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In this paper we study the use of spectral techniques for graph partitioning. Let G = (V, E)
be a graph whose vertex set has a ‘latent’ partition V1i,..., Vx. Moreover, consider a ‘density
matrix’ £ = (Eyy)ower such that, for v € V; and w € V, the entry &, is the fraction of
all possible V;—V;-edges that are actually present in G. We show that on input (G,k)
the partition Vi,..., V) can (very nearly) be recovered in polynomial time via spectral
methods, provided that the following holds: £ approximates the adjacency matrix of G in
the operator norm, for vertices v € Vi, w € V; # V; the corresponding column vectors &,
&y are separated, and G is sufficiently ‘regular’ with respect to the matrix £. This result in
particular applies to sparse graphs with bounded average degree as n = #V — oo, and it
has various consequences on partitioning random graphs.

1. Introduction and results

1.1. Spectral techniques for graph partitioning

To solve various types of graph partitioning problems, spectral heuristics are in common
use. Such heuristics represent a given graph by a matrix and compute its eigenvalues
and eigenvectors to solve the combinatorial problem in question. Spectral techniques are
used to either deal with ‘classical’ NP-hard graph partitioning problems such as GRAPH
COLOURING or Max Cur, or to solve problems such as recovering a ‘latent’ clustering
of the vertices of a graph. In the present paper we mainly deal with the latter problem,
which is of relevance, e.g., in information retrieval [3], scientific simulation [30], or bio-
informatics [14].

Despite their success in applications (e.g., [29], [30]), for most of the known spectral
heuristics there are counter-examples known showing that these algorithms perform badly
in the ‘worst case’. Thus, understanding the conditions that cause spectral heuristics to
succeed (as well as their limitations) is an important research problem. To address this
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problem, quite a few authors have contributed rigorous analyses of spectral techniques
on suitable models of random graphs. For example, Alon and Kahale [1] analysed a
spectral technique for GRAPH COLOURING, Alon, Krivelevich and Sudakov [2] dealt with
the MaxiMum CLIQUE problem, and Boppana [6] and Coja-Oghlan [10] studied random
instances of MINIMUM BISECTION. In addition, Flaxman [18] has suggested a spectral
heuristic for random 3-SAT.

While the algorithmic techniques of [1, 2, 6, 10, 18] are tailored to the concrete problems
(and random graph models) studied in the respective articles, in a remarkable paper
McSherry [28] investigates a more generic spectral partitioning algorithm on a rather
general random graph model. McSherry’s result comprises the main results from [2, 6],
but does not encompass sparse random graphs, as studied in [1, 10], or graphs in which
edges do not occur independently, as in [18].

The goal of the present work is to devise a new, generic spectral heuristic Partition
that does capture all the previous work [1, 2, 6, 10, 18, 28], and that is indeed applicable
to much more general settings. We first consider the general random graph model studied
by McSherry and develop new algorithmic techniques that apply to the regime of the
parameters not covered in [28], including the case of sparse graphs. Then we study the
so-obtained spectral heuristic from a deterministic point of view, i.e., without referring
to any specific random graph model. More precisely, we single out (reasonably modest)
conditions on the input graph that ensure the success of the spectral heuristic. To this
end, we employ notions related to the concept of quasi-random graphs (see Chung and
Graham [9] or Krivelevich and Sudakov [27]). The deterministic result thus obtained has
a rather broad scope and comprises or improves a number of prior results on spectral
methods (see Section 2). Indeed, in order to obtain such a general deterministic result we
need to come up with new ideas for analysing the spectral heuristic, because the use of
‘standard’ techniques from the theory of random graphs would impose far too restrictive
conditions on the type of input instances.

A further important aspect is that Partition is adaptive in the sense that its input only
consists of the graph G and the desired number of vertex classes k. Thus, the algorithm
does not need any further a priori information about the type of the partition (e.g., no
lower bound on the size of the classes or on the separation of vertices in different classes).
This aspect requires novel algorithmic ingredients.

1.2. A general random graph model

In this section we state the spectral partitioning result for the random graph model
Guk(p,p) from [28]. To define G, (y,p), we need a bit of notation. Let V = {1,...,n}
be a vertex set. Moreover, consider a map p : V — {1,...,k}, set V; = p~(v), and let
Nmin = Min i<k #V;. We think of Vi,..., Vi as the ‘latent’ partition of /' that we are
to recover. Moreover, consider a symmetric k X k matrix p = (pij)igij<k, and let € =
E(,p) = (Euw)ower be the n x n matrix with entries £y = Py)p(w)-

We define the random graph G, x(yp,p) as follows: the vertex set of G,x(yp,p) is V =
{1,...,n}, and any two vertices v,w € V are connected with probability &,, independently.
Thus, G, (1, p) has a ‘planted’ partition Vi,..., Vi, with the expected edge density between
any two sets Vi, V; being p;;, and the expected density inside each V; being p;. As we
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shall see in Section 2, G,(ip,p) comprises various random graph models for specific
partitioning problems such as GRAPH COLOURING or MAXx CUT.

As we are interested in asymptotic results that hold as n gets ‘large’, we say that
G (1, p) has some property P with high probability (‘w.h.p.’) if the following is true. For
any ¢ > 0 and any integer k > 1 there exists ny = ng(¢, k) such that, for all n > no, all
matrices p, and all maps v, the probability that the random graph G,x(y,p) has property
P is at least 1 —e.

To state the algorithmic result, we need to introduce a few parameters of the random
graph G = Gx(p,p). Since any two vertices v,w € V are connected in G,x(y,p) with
probability &,,, independently, the variance of the degree of v equals ZweV\ (0} Eow(1 — &)
Thus,

o —maxZ#V,p,,(l pij) =max ) En(l— &) (1.1)

weV

is the ‘maximum variance’ of the vertex degrees of G.
In addition, we need to partition G into a ‘sparse’ and a ‘dense’ part. To this end, let
® = (®yy)pwer be the matrix with entries

. 1
L (12)
0 otherwise.

Then we define

G, = (V,E;), where E; = {{v,w} € E : ®,, =0}, (1.3)
Gy = (V,E;), where E;={{v,w} & E :®,, =1, 0v,we€V,v+#w}. (1.4)

Let dg,u6,(v) denote the degree of v in the graph G U G, = (V,E; U E;). Considering
G1 U G, is helpful, because in G = some of the pairs V;, V; may be very sparse (i.e.,
pij = o(1)), while others may be very dense (i.e., pjj =1—o0(1)). Since in G; UG, we
replace the ‘dense’ parts of G by their complements, we obtain a graph in which all pairs
Vi, V; are sparse, thus avoiding case distinctions.

Theorem 1.1. Suppose that the following three conditions hold.

Rl.¢" > lnz(n/nml-n).

R2. nyin > 1n* n.

R3. Let &, = (Ewy)wer denote the v-column of £. For all u,v € V such that y(u) #+ p(v), we
have

C0k3

Nmin

ng_gv”z 2 2 +C01H<O‘ + >1I2?'<szplj pl] (15)

Nmin

where cq is a sufficiently large constant.

Then w.h.p. G = G, (,p) has an induced subgraph H on > n— ¢* ~*ny;, vertices such that
the following is true.
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e On input (G,k), the polynomial-time algorithm Partition outputs a partition (T;)i<i<k
of G such that HN T; = H N V) for some permutation t of the indices {1,...,k}.

e All components of the graph (G; U G,) — H obtained from Gy U G, by removing the
vertices of H have at most Inn vertices.

The first two assumptions R1 and R2 of Theorem 1.1 are merely of technical relevance.
Condition R2 just guarantees that none of the ‘planted’ classes is extremely small
Assumption R1 is needed to rule out the case that there is an extremely small partition class
(of size o(n)) while either the random graph or its complement is extremely sparse. Thus,
the crucial assumption is R3. Since for each v € V' the vector &, = (€,,)wer represents
the probabilities that v is connected to other vertices w € V, | &, — &,|*> measures the
‘expected difference’ between two vertices u, v with respect to the planted partition. Hence,
R3 quantifies how ‘strongly’ any two planted classes V;, V; must be separated to ensure
that Partition succeeds. More precisely, the required lower bound p? increases as a
function of ¢* and decreases as a function of ny;,. That is, the higher the ‘random noise
level’ in Gx(w,p) (i-e., ¢*), and the smaller the size of the classes that we are to recover
(i.e., nmin), the more the desired partition must ‘stand out’.

Theorem 1.1 ensures that under conditions R1-R3 Partition w.h.p. yields a partition
Ti,..., Ty that coincides with the planted one on a large subgraph H (up to a permutation
of the indices). Thus, Partition will in general not recover the planted partition Vi,..., Vi
perfectly. In fact, in general it is plainly impossible to compute Vi,..., V) perfectly w.h.p.
(at least for ‘small’ values of ¢*). To see this, assume that p;; < % for all i, j and ¢* = O(1).
Then in G = G,x(w,p) all vertex degrees have a bounded mean (namely, at most 2¢*).
Therefore, for each vertex v the probability that v is isolated in G, (yp,p) is Q(1), whence
each class V; contains Q(#V;) isolated vertices w.h.p. Since, on input (G, k), it is impossible
to tell which isolated vertex stems from which of the planted classes Vi,..., Vi, no
algorithm can recover V1,..., V) entirely.

We can characterize the subgraph H on which Partition succeeds as follows. Set

dlv,w) =e(v,V;)/#V; forveVandweV; andlet d(v)= (d(v,w))wer € R", (1.6)

where e(v, V;) denotes the number of v—V;-edges in G. Hence, d(v,w) is the ‘empirical’
edge density between the vertex v and the class of w, so that E(d(v,w)) = &, for all w
and E(d(v)) = &,. Now, the induced subgraph H basically consists of those vertices v such
that d(v) is ‘close’ to its expectation &,. More precisely, set 1 = ¢”; then H is the largest
induced subgraph of G that enjoys the following four properties.

H1. #V \ H < 2 *ny;, and Zvev\H d6,06,(0)* < Nipin-

H2. For all v € H the vector d(v) defined in (1.6) satisfies | £, — d(v)]|> < 0.001p.
H3. All v € H have degree < 10¢” in the graph G; U G».

H4. In the graph G; U G, each v € H has at most 100 neighbours in V \ H.

Thus, H1 requires that H constitutes a ‘large’ share of G, and that the vertices outside H
are not incident with an exorbitant number of edges. Furthermore, by H2 for all v € H
the vector d(v) should be close to &, in terms of the parameter p. In addition, H3 requires
that the vertices v € H do not have too high a degree in G; U G,, and H4 means that H
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should be ‘well separated’ from V' \ H. We call the largest subgraph H of G that satisfies
H1-H4 the core of G.

If ¢* is sufficiently large (say, ¢* > Inn), then H = G. This is essentially the situation
considered in [28]. However, as discussed above, if ¢” is ‘small’ (say, bounded as n — o0),
then H will be a proper subgraph of G w.h.p.

1.3. The deterministic result

The main result of this paper is that Partition actually works under a few deterministic
assumptions on the input graph G. This result is significantly stronger than Theorem 1.1,
because it covers considerably more general types of input graphs than G,x(y,p) (e.g.,
random graphs in which the edges are dependent or pseudo-random graphs). To state
these conditions, let V = {1,...,n}, let G = (V,E) be a graph, let k > 2 be an integer,
let  : V — {1,...,k}, and let p = (p;j)i<ij<k be a symmetric k X k matrix. Then we can
define classes V; = Vi(yp) = p~ ' (v), set fmin = Nmin(p) = min; ;< # Vi, and define an n X n
matrix € = E(p,p) = (Esw)ower by letting Euy = py)pw). Moreover, we let ¢* = a"(, p),
® = ®*(yp,p), Gi = Gi(y,p), and G, = G,(p, p) be as defined in (1.1)—(1.4). Thus, we keep
the notation from the previous section, but we no longer assume that G is a random
graph. The four deterministic assumptions that we need are the following.

Low-rank structure. The most important assumption is that the matrix £ provides an
underlying ‘low-rank structure’ for the adjacency matrix A4 of G. If M = (myy)ywey 1S @
matrix and X < V, then we let Mx be the matrix obtained from M by replacing all entries
my,, with (v,w) ¢ X x X by 0.

Al. Let A be the adjacency matrix of G, and let M = & — A. There is a number A such
that ¢* < 4 < ¢" - min{c”, nyin/ Inn} with the following property. For any A > 0 the
set D(A) = {v € V :dg,ug,(v) < A} satisfies [|[Mp)| < cok+/4+ A, where ¢g >0 is a
constant.

Thus, A1 states that € ‘approximates’ A within cok+/2 + A on the subgraph of G obtained
by removing all vertices that have degree > A in Gy U G;. The crucial parameter that
measures the quality of the approximation is 4, and thus 4 will play an important role in
the following ‘separation’ condition as well. In terms of quasi-randomness, the expression
2/a*? basically corresponds to the ‘spectral gap’ of the adjacency matrix. We shall see in
Section 2 that the occurrence of A in the bound in Al is actually necessary.

Separation. This condition quantifies how much for vertices u,v that belong to different
classes the vectors &,, &, that represent the ‘expected densities’ should differ (see the R3
condition in Theorem 1.1).

A2. Let p = c4\/k32/nmin (with Z and co are as in Al). Then, for all u,v € V such that
W(“) 7é w(v)’ we have ”Eu - 51.‘“ 2 p-

Note the dependence of p on A: the more tightly £ approximates A, the more ‘subtle’ the
differences between &, and &, can be.
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Approximate regularity. The next item is a ‘regularity’ condition on the degree distribution
of G. For each vertex v € V and each set S = V, we let e(v, S) denote the number of edges
from v to S in G. Moreover, we let u(v,S) = Zwes\{v} -

A3. For all v € V; we have

1<i<k

1 *
max |e(v, V;) — u(v, V)] < 0.1 (ka + #Vipi;j(1 _pij)> +In?n.

