establish the existence of a symmetric
interior peak solution. In § 3, we construct boundary peak solutions and in §4, we
construct interior-boundary peak solutions.

2. Existence of symmetric single peak solution
First we define
Ms1={(a,2,1,v) E Ry X 2 X Ry X Ey i la—1 <6, x € Bs(0), p =31,
VA <6, vl <63,
where § > 0 is a small constant. Let
Ji(a, z, p,v) = I(aUy,, + v), (o, z,p,v) € Msg.

It is now well-known (see Bahri [3] and Bahri and Coron [4]) that if § > 0 is
small enough, then for (o, x,u,v), u = alU, , + v is a critical point of Iy(u) in
H($) if and only if (o, z,u,v) is a critical point of Jr (o, ,, u,v) in Mg, which
is equivalent to the existence of ag € R, bg € R, ¢ € R for £ =1,..., N, such that
the following equations hold:

oJr (o, z, p,v)
e =0, (2.1)
oJr(a,x, pu,v) ol
v = aoU, T bO [Z: , (2.2)
oJr(a,x, pu,v) < O*Uy > al < O*Uy. >
Stfelsl e ’ S 2.
dz; bo opdx v \ + ; “ D0 ; v N (2:3)
oJr(a,x, pu,v) < 82UI# > N < 02U, U, >
— 2=} : ) 2.4
o o\ g " A+; oo (2.4)

As usual, we first solve (2.1) and (2.2) so that we can reduce the problem to a
finite-dimensional problem.
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PROPOSITION 2.1. For each fized x € £2 and p > 0 large, there are unique oy 1(x, 1)
and v 1(z, 1) € By, such that (2.1) and (2.2) hold. Moreover,

k)

avstea =1+ sl = 0( (L) + s

for some 6 > 0, where 0 = (N —2)(¢g/2—1) > 0.
Proof. As in [3] and [24], we expand J(a, x, u,v) at o = 1 and v = 0:
J[(&,JT,IU,,'U) = Jl(l,x,,u,O) + <fr,uaw> + %(Qr,uw7w> + Rr,u(w)a

where w = (a — 1,v),
(fop,w) = —/ Ui;‘lv - a/ Ug;lv
o) o)

+ (/ |VUW|2+A/ Uz, —/ Uﬁf# — a/ U;{#)(a— 1)
2 (9] 2 (9]

= <fr,uav> + gr,u(a - 1)a (25)

<Qr,uwvw>

= ||v||§\ — (2% — 1)/ UIQ;L_QU2 —a(qg—1) /Q U;CIILQ’UQ
0

(f woeronf vz- - [ vz—aa-n [ g, )@=y
— 2 — 1)((2* -1) /Q U2, v +alg—1) /Q U;{;%) , (2.6)

RY) (w) = O(JJw|[™™E2)=%) i =0,1,2, (2.7)

T,
where

RO,(w) = Ryp(w),  RM(w) =R, ,(w). R W) =R,,w).

It is easy to check that @, is invertible. So it is standard to prove that there
are unique oy, and v, ,, satisfying (2.1), (2.2) and

lax (@, 1) = 1 + [loa (@, p)llx = llwll = Ol fa.ul)-

Now we estimate || f; ,[|. First, we have

gr,u:/ |VUI7#|2—|—)\/ UIQH_/UrQ*u_a/ Ug .

— aUIvl—" / 2 / q
= | Ut | U2,-af v,
1

A 1
,U'N_Q :U’Q ,U,Q_U

—o( 5+ ). (238)
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Since ¢ > 2 > (4N —4)/3(N — 2), we can choose

2N 4N
p

d p close t
N+2’(N—2)q+4> and p close to

such that p(N —2)(¢ — 1) > N. We have

1/p
L] () "

1

a7z 1V

1

=C———lvlx,
M(Q—O')/Q-‘r‘l’

where 7 = N/p—3(N—-2)(¢—1) —3(2—0) > 0.
Now we estimate )\fQ U, uv. Choose

tel——2)n|="—.2).
N —2 N +2

Let

= ——

t—1

1/t
<A(f vt.) ol
2

1
mh}h/ < CA

and n= o

Then

A

/ Ugpv
2

<CA

=C\TR

LN/t= (N 2)/2 (VA

—1 [[v]]
v||a
LN/t=(N=2)/2

e

_ 01(—) ol
1
VRV

_ 01(—) 1ol
1

where m; =1 -1 > 0.
Using (2.10), we see

/Ug?;_lv —/ AUz v
2 2

—)\/ va#v—/ 8Uﬂvz
n o0 Ov

< Cl)\l—n /2
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4N

(N —2)qg+4’

(2.9)

(2.10)

¥ (%XY) N

(2.11)
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Combining (2.5), (2.8), (2.9) and (2.11), we obtain

. VoNNE 1
e =0((2) "+ s ) I

1
As a result,
|| || 0 \/X 1+71 N 1
fr,p. - 7 ’LA(Q—O')/Q"FT :
So we have completed the proof of this proposition. O

In the rest of this section, we fix z = 0. For simplicity, we denote ag ; = ax 1 (0, i)
and vy = vy r(0, p).

