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We study the Cauchy problem of certain Boussinesq-a equations in n dimensions
with n = 2 or 3. We establish regularity for the solution under

Vu € L1(0,T; B, o (R™)). As a corollary, the smooth solution of the
Leray-a—Boussinesq system exists globally, when n = 2. For the Lagrangian averaged
Boussinesq equations, a regularity criterion V0 € L1(0,T; L>(R?)) is established.
Other Boussinesq systems with partial viscosity are also discussed in the paper.

1. Introduction

The interactive motion of a passive scalar (e.g. temperature) and the atmosphere
is modelled by the following Boussinesq equations:

v+ (v V)v+ Vr = fe,,

0; +v-VO =0, ®)
dive =0, (z,t) € R™ x Ry,
(v,0)|t=0 = (vo,60), x € R™.

Here n = 2 or 3, e := (0,1)" and ez := (0,0,1)T. System (B) for n = 2 has been
the subject of numerous studies [1,2,14]. In [1,2], the following regularity criterion
was proved:
Vo € L'(0,T; L>=(R?)). (1.1)
For the three-dimensional case, we refer the reader to [5] and references therein.
When 6 = 0, (B) reduces to the well-known Euler equations
ve+ (v-V)v+ Vr =0,
dive =0, (z,t) e R" xRy, (E)
vli=0 = vo, z € R™
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The global existence for the three-dimensional Euler equations (E) is a very
challenging open question. The main difficulty is understanding the effect of vortex
stretching, which is absent from the two-dimensional Euler equations. As part of the
effort to understand the vortex-stretching effect, various simplified model equations
have been proposed in the literature. An interesting recent development is the
Lagrangian averaged Euler equations [7,8]:

vt+(u~V)v+ZvjVuj +Vr =0,
J
u—a’Au=v, (a-E)
divu = dive =0,

U|t:o = Vo, x e R™.

The averaged Euler models have been used to study the average behaviour of the
three-dimensional Euler and Navier—Stokes equations and used as a turbulent clo-
sure model [3]. The global existence of the three-dimensional Lagrangian averaged
Euler equations is still an open question, although the Lagrangian averaged-Navier—
Stokes equations have been shown to have global existence [6,12]. In [4], Fan and
Ozawa proved the following regularity criterion for (a-E):

Vu € L*0,T; B,  (R™). (1.2)

Motivated by the above interpretation of the averaged Euler—Lagrange equations,
we can clearly apply the same averaging principle to the Boussinesq equations (B).
We obtain the following Lagrangian averaged Boussinesq equations:

vt+u-Vv+ZvjVuj+V7r:9en, (1.3)
J

u—a?Au =, (1.5)

divu =dive =0, (1.6)

(070)‘25:0 = (U()aeo)a T € Rna n= 273 (17)

We also consider the following version of the Leray-a—Boussinesq model:
vy +u-Vo+ Vo =fe,,
Ht + u - VG = 0,
u—a?Au=v, (1.8)
divu = dive = 0,

(’U,G)‘t:o = (1}0,90), S Rn, n = 2,3,

and the following version of the modified Leray-a—Boussinesq model:

(1.9)

vy +v-Vu+ Vr = fe,,
Gt—i—uVG:O,
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u—a?Au =,
divu =dive =0, (1.9 cont.)
(v,0)|t=0 = (vo,6p), z€R" n=23.

By standard energy estimates, it is easy to prove the well-posedness of local
strong solutions to problem (1.3)—(1.7), (1.8) and (1.9), and hence we omit the
details here.

THEOREM 1.1. Let (vo,0p) € H® and divvg = 0 in R"(n = 2,3). There ezists a
positive time T such that (1.3)-(1.7), (1.8) or (1.9) has a unique solution (v, 0) in
(0,T) such that

(v,0) € L>(0,T; H?).

The aim of this paper is to study the regularity conditions of the problem (1.3)-
(1.7), (1.8) and (1.9). We will prove these below.

THEOREM 1.2. Let (vo,00) € H? and divug = 0 in R™. Let (v,0) be a smooth
solution to (1.3)-(1.7), (1.8) or (1.9). If u satisfies (1.2), then the solution (v,0)
can be extended beyond T

When n = 2, testing (1.8); for v and using
1011 z> < [[6o]l 22,

we easily get
u € L>®(0,T; H?),

whence we obtain
Vue L*(0,T; H') C L*=(0,T;BMO) C L>(0,T; BY, ).
By theorem 1.2, this proves the following theorem.

THEOREM 1.3. Let (vg,00) € H? and divvg = 0 in R%. Then the two-dimensional
problem (1.8) has a global-in-time smooth solution (v,0) such that

(v.0) € L>(0,T; H*(R?))
for any T > 0.

REMARK 1.4. We are unable to prove theorem 1.3 for the two-dimensional prob-
lem (1.3)—(1.7) or for (1.9).