This condition requires that e(v, V;) should be close to the number u(v, V;) of edges that we
would expect if G were a random graph G, (1, p). The error term on the right-hand side
involves the ‘maximum variance’ ¢* and the ‘variance’ #V;p;;(1 — p;j) = ZWEV,- Eow(1 —Epy)
of the number e(v, V;). Moreover, the additive In? n-term is crucial in the case of sparse
graphs (see Section 2).

Lower bound on n.;,. Finally, we need that all classes V; have at least polylogarithmic
size.

Ad. Ny = minlgigk #Vi > 1n* .
The following theorem shows that if G satisfies A1-A4, and if H is a subgraph of G

that satisfies conditions H1-H4 from Section 1.2, then Partition can recover the desired
partition on H.

Theorem 1.2. There are a polynomial-time algorithm Partition and a constant C > 0 such
that, for each co > C and each integer k > 2, there exists a number ny such that the following
is true. Suppose that n > ng, and that G = (V,E) is a graph with vertex set V = {1,...,n}
so that there exist p and y such that:

e ¢ =qo,

o Al-A4 hold, and

e H is a subgraph of G that satisfies H1-H4.

Then Partition(G,k) outputs a partition (Ti,...,Ty) of V such that TTNH = V53N H
Sfor some permutation t of {1,...,k}.

We emphasize that the input of Partition only consists of the graph G and the desired
number k of classes; no other parameters of the partition (e.g., £, p, nmin) are revealed to
the algorithm. Thus, Partition is adaptive in the sense that the algorithm finds out on
its own what ‘type’ of partition it is actually searching for. Indeed, this adaptivity requires
new algorithmic ideas, and it seems to be an important feature from a practical point of
view.

1.4. Related work

Conditions A1-A4 in Theorem 1.2 are reminiscent of the work on quasi-random graphs
due to Chung and Graham [9], who investigate the connection between spectral and
combinatorial graph properties. Moreover, several authors have investigated the applic-
ability of spectral techniques under various other types of conditions: Bilu and Linial [4]
studied stable instances, the work of Frieze and Kannan [19] applies to dense graphs
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(average degree Q(n)), Kannan, Vempala and Vetta [25] considered a bicriteria measure
for clustering, and Spielman and Teng [31] investigated planar graphs. In comparison
with prior work, the new aspect of the present paper is that our goal is not to optimize
some objective function, but to detect and recover a ‘latent low-rank structure’ of a given
graph. Thus, Theorem 1.2 is the first result that shows that under general deterministic
assumptions a ‘good’ low-rank structure can be recovered in polynomial time if there is
one.

The G, (1, p) model was first considered by McSherry [28], who presented a polynomial-
time algorithm that recovers the planted partition of G = G,x(yp,p), provided that the
following holds. Let ¢2,, = maxig; <k pij(1 — pij), and let ¢o > 0 be a sufficiently large
constant; then the assumption reads

In

6
1€ — &I = cok - max{aﬁlax, nn} : [nn' +In n] if p(u) £ ). (1.7)

The two conditions (1.7) and (1.5) compare as follows. Due to the Inn-terms occurring
in (1.7), Gux(ip,p) must have average degree at least In*n (and < n—1n’n). In contrast,
Theorem 1.1 also comprises the following three types of graphs.

Sparse graphs. Condition (1.5) allows that the mean u(v, V;) of the number of v—V;-edges
may be O(1) for all v € VV and 1 < j < k. In this case the average degree of G, x(y,p) is
bounded as n — oo.

Massive graphs. Similarly, (1.5) allows that u(v, V;) = #V; — O(1) for all v, j. Then G, (v, p)
is a massive graph, i.e., the average degree is n — O(1).

Mixtures of both. The most difficult case algorithmically is a ‘mixture’ of the above two
cases: for any v and j we have either u(v,V;) = O(1) or pu(v,V;) = #V; — O(1). In other
words, some of the subgraphs induced on two sets V;, V; are sparse, while others are
massive.

In fact, the algorithm suggested in [28] fails to produce a partition that is even close
to the planted one on the three above types of inputs. The reason is essentially that, e.g.,
sparse random graphs have a considerably more irregular degree distribution than random
graphs of average degree > Inn, and that the tails of the degree distribution affect the
spectrum of the adjacency matrix (see Section 2).

Furthermore, condition (1.7) is phrased in terms of no2,,, which may exceed the
expression ¢* from (1.1) significantly if, e.g., G, (w,p) features a ‘small’ part (say, of size
n®1) of density % In this case (1.5) can be a considerably weaker assumption than (1.7).

Finally, the algorithm Partition presented in this paper is adaptive in the sense that
it just requires the graph G and the number k at the input. By comparison, the algorithm
as it is described in [28] does require further information about the desired partition (e.g.,
a lower bound on |&, — &, | for v,w in distinct classes, or on npy;y ).

Dasgupta, Hopcroft, Kannan and Mitra [13] studied the ‘second eigenvector technique’
on Gx(p,p); an important point of this work is that it provides a rigorous analysis of
this heuristic that contributes to explaining its success in practice. For graphs of moderate
density (average degree > polylog(n) and < n — polylog(n)), the authors obtain a result
similar to [28] (but with a slightly weaker separation assumption).
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Whereas in the present paper we are just dealing with the problem of recovering a
‘latent’ partition of a given graph, there are several papers dealing with spectral heuristics
for ‘classical’ NP-hard problems. For instance, Alon, Krivelevich and Sudakov [2] studied
a ‘dense’ random graph (average degree (n)) with a planted clique of size Q(\/ﬁ); the
main result of [2] can be re-derived easily from Theorem 1.1 as well as from [28].
Further related results that involve partitioning sparse random graphs (constant average
degree) include Alon and Kahale [1] (3-colouring), Boppana [6] and Coja-Oghlan [10]
(MiNiMuM BIsSecTION), Chen and Frieze [8] (hypergraph 2-colouring), Flaxman [18] (3-
SAT), and Goerdt and Lanka [21] (4-NAE-SAT). These results can only be partially
derived using the techniques of [28] (namely, under the additional condition that the
average degree must be at least polylogarithmic). Nonetheless, as we shall point out in
Section 2, the main results of [1, 6, 8, 10, 18, 21] follow rather easily from Theorems 1.1
and 1.2.

A few authors have analysed spectral techniques on random graphs that cannot
be described in terms of the G,x(y,p) model. For instance, Dasgupta, Hopcroft and
McSherry [12] suggested a random graph model with a planted partition featuring a
‘skewed’ degree distribution. This model is very interesting, because it covers, e.g., random
‘power law’ graphs. Their main result is that the planted partition can also be recovered
in this case w.h.p. under an assumption similar to (1.7). Thus, it is assumed that the
average degree is > polylog(n). Applied to the G, x(y, p) model, [12] yields a result similar
to [28].

Moreover, Dasgupta, Hopcroft, Kannan and Mitra [13] point out that their algorithm
can cope with certain very regular sparse random graphs. More precisely, they consider
random graphs with a planted partition Vi,...,Vj, such that any two vertices v,w € V;
have (exactly) the same number of randomly chosen neighbours in each class V. It
is shown in [13] that under a certain separation condition and under the assumption
that all classes V; have size Q(n/k), the planted partition can be recovered using the
second eigenvector heuristic. However, this model is not comparable to G,x(y, p). In fact,
due to the very regular degree distribution, the model in [13] behaves actually quite
similarly to ‘dense’ G,.(y,p) graphs (average degree > Inn). We shall see in Section 2
that Theorem 1.2 also captures the model introduced in [13].

Although some of the currently best results on partitioning random graphs rely on
spectral methods, there are quite a few further references on different techniques. Some
examples are Bollobas and Scott [5] (randomization), Bui, Chaudhuri, Leighton and
Sipser [7] (network flows), Dyer and Frieze [15] (combinatorial methods), Feige and
Kilian [16] (semidefinite programming), Jerrum and Sorkin [23] (the Metropolis process),
and Subramanian and Veni Madhavan [32] (breadth-first search).

1.5. Techniques and outline

Let G = Guk(w,p) be a random graph with adjacency matrix A. To recover Vi,...,V;,
McSherry [28] employs the following ‘projection method’. Let (y,...,{; be the eigenvectors
of A with the k largest eigenvalues in absolute value. Let P be a projection of R” onto the
subspace spanned by {j,...,{, and let A= PAP. Then A is called a rank k approximation
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of A. Invoking results on the eigenvalues of random matrices from [20], McSherry shows
that {y,...,{; mirror the partition Vi,...,V, and that therefore the Frobenius norm
IA—E13 = ,ep |4, — &> < kno,, is ‘small’ (here A,, & denote the v-columns of
/i,é'). In effect, /Iv is ‘close’ to &, for ‘most’ vertices v. Thus, due to the separation
condition (1.7) it is possible to recover Vi,..., Vy from A (provided that the algorithm is
given a lower bound on | &, — &, || for vertices u,v in different classes).

However, this approach breaks down if G = G.x(yp,p) is a sparse graph such that
#Vipij =0O(1) as n — oo for all i,j. In this case the rank k approximation does not
approximate £ well. The reason is that w.h.p. the degree distribution of G,x(y, p) features
an upper tail ; for instance, the maximum degree is Q( hll‘l‘r:‘n) w.h.p. In fact, vertices of
degree d > ¢ induce eigenvalues that are as large as \/E in absolute value, while the
assumption (1.5) just ensures that the eigenvalues corresponding to the partition Vi,..., Vi
are about k\/aT‘ in absolute value. In other words, vertices of ‘atypically high’ degree jumble
up the spectrum of A4, so that the most outstanding eigenvalues no longer correspond to
the desired partition.

Thus, in the situation of Theorems 1.1 and 1.2 we need a more sophisticated approach
to obtain a matrix A that approximates £ well. Following the work [1] on 3-colouring
sparse random graphs, one could try to settle the problem by just removing vertices of
degree > ¢ from G. However, the issue is that the algorithm Partition does not know
a* (it is given just G and k). Indeed, it is not easy to compute (or approximate) ¢* from
G. To cope with this, Partition employs a subroutine Approx that constructs a ‘Cauchy
sequence’ of matrices A, that ‘converges’ to £.

As a next step, Partition uses the thus obtained approximation Ato & to compute
an initial partition Sy,...,St. The basic idea is to put u,v € V into the same S; if and
only if A, — Ay < 0.1p, say, where p is the separation parameter from A2. Of course,
the problem is that Partition does not get p as an input parameter. Instead, Partition
employs a procedure Initial that computes ‘centres’ &y,..., &, and a partition Sy, ..., Sk
such that the ‘squared distance’ 21;1 > H/Iv — &|I? is minimized. This partition turns
out to be ‘close’ to V4,..., Vi.

Finally, to home in on Vi,...,V,, Partition calls a local improvement heuristic
Improve. This heuristic repeats the following operation: to each vertex v we assign a
vector o(v) that represents the densities e(v, S;)/#S; (this is reminiscent of the vector d(v)
in (1.6), whose entries represent the densities e(v, V;)/#V;). Then, Improve shifts each
vertex v into that class S; such that [|d(v) — ¢&;|| is minimum. While this procedure is
purely combinatorial, its analysis relies on spectral arguments. A crucial issue here is
that Improve has to deal with classes Vi,..., Vi of (possibly) vastly different sizes, e.g.,
polylog(n) versus ®(n).

The paper is organized as follows. In Section 2 we illustrate Theorems 1.1 and 1.2
with some examples of concrete graph partitioning problems. Sections 3-7 contain the
description of Partition and its subroutines and the proof of Theorem 1.2. Moreover,
in Section 8 we apply Theorem 1.2 to the random graph G,x(y,p), thereby proving
Theorem 1.1. Finally, Section 9 contains the proofs of a few technical lemmas on the
random graph G, x(y, p).

vES;
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1.6. Notation and preliminaries

Throughout the paper we let V = {1,...,n}. If G = (V, E) is a graph, then A(G) denotes its
adjacency matrix. Further, for X, Y < V we let e(X,Y) = eg(X, Y) denote the number of
X-Y -edges in G, and we set e(X) = eg(X) = eg(X, X). Moreover, dg(v) = eg(v, V') denotes
the degree of v.

We let u(X,Y) denote the expected number of X-Y-edges in G,x(y,p). Even in
Section 3-7, where we do not work with random graphes, it is helpful to use this notation.
Further, we set £V = &, for any v € V;. Note that this is well defined, because all columns
&, for v € V; are identical: they represent the ‘expected edge densities’ between vertices in
V; and vertices in other classes. Moreover, we always let ® denote the matrix (1.2), and
let G, G, denote the graphs defined in (1.3), (1.4).

If M = (myy)swerv 1s a matrix and v € V, then M,, = (my,)wey is the v-column of M.
Moreover, if X,Y < V, then Mxy signifies the matrix obtained from M by replacing
all entries m,, with (x,y) € X x Y by 0. For brevity we let My = My ,x. Further, we let
M|l = maxe. =1 [ME] denote the operator norm and let

IMlr= D IME= [>T m2,

velV vwelV

denote the Frobenius norm of M. If M a matrix of rank < [, then
IMIP < [ME < TIM] (1.8)

Furthermore, suppose that M is symmetric and let {y,...,{; denote eigenvectors of M with
the [ largest eigenvalues in absolute value. Let P be the projection onto the space spanned
by (1,...,¢. Then we call M = PMP a rank | approximation of M. The definition ensures
that

IM—M| <|B—M| forany matrix B of rank < [. (1.9)
We denote the symmetric difference of two sets A, B by AAB. That is,

AAB = (AUB)\ (AN B).