LEMMA 2.2. vy(y) is even in each y;, j=1,...,N.

Proof. For fixed j, let v7(y) = vr(pjy). Then it is easy to check vy € Ey , and for
any ¢ € Fy ,, we have

(o, 1Uoy + 01 + td) = I 1Up,p + v1 + t9),
where ¢(y) = ¢(p;y). So ¢ € Eg . As a result,

d d _
EI(OZO,IUO,;L + 07 +td) =0 = EI(QO,IUO,# +vr +t9)|i=0

_ < 0Jr(o,r,0, 1, vr)
ov

8) =0
Similarly, we have

8J1(a0,1, Oa s 61) _ a‘]l(a(),la Oa s UI)
e} toJe"

So (a1, vr) also satisfies (2.1) and (2.2). By the uniqueness, we have (a1, 07) =
(ovo.1,vr). Thus o7 = vy. O

=0.

LEMMA 23. ¢; =0, j=1,...,N.

Proof. By lemma 2.2, vy is even in each y;. On the other hand, 90Uy, /0z; is odd
in each y;. So it is easy to check

< 3J1(a0,1, 07 s UI) aUOaIL
Ov o

>=0, i=1,...,N. (2.12)

Also noting that

Soc;=0,j=1,...,N. O
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LEMMA 2.4. For any p > 0 large, (ao 1,0, 1, v1) satisfies (2.3).

Proof. By lemma 2.3, (2.3) becomes
8]1(040,1,0,;4,111) b < 8 U()H >
A

oz, =\ Bpoz, !

But by lemma 2.2, it is easy to check that both the left-hand side and the right-hand
side of the above equation are identically equals to zero. So the claim follows. O

By proposition 2.1 and lemma 2.4, it remains to find g > 0 large such that
(0,1, 0, p, vr) satisfies (2.4).

Proof of theorem 1.1. By the above discussion, we just need to solve (2.4). We have

3(]1(040’1, 07 M, UI) _ < aJ[(Oé()’], 07 M, UI) aUO,H >
ou N ov " Ou

oUy oUy
=a VU, ,V—=£ +)\/ U "‘)
0,1(/0 0,1 8;4 o 0,1 au
w_ 8U0 18U0
_04(2),1 1/ Uou ! 8;4# _GO‘OI / Uou aﬂﬂ

«_p OU
—(9* — a2 —2/ U2 —29Y0,p
( Jog o V!

oU 1

20U,

—a(q—1)ag; / U, aﬂﬂ 1+ O(;Hv[HQ)
2

_ 2

= —Aao,1 /RN UO,llug

q-—1 147
ao / -0 ((A) 1 1 )
+—2L | g +ol(S) =+—
q Jg~ Oluf‘ 7 pr) ottt
Gix G AV 1
S rol(G) ) ew

2_
01=2/ U2, >0, ngu/ UZ, > 0.
RN q RN

Now we estimate by in (2.2). From (2.2), we have

where

8U0 8U0 2 8J1(a01 0 12 ’U[)
U SH b SH — A s
a0< O o >A OH o |y o
A 1
ZO(E—FF), (2.14)
8U0, 8J1(a0,1,0,u,v1)
G,OHUO’HHi =+ b0< UO’#, 8lu,ﬂ> R = aa = 0 (215)
Solving (2.14) and (2.15), we obtain
A 1
by = MO(—2 + 2_U>. (2.16)
W
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From lemma 2.3, (2.13) and (2.16), we see that (2.4) is equivalent to

G\ | Gy AN 1
“wrso((F) ) 0

where 7 > 0 is a small constant.
It is easy to prove that (2.17) has a solution u satisfying

G 1/c
)\'ij‘a — (G—1> as A\ — +o00.
2

3. Existence of symmetric multiple boundary peak solutions

For § > 0 small, define

l
Msp = {(oz,x,,u,v) ER, x (02)' xR\, x F, ;- Z loy — 1| <6

=1

VA
|zi =il > c0 >0, i # 4, p =67, o Si=lol ol <dp-
Let
l
Jp(a,x, p,v) = I(Z Uy ju; + v), Y(a,x, 1, v) € M5 p.
j=1
Let {7j1,.. .,Tj(N_l)} form an orthogonal basis of the tangent space of 0f2 at

x;. In order to prove that u = Zj:1 a;Uyg, u; + v is a critical point of I(u), we just
need to prove that (a,z, u,v) € Ms p satisfies