THEOREM 1.5. Let (vo,00) € H® with divey = 0 in R%. Let (v,0) be a smooth
solution to the two-dimensional problem (1.3)—(1.7). If 0 satisfies (1.1), then the
solution (v,0) can be extended beyond T.

REMARK 1.6. We cannot prove theorem 1.5 for the two-dimensional problem (1.9).

DEFINITION 1.7 (Triebel [15]). Let {¢;};ez be the Littlewood-Paley dyadic de-
composition of unity that satisfies

¢ € C®(Ba\ Bijo), (€)= 6(277¢)
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> i) =1

JEL

and

for any & # 0. The homogeneous Besov space B3, = {f € S":|fllz. < oo} is
introduced by the norm e

1/q
11, = (126 1% )
' JEL
forseR, 1< p,q< 0.

In the proofs below, we will use the following bilinear commutator and product
estimates due to Kato and Ponce [9] and Kenig et al. [10]:

14" (fg) — fA gl v
A" (fg)ll e

CUVAllen A gla + A" fllLea llgllze),  (1.10)
CUlf e 1A gl Lo + [[ A" fll ez [lgll Loz ), (1.11)

NN

with
1 1 1 1

r>0, A:=(-A)Y? and 1o =— .
a P2 42

)
We will also use the following Gagliardo-Nirenberg inequality (see [13] for a
generalized form):

IVAu||2: < C||Vul| || VA% 2. (1.12)

2. Proof of theorem 1.2

This section is devoted to the proof of theorem 1.2. Since we deal with the regularity
conditions for smooth solutions, we only need to establish the a priori estimates
for smooth solutions.

Since (1.8) and (1.9) are easier, we study only the problem (1.3)—(1.7).

First, from (1.4) and (1.6), it follows easily that

10| 2nzn < (100l z2nrn- (2.1)
Testing (1.3) by u, using (1.5), (1.6) and (2.1), we see that

1d
§E/u2+a2|Vu|2dx: /9en cudz < ||0ol|Lz]|ul L2,

whence we obtain
lull o 0,511y < C. (2.2)
Testing (1.3) by v, using (1.6) and (2.1), we find that

1d

i [ v 4o < CITul ol + 6ol o]z (23)
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Applying A3 to (1.3), testing by A3v, using (1.6), (1.10) and (1.11), we infer that

/|/13 |2dx<‘//13u Vo) —u- VA3) - ABvda

2dt

A3 (v;Vuy) - Avda| +

‘/A?’Hen Avdz

(HVUHLOOHA%IIB + (| A%l 4 [V | s
+llollps A% s + [ 4%0]] 22) | A%0] 2. (2.4)

We use (1.12), (1.5) and (2.2) to bound

1A% Ll Voll s < Ol Au]| a (| Va2 + ([ A%ul| )

1A% s (|l 2 A2l 7255 4 (| A% )

A% (1 + [| 4% 1)

+C||A3u||2L4

+C||Vull o~ | VA%l 2

+C||Vul| = | 420 2, (2.5)

INCINCIN NN N
QO aQaaQa Q

where (in the second inequality) we used
8/(8+n n/(8+n
[Vullzs < CITullZa ™™ | 4% 72,

In what follows, we will use the following two Gagliardo—Nirenberg inequalities
(also found in [13]):

1A% s < OV Lo | A% 127, (2.6)
1Au]| s < O Vul 22 [ A3ullf., (2.7)

with 8 = (4 —n)/(16 — 2n).

Using (2.6), (2.7), (1.5) and (2.2), we bound

Cllullps + | Aul o) || A%l s

C(1+ | Aull o) | A%l

ClIA%ul s + C|| Al pal| A%l o

ClIVaull 5" APul| 351 4 OV oo | 47wl 2

C + C|| A3z + C||Vul Lo || A30]| 2. (2.8)

ol 2| A%ul| 4

NN N

NN

Inserting (2.7) and (2.8) into (2.4), we obtain

1d

2dt/w 2dz < OVl o [ A%0]22 + Ol AP0|2 + CA%0)2: +C. (2.9)
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Taking A3 to (1.4), testing by A36, using (1.10), (2.1), we deduce that

1d
- A32
2dt/| 02 dz

< ‘ /(/13(u VO) —u-VA30)A30 dx

< C|Vullp=[4°0]72 + C[[ VO] a[| A% ul| 14| 4] 12

< C|[Vull e [ 4%0] 32 + CIONLZNAON LS - [Vl 2 Al - ] 4°6) 2

< OVl = [ 4%0]132 + C A% 127 - [ Vull = - [ Vull 2 A%l

< OVl | 4%0]3 2 + Cl[Vull 2 4°0]32 + C|| Vul| = [ A20[32. (2.10)
Here we have used the Gagliardo—Nirenberg inequalities:
V0|74 < Cl0]| 0| 4°0] 2, (2.11)
[A%ul[7a < |Vl pos [ A0 2. (2.12)

Combining (2.9), (2.10), (2.3) and using the logarithmic Sobolev inequality [11]
IVl < CA+ [ Vul gy log(e + [[A7ul|z2)), (2.13)

we conclude that
H(Ua 9)||L°°(O,T;H3) < C. (214)
This completes the proof.