2. Applications and examples

2.1. Graph colouring
Alon and Kahale [1] developed a spectral heuristic for colouring 3-colourable graphs
generated according to the following model. Let y : V' — {1,2,3} be a random mapping,
and let p;j = pifi# jand p; =0 for i,j = 1,2,3. Then V1, V>, V3 is a planted 3-colouring
of G = Gux(w,p). In this section we observe that the main result of [1] can be derived
from Theorem 1.1 by adding only a few problem-specific details (in a similar way one
can re-derive the results of [6, 10]). We also discuss how the assumptions (1.7) from [28]
and (1.5) from Theorem 1.1 relate to each other.

To satisfy (1.7), we need that p > ¢/(In* n)/n for a certain constant ¢ > 0. In this case
w.h.p. all vertices v € V; have (14 o(1))np/3 neighbours in the other two classes V;,
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i # j (by Chernoff bounds), so that G is quite regular. Furthermore, let {; € R” be the
characteristic vector of V;. Then, for i # j we have

AGNG =) ~ TG =L 1)

Moreover, all eigenvectors ¢ L {y,{»,{3 have eigenvalues of order O( \/@). Hence, the
spectrum of A(G) is very ‘clean’ in that the three eigenvectors with the ‘most outstanding’
eigenvalues correspond to Vy, V>, Vi. In fact, Vi, V3, V3 can be read off easily from these
three eigenvectors w.h.p.

By comparison, the condition (1.5) of Theorem 1.1 only requires that p > ¢/n for a
constant ¢ > 0, which is exactly the assumption needed in [1]. Let us assume that actually
p = ¢/n. Then the numbers e(v, V;) for v € V; # V; are asymptotically Poisson with mean
¢/3. Therefore, w.h.p.

#lveVite(w, Vi) =y} ~(c/3) exp(—c/3)n/(3y!). (2.2)

Consequently, it is impossible to recover the partition Vi, V,, V3 from G perfectly. For
by (2.2) G contains Q(n) isolated vertices w.h.p., and of course no algorithm can tell
which isolated vertex belongs to which V;. This shows that Theorems 1.1 and 1.2 are best
possible in the sense that in general we can just hope to recover the correct partition on
a subgraph H of G, but not on the entire graph G.

Furthermore, if p = ¢/n, then the spectrum of A(G) does not reflect the planted colouring
as nicely as in the ‘dense’ case. For by (2.2) G contains a large number of stars K; ; with
d > ¢*. Thus, the eigenvalues ++/d > ¢ of A(K;4) show up in the spectrum of A(G). In
effect, the ‘relevant’ eigenvalues (2.1) of order ¢ are ‘hidden’ among a lot of eigenvalues
+./d that result from the upper tail of the degree distribution. Hence, the algorithm
from [28] would use eigenvectors merely representing the highest degree vertices, whence
it would fail to recover V7, V5, Vs. (In fact, it has been observed in [26] that the spectrum
undergoes a phase transition as np ~ Inn.)

Nonetheless, by Theorem 1.1 Partition can compute sets Si, S, S3 such that ;N H =
ViN H, where H = core(G). Although Sy, S,,S3 do not coincide with Vi, V5, V3 perfectly,
we can use Si,S»,S3 to 3-colour G. To this end, we follow the strategy of Alon and
Kahale: by Theorem 1.1, G — H just consists of components of size < Inn. Hence, for
each of these components we can compute in polynomial time a 3-colouring that extends
the 3-colouring S; N H,S, N H,S3 N H of H. Glueing all these 3-colourings together yields
the desired 3-colouring of all of G.

It is instructive to compare the 3-colouring algorithm of Alon and Kahale with the
algorithm Partition from the present paper. The algorithm from [1] essentially proceeds
in three phases. In the first (‘spectral’) phase the algorithm exploits the eigenvectors of
a certain matrix A’ to obtain a partition that differs from the planted colouring in at
most, say, 0.01n vertices; here A’ is the adjacency matrix of the graph obtained from G by
removing all vertices of degree > 10np, say. Then, in the second (‘combinatorial’) phase
the algorithm performs a simple local improvement strategy. This improvement strategy
colours all vertices of the core H of G correctly. Finally, since all components of G — H
have size O(logn), in the last phase the algorithm can extend the colouring of H to a
colouring of G in polynomial time.
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The algorithm Partition is based on a similar strategy in that it also combines spectral
and combinatorial steps (see Section 1.5). However, since in the present work we deal
with a much more general type of problem, both the algorithm and the analysis require
new ingredients. With respect to the spectral step, the computation of the matrix A
requires a rather sophisticated algorithm, instead of just removing high-degree vertices.
Furthermore, the combinatorial procedure Improve is significantly more involved, since the
desired partition V1,..., V is not necessarily optimal with respect to some simple objective
function. Indeed, the analysis of the combinatorial part involves spectral arguments.

2.2. Random 3-SAT
Flaxman [18] studied the following model of random 3-SAT. Let xy, ..., x, be propositional
variables, and let L = {x;,X; : 1 <i < n} be the set of literals. Let p; = en—2. Moreover,
pick a random assignment of x1,...,x,, let T be the set of literals that evaluate to true, and
let F =L\ T. Then, let ¢ be a random 3-SAT formula obtained by including each possible
clause over L that contains exactly i literals in T with probability p; independently.
Flaxman presents an efficient algorithm that computes a satisfying assignment of ¢,
provided (essentially) that cy, ¢y, c3 exceed a certain (large) constant. The algorithm sets
up a graph G with vertex set L in which each clause is represented as a triangle involving
the three literals of the clause. Flaxman proves that in G the partition Vi =T, V, = F
enjoys a separation property (similar to A2), and that therefore a partition T', F' of G
that coincides with T,F on a large subgraph H of G can be computed via spectral
techniques. Then he uses a brute force algorithm to assign the literals in G — H so that ¢
is satisfied. The same result can be derived easily by employing the algorithm Partition
from Theorem 1.2. Observe, however, that the graph G cannot be described in terms of
the G, (1, p) model, because edges do not appear independently; thus Theorem 1.1 does
not apply here.

2.3. Regular graphs

Bui, Chaudhuri, Leighton and Sipser [7] suggested the following model for MiNIMUM
BISECTION. Suppose that d’ > d and that n is even, and let V1, V> be a random partition
of V into two pieces of equal size. Then, let G be a graph chosen uniformly at random
in which each vertex v € V; has exactly d’ neighbours in V; and exactly d neighbours in
Vi_; (i = 1,2). They show that in this model a minimum bisection (namely V, V) can be
computed in polynomial time (via flow techniques), provided (essentially) that d' > ¢ and
d = o(1) for a certain constant ¢ > 0.

Using methods from [24], one can show that w.h.p. G has the properties A1-A4, and that
H1-H4 actually hold for H = G, provided that d’ > d + c(\/c? + 1) for a certain constant
¢ > 0. Thus, Theorem 1.2 shows that Partition yields an optimal bisection w.h.p. This
result improves on [7] considerably, since the necessary condition on the parameters is
much weaker (but of course the flow techniques suggested in [7] are of independent
interest). A similar result was obtained in [13] (via spectral techniques as well).

Once more, G cannot be described in terms of the G,x(w,p) model, because the edges
do not occur independently. However, even though G can be a sparse graph, due to its
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Algorithm 3.1. Partition(G, k)
Input: A graph G = (V, E) and an integer k. Output: A partition T1,...,T; of G.
Run the procedure Identify(G, k).
2. If Identify fails, then let A be a rank k approximation of 4;
otherwise let ¢ = (@yuw )v.wev be the output of Identify, and let A = Approx(G, ¢).
Let (Si,...,Sk,&1,...,&) = Initial(A, k).
Let (T1,...,T;) = Improve(G,Si,..., Sk, &1y, &k).
Output (T1,...,Ty).

Figure 1. Pseudocode for the algorithm Partition.

very regular degree distribution it is much easier to deal with than a sparse random graph
Gnx(yp,p) (e.g., we can set H = G here).

3. The algorithm Partition

Throughout Sections 3—7, we let G be a graph that satisfies A1-A4. Moreover, we assume
that H is a subgraph of G that has the properties H1-H4. Furthermore, we implicitly
assume that n and the constant ¢y from Al are sufficiently large. Finally, we use the
symbols @, ¢*, G, and G, as defined in Section 1.3. Condition A3 readily implies the
following bound on the maximum degree of G; U G;:

dG,u6,(v) < Ta* +1In*n forall ve V. (3.1)

From now on we shall summarize the functioning of Partition and its subroutines.
We will present and analyse the subroutines Identify, Approx, and Improve in detail in
Sections 4-7.

In steps 1-2 the goal is to compute a matrix A that approximates £ well. If ¢" is
‘sufficiently large’ (say, ¢* > In®n), then actually any rank k-approximation A of A(G)
is sufficient. But if ¢” is ‘small’ then G consists of ‘extremely sparse’ and/or ‘extremely
dense’ parts. In this case the tails of the degree distribution may affect the spectrum of
A(G) (see Section 2), and thus a rank k approximation of A(G) may not provide a good
approximation of £. To obtain an appropriate matrix A, Partition first needs to sort
out which parts of the graph are sparse and which are dense. That is, Partition needs to
compute the matrix ®, whose entries ®@,,, are 0 if the ‘density’ &,, < %, and 1 if &, > %
Computing ® is the aim of the procedure Identify, which we will describe in Section 4.
The following proposition summarizes its analysis.

Proposition 3.2. Identify outputs either the matrix ® or ‘fail’, and if ¢ < 1n’n, then the
output is @.

Thus, if Identify outputs ‘fail’, then Partition knows that ¢* is ‘big’. Therefore, in this

case it just computes a rank k approximation A of A(G). On the other hand, if Identify
does not fail, Partition feeds the resulting matrix ¢ into the subroutine Approx, which
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we will present in Section 5. The following proposition shows that Approx will provide a
good approximation A to &; here and throughout ¢ signifies the constant from condition
Al

Proposition 3.3. If ¢ = ®, then the output A of Approx(G, @) is a matrix of rank k such
that |[A—¢&| < cékﬁ. Furthermore, if ¢* > In> n, then any rank k approximation A’ of A
satisfies | A" — E| < c3k~/2.

Combining Propositions 3.2 and 3.3, we conclude that the matrix A computed in step 2
satisfies H/I —&| < cékﬂ. Therefore, our bound (1.8) on the Frobenius norm in terms of
the spectral norm entails that [|A — |3 < 2k[|A — £|| < ¢jk*A, because we are assuming
that co is a sufficiently large constant. As, furthermore, p> = cﬁk%/ Nmin (s€e A2), we obtain
the bound

1A — &3 < c3k*2 < ¢y p*umin. (3.2)

Having computed the approximation A to &, the next step is to obtain an initial partition
of the vertices that should be ‘close’ to the desired partition Vi,...,V,. Computing this
partition is the task of the subroutine Initial called in step 3. This subroutine basically
partitions the vertices by their corresponding column vectors A,. More precisely, since the
Frobenius norm H/I — &3 = Y vev H/fv —&,|? is ‘small’, for ‘most’ vertices v the distance
H/iv — & | is small (< 0.01p, say). Furthermore, for vertices v € V; and w € V; in different
classes the vectors &, and &,, are well separated by A2 (namely, ||€, — &y || = p), while for
vertices u,v € V; in the same class we have &, = &,. In effect, for ‘most’ vertices v,w in
different classes H/iv — A, | should be large, while for most u,v in the same class H/iu — A, I
should be small. Initial exploits this observation to compute k classes Si,...,S; along
with k ‘centre vectors’ &y, ..., & € RY such that for most v € S; the norm H/Iv — &l will
be small. We will discuss Initial in Section 6 and establish the following.

Proposition 3.4. There is a permutation t of {1,...,k} such that the output of Initial has
the following properties.

(1) & — &0 <0.001p2 for all i = 1,...,k.
(2) S #8: A Vi) < 0.001 0.
(3) Sy #SaN V- [V — EVr |2 < 0.001p% iy for all 1 < j < k.

The initial partition Si,...,S is solely determined by the matrix A, ie., by spectral
properties of G. To home in on the desired output V1,..., V}, step 4 of Partition finally
calls a further subroutine Improve. This subroutine exploits combinatorial properties of
G. More precisely, Improve performs an iterative local improvement of the initial partition
S1,..., S that, restricted to the subgraph H, converges to the planted partition Vy,..., Vj.

Proposition 3.5. There is a permutation t such that the output Ti,..., Ty of Improve
satisfies T;NH = V,;3 N H for alli=1,...,k.
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Algorithm 4.1. Identify(G,k)
Input: A graph G = (V, E), the integer k. Output: Either a matrix ¢ = (pyw)v,wev or
‘fail’.

1. Compute a rank k approximation A* = (a;, )v.wev of A(G).
Let B = (byw)v.wev be the matrix with entries b,, = 1 if a;, > 1 and by, = 0 otherwise.

2. Construct an auxiliary graph B = (V, F), where {v,w} € F iff | B, — By || > In** n.
Apply the greedy algorithm for graph colouring to B, and let T1,...,Tr be the resulting
colour classes.

3. Foralli,je{l,...,R} and each pairv € T;, w € T} let

1 if i#£jANeq (T/,T/) > 066#T,#T,,
Pow =4 1 if i=jNea(T;) > 0.66(*]),

0 otherwise.

4.  Let GT be the subgraph of G consisting of all edges {v,w} € E such that ¢,, = 0.
Moreover, let G5 be the subgraph of G consisting of all edges {v, w} ¢ E satisfying ., = 1.
If R < k and the maximum degree of G U G5 is < In n, then return ¢. Otherwise output
‘fail’.