9l mv) _ (3.1)
aOéj
. k N—1
dJp(a, z, p, Uz, Uy, 1,
M Z(GJUIJ s+ 5 Hi ) + Z Cjz—aT—'“ , (3.2)
i Hi j=1 £=1 3t
N-1 2
&]B(a,xhu, < U, i > < 0 Ux-[t. >
— b jsk Y 1R 3.3
0T I OpiOTji " | 5 i g o O7j007;i ' A 3
8 Um & aQUI j
3JB(04,337M, _ bJ< gl ’ > 4 Cj£< —j’ﬂj’v> . (34)
Ot o3 Nt Opj0tje A

for some aj, bj, cje € R, j=1,...,0l,i=1,...,N —1.
First, we reduce the problem of finding a critical point of the form

l
§ :O‘J'Urj,#j +v
i=1

to a finite-dimensional problem.
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PROPOSITION 3.1. Forz; € 092, j=1,...,1, |z; —xj| 26 >0,i#j, and p; >0
large, there are unique cx g(x, ) and vy p(z, 1) € Fy i, such that (8.1) and (3.2)
hold. Moreover,

! ! SR\
A 1 1
> gt~ 1 lonse s =0 (L) + s + 5 ) )
Hj

j=1 jm1 N Hi Hj

for some small 0 > 0, where 0 = (N —2)(g/2 —1) > 0.

Proof. The proof of proposition 3.1 is similar to that of proposition 2.1 Thus we

omit it. O
For the rest of this section, we take | = 2k, k > 1, z9;_1 = z;;, T2 = %,
Hoj—1 = p2j, § = 1,..., k. Without loss of generality, we assume i; = j. For

simplicity, we let ap = ax p(z, 1), v8 = vx,B(Z, 1t).
LEMMA 3.2. vp is even in each y; and aoj_1,p = a2, J = 1,...,k.
Proof. Let vp(y) = vB(p;y),
ojo = (a1, Q2,...,0Q3—1)—1, O2(j—1), O25,
21, Q2(j41)—1> Q2(j41)s - - - » X2k —1, O2k)-

We have
JB(UjaaZa,U'aﬁ) = JB(aaZa,U'aU)'

So it is easy to check that (o ap,0p) also satisfies (3.1) and (3.2). By uniqueness,

we have (0jap,?g) = (ap,vp) and the claim follows. O
LEMMA 3.3. We have a2j—1 = Q2j, b2j—1 = ij and Cjg = 0,5 =1,.. Lk, { =
1 N —1.

geeey

Proof. First we know that all the constants a;, b; and c;; are uniquely determined
by the systems obtained by taking inner product of (3.2) with

aUzj S5 anj 1z aUZj 1z anj 1z
aﬂj ’

U, .. Us s , , .
250 255 Mg aﬂj 87—2]’—1,[ 87’212
So if we can choose A; and Bj suitably, such that az;_1 = az; = Aj, baj_1 = by; =
Bj, cjy = 0 satisfy the same system, then our claim follows.
Let A; and B; be determined by the following systems:

aJB(aBaZalu'avB
< av Zt sHa Z A Z] s + UZJ s Uzl l‘l>>\

oU, oUs. ;.
+ § B. < JoHj + ]’/J’J’Uéi #i> ’ (35)
auj ’
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k
0.J ) <~y [y Zi, i anl i
< B(aB ZMUB)a - > Z < ZJHJ+UZJIL17 = >
A

v Opt; = ou;
oUu,. ... oUs. .. OU:. ,,.
+ B< RIZ] + J’H], Zl’/»l/l> )
Z T\ oy, O o |

(3.6)

It is easy to check that A; and B; are uniquely determined by (3.5) and (3.6). For
such A; and B;, we also have

< aJB(O‘Bazalu'aUB) U >
31} 9 Ziyi
aJB(O‘BaZa,U'aU) >
< 311 9 iy i
k k
U=, Uz, u,
:ZAJ(UZJ.,M +U£j,uj,U21,m>)\+ZBj< > b . 2 ,Ugi,m>
] = Hj Hj A