REMARK 2.1. Consider the following three-dimensional Boussinesq-a system with
partial viscosity:

vt+u-Vv+ZvjVuj + Vr — Av = fes,
J

9t+u~V9:O, 915

u—o?Au =0, (2.15)

divu = dive = 0,

(v,0)]1=0 = (vo, bo).

It is easy to prove that theorem 1.2 holds for (2.15). Specifically, testing (2.15);

by u and using (2.1), we have

u € L*(0,T; H?). (2.16)
Testing (2.15); by v, using (2.16), we easily get

u € L2(0,T; H?),
whence we obtain

Vu € L*(0,T; L) C L*(0,T;BMO) C L*(0,T; BY, ).
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THEOREM 2.2. Let (vg,0p) € H® and divvg = 0 in R3. Then (2.15) has a unique
smooth solution (v, ) such that
(v,0) € L>=(0,T; H?), wve L*0,T;HY),
for any T > 0.

REMARK 2.3. Theorem 2.2 also holds for the Leray-a—Boussinesq system with par-
tial viscosity:
v +u-Vo+ Vi — Av = fes,

0 +u-V0 =0,
u—a?Au=v, (2.17)
divu = dive =0,
(v,0)|t=0 = (vo, bh).
REMARK 2.4. Theorem 2.2 also holds for the following modified Leray-a—Bous-
sinesq system with partial viscosity:
vy +v-Vu+ Vi — Av = fegs,
0 +u-V0 =0,
u—a?Au=v, (2.18)
divu = dive =0,
(v,0)|t=0 = (vo, bb).

3. Proof of theorem 1.5

First, we still have to prove (2.1) and (2.2).
Taking A to (1.4), testing by A6, using (1.6), (1.10) and (2.2), we see that

1d

237 | 1461 do < [Vl 2|96 = |40]12 < T8l |40] 12

whence we obtain
101 Lo 0,517y < C, (3.1)

due to Gronwall’s inequality and (1.1).
Taking curl to (1.3), defining w := curlwv, we have

wt +u - Vw = curl(fey) = 016. (3.2)
Testing (3.2) by w, using (1.6) and (3.1), we find that
1d [,
S [ /819wda: < 010 1 || 2,
whence we obtain

lwl| Loe (0,7522) < C. (3.3)

This proves
llull Lo 0,7;m3) < C,
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whence we obtain
”quLoo(o,T;Bgcm) <C. (3.4)

This completes the proof thanks to theorem 1.2.

REMARK 3.1. Consider the following two-dimensional Boussinesq-a system with
partial viscosity:

vt+u~Vv+ZvjVuj + Vr = fes, (3.5)
J

0; +u- VO = 070, (3.6)

u—a?Au=v, (3.7)

divu =dive =0, (3.8)

(v,0)]t=0 = (vo, bo). (3.9)

Testing (3.6) by 6, using (3.8), we see that

2 2
2dt/9 dx+/|819| dz =0,

||619||L2(0,T;L2) < C. (310)

Taking curl to (3.5), we have (3.2). Thus, we arrive at (3.4). By theorem 1.5, this
proves the following theorem.

whence we obtain

THEOREM 3.2. Let (vg,0p) € H® and divvy = 0 in R2. Then the problem (5.5)-
(3.9) has a unique smooth solution (v,8) such that

(v,0) € L=(0,T; H?), 0,0 € L*(0,T; H?),
for any T > 0.

REMARK 3.3. Consider the following two-dimensional Boussinesq-a system with
partial viscosity:

vt+u-Vv+ZvjVuj+V7r—812v:062, (3.11)
J
975 + u - VG = O7
u—a’Au=v,
divu = dive =0,
(v,0)]t=0 = (vo,00).
Taking curl to (3.11), denoting w := curlv, we have
wi +u - Vw — Pw = 9,0. (3.16)
Testing (3.16) by w, using (3.14) and (2.1), we see that

1d

@ v dx+/|81w|2dx—/310 wdx—f/ﬁ Owdx < [|6p]|L2||O1w]| L2,
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whence we obtain

w e L>(0,T; L?).

Thus, we arrive at (3.4). By theorem 1.5, this proves the following theorem.

THEOREM 3.4. Let (vg,0p) € H® and divvg = 0 in R%. Then the problem (3.11)-
(3.15) has a unique smooth solution (v, ) such that

(v,0) € L>=(0,T; H®), Owv e L*(0,T; H?)

for any T > 0.
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