Figure 2. Pseudocode for Identify.

A detailed description of Improve can be found in Section 7. Since all the procedures
run in polynomial time, Theorem 1.2 is an immediate consequence of Propositions 3.2-3.5.

4. Identifying sparse/dense parts

4.1. The procedure Identify

The matrix ® from (1.2) identifies which parts of the input graph G are sparse and
which parts are dense: we have ®,, =1 if the edge density &, = pyw)pw) between
the classes of v and w is bigger than %, and ®,, = 0 otherwise. Moreover, recall that
" =max, ), Ew(l — &) denotes the ‘maximum variance’ of any vertex degree of G
(see (1.1)). The objective of Identify is to either compute @, or detect that ¢* > In’n
and output ‘fail’ (for if ¢* > In® n, then Partition does not need to know ®).

Let us call two classes V;, V; similar if, for all indices I, we have py > 4 <> p; > 1. In
other words, V; and V; are similar if, for all v € V; and all w € V;, the corresponding
columns @,, ®,, coincide. Moreover, call two vertices v, w similar if they belong to similar
classes Vi, V;. Identify performs a very coarse spectral partitioning of G to identify
similar vertices. As a first step, Identify computes a low-rank approximation 4" of A(G).
As we will see, the spectral assumption Al entails that A* provides (at least) a ‘rough’
approximation of £. Then, Identify constructs a matrix B by rounding the entries of 4"
to 0/1. Since the desired output @ is obtained by rounding the entries of £, B should be
‘close’ to ®.

Step 2 sets up a graph B with the same vertex set as G in which two vertices are
adjacent if their corresponding column vectors in B are far apart in Euclidean distance.
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The intuition is that the columns of similar vertices should be close, unless the variance ¢*
of the vertex degrees is very large. Then, Identify applies the greedy algorithm for graph
colouring to B. Recall that the greedy algorithm processes the vertices in an (arbitrary
but) fixed order, assigning to each vertex the least possible colour in {1,...,n} that is
not yet occupied by a neighbour of that vertex. This colouring is then used in step 3 to
set up a matrix ¢, which is based on the ‘empirical’ edge densities between the colour
classes.

Finally, step 4 performs a ‘consistency check’. First of all, it checks whether the number
R of colours used by the greedy algorithm is bounded by k. If not, then ¢ does not
coincide with @ (because the matrix £ that describes the desired partition has rank at
most k). In addition, step 4 sets up two graphs G} and G5. The first graph G| contains
all edges {v,w} such that ¢,, =0, and in G5 two vertices v,w are adjacent if and only
if {v,w} ¢ E and ¢,, = 1. This construction mimics the definition of the ‘sparse’ part G,
and the ‘dense’ part G, of G as in (1.3). In fact, if ¢ = ® (which is what we would like
to establish), then G; = G} and G, = G5. If ¢* < In® n, then condition A3 implies that the
maximum degrees of both Gy and G, are bounded by ¢* + In?n < In* n, and step 4 checks
if this bound holds for G| and Gj. If so, Identify outputs ¢, and otherwise the output
is ‘fail’.

The analysis of Identify proceeds in three steps. Firstly, in Section 4.2 we prove that
either B is reasonably close to £ in the Frobenius norm, or ¢” is rather large.

Lemma 4.2. If ¢* <In'"n, then |B —£|% < log® n.

The next step is to rule out that Identify outputs a matrix ¢ that differs from ®. In
Section 4.3 we shall prove the following.

Lemma 4.3. If ¢* <In'®n, then Identify either fails or outputs ¢ = ®. Furthermore, if
o <1In’n, then actually Identify outputs ¢ = ®.

To complete the proof of Proposition 3.2 we just need to show that in the case ¢* > In'"n
the algorithm outputs ‘fail’ (but does not return a ‘wrong’ matrix ¢ # ®).

Lemma 4.4. If ¢* > In'n, then Identify outputs fail’

The proof of Lemma 4.4 can be found in Section 4.4. Finally, Proposition 3.2 is an
immediate consequence of Lemmas 4.2-4.4.,

4.2. Proof of Lemma 4.2
We begin with the following simple observation.

Fact 4.5. Suppose that ¢* <In'®n. Let 1 <i,j<k. If pij > % then actually p;; > 0.9.
Moreover, p;j < % in fact implies that p;; < 0.1.
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Proof. Recall from (1.1) that ¢ =max, ), Ew(l — &) = max; le‘:l #Vipij(1 — pij).
Therefore, for all i, j we have

#Vipii(1 —pyj) < 0" <In'n. (4.1)

Moreover, by assumption A4 we have #V; > nyin > In'! n for all j. Thus, (4.1) shows that
pij(1 —pij) < In~'n < 0.01 for all i, j, provided that n is sufficiently large. U]

Lemma 4.6. Suppose that ¢* < In'n. Then |® — £z < In** n.
Proof. Remember that the matrix £ is constant with value p;; on each rectangle V; x V.

Moreover, @ is equal to zero on each rectangle V; x V; such that p;; < %, and @ is equal
to one on any rectangle V; x V; such that p;; > % Therefore,

k
10— EF =D I1Pvur, — Eviur, |17

i,j=1
= > p#V#Vi+ > (L= py)#V#Y;
ij'Pijg% ijipii>3
4Zpl, — pi)PHV#V. (4.2)

i,j=1
Since ¢* = max; Zj#Vjpi_,-(l — ppij) (see (1.1)), we have p;j(1 — ppij)#V; < ¢” for any i, j.
Consequently, |® — &2 < (2ke™)?. Further, since ¢* < In'"n and as we are assuming that

n > ng = no(k) for some sufficiently large no, we have 2k < Inn. Therefore, |® — £|2 <
(2ke™)? < In**n. O

Lemma 4.7. Assume that ¢* < In'® n. We have ||® — B|% < In*? n.

Proof. We recall that max,ey dg,uq,(v) < 76" + In*n < 21n'"n (see (3.1)). Therefore, the
spectral condition Al yields
14" = £ < k(0" + maxde,ue,(v) ) < 3k 0.
ve

Hence, as both A%, £ have rank k, the bound (1.8) on the Frobenius norm in terms of the
spectral norm entails

|A* — E||3 < 2k[ A" — & < 6c3k> n* n. (4.3)

Since we assume that n > ny for some sufficiently large number ny = ny(k), (4.3) implies
that

|4 = &|% < In*ln. (4.4)

Furthermore, B,, is obtained by rounding A4, to 0/1, and ®,, is obtained by round-

ing &, to 0/1. Consequently, Fact 4.5 shows that B, # ®,, implies |4}, — | = %

for any v,w € V. Therefore, |B —®|% < 9||4* —&||3, and thus the assertion follows

from (4.4). U]
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Proof of Lemma 4.2. Since we are assuming that ¢ < In'® n, the assertion follows
directly from Lemmas 4.6 and 4.7 and the triangle inequality. L]

4.3. Proof of Lemma 4.3
Throughout this section we assume that ¢* < In'®n. To prove Lemma 4.3, we need the
following observation.

Lemma 4.8. For all v,w € V we have ||B, — By, |* < In**n if and only if v,w are similar.

Proof. Suppose that v € V; and w € V; are not similar. Then there is an index / such
that either p; > § and pj < §, or pj; > % and p; < . Swapping i and j if necessary, we
may assume that p; > § and p; < 1. Since |B — €|} < In* n by Lemma 4.2, we conclude
that

1

3 Huev By =0} <pj-#{ueV B, =0}
< |B—&|% <In®n, and similarly (4.5)

1

3 eV Bu =1 <(U—pp)* #{u € Vi : By =1}

<[B—E[F <In®n (4.6)

As B is a 0/1 matrix, (4.5) and (4.6) imply that we can bound the distance of the columns
B,, B,, as follows:

”Bv - Bw H2

VoWV

#Vl - #{“ € Vl : Bvu = Bwu}> (47)
#V—#ueV, By =0 —#{uecV, :By=1>#V,—8In*n.

Since #V; = npin > In¥n by condition A4, (4.7) implies that
B, — By|> > In**n—8In*n > In*n.

Conversely, assume that v,w € V are similar. Let x =#{u €V : [By — Ep| = %} and
y=#{ueV |By—Ewl = %} Since for all i, j we either have p;; < 0.1 or p;; > 0.9 by
Fact 4.5, we obtain ||B, — By ||> < x4+ y < 9||B — EH%. This implies the assertion, because
|IB —&|% < In*n by Lemma 4.2. O

Lemma 4.9. For all 1 <i,j <k the following holds:

s then e(Vi,Vj)= #Vi#V; (i # j), resp. e(Vi,V)) =

B\
(2) (i=j) “8)

B
(2) (i=j). (49)

Proof. To prove (4.8), suppose that p;; > % Then we actually know that p;; > 0.9 due
to Fact 4.5. Suppose that i # j. Then the ‘expected’” number wu(V;, V;) = #Vi#V;pi; of

if pij >

W] = W N
W] = W N

N = N

if pij < 5, then e(Vi, V)< s#VigtV; (i # j), resp. e(Vi,V)) =
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Vi~V -edges satisfies u(Vi, V;) > 0.9#V;#V;. Therefore, assumption A3 entails that

L,
e(Vi, Vj) = Z e(v,V;) > Z {U(U, Vi)—0.1 <k6 + #Vjpij(1 — pij)) —In? n}

veV; veVl;

> u(Vi, Vj) — 0k~ o™ # Vi — 014 Vit Vipi; — #Viln® n.
Hence, we obtain

e(Vi, Vi) = 09pi#Vi#V; —#Vi-In'"n  (because ¢ < In'®n)

>
> 09p# VAV, — #Vi#V;/Inn  (as #V; > nmin > In* n by A4)

2
= 08[),}# V,#VJ > §#VZ#VJ (bCCHUSC Dij = 09)

Thus, we have established (4.8) in the case i # j. If i = j, then u(V;) = (#zm)Pii > 0.9 (#ZV"),
and A3 implies that e(V;) > 0.8p;; (%)) > 2(*]"), whence (4.8) follows. A similar argument
yields (4.9). U]

Proof of Lemma 4.3. Lemma 4.8 implies that two vertices v,w € V' are adjacent in the
graph B if and only if they are not similar. Hence, B is a complete R-partite graph, whose
colour classes Ti,..., Tr are exactly the equivalence classes of the similarity relation.
Therefore, (4.8) and (4.9) entail that ¢ equals ® and thus the graphs Gj, G5 constructed
in step 4 of Identify coincide with G; and G,. Consequently, Identify outputs either
‘fail’ or ¢ = ®. Furthermore, if ¢* < In? n, then (3.1) entails that

d6,u6,(0) < To* +Inn<In*n forall veV,

whence Identify outputs ¢ = O. |

4.4. Proof of Lemma 4.4

The basic idea of the proof is as follows. If Identify does not output ‘fail’, then the
number R of colours used in step 2 is < k. Moreover, the graph G} U G that is obtained
by including all edges {v,w} of G such that ¢,, =0 and all {v,w} ¢ E(G) such that
@ww = 1 has maximum degree < In*n (step 4 checks this condition). Hence, Identify has
managed to find a partition of G into R < k classes Tj,..., Tg that led to a matrix ¢ such
that the graph Gj U G} is very sparse. However, we will show that under our assumption
that the maximum ‘variance’ ¢* = max; Zi;l #Vipij(1 — pij) of the vertex degrees exceeds
In'" 1, such a partition does not exist. This implies that the assumption that Identify
does not answer ‘fail’ was false.

Let us now carry out this idea in detail. We assume in this section that

¢' = maxz#Vjpij(l —pij) > In"n.
Jj

Let 1 <1i,j <k be such that #Vp;i(1 —p;j) > k~—'6* (note that possibly i = j). We may

assume without loss of generality that p;; <% (if pij > %, we just replace G by its

complement and £ by the all-ones matrix minus £). Condition A3 and the bound
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¢* > In'"n show that, for all v € V;,

o a"
le(v, Vi) — #Vpijl < Tk T #V;pij(1 — pij)/10 +In° n < %
As #V;pi; > o" [k, this yields

o
e(w,V;) = %

Furthermore, assuming that Identify does not fail, we know that its output is a matrix
¢ that is based on a partition T1,..., Tg with R < k. Recall that each entry ¢,, forv € T;
and w € T; is obtained by rounding the ‘edge density’ e(T;, T;)/#Ti#T; if i # j, resp.
e(Ty)/(*]7) if i = j, to 1 if it is bigger than 0.66 and to 0 otherwise.

To each v € V; we assign an index y(v) € {1,..., R} such that

for all v € V. (4.10)

e, VN Tyy) = [max e(v,V;NTy).
Ties can be broken arbitrarily. Then e(v, V; N Ty)) = R le(v, V).
Fact 4.10. e(v,V; N Ty) = #Ty) NV, —In*n, for all v € V.

Proof. We assign to each v € V; the unique index f(v) € {1,...,R} such that v € Tp).
Assume for contradiction that there exists v € V; such that the entries of ¢ on the rectangle
T,w) % T are 0. Then all v-T,,)-edges are present in the graph Gj. Hence, the degree
of v in Gy satisfies dg: (v) = e(v, Ty) > R le(v, V;). In combination with our assumption
that n > ny for some sufficiently large ny = no(k), (4.10) shows that

*

o
2kR = 2kR = 2k?
But then step 4 of Identify would have failed. This contradiction shows that ¢ attains the
value 1 on the rectangle T X T for all v € V;. Therefore, the degree dg;(v) of v € V;
in G; provides an upper bound on the number #T,,) N V;—e(v,V; N Ty)) of ‘missing’
edges. Since we are assuming that Identify did not fail, we know that dg;(v) < In*n
(see step 4), and thus

dg;(v) = R7'e(v,V)) > > In*n.