|

oU., .. — OUs .
Aj(UZj,Hj +U2j,uijZi,Hi>>\+ZBj< L8 4 . y Uz m> .
A

= = opj opj
(3.7)
Similarly, we have
k
aJB(O‘BaZa,U’aUB) Z #t> < aUz H'>
2 A; 2 +Us, 4., e
< Ov T Opy JZ_; J soms V2 owi |y
k
ou,. ,,. oUs, ,,. oU,, ..
+ B< R 4 ]’/’LJ’ 1’H1> .
; T\ oy, O o |
(3.8)
Moreover,
dJp(ap,z,u,vg) OU,, u'> k < ou,, u'>
=) =0= AU, ,. 5
< v ) 87'1[ 0 JX_; J U]’/J’] +UJ’H’J 87'1[ N
k
ou,. ... 0Us. . .
4 ZBJ< RIZ] + Rz ’ aU 1,H1> ’
= op; O 0tie |
(3.9)
k
dJp(ap,z, u,vg) OUs, u'> < AU, u'>
=) =0= AU, ,. 5
< v ) 87'1[ 0 JX_; J U]’/J’] +UJ’H’J 87'1[ N
k
ou,. ,. 0Us. ,. 5
4 ZBJ< LRz + Rl ’ ou 1,H1> .
— op; O 0tie |
(3.10)
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So we see asj_1 = ag; = Aj, baj_1 = by; = B; and cjy = 0 is the solution of the
systems. 0O

LEMMA 3.4. For any p; > 0 large, (ap, z, 1, vB) satisfies (5.3).

Proof. By lemma 3.2, 2521(a2ijU2j u; F 025 BUs; ;) + vp is an even function of
y]a]: 1,---,N. Thus
aJB(aBa 2y My UB)
87'2“

= 0.

On the other hand, it is easy to check the right-hand side of (3.3) is zero. So our
claim follows. O

LEMMA 3.5. If pu; (j =1,...,k) satisfies

aJ ) 2y I, 0%U.. .,
Hzj-1 H2j 1 =25 =Hj Hj A
then p; (j=1,...,k) also satisfies
dJp(ag, 2, 11, vB) b O*Us,
iz =0 )
H2; P2 —1=p2 = H A

Proof. We have

8JB(O‘Ba Za,U’aUB)

8JB(OfBa Za,U'aUB) ani,#i >
A

H2j—1=H2j =[5 <

Otz v e
_< aJB(OéB,Z,M,UB) aUzi,pi>
B ov © ooy |

(since ag;j 1,8 = ag;,5,vB(pjY) = vB(Y))
o%U. . 32U5. .
Y R R R
' a’U/? N J 2 J

b < _aQUij’#j >
= 0, ,UB .
J a’u? N

Proof of theorem 1.2. Similar to (2.13) in the proof of theorem 1.1, we can check
that

8L]B(O‘Ba Zalu'avB)

Opzj—1 H2j—1=H2 =1
GgH(Zj) Gl)\ GQ k A 1T 1 1 1
= 2 —— t+ 5510 Z ) —t = TS .
5 3 s = K Hio My
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Besides, similar to (2.14) and (2.15), using (3.12), we can check

b -mo(3(S+ L)) (313

im1 Vi S

Combining (3.12) and (3.13), we see that (3.11) is equivalent to

GgH(Z) Gl)\ GQ b A LT 1 1 1
2 - 5 T 3—020(2 T2 _,"' 2+T+ 3—o+T1 ) (3'14)

Hj Hj Hj j=1 J Hi 1 Hj
where
1 1 "
Go=g [ VU 0P ay - [ U0 >0,
RN— 1 2 RN— 1

y'= (Y1, yn-1):
(i) If 3 — 0 < 2, that is, ¢ > 2(N — 1)/(N — 2), then (3.14) has a solution

(1,75 - - - pe,x ) satisfying

W-2)(1-q/2), _, G2

> 0.
J,A 1

(i) If3—-0c>2and H(z;) >0,j=1,...,k, that is, ¢ < 2(N — 1)/(N — 2) and
H(z;) >0, j=1,...,k, then (3.14) has a solution (u1,x, .. ., tk,x) satisfying

Gy
G3H(z)

(i) If 3—0o = 2 and Go+GsH(z;) > 0,5 =1,...,k, thatis, g =2(N—-1)/(N-2)
and Gy + G3H(z;) > 0, j = 1,...,k, then (3.14) has a solution (1 ..., k)
satisfying

,uj)\)\_l — > 0.

Q

1

- = > 0.
Gs —|—G3H(Zj)

fiaA"
0

Before we close this section, we discuss briefly the least energy solution in the
symmetric space.

PROPOSITION 3.6. Let uy € HL(§2) be the minimizer of (1.8). Suppose that 2 <
g <2(N—1)/(N —2). We have the following.

(i) If H(z;) <0, j =1,...,N, then uy is an interior single peak solution with
its peak in the origin.

(ii) If H(z;) > 0 for some j, then uy is a boundary two peak solution with its
peaks in zj,, 2., where H(z;,) = maxog j< N H(z;).

Proof. By the symmetry of the domain, we know that u, has either one interior
peak in the origin, or has two peaks in z;, Z; for some i.