#Tyw) N Vj—e(0, VN Tyy) < dg:(v) < In*,

as claimed. L]
Fact 411. In’°n < Lo <#Ty0) NV < e, Vi N Tywy) + In*n, for all v € V.

Proof. To obtain the left-hand inequality, recall that we are assuming that n > ng for some
sufficiently large ny = no(k), which we can choose so that Inn > 2kR. As ¢* > In'n, we
thus get ¢*/(2kR) > In’ n. The right-hand inequality follows from Fact 4.10. Furthermore,
(4.10) entails that e(v, V;) > ¢*/(2k) for any v € V;, and the choice of y(v) yields

#ViN Typ) = e, VN Typ)) = e(v,V;)/R = 0" /(2kR).
This yields the middle inequality. ]
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The map y : Vi — {1,..., R} assigns to each v € V; an index y(v) such that e(v, V; N Ty))
is maximal, i.e., e(v, V; N Tyy) = e(v, V; N Ty) for all [. Let 1 < o < R be such that #7(2)
is maximal. Intuitively, T, is the class of the partition Ty,..., Tg where most of the vertices
in V; have most of their neighbours. Then the number #y~!(«) of vertices in V; that have
most of their neighbours in T, is at least R~ '4V;. Since R < k and #V; > npy;,, we have
#y7 (o) > nmin/k. Hence, it is possible to choose a set S = y~!(a) = V; of cardinality

s = [107k > npin]- (4.11)
(That is, we choose a set S = y~!(a) = V; of this size arbitrarily.) Let T = T, N V;\ S,
and let t = #T.

Fact 4.12. (S, T) > 0.9st.

Proof. Double-counting edges in G; yields the bound

€g, (y_l(“)a Toc N Vj)

T,NV;>
#T.0V; maxyer, dg, (W)

, (4.12)

which is in terms of the degree dg,(w) in G;. Since ¢* > In'"#n, the bound (3.1) on
the maximum degree of G; U G, implies that dg,(w) < 70" + In*n < 8¢* for all w € T,.
Furthermore, Fact 4.11 entails that

_ 1 #)'(2) o
e, (v I(O‘)s T, N Vj) = 5 Z e(v, Vin T,) > 3 : %R (4.13)
veViy(v)=a
Since R < k and #y~!(a) > #V;/k by the choice of «, (4.12) and (4.13) yield
eGl(V_l(a): Tac N Vj) #Vl .10
j = > = . 1
#T,NV; S0 3973 50s (4.14)
Recalling that T = T, N V; \ S, we obtain
(4.14) 1 Fact 411 g*

t=#T>#Tme]—S > E#TlmeJ > rkz (415)

Since we are assuming that ¢* > In'n and n > ny for some ny = ny(k) that is sufficiently
large that Inn > 4k2, (4.15) yields t — In* n > 0.9¢. Hence, the right-hand inequality from
Fact 4.11 entails e(S, T) > s(t — In* n) > 0.9st, as desired. |

To complete the proof of Lemma 4.4, we consider the matrix M = £ — A(G). Its entries
are M,,, = &,, — 1 if v, w are adjacent, and M,,, = &,,, if v, w are not adjacent. Condition Al
ensures that || M| < cok+/4 + A, where 4 < 6" nyin/ Inn and A is the maximum degree of the
graph G; U G,. Furthermore, (3.1) provides a bound on A, namely A < 76" + In* n < 8¢,
where the last inequality is due to our assumption ¢* > In'®n. Hence, assuming that
n > no(k) is sufficiently large, we obtain

IM| < cokn/0" nmin/ In 1+ 86" < 20k /0" min/ In 1 < 107k \/0" i~ (4.16)
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Furthermore, since S c Viand T < V;and SNT = 0, the definition of M shows that

(Mg, 1r) = > My =—eS,T)+ Y Ew=#S#Tpj—eS,T).
(v,w)eSxT (v,w)eSxT

Since p;; < %, Fact 4.12 entails that

%St <eS, T)— #S#Tpij = —<M13,1T>
<M - s - 1z ] = 1M /st (4.17)

Combining (4.11), (4.15), and (4.17), we obtain |M|| > %./st > 107* 3 /iminc", in con-
tradiction to (4.16). This shows that our assumption that Identify does not answer ‘fail’
was false.

5. Approximating the expected densities

5.1. The procedure Approx

The aim of Approx is to compute a low-rank matrix A such that H/I—SH < cékﬁ
(see Proposition 3.3). Here 4 denotes the spectral parameter from condition Al (and ¢y
is the constant from Al). Remember that ¢* = max; Zi;l #Vipij(1 — pij) is the maximum
‘variance’ of the vertex degrees, and that ¢* < A < ¢ min{c", nyin/ Inn}. Thus, the larger
" the less accurate an approximation A to € we need to provide. Furthermore, recall
the decomposition of the graph G into its ‘sparse’ part G; and the complement G, of
its ‘dense’ part (see (1.3)): Gy contains all edges {v,w} € E(G) such that &, < 3, and G,
contains all edges {v,w} ¢ E(G) such that &,, > 1.

In order to compute the approximation A of &, Approx analyses the spectrum of the
adjacency matrix 4 = A(G). As we will see, if the maximum variance ¢ is very large
(more precisely, ¢* > In®n), then it is easy to obtain the desired approximation A: just
computing a rank k approximation of A4 is sufficient. In contrast, if ¢ is ‘small’ (say,
¢" <Inlnn), then matters are more involved. In this case the graph G; U G, is sparse.
In effect, just as in the graph colouring example in Section 2, fluctuations of the vertex
degrees affect the spectrum of the adjacency matrix 4. Hence, as in Section 2, we could in
principle just disregard vertices that have an ‘atypically high’ degree in G; U G,. Indeed,
condition A1 suggests that we should ignore all vertices whose degree in G; U G, is bigger
than 104, say. The problem with this is that Approx does not know A. In fact, it is not
obvious how to estimate either A or ¢* given just the graph G and the number k of classes.

Therefore, Approx pursues an adaptive strategy (see Figure 3). Suppose that ¢* < In’ n.
The input of Approx consists of G, k, and the matrix ¢ = @ that indicates which parts
of G are sparse/dense (see Proposition 3.2). Thus, the two graphs Gj, G5 set up in
step 1 coincide with Gy, G,. Proceeding in log, n rounds t = 1,...,log, n, step 2 of Approx
computes sets R, of vertices of ‘high” degree dg:,6;(v) = A = 27'n in the graph G| U G,
and certain matrices 4,. The matrix A4, is obtained from the adjacency matrix A(G) by
replacing all entries indexed by V' x R, UR; X V by the corresponding entries of ¢. The
combinatorial meaning is that all edges incident with vertices in R, get deleted from the
graph G; U G;. As discussed above, ideally we would like to return a matrix 4, such
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Algorithm 5.1. Approx(G, ¢)
Input: A graph G = (V, E) and a matrix ¢ = (pyw )v,wev . Output: A matrix A.

1. Let G} be the graph consisting of all edges {v,w} € E such that ¢, = 0. Further, let G5
consist of all edges {v,w} ¢ E satisfying ¢y = 1.
Set Ry = @, and let Ay = (ao.w)n.wev = A(G)'
Fort=1,...,log,n do

3. Let At =2 'nand R = {v € V : dgruay (v) > At}
Let A; = (at,vw)v,wev be the matrix with entries at v = pvw if (v,w) € Ry x V U
V X R;, and at yw = at—1.0w Otherwise.
If there is an 0 < s < t such that |A; — At|| > 4cok+/Ay, then abort the for-loop and
go to step 4.

4. Let{=max{0,t— 1} and return a rank k approximation of A;.

Figure 3. The procedure Approx.

that A, &~ /, say. Since we cannot actually implement this stopping criterion (because 4 is
unknown), we check instead if the sequence of matrices 4; ‘converges’ by computing the
spectral norm || Ay — A,| for all s < t. This condition is somewhat reminiscent of Cauchy’s
criterion for the convergence of sequences. If |4y — A4;| is ‘too large’ for some s < t, then
A, has become too small, and therefore the algorithm returns the previous approximation
Aiq.

To analyse Approx, we remember the ‘core’ subgraph H that satisfies conditions H1-H4
(see Theorem 1.2). Intuitively H consists of the ‘well-behaved’ vertices of G. Below we will
need condition H1, which states that #V \ H < A *npyi,, and condition H3, according to
which all vertices v of H have degree at most dg,uq,(v) < 106" in Gy U Ga.

Lemma 5.2. Suppose that A; > 504 and that ¢ = ®. Then |4, — &| < 2cok@.

Proof. The set R; contains all vertices that have degree greater than A; in G} U Gj. Since
we are assuming that ¢ = ®, we have G| = G; and G; = G,. Therefore, condition Al
shows that the minor of 4 induced on V \ R, satisfies

3
H‘SV\RL _AV\R, H < Cok\/ A[ + A < ECQk\/ Az. (51)
Let 7 = &g, + Erx1\r, + EviRxr, and M = @, + Qr,x\R, + @v\R xR, SINCE
VZ\(V\Rz)Z = (R x R)U (R, x V\R)U(V\ R; X Ry),

the entries F,,, are 0 for (v,w) € (V \ R,)%, and F,,, = &,, for (v,w) & (V \ R;)?. Similarly,
M,,, =0 for (v,w) € (V \ R,)?, and M,, coincides with ¢ for (v,w) & (V \ R,)’. Since on
2\ (V \ R;)? the matrix 4, coincides with ¢, we have

F—M=E—A —(Enr —Arr,)- (5.2)
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Thus, to complete the proof we need to bound ||F — M|. Bounding the spectral norm by
the Frobenius norm (see (1.8)), we obtain

IF — M| < |F— M|}
= |Er, — @R IF + [ER xR, — PR R IF

+ 1€V \RixR — PV\R xR, H)Zr

< 2| Erxv — Prxv |} (because £ — ¢ is symmetric)

= 2||Er xy — P v |1+ (since we assume that ¢ = @)

=23 Pyenin — Pon)? (a5 En = Dy (53)
veER, weV

1

The matrix @ is defined so that @, =1 if pyw)pw) > % and ®@,, =0 if pyw)ymw) < 3.

Therefore’ (ptp(v)tp(w) - chw)z < 4(p1p(v)1p(w)(1 - plp(v)lp(w)))2~ HCHC@, (53) ylelds

1F=MI2<8 5" [ppemmn (= Ppewpon)]’

vVER; weV

k k
=8 S #VaO R #Vi [pas(1 —pap)]”  (because Vo =p~'(@)  (54)
a=1 b=1

Since ¢* = max,, Zﬁ:l #Vapab(1 — pap), (5.4) entails

k k
IF—M[><8" Y #VaR > par(l — par)

a=1 b=1
8o*2 &
< e Z#Va ﬁR, (because g’ Z Zb nminpab(1 _pab))
min a=1
8c*2#R, 8 ’#V \ H
_SoT#R BaAV (as R, = V \ H by H3). (5.5)
Nmin Nmin

As #V \ H < npin/2* by condition H1 and 4 > ¢ > ¢y for some large constant ¢y by
assumption Al, (5.5) yields |F — M|?> < 86¢*?#V \ H /ny;, < 1. Combining this estimate
with (5.1) and (5.2), we obtain [|[4; —&| < [Eyg, —Apy\r | + |F — M| < cokJA +1 <
260](\/E. D

Proof of Proposition 3.3. If Identify fails, then ¢* > In? n by Proposition 3.2, and step 2
of Partition computes a rank k approximation A of A. Since ¢* > In> n, the bound (3.1)
on the maximum degree of G; U G, entails that dg,ug,(v) < 8¢* for all v € V. Therefore,

N N (1.9) Al
1€ — Al <€ — Al + 14— Al < 2/€ — Al < k2,

as desired.

Let us now assume that Identify did not fail, and thus ¢ = ®. In this case, Partition
executes Approx(G, ¢). Let s,t be such that A; > A, > 50/4. Then by Lemma 5.2 and the
triangle inequality we have |4, — A,| < |4As =&+ |4 =& < 4cok\/A>s, and thus step 3
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of Approx will not abort the loop. Consequently, the index ¢ chosen in step 4 of Approx
satisfies A; < 100/4. Let t* be maximal such that Ay > 504. Then [|4; — A¢| < 4cok\/AT*,
because the exit condition in step 3 of Approx was not satisfied for t =7 and s = t".
Therefore, invoking Lemma 5.2 and the triangle inequality once more, we get

14; — EIl < 14 — Ap | + A — | < 6cokr/Ar < 60cok/2. (5.6)

Finally, if A is a rank k approximation of A;, then by the key property (1.9) of
the rank k approximation we have |4 — A:| < |I€ — 4;]|, because £ has rank at most
k. Therefore, (5.6) implies [|A —&| < |A — 4;| + [[4; — E| < 2] 4; — £ < 120cok/Z <
c3k~/2, as claimed. O

6. Computing an initial partition

6.1. The procedure Initial

Once Partition has obtained the matrix A, the algorithm calls the subroutine Initial.
We know from Proposition 3.3 that A is a matrix of rank <k that approximates the
‘expected’ adjacency matrix £ well. More precisely, in the notation of condition Al we
have

1A —&| < ek (6.1)

Given the matrix 4 as input, Initial now tries to find a partition (Si,...,S;) of the
vertices of G that is ‘close’ to the planted partition. In fact, our aim is to show that the
output (Si,...,Sx) satisfies Zi‘:l #SiAVyiy < 0.001nmin, where A denotes the symmetric
difference, 7 is a permutation of the indices, and np;, is the size of the smallest class of
the desired partition.