(i) If H(z;) < 0,5 =1,...,N, from (3.14), we see that (1.1) has no boundary
two solution with its peak in z;,%;. So in this case, u, is an interior single peak
solution.
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(ii) Suppose that H(z;) > 0 for some j. Then for any symmetric boundary two
peak solution uy ; with its peak in z;, 2;, H(z;) > 0, we have the following energy

expansion:
SN/2 Cj 1
I)\(u)\,j): N _7+O(W

for some ¢; > 0 depending on H(z;). But for an interior single peak solution uy o
with its peak at the origin, we have

SN/2 Co 1
Iuxo) ==~ = 531 T O\ see 7777 )

for some ¢y > 0. So we see

Ix(ux,j) < Ix(uxo),

since 2/0 —1 > 1. O

4. Existence of symmetric interior-boundary peak solutions

Let § > 0 small. Define

Ms = { (a,z, 11,v) € R x (2 x (02)!) x R X (Epg o N Fiput)

l
D lai =1 <6, z0 € Bs(0), |y — a5l > c0 >0, 1 <i<j <1,
ERVAY
w2 s =0 ol < 5]

Let
l
J(a,x,u,v)zl(ZajUrjM—Fv), V(o z, pu,v) € Ms.
§=0

In this section, we will construct an interior-boundary peak solution of the form
u = ZZ_O a;Ug, ., +v. As in the previous sections, this is equivalent to find
(a,x, p,v) € le'l X (2 x (082)!) x le'l X (B, po N Fy 1) satisfies

oJ
(@, p,0) 0. (4.1)
aOéj
oJ (e, z, p,v)
)y My — Um b Io X0 fD —~Zxo,M0
ov = G0V 00 T Z 8x0p
I N-1
OU,. .. OUy. ..
+ Z(ajUrj,M +b; “) YO el (4.2)
j=1 Onj j=1 ¢=1 O7je
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aJ(O(;;o;M’U) =0 < gjtog;?l;: U> i écg[< %ﬂ» A (45)
aJ(aéx.7,M’ _ bj< %2 g#] > +N 1CJ£< (32Ugg u]: ’U> : (4.4)
Tji 15 OTji P Tjt0Tji A
8J(aéi(;u, _ bo< 0? g;r; o > N gw< %’U> K (4.5)
aJ(ozéz;u, _y, rj 2 > n ¥ 1cge< ZQ/ZSTZZ ,v> K (4.6)

for some aj, bj, cje € R'.
First, we reduce the problem of finding a critical point of the form

!
Z Uz p; +0
=0

to a finite-dimensional problem.

PROPOSITION 4.1. Forazg € 2 andx; €002, j=1,...,1, |x; —z;| =26 >0, i # 7,
and p; > 0 large, there are unique oy(z, ) and vx(z,p) € Eg o N Fy 1, such that
(4.1) and (4.2) hold. Moreover,

l

3 lang (@) = 11+ (el = o(Z((“—XY + s =)

=0 j=o > N Hi Hj

for some small 0 > 0, where 0 = (N —2)(¢/2 —1) > 0.

Proof. The proof of proposition 4.1 is similar to that of proposition 2.1 Thus we
omit it. O

For the rest of this section, we take | = 2k, k > 1, 0 = 0, z95_1 = 2;;, T2j = Z;,
Moj—1 = 24, J = 1,..., k. Without loss of generality, we assume i; = j. For
simplicity, we let a = ax((0, 2), 1), v = vx((0, 2), u).

Arguing as in §2 and §3, we know that v is even in y;, ag;_1 = agj, baj_1 = by;
and ¢;; = 0. Similar to the proof of theorems 1.1 and 1.2, using the estimate in
proposition 4.1, we see that to get a solution of the form

k

aly i, + Z(angsz + agUs; )+
j=1

is equivalent to solve the following system:

k 147
GiN Gy ( (( A ) 1 1 1 ))
- + _UZO — —+ =t 3= , (4.7)
3 lu3 Z ? . ,U'2+ ,LLB +

Ho 0 =0 H Hj i j
GgH(Zj) Gl)\ GQ k A LT 1 1 1
2 - 3 + —0o = O Z ) _ + 2+‘r + 3—o+T1 : (48)
K 2 ,UJ =0 27 Hi M
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If 3— 0 < 2, then 1/u? is a higher-order term than 1/u377 for 3 — ¢ < 2 and
is the same order of 1/u3~7 for 3 — o = 2. So we can solve (4.7) and (4.8) to get
a solution p; ) satisfying u}-’yk)\_l — ¢ > 0. Thus we only need to consider the case
3 — o0 > 2. From (4.8), we expect pj \A~" — ¢ > 0. So the right-hand side of (4.7)
is of order 1/A\2*7 which is not a higher-order term of the left-hand side of (4.7).
Thus we are not able to determine g from (4.7).

In order to glue together the interior peak solution and the boundary peak solu-
tion, which have different concentration rates, more work is needed.

The main work of this section is to improve the estimate of (4.7). We shall prove
that (4.5) is equivalent to

G\ G A\ 1
_ 13 + 3_20 = o((_2> -+ —3_a+7>- (4.9)
Ho  Ho Ho Ho I

To get (4.9), we need to estimate ||[v — vy — vpl/x. Let
Fw) = [ul Pu+ alul*?u.

First, we have the following pointwise estimate for v; and vpg.
LEMMA 4.2. Let vy be the function obtained in proposition 2.1. Then for fixed small
e >0,

147
vle((\:—OX> +W> Vy € 2\ B.(0).

Proof. By (2.2), we know that vy satisfies

< dJ;

Wa(p

ol
= ag(Up. o s +b < ——#o, > )
> 0( 0,40 <P>A 0 ET ¥ N

Thus, vy satisfies

—Avr + My = f(ooUo pe +v1) — aoUg;gl — AU, o

«_oOU, oU
2% -2 0, 0,1
0,410 C 4+ A °>

2" —1 2% _ 1
+ ao(U + )\U()’#O) + bo(( )UO’#O 8u0 auo

= F(y), ye
8111 8UO 1o
g _ g LL0m0 0.
By G’OUO,[LO bo 8[&0 , Yy € 0

Moreover, we have the following estimate,

ol o(Cﬂfﬁ+ ! )
vrlla = — — ],
TliA 110 M((]Q—U)/Q-‘,—G

which is small if § > 0 is small. We also have

CA

F(9)| < —a5 + Cloll 4 Clog*™, gl > /2> 0,
Ho
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Using [5] and [12, theorem 8.17], we have that

OX
01| 8. 2(0) < Clorlpzvi v (5. (y) + PRl
0

= o((\/_X>1+T + ;> Viy| = e > 0.

I M(()Q—O’)/Q-‘r‘l’

Similarly, we have the following lemma.

LEMMA 4.3. Let vp be the function obtained in proposition 3.1. Then

vp = O(Zk:((V_X)“T N W)) Wy € 2\ UE_ (B.(2) U Ba (%)),

=1
Now we are ready to estimate ||[v — vy — vg||x.

PROPOSITION 4.4. We have

|| || o((ﬁ)m s
V—Ur — v = -_— —_— .
I BliA 140 ’LA(()Q—O')/Q"FT

Proof. By (2.1) and (4.1), we have

k
< aoUouo + Y 02Uz, + Uz, ) UO,#0>
j=1 A

k
- / f(a()U()’y,O + Z Osz(Uzj’#j + Ugj’#j) + ’U) UQ’#O =0 (410)
N

j=1
and
(0,100, 10, Uo,po ) A — /Q fleo,1Uo, o +v1)Uo e = 0. (4.11)
Let
G(z) = ao,1Uo,uo +v1 +vB.
Since

1 A
(Uzj,#jaUO,#o>>\ = O( (,UO,UJ')(N_Q)/Q t (MOMj)(N_Q)ﬂ)

and (by lemma 4.3)

2% 1 _ 2" 1 2" 1
/ g~ Voo —/ v Uoue "‘/ v Uoue
2 2\ B.(0) 20B. (0)

C 2% —1 2% —1
< —(N—Q)/QHUB +C|’UB|LOQ(BE(O)) QUQ’#O
Ho

( 1 )
=0\ ~w~22
,U(() /
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for j > 0, we have
1
<(a0 - O‘O,I)UO,MO ; UO,[L0>)\ +o0 522
Ko
k
= / f(ao’l‘o Uo,po + Z 2j AUy + Uzjony) + UA) Uo, 0

2 ‘
Jj=1

—/ J(@0,u0,100,10 + v1)Uo, 10

2

k
= / f(QO 10 U0,p10 + Z 2j AUy + Uz ) + UA) Uo, 10

j=1

1
/ HE@)Tou +°(W)

=/Qf(G( (@0 = 0008 + [ 7G@) 0 = 1 = 08T
+ O(|a0,#0 - ao,ﬂo,1|1+7)

1
+O(||’U—’U[—’UB||1+T)+O(W>, (412)
0

for some 7 > 0.
Noting that

[0l = 2 = 1) | U8, = ata =) [ U8, =~ =24+ o) <0,

(Uo,posUzay oy )e = 0(1) and fQ F(G(x))Uo,1o Uss, o, = 0(1) for j > 0, where o(1) —
0 as po, pj — +00, we can solve (4.12) to get