To construct such a partition, Initial basically classifies the vertices v € V' by their
corresponding column A, of A. Two vertices v, w are deemed ‘similar’ if their columns A,,
A,, are close in /5. This approach is based on two observations:

(a)Ifv € V; and w € V; with i # j, then &, and &, are far apart in /,. More precisely, by

condition A2
|€& — Ewll> = p?,  where p = c{y/K* i/ nin. (6.2)

Furthermore, if u,v € V; are in the same class, then &£, = &, by definition.
(b) For ‘most’ vertices v the vector 4, is close to &, in /5.

To establish (b), we combine (6.1) with the bound (1.8) on the Frobenius norm in terms
of the operator norm: since both 4 and £ have rank < k, we get

1A — €7 < k. (6.3)

Now, let z = #{v € V : || A, — &,||* > 0.001p?} be the number of vertices for which 4, and
&, are not close. Then

IA— €13 =3 14— &7 = 0,001 =, (64)

velV
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Algorithm 6.1. Initial(A,k)
Input: A matrix A and the parameter k.
Output: A partition Si,..., S, of V and vectors &1,...,& € RV.

1. Forj=1,...,2logn do
2. Let p; =27 and compute QW) ={weV:|Ad,—A | < 0.01p; } forallv € V.
Then, determine sets Q1 R ;\,’) as follows: for i = 1,...,k do
3. Pick a vertex v € V \ J;Z] [(./‘> such that #Q"Y) (v) \ U;Z, f” is maximum.
Set Q) = QU \UZ; @ and &7 =32 o) Au/#Q).
4. Partition the entire set V' as follows.
e First, let S = QY for all 1 <i < k.
e Then, add each vertex v € V \ |J;_, ) to a set SY) such that ||A, — ¢ is
minimum.
Set 1y = S5, &, g 1A — €77
5. Let J be such that »* = r; is minimum. Return Sf'l),...,S,ﬁ,") and §i"),...,§(1).

Figure 4. The procedure Initial.

If the constant ¢q is chosen to be sufficiently large, then 0.001p> > c8k3)v/nmin. Hence,
(6.1) and (6.4) imply that z < npin/co < Nmin/1000 is small relative to the size np;, of the
smallest class of the desired partition.

Thus, for all but 0.001ny;, vertices we have H/iv — & € 4/0.001p. Furthermore, it
makes sense to classify such vertices v by their corresponding column A,. For assume that
H/Iv —& |l < /0.001p and H/iw — &yl < +/0.001p. If v,w € V; for some i, then &, = &,,, and
thus by the triangle inequality

1A, — Ay || < 1A — & | + Ay — £l < 24/0.001p. (6.5)
In contrast, if v € V; and w € V}, i # j, then by (6.2)
1A, — Ayl = 1€, = &l = 1Ay — & — Ay — &l = (1 — 2+/0.001)p. (6.6)

If Initial knew the parameter p, then it could utilize (6.5) and (6.6) to compute
a good approximation to the desired partition Vi,..., V) as follows. For each vertex
v € V we could determine the set Q(v) ={we V : H/IU — A, |2 <0.01p2} of vertices w
whose vector A, is close to A,. If v € V; and |4, — & < /0.001p, then Q(v) will
contain all vertices w € V; such that H/iw — &yl < 4/0.001p. As we have seen, there are
at least #V; —z > 0.9994#V; such vertices w € V;. Hence, Q(v) contains almost all of V;.
Conversely, any vertex w € V' \ V; such that HAW Evll < 4/0.001p does not lie in Q(v)
(see (6.6)). Hence, #Q(v)AV; < z < 0.001ny;,. Thus, to obtain a partition of V' we could
first choose a vertex v; such that #Q(v;) = max,cy #Q(v) is maximum. Then, choose a
vertex vy € V' \ Q(v1) such that #Q(v2) \ Q(v1) = max,ep\y, #Q(v) \ Q(v1) is maximum, etc.
This is essentially what steps 2-3 of Initial do, and a similar procedure is at the core
of McSherry’s algorithm [28].
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However, we do not actually assume that p is known to Initial. Therefore, the
algorithm applies the above clustering procedure for various ‘candidate’ values p; = n27/.
For each j this yields a collection Q(j), ces Qij) of pairwise disjoint subsets of V. For each
of them we compute the ‘barycentre’ éfj ) which is just the arithmetic mean of the vectors
A, with w € QE”. Hence, ffj) should approximate &' well if ng) is a good approximation
of V;. In effect, if Q(lj),..., }{j) is ‘close’ to V4i,..., Vj, then the error term

k
S o
=D ld =&’
i=1 ,egU)

should be about as small as H/I—EH%. Therefore, the output of Initial is just the
partition Sl(]),...,S,i]) with minimal r;. The following lemma shows that, if the above error
term is actually small, then the resulting partition is close to V1,..., V;.

Lemma 6.2. Let Sy,...,S; be a partition and let 4,...,E¢; be a sequence of vectors such
that
k
SOD T lE— Al < kP
i=1 ves;

Then there is a permutation y : {1,...,k} — {1,...,k} such that the following holds.

(1) & — EY0 |12 < 0.001p% for all i = 1,....k,
(2) S5 #8iAV, i) < 0.001 10, and
(3) S pt #8a NV V- €70 — EVir |2 < 0.001nminp> for all 1 < j < k.

Proof. Let S, = S, NV, be the set of all vertices in class V}, thatend upin S, (1 < a,b <
k). For each 1 < a < k choose an index 1 < y(a) < k such that [|EV@ — &, is minimum
(ties can be broken arbitrarily). Then for all b # y(a) we have

p < |[EV@ — gV (by condition A2)
<&@ — &, + | — &4l (by the triangle inequality)
<2/EY — &, (by the choice of y(a)). (6.7)

Hence, |€"" — &,|| > p/2. Therefore, the assumption >~ > ves; I€i — A,|1* < c8k3) im-

plies
p2 k k
T #Su < Y #SwE" — &l
a=1 1<b<k:b#y(a) a,b=1
k
<2) > & — AP+ A —&l*  (by the triangle inequality)
a,b=1veSy
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k
=2 I&=AIP+2) Y I —&l?

vevV a,b=1veSy
k
=2A—EIF+2D ) 1Ay — Eul* < 2014 — €1} + 25k (6.8)
a=1 ves,

Furthermore, (6.1) shows in combination with the bound (1.8) on the Frobenius norm in
terms of the spectral norm that |4 — £||3 < c¢gk*2. Hence, (6.8) yields

5]

k k
PN ST #8u < S #SalEY — &ull? < 3k < i 69)

4
a=1 1<b<k:b#y(a) ab=1

Remembering that p? = c§k*4/nmin (see A2) for some large constant ¢y, we see that (6.9)
yields

i i 5 8¢k

#SaAVya) = 2#Sw < 5— < 0.001nmip. (6.10)
a=1 a=1 1<b<k:b#y(a) P

This establishes assertion (2).

In addition, (6.10) shows that y is a bijection. For assume for contradiction that there
are 1 <a <b <k such that y(a) = y(b). Then (6.10) yields #S, AV, < 0.001ny,, and
#Sp AV,(a) < 0.001nmis. But this is impossible, since S, NSy =0 and V) = Nmin.

Furthermore, (6.10) implies that #S, NV, = #V,) — 0.0010min = Nmin/2. Thus, by
(6.8) for any 1 < a < k we have

k
Nmi "
%HEVV(Q) - 64{“2 < #Sa N Vv(a)HEV’v(ﬂ) - éaHz < Z #Smﬂ”gVﬁ - i(tz < C(7)k3/“
o,f=1
Recalling that p? = c¢§k3//nmin for a large constant ¢, we thus get
2¢0k3 7.

min

1Ep@) — &Eall® < < 0.001p> forall 1<a<k, (6.11)

thereby proving assertion (1).
Finally, to prove assertion (3) we apply the triangle inequality to obtain

k k
S #Swl€ 0 — €502 <23 #8u (€Y — P + €90 — &2

a,b=1 a,b=1

Since [|EV0 — &, || < |EY® — 4| by the choice of y(a), we obtain

k k
(6.9)
D #SwlI €T — V02 <A # S| £V — 4|2 < degh’ .
a,b=1 a,b=1
This implies assertion (3), because p*> = c§k>A/nmin for some large o (see A2). O

Finally, in Section 6.2 we shall derive the following bound on the minimum error
term r;.
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Lemma 6.3. Suppose that the index j from step 1 of Initial is such that %p <pj <p.
Then the term rj = Zi;l H/IU — 5;”“2 computed in step 4 satisfies r; < c§k*A.

Proof of Proposition 3.4. Lemma 6.3 shows that there is an index j such that r; < c{k*2.
Therefore, the minimum error term r* computed in step 5 satisfies r* < c§k*/. Let J be the
index chosen in step 5, i.e., r; = r*. Then Lemma 6.2 shows that the partition S (‘]), .. .,S,ﬁ“
satisfies the conditions stated in Proposition 3.4. U]

6.2. Proof of Lemma 6.3

Suppose that %p < pj < p. To ease up the notation, we omit the superscript j; thus, we
let S; =S, 0; = 0 be the sets constructed in iteration j, and we let Q(v) = QU (v) for
v €V (see steps 2—4 of Initial). We start by showing that there is a permutation y such
that & is ‘close’ to £"70 for all 1 < i < k, and that the sets Q; are ‘not too small’.

Lemma 6.4. There is a permutation y : {1,...,k} — {1,...,k} such that for each 1 <i<k
we have #Q; > 3#V,i and | & — V0|2 < 0.1p%

Proof. For 1< i<k choose y(i) so that #0;NV,; is maximum (ties are broken
arbitrarily). We claim that then for all 1 < I < k the following three inequalities hold:

#0; > max{#V; i e {1,....k} \ y({1,...,1 — 1})} — 0.01npin, (6.12)
#Q1 N Vyay 2 #0Q1 — 0.01nyn, (6.13)
& —&Yol* <0.1p% (6.14)

The proof is by induction on I. Thus, let us assume that (6.12)—(6.14) hold for all | < L.
We are going to show that (6.12)—(6.14) are then true for [ = L as well. As a first step,
we establish (6.12). To this end, consider a class V; such that i ¢ y({1,...,L —1}) and
let Zi={veV:|A4 —E"|*<0.001p?}. Recall our bound (3.2) on [|[A—&|2: we have
|A — &£|3 < k3. Therefore,

0.001p°#Vi—#Z) < Y A= &7 < |A—E|F < cgk'a (6.15)
veEVI\Z;
Since p? = c§k*A/nmin for some large constant o (see A2), (6.15) implies

#7; > #Vi — 0.0 npmin. (6.16)

Moreover, the triangle inequality shows that, for any two vertices v,w € Z;, the bound
Ay — Ayl < 2(| Ay — EV[1* + | Ay — E71]|?) < 0.004p% holds. In effect, for all v € Z; we
have

QW)= {weV |4 —A,|* <001p?} > Z. (6.17)

Now, consider a vertex v € Z; and a vertex w such that w € Q; for some [ < L. Since
i #+ y(I) by our choice of i, the separation condition A2 shows that |EV0 —&, | > p.
Consequently,

p < €M — &) < & — Aol + [ Aw — Aol + 1E — Aull + [1& — EV0). (6.18)
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Since w € Q,, the construction in step 3 of Initial ensures that HA — &) <£0.1p.
Furthermore, ||& — £V0 || < p/3 by the induction hypothesm (see (6.14)). Moreover, HA —
&l < 0.1p, because v € Z;. Hence, (6.18) entails that HAW — A, | > 0.1p, and thus w ¢ Q(v)
Since this holds for all w € Q; with [ < L, (6.17) yields

ZinQ; =0 forall [<L. (6.19)

Finally, let vy, signify the vertex chosen by step 3 of Initial to construct Q; = Q(vy) \
U< Q1. The vertex vy, is chosen so that

L1 L1 L1
#0L = #Qwe)\ |J @ = #0w)\ | @ forall vev\ o
=1 =1 I=1
Since Z; N U,L;f Q; = 0 by (6.19), for all v € Z; we have

L= 17) (6.16)
#0L > #0w)\ | J Q1 = #Zi > #Vi—0.01nmin.
=1

As this estimate holds for all i ¢ p({1,...,L —1}), (6.12) follows.

Thus, we know that Qy is ‘big’. As a next step, we prove (6.13), i.e., we show that Qj,
‘mainly’ consists of vertices of V(). Remember that y(L) was chosen so that #0; NV,
is maximum. In addition, let 1 < i < k be such that HE’ Vi — A, | is minimum. We are going
to show that i = y(L). Let w € Q1 \ Vi. Then |&, —ALLH €Y — ALL | by the choice of i.
Further, assumption A2 ensures that ||€, — £Y|| > p. Hence, by the triangle inequality

p <& —EVI < N0 — Aoy | + 1€ — Ay, | <2080 — Aoy |-

Consequently, [£, — A, |2 > 1p?. On the other hand, as w € Q1 = Q(v.), we have | A, —
A, |* < 0.01p2. Therefore, we obtam

1Ay — Ell = &0 — Aoy | = 1Ay — Ay | = 0.4p.
Since this is true for all w € Qp \ Vi, we conclude that

016p> - #QL\ Vi< Y [Aw—El> < |4 =&} (6.20)

WEQL\ Vi

Furthermore, we know from (3.2) that |4 — &||3 < c3k3A. Therefore, as p* = c3k31/nmin
for a large constant ¢y > 0 (see A2), (6.20) yields

|A—€lF _ ks

0.16p2 ~ 0.16p2
Since we have already established (6.12), we know that #Q; > #V; — 0.01nyi,, and
thus (6.21) shows that #V;NQp > 0.99#Q,. This implies i = y(L), because y(L) was
chosen to be the index j such that #Q; NV, is maximum. In effect, #0, NV, 1) =
#0Q1. NV; = #0r — 0.01npi,. This completes the proof of (6 13).