1
|ao—ao,1|=0(w> +O(|[v —vr —vgl)). (4.13)
0

Similarly, we have

1
|a2j—a2j73|:o(w> +O(||’U—’U[—’UB||). (414)
0

On the other hand, by (2.2), (3.2) and (4.2), we have

k
< aoUo 0 + Z O‘QJ'(UZJ',M + Ufj,#j) + v, ¢>
j=1

A

k
_/ f(aoUO,[Lo + Z an(UZj,p,j + Ufj,[l,j) + U) ¢ = 03 ¢ E EO,[LO m FZ,[L,Q](}?
0 .
Jj=1
(4.15)

(0,100, g + 01, 0) 5 — / flao,1Uo,pue +v1)e =0, ¢ € Eopy,  (4.16)
o
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and

k
< Z a2j,B(Uz; p; + Uz, ;) + VB, ¢>
i=1 A

k
- / f(z an,B(Uz]-,uj + Ugj,ﬂj) + ’UB>¢ =0, o€ F, % (4.17)
2

j=1

Thus,

k
(v—vr —vB,P)r = / f(a()UO,;Lo + Z a2 (Uz p; + Usjopy) + U>¢
o

j=1
—/ f(0,1U0, o + 1)
2
k
_/ f(z agij(Uzj’#j +U2j’#j)+’03>¢,
o \{3
ng S EO,#O n FZV#’Qk. (418)
Let
k
G1(x) = a0, Uopy + v + Y 025,5(Us, iy + Us; ;) + vB. (4.19)
j=1

By lemma 4.2, for p = 2* or p = ¢, we have
[ Wos + 1)Uy, + losl)? 2l
0

<o(1) / (oo + l01])]6]
QQBE(Q)

1 VT
# 0t + (57) ) [ @ lesl
p A2 g aB.o)

N— vr N—-2)/2 2
0 (() 2)/2 (() Y/ 12 ¢

\/X 147 1
_ 0((u—g> + W> loll. (4.20)

Using the following inequality:

ClaP=[el, if |a| > [b],
Clal[blP=*, if |a| <[],
< ClallplP~,

[l + 0" — a” — "] < {

if1<p<2,
lla+ 0" = [al” = [b]P| < C(la[P~"[b] + |al p|P~1),
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if p > 2, and noting (4.20), we see

k
/fGl ¢ /faolUO[Lo +UI ¢+/ (Z 2]B Z][L]+UZ][L])+UB>¢

k 2" -2
+0( [ o + o) (3 Wer, + Vs + el 101)
7 ]
k q—2
([ Wog + 10D X Ws + U5 + sl 101
7 ]
k
:/Qf(aOIUO;Lo +vr) ¢+/ (Z 258Uz, u; + Uz, ;L])+UB>¢
VYT 1
+ O((M_(%) + W)qu (4.21)

Combining (4.18) and (4.21), we obtain

k
<U —V; — VB, ¢>>\ = /Q f(aoUO,uo + Z an(UZj,#j + Ufj,#j) +v— f(Gl(x))>¢

j=1

T ((ﬁ)l+7+ ! >Il¢||
(A 1
12 M(()N—Q)/Q

—+ /Q f/(Gl(JJ))(OZO - aO,I)UO,#0¢

k
/ f Gl Z a2] — Qgj; B UZ]',/.L]' + Uij,ﬂj)¢
Jj=1

k
N o(|ao oot + Y Jag; - agj,BP“) ol

j=1
+O(llv = vr = vl [[¢llx
\/X 1+71
+O((u_3> +W>”¢H (4.22)

Since for any ¢ € Eg ;,, N F% 21, We have

/ PG @)Usy 6 = (2 — 1) /Q<G%*—2< )= UZ =30, 6+ o(1)]6l
=o(1)[I¢ll- (4.23)

https://doi.org/10.1017/50308210500001268 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500001268

1060 D. Cao, E. S. Noussair and S. Yan
Consequently, from (4.22), (4.13) and (4.23), we obtain

(v — vr — ve, ) = (2* — 1)/0 G () (v — o1 — vp)

+o(|lv —vr —vBlall¢llr)

VAT 1
+ O((Tg) + (N—2)/2_> l9llx, Vb€ Eou NFs ok
Ho

(4.24)
Choose 3; and +;; such that

k
¢p=v—vr—vp+ Bolou + Z(ﬂzj—lej,yj + 62;Us; ;)
j=1

k
oUy 1o ( aUZj S5 anj N7 )
+No——— + E i + 72
Tlo 5#0 st 772] 1 aﬂ] 772] aﬂ]

0 k N-1 OU
25,15 P
_|_Z 01 5O _|_Z (72] 12 Hj _|_72 J#J)

J
P T25—1,i 0725

€ EO,#o n Fz,u,%-

Noting that

1
(UI, Uzj,;tj>/\ = O(HUIH)\)a <UBa UO,#0>>\ = O(w)
0

VI 1
o () )
39 Mgs Vig 12 ’LL(()Q—U)/Q-{-T

So we find from (4.24) that

VT 1
ol <o( (%) +W)H¢HA
0

0

etc., we obtain

and the result follows. O
As a direct consequence of proposition 4.4, we have the following expansion.