To show (6.14), we note that by construction we have HA — ALL | <0.1pforallw e Qp,
(see step 3 of Initial). As £y, is the arithmetic mean of the vectors A, over w e 0y, this

#OL\ Vi < < 0.01nmin. (6.21)
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implies ||, — /L,L | < 0.1p. Hence, by the triangle inequality

#0L NVl EVm — & |
<3 Y e — Ay P+ [Aw — Ay, I + 1Ay — £V |2

WEQLQVT(L)
<0060 #0L N Vyy +3 Y [[Aw — V0
weQrNVyw)

< 0.06p™#Q1, N Vyry + 34 = €7 (6.22)
As the construction of A ensures that |4 — &[|2 < c3k® (see (3.2)), (6.22) yields
#OL NV EV0 — &> < 0.06p*#01 N Vi) + 3cgk’ A (6.23)

Since #Q1, N Vi) = 0.9, due to (6.12) and (6.13), and because p? = c3k31/nmin for a
large constant ¢y (see A2), (6.23) entails that | &) — L|1> < 0.06p2 + 6¢3k* A /min < 0.1,
Thus, (6.14) follows.

Finally, (6.12)—(6.13) imply the assertion. To see that y is a bijection, let us assume
that y(l) = y(I') for two indices 1 <[ <!’ < k. Indeed, choose I to be the least index such
that y(l) = y(I). Then #Q; > #V,1) — 0.01nmi, by (6.12), and thus #V,q) \ Q1 < 0.1nyin
by (6.13). Therefore, we obtain the contradiction

(6.12) (6.13)

0.99min < #0Qr < LI#QrN Vy(l) < I-I#V",'(I) \ Q; < 0.11ny;n.
Finally, as y is bijective, (6.12) entails that #0; > 0.9V, for all 1 <[ < k. Hence, due to
(6.13) we obtain #Q;, NV, > 0940, > %#Vw), as desired. ]

From now on we shall assume without loss of generality that the map y from Lemma 6.4
is just the identity, i.e., y(i) = i for all i. Bootstrapping on the estimate | & — V7[> < 0.1p?
for 1 < i<k from Lemma 6.4, we derive the following stronger estimate.

Corollary 6.5. For all 1 <i<k we have ||& —EV||> < 10040, 3", . A4, — &>

Proof. The vector ¢; is just the arithmetic mean of the vectors ffv over v € Q;. Therefore,
using first the triangle inequality and then Cauchy—Schwarz, we obtain

Z/L—s“‘

veQ;

1/2

<#0 " [Z 1A, — " |2} L (624)
vEQ;

& — &) < #0;7!

Lemma 6.4 shows that | & — £%7||> < 0.1p% In addition, all v € Q; satisfy |4, — &1 < 0.2p
due to the construction of Q; in steps 2-3. Therefore, for all v € Q; \ V; we have

14, — EV12 < 2(1 4, — &I + 1& = £Y1H) < p*/3. (6.25)

Hence, as ||E, — V7|2 > p? by the separation condition A2, (6.25) implies that |4, — &, >
0.1 H/iv — &Y for all v € Q;. Therefore, the assertion follows from (6.24). L]
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As a next step we are going to analyse the set S;. Recall that steps 2-3 construct the
sets Q; as the set Q(v;) of vertices w such that /IW is ‘close’ to /Ivi minus the vertices
covered by previous sets Qy,...,Q;_1. Thus, the sets Qy,...,Q; do not necessarily contain
all vertices. To obtain a partition Sy,...,S; of all vertices, step 4 assigns each left-over
vertex v € Q1 U --UQy to a class S; such that the distance |4, — &;|| between A, and
the ‘centre vector’ &; of class Q; is minimum. The following lemma relates the resulting
distance |4, — &;|| to the distance || A, — &, | between A, and the ‘expected density’ vector
Ep-

Corollary 6.6. For all v € S; \ V; we have HA &l < 3\|A Ell.

Proof. Let i< [ and consider a vertex v € S; N V;. We claim that
14, — &Il < 14y = &l (6.26)

If ve$§; NV \ Q; then the construction of S; in step 4 of Initial guarantees that
14, — &l < |4y — &l, as claimed. Thus, assume that v € Q; N V. Then

|4y, — &l < 0.15p (by the definition of Q; in step 3 of Initial),
. 1
max{[|&; — V[, & — &I} < 3P (by Lemma 6.4), (6.27)
1€V =&l > p (by the separation assumption A2).

Assume for contradiction that H/ID =&l < H/iv —¢&;i|l. Then the three estimates above
would yield

p<IEM=EI<IET =&+ 1E =&l + & =&l

2 A A 2
S3pt Ay — &ill + 140 — &Il < §p+2\|A Sill < 0.99p,

which is clearly untrue. Thus, we conclude that H/f,) =& = H/iv — ¢&i|l, thereby prov-
ing (6.26).

To complete the proof, we use the bound | &, — & < p/3 once more (see (6.27)). It
implies in combination with the triangle inequality and (6.26) that

1A, — &l < 1Ay — &Nl + 1E = &l < 1Ay = &l + 1E — &l < 1Ay — &l + p/3.

Hence, as [|& — €% < p/3 (again by (6.27)) and ||& — €[ = €% — €Y > p (by the
separation assumption A2), we obtain

: A 2
p< & —EM < Ay =&l + & =V + 14y — & <204, — &l + 3P
This shows that H/iv — &l = %p. Finally, the estimate

|4, —iH HA =&l < 1A — &l + 1€ —ézH HA —5H+§<3Hz‘iu—5u\l

implies the assertion. ]
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Proof of Lemma 6.3. Since #Q; > %#V,— by Lemma 6.4, we have the estimate

k k
ST 1A =E1P <2 Y Idw— &l + 180 — &I

i=1 weS;NV; i=1 weSinV;
k
Cor. 6.5 A SNV; ~ ~
od—gr 4200y ##—Q" Sl — &P <S00lA—E3 (6.28)

i=1 vEQ;

Moreover, since by Corollary 6.6 we have H/L, =& < 3H/L, —&| for all v € §;\ Vi, we
get

k k
SN A =GP <D D A - &P <9Id—£l3 (6.29)

i=1 veS\V; i=1 veS\Vi

Since |4 — £[|% < 3k by (3.2), the bounds (6.28) and (6.29) imply the assertion. O

7. Local improvement

7.1. The procedure Improve

When the subroutine Improve gets called in step 4 of Partition, the first three steps
have already computed a partition Si, ..., S; along with the ‘centre vectors’ &q,...,& € R
such that the following three statements are true (see Proposition 3.4; we are assuming
without loss of generality that the index permutation t is just the identity):

& —EY? <0.001p> for i=1,...,k, (7.1)

k
> #SAV; < 0.001 i, (7.2)

i=1

k
> #Sa Vi [ €Y — €M7 < 0.001nginp”. (7.3)
a,b=1

Starting from this partition Sy,...,Sk, Improve aims to find a partition T4,..., T} that

coincides with the desired partition Vy,..., V) on the ‘core’ subgraph H. Recall that H is
an induced subgraph of G that satisfies conditions H1-H4 detailed in Section 1.2. These
conditions basically state that H consists of ‘well-behaved’ vertices v for which the number
e(v, V;) of neighbours of v in class V; is approximately equal to the ‘expected number’
1, Vi) = #V;* pyiw);-

Whereas Partition, up to this point, has only exploited spectral properties of G,
Improve is a combinatorial procedure. It is based on comparing the numbers e(v,S;)
of neighbours that vertex v has in the classes Sy,...,S; with the ‘expected’ numbers of
neighbours u(v, Vi) = #V; - pyw);.- The obvious problem is that Improve does not know
the latter. But if u(v, V;) were known to the algorithm, a natural approach would be
the following. By (7.2) the partition (Si,...,Sk) is already close to the desired partition
Vi,..., Vk. Therefore, we would expect that for ‘most’ vertices v we have e(v, S;) = e(v, V).
Suppose that v € S;N V; and that v € H. Thus, v is in S; but should get assigned to class
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Algorithm 7.1. Improve(G,Si,...,Sk,&1,...,&)
Input: The graph G = (V, E), a partition Si,..., S, of V, and vectors &1, ...,&;.
Output: A partition of G.

1. Repeat the following [log, n] times:

2. Forall v € V, all I = 1,...,k, and all w € S; compute the numbers J(v,w) =
e(v,8))/#5S. Let §(v) = (§(v,w))wer € RV,
For all v € V pick 1 < y(v) < k such that [|6(v) — &) || = mini i [|6(v) — & | (ties
are broken arbitrarily). Then, update S; = v~ (i) fori = 1,...,k.

3. Return the partition Si,...,Sk.

Figure 5. The subroutine Improve.

T; by Improve. Since v € H, we know that e(v, V;) = u(v, Vi) = #Vi - pji. Hence, all we
need to do is look for an index y(v) such that e(v,S;) is ‘closest’ to #V;- pywy for all
i=1,...,k. If actually e(v, S;) =~ e(v, V;), then due to the separation condition A2 this will
yield y(v) = j.

Of course, we need to specify what it means that e(v,S;) is ‘closest’ to #V; - p,w)i
for all i. Condition H2 suggests the following. For each vertex v we set up a vector
0(v) = (6(v,w))wer. The entries are defined as follows: if w € S, then d(v, w) = e(v, S;)/#S)
is the ‘empirical’ density between v and class S;. This is somewhat analogous to the
vector d(v) = d(v,w) from condition H2, whose entries are d(v,w) = e(v, V;)/#V) for w €
V;. Indeed, H2 states that ||d(v) —&,|*> < 0.001p> is ‘small’ for all v € H. Hence, we
expect that for ‘most’ v € H |0(v) — &, || is also small, because by (7.2) the partition
Si,...,8 is already ‘close’ to Vy,..., Vi. Thus, y(v) € {1,...,k} should be chosen so that
[|6(v) — EV7@ | = min; |5(v) — E"1||. Then for ‘most’ v € H we expect y(v) to be ‘correct’,
ie., v € V). Finally, in order to ensure that all v € H get classified correctly, we could
repeat this procedure, say, log, n times. That is, we compute y as before and update the
partition Sy, ..., Sk by letting S; = y~!(j). Then recompute 7, and so on.

The remaining gap is that Improve should compute |5(v) — & for [ =1,...,k but
does not know the vectors £",...,£". However, Improve does know the vectors &, ..., &,
which are good approximations of £"1,...,&% by (7.1). Hence, instead of computing
[6(v) — EY1|| Improve calculates ||6(v) — & |l. This leads to the pseudocode detailed in
Figure 5.

In order to establish Proposition 3.5 we need to prove that Improve actually homes
in on the planted partition. To this end, we need a few definitions. For a partition
S =(S,.-.,8) and a vertex v € V, we define a vector ds(v) = (ds(v,w))wey by letting
Os(v,w) = e(v,S;)/#S; for all w € S; and all 1 < j < k. We will omit the index & if it is
clear from the context. Moreover, we call a partition R = (Ry,...,Rx) an improvement
of S if, for all i=1,...,k and all v € R;, we have [ds(v) — &Il = minigj<x [ds(v) — &l
Thus, each step of Improve just computes an improvement R of the previous partition S.

Furthermore, we say that S is feasible if %#V,- < #S; < 24#V; for all i. In addition, we
set S;; = &N V. In words, S;; contains all vertices that are in class S; but actually belong
in class S;. Let us call S tight if 35, #S;[1€" — 77> < 0.001pnmin. Thus, (7.2) and (7.3)
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ensure that the initial partition partition & = (S, ..., Sx) given to Improve is both feasible
and tight. Therefore, Proposition 3.5 will follow from the next two lemmas, which we shall
prove in Sections 7.2 and 7.3.

Lemma 7.2. If' S is feasible and tight, then any improvement R of S is tight.

Lemma 7.3. Suppose that S is feasible and tight and that R is an improvement of S. Then
we have Zi# #RijNH < % Zi#j#S,-j NH.

Proof of Proposition 3.5. Let S =(Si,...,S;) be a feasible and tight partition such that
ZL #S;AV; < 0.001nmin, and let R be an improvement of S. Then, by Lemma 7.2 R is
tight, and by Lemma 7.3 we have

k k
S HRAV K01 #SAV <OI#V\H+0.1) #8;nH
i=1 i=1 i£j

< 0.1#V \ H + 10 * nymin.

Since, by condition H1, #V \ H < npi,/A*, where 1> ¢y for a large constant co > 0
(see A1), we have 0.1#V \ H < 10~*np;,. Hence, R is feasible. Thus, as the partition
(S1,...,Sk) with which Improve starts is feasible and tight by Proposition 3.4, and in fact
satisfies
k
Y #SiAVi < 0.001ngin,
i=1
all the partitions generated by Improve remain feasible and tight.
Let 7 = (73,...,7;) denote the partition returned by Improve. Then, due to Lemma 7.3
we have Zi# #T;NH < 10~ oz .y . < 1, whence TN H = V; N H for all i. ]

To facilitate the proof of Lemmas 7.2 and 7.3, we introduce some notation. Let A = A(G)
be the adjacency matrix and
M =&y — Ay. (7.4)

Thus, for v,w € H the entry M,, is &,, minus one if v,w are adjacent, and just &,
otherwise. The spectral condition A1 and condition H3 on the vertex degrees in H yield

the bound
M| < cgk/a. (7.5)
Moreover, for a set S — V and a vertex v € V we let i/(v,5) = (&, 1s) = > .5 Eow. Then
IM1g|? = Z le(v,S) — /' (v,S)> for all S < V(H). (7.6)

veH

Recall that (v, S) = ZWGS\{U} Eyw denotes the ‘expected’ number of edges between v and
S. The relation between u(v,S) and u/(v,S) is that /'(v,S) = u(,S) + &, if v € S, and
u,8)=p@,S)ifv ¢ S. If S = (Si,...,Sk) is a partition of V, then forv € V;and w € §;
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we set
W, Sp)
#S

Thus, we can think of 6(v) € R as the ‘expectation’ of 5(v).

o(v,w) = and  0(v) = (0(v, W))wer-

7.2. Proof of Lemma 7.2
Throughout this section we fix a partition S that is both feasible and tight and a partition
R that is an improvement of S. We are going to prove the two inequalities

9> " [16(v) = (v)[* < 0.001p* Ry, (7.7)
velV
Z #Raw[1E —E" P <9 1I6(r) = 5(w)|%, (7.8)
a,b=1 veV

from which Lemma 7.2 is immediate. Observe that by the definitions of §(v), d(v)

k , 5
ST180) — 32 = S #, (e(”asw#—su (v,sa)>

vevV a=1

Z (e(v,S4) ,U (v, S4))? ' (7.9)

As a first step we establish (7.7). To this end, we need to remember the decomposition of
the graph G into its ‘sparse’ part G; and its ‘dense’ part G, : recall the matrix ® = (D, ) wer
whose entries are ®,,, = 1 if &, > % and ®,, =0 if &,, < % Then G; contains all edges
{v,w} € E such that ®,,, = 0 and G, contains all edges {v,w} ¢ E such that ®,, = 1. For
veVand S < V we let

:u/l(UaS) = Z Evws ,u’z(u, S) = Z 1— &

weS @y, =0 weS D, =1

Thus, we can think of i (v,S) as the ‘expected number’ of neighbours that v has in S in
the graph G, (a = 1,2). Moreover, we let e,(v, S) be the number of v—S-edges in the graph
G,. Finally, recall that 1/(v,S) = >, cs Eow-

Lemma 7.4. For any set S < V and any v € V we have
|€(U,S) - ,U/(U,S)‘ < |€1(U,S) - ,U/](U,S) - (e2(U7S) - ,Ulz(U,S))‘ + 1.
Moreover, if v & S, then e(v,S) — (/' (v,S) = e1(v,S) — i (v, S) — (e2(v, S) — U5(v, S)).
Proof. Let S;={weS:®,, =0} and S, ={weS :d,, =1}. Moreover, let 1 =1 if
v € S; and 1 = 0 otherwise. Then, by the definition of the graphs Gy, G, we have

e(v,8) — i (v,8) = e1(v,81) — 1y (v, S1) + (#S2 — 1 — 2(0,52)) — (#S2 — pi5(0, 52))
= el(U’S) - H,I(U»S) - (eQ(U’S) - .LL/Z(Uas)) -1

whence the assertion follows. ]
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The ‘core’ subgraph H (which satisfies conditions H1-H4) contains vertices for which
the numbers e(v, V;) are ‘close’ to the expected numbers u(v, V;) = Zwev,- &E,w. Moreover,
by (7.5) the matrix M =&y — Ay has a small spectral norm. Intuitively this means
that Ay =~ &y, i.e., the graph H is quasi-random with respect to the density matrix .
Hence, we expect that for ‘most’ vertices v € H and ‘sufficiently large’ sets S = V' we
have e(v,S) ~ u(v,S). In effect, for most v € H we should have 6(v) ~ 6(v). The following
lemma, which is the key step in the proof of (7.8), provides a precise estimate.

Lemma 7.5. Let S be a feasible partition. Then ), [6(v) — o(v)|I> < 1074 p*npin.

Proof. Let A(v) =3 5_ #8; [e(v,Sa N H) — i/ (v, Sa N H)]z. Then by (7.6)

ZA v) = Z#S Mgl < HMHZZ 1 SmHH .

veH

Since ||1s,ng > = #S, N H < #S,, the right-hand side is at most k|| M| > Further, (7.5)
shows that k|| M|> < c3k*A. Since p? = c§k34/nmin for some large constant ¢ (see A2), we
get k||M|? < 1073 p?npin. Thus,

> Aw) = ZZ #8; [e(v, 84 N H) — 1 (0,8, N H))* < 1075 p* i, (7.10)

veH veH a=1

Furthermore, let
k
=D #5((e(v,80) = 1 (8,80)) = (e(v, Se N H) — (1,8, 0 H))?).
=1

Since e(v,S,) = e(v,S, N"H) + e(v,S, \ H) and p'(v,S,) = e(v,S; NH) + ' (v,S, \ H), A'(v)
is equal to

k
= Z #S, " e(v,Sa) — W (v, Sa) + e(v, Sa NH) — i (v, S, N H)

x [e(v,8,\ H) — (1,8, \ H)].  (1.11)

Lemma 7.4 entails that for all v € H and all 1 < a < k we have
2
(v, Sa) = (0, Sa) + e(v, S VH) — 1 (0,8 VH) <242 €i(v,84) + (v, Sa).
i=1
Further, ei(v,S,) + e2(v,S,) is bounded by the degree dg,ug,(v) of v in G; U G,. Since
v € H, condition H3 entails that dg,ug,(v) < 106", where ¢° = maxyey Y ,cp Eowl(l — Ep)
is the ‘maximum variance’ of any vertex degree in G. The definition of ¢* also shows that

K08+ 150,8) S @@, V) + i@, V) = > Ewt Y, 1—&w <20,
WEV:EL-WQ% WEV:&,W>%
(7.12)
In summary, as A > ¢" by condition Al, we obtain that for all 1 <a <k

le(v, Sa) — 10, Sa) + (v, Sa N H) — W (0,Se N H)| < 2+ 246" <254 (7.13)
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Applying Lemma 7.4 once more, we obtain

k k
D e, S\ H) — @ (0,8, \H) <D

veH a=1 veH a=1 i=

2
eG,(v,8a \ H) + pi(v,Sa \ H)
1

—ZeG (H,V\H)+ > v,V \ H)

veH

Z de,u6,(v) + 1 (0. V) + iy (v, V)

veV\H

<2 #V A H+ Y dou ) (by (7.12))

veV\H

2a*~#V\H+\/#V\H > deue,(0) (7.14)

veV\H

where the last inequality follows from Cauchy—Schwarz. Now, condition H1 ensures that
#V \ H < A *npmin, and that ZleV\H dGlng(U) < Nmin. Hence, (7.14) is at most (26*2™* +
27 min. As A > ¢* by Al, we obtain

k
DO le, 8o\ H) = (0,8, \ H)| < (207274 + 47 nmin < 20 Nipin. (7.15)
veH a=1

Finally, as (S,)1<a<k 1s feasible, we have #S, > nmm for all a. Therefore, plugging (7.13)
and (7.15) into (7.11), we obtain

7 min 150
S A < i 150 (7.16)

N A2 . 2
= A ming o<k #Sq A

Since we are assuming that 1 > ¢" > ¢ for some sufficiently large ¢y > 0 (see Al), (7.16)
shows that >~ _, A'(v) < 1. Combining (7.9), (7.10), and (7.16), we obtain

D 16(0) =3@)7 <D Aw) + A'(v) < 1070 nin + 1 < 10797,
veH veH

as desired. |

The previous lemma provides an estimate of >, _, [d(v) — 6(v)||>. The next step is
to analyse the remaining vertices, i.e., >, )y [10(v) — d(v)|?. Since by condition H1 the
subgraph H contains the vast majority of vertices and edges, we expect the latter sum to
be quite small.

Lemma 7.6. Let S be a feasible partition. Then Y, ¢y 4 |0(v) — 0(v)|* < 2.
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Proof. ForveV andae {1,...,k} let 1,, =1 if v € S, and let 1,, = 0 otherwise. Then
Lemma 7.4 and Cauchy—Schwarz yield

k
DY #S e, S) — H (v, 80))

veV\H a=1
k 2 2
<D o#s! l:lva +) e, S) + ﬂ;(UaSa):|
veV\H a=1 i=1
<5y Z#S‘ [zw+ze(us + 4l US)Z} (7.17)
veV\H a=1

Moreover, we know that 21'2:1 ZI;:1 Wi, Sy) < 21'2:1 wi(s, V) < 20" (see (7.12)). In effect,

2k
DD Hiw.Sa) < (2077

i=1 a=1

Furthermore, as S is feasible, we have #S, > nyin/2 for all a. Hence, (7.17) yields

> Z#s He(v, Sa) — 1 (v,8,))°

veV\H a=1
_ AV AH (200 4+ 5) + By dove, (0

Nmin

(7.18)

As #V \ H < 27 *npi, by H1 and 2 > ¢* > ¢y for some large constant ¢y > 0 (see Al),
we have 206" 2#V \ H /npin < 20472 < 1. Furthermore, 5#V \ H /nmin < 527* < 1. Hence,
(7.18) entails that

k
SN #8 M. 8) — W (0.8 <1+ D d6,06,(1)*/Nanin. (7.19)
veV\H a=1 veV\H
Finally, condition H1 ensures that Zvev\H d6,06,(0)*/nmin < 1. Hence, (7.19) and (7.9)
imply

> 16w) =8> = ZZ#S — W (0, S))P <2

veV\H veV\H a=1

as desired. ]

Combining Lemmas 7.5 and 7.6, we obtain Y, ., [6(v) —0(v)|> < 107*p?npmin + 2 <
0.001p*nmin, where the last inequality follows from the fact that p?nyi, = c§k*A for some
large constant ¢y and 4 > ¢y (see Al). Thus, we have established (7.7).

To prove (7.8), the following lemma is instrumental. Remember that for each v € V' we
have defined a vector &(v) = (8(v, w))wey by letting d(v, w) = (/' (v, S)/#81 = Y es, Eou/ #Si
forw e S;.
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Lemma 7.7. Let S be any partition. Then, for all 1 <i <k and all v € V;, we have ||6(v) —
&l <2 gyt #Swr(pia — pin)-

Proof. Let d(v,w) = pi, for all w e S;, and set 6(v) = (3(v, w))wey. Since &,y = pi for
w eV, and S = S, N Vp, we have

k
16@) = &7 =D #Sup(pia — pin)’- (7.20)

a,b=1

Moreover, since d(v,w) = i (v,S,)/#S, for w € S,, we obtain

13(v) = 3(v)|* = Z#S W0, S)#S = pia)” Z#s (0, 82) — #Supia)”
a=1 a=1
k k 2
= Z #Sa_l |:Z Au/(v’ Sab) - #Sabpia:| . (721)
a=1 b=1

Since S, = S, NV}, we have &, = py for all w € Sy, and thus i/(v,Su) = ZweS,,h Ew =
#Sapin- Therefore, (7.21) implies

k 2
15(0) — 3) | = Z#s [Z#sab(pﬂ,—pmﬂ
b—1

< Z #Sup(Pia — pin)’ (by Cauchy—Schwarz). (7.22)
a,b=1
Combining (7.20) and (7.22) completes the proof. L]

Corollary 7.8. If'S is tight and R is an improvement of S, then

k
> #RbIE—ENT <D 15(0) = 5()]*

a,b=1 veV

Proof. Let v € R,. Recall that the ‘centre vectors’ &y,..., & that Improve receives as
input parameters satisfy ||, — &||> < 0.001p> for b =1,...,k (see (7.1)). Hence, by the
triangle inequality

19(0) = &Il < 16() = Epll + 1€ — &Il < [6() = ()| + [0(v) — &l + +/0.001p.

Thus, bounding ||§(v) — &|| via Lemma 7.7, we obtain

16(0) — &1l < J000Tp + [3(0) — 3(0)] + \/ S # S o —pep) (7.23)
aFp

For any two indices o # 8 and all w € V, the w-entry of the vector £"+ equals pp,.
Similarly, the w-entry of & is equal to pop- Therefore, ||EV* — EVE |2 = #Vi(ppy — pop)>
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Plugging this into (7.23), we get

I60) — &1 < 2+ 5(0) () |+¢zz#8“ﬂ|gv _enp
atp

0 -
S 3 o) — o)l + Z#S«/flw* A (7.24)

Nmin

because #V5 > nmin. Our assumption that S is tight means that Y-, #Sy5 | € Va &V <
0.001pnmin. Thus, (7.24) yields

18(v) = &bl < [16(v) = d(v) ]| + E (7.25)

Furthermore, if v € Ry, then v € V,, but ||6(v) — &l < |0(v) — &I, because R is an
improvement of S. Since the centre vectors &, &, satisfy |[E, — &2, 1€ — & ||> < 0.001p?
(see (7.1)) and ||E, — &||> = p? by the separation condition A2, we obtain

H5 — &Il < M1€a = Call + 11 —ffb\l + <a =&l

E + 10(0) = Lall + [0(v) — Sl < +2H5(U) Sall.

Thus, |5(v) — & > 2[1E — &l > 2p. Hence, (7.25) yleldS 16(w) =0@)| = §I€a — &l O
As Corollary 7.8 implies (7.8), we have completed the proof of Lemma 7.2.

7.3. Proof of Lemma 7.3
Suppose that S is a partition that is both feasible and tight; that is, for all a € {1,...,k}
we have %#Va < #S, < 2#V,, and letting S, = S, N V), we have

> #Swl € — M < 0,001 .
a#+b

Recall that for a vertex v and a set T < V' we can think of y/(v,T) =) . & as the
‘expected’ edge density between v and T. For allv € Ry, all x € {1,...,k},and all w € S,,

we set
A(v,w) = %, A, w) = %, and we recall that
e(v, S, - '(v, S,
R

Moreover, we let A(v) = (A(v, w))wer, Av) = (A(v,w))wer, and remember that 6(v) =
(6(v, W)wer, 0(v) = (8(v,w))wer. The relationship between