PROPOSITION 4.5. Let (a,v) be the map obtained in proposition 4.4. Suppose that
o < 1. Then we have

a.J Gih G AN 1
—:_—13+ 3 +O(( ) _+3——o+7—>’ (425)
Ao Mo o wy/)  po g
oJ > ( A 1 )
Uopu ) =0\ 5 +—5= - 4.26
< au’ O T (4.26)
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Proof. Let
k

H(y) = agUo,,, + Z o2 (Uz; py + Uszj oy )-
j=1

Then

oJ < 8UO O > / 8UVO YY0,p0
L = g, e :
T fHE) T )=,

AU, #o> / 8Uo o,y
+{ H,
< 8,U/O f aﬂg

=1+ Ix+ I3 + 14, (4.27)

where I;, i = 1,2, 3,4, is the natural splitting of the last formula.
We have

C _
|11|\—/ vz + o % )
2NB:(0) Mo
<o f gl [ U P
QOBE(O) Ho JonB.(0)

S o)
o J onB.(0) Orto 1
C C C
< —llv —vr — sl + = + —lor|?
Ko Ho

AN 1
- 0(( ) — + —3_U+T>. (4.28)
I Ho o

Now we estimate Io:
C

C 2% —2 1
2| < — (U610 U5#0>|U|+W
0

Ko J 2nB.(0)

C 2" 2)2N/(N+2
<_(/U(§#o 2N/(N+2)
2
Uq 1|’U[|

o UG | |+C/
— Vv — UV —UB b
Oitso 1o Jonp. ) M

Ho J onB.(0)
C 1 C

+ — Ul |vel + ———
1o Jans. () 0,p0 M(1)+(N_2)/2

= o( L ) (4.29)

(N+2)/(2N)
) ol
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As for the estimate of I3, we have

(e )|+ 02 [ vneet)
— (=== )v|+ 0| — | Upulv
/693’/ o wo Jo ]

A A
SO(—+—/ Uo,uo|v — vr — vB|
AT g J PO

A / A
+ — U()’ |’U[| + —/ U()’ |’UB|>
Mo J Ho Ko J Ho

147
:o((%) L 3_1U+T>. (4.30)
Mo Ho Ho

Finally, we estimate Iy.

8U0 / . 8UO 1 8U0 1
I, = H —2) 2122000 Ul L0 O
! < " dpo > o UM dug “ o OF dug + M(1)+(N—2)/2

I3 < C

G G AN 1
Z——13+3—_20+O((—2> ——|—3_—U+T>. (4.31)
Ho o Ho Mo pg
So (4.25) follows from (4.28), (4.29), (4.30) and (4.31). We can prove (4.26) in a
similar way. O

LEMMA 4.6. Let a;,b; be the constants in proposition 4.1. Then

A 1
ap, obo = O(— + —_0>
TR

Proof. We have

U, a.J ( 1 )
Uo e, U b L ={=2U of ——),
a0{U0,u0- Uo,uo)x + o< Do 0,uo>A <8v’ o,uo> + D72

(4.32)

U, #0> <an o UG #0> 0.J ( 1 )
— — ) = — 4+ O ——= ). 4.33
a0< Voo, 4 A+b0 oo~ Opo | 3M0+ pN-272 (4.33)

Using proposition 4.5, we can solve the above system to obtain the desired esti-
mates. O

As a direct consequence of proposition 4.5 and lemma 4.6, we have the following
proposition.

PROPOSITION 4.7. Let (cv,v) be the map obtained in proposition 4.4. Then (4.5) is

equivalent to
G\, Gy _ (()\>1+Tl+ 1 )
[T T e ) mo o pdyotT)”

Proof of theorem 1.3. From the discussion in the beginning of this section, we only
need to deal with the case 2—o¢ > 1. By proposition 4.7 and (4.8), we see that (4.5)
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and (4.6) are equivalent to

Gix G AN 1 1
= :o((_2> —+3_—U+T>a (4.34)
Ho Mo Ho Mo  pg
k 147
GiA  GsH(z A 1 1
——13+3—2(ZJ)=0(Z((—2> —+2—+T>>- (4.35)
122 125 =0 3 Hj I

Let p1o = toAY/?, p; = t;A. Then (4.34) and (4.35) become

G, ¢
s ) (4.36)
tO tO 7
G GsH(z;
-4 Bt_Q(ﬁ = o(1), (4.37)
J J

where 0(1) — 0 as A — +o0. It is easy to see that (4.36) and (4.37) has a solution
(tox,---,trx) satisfying

t H(ﬁj/o t HL as A\ — +oo
0x c, ; 5 GoH(=) .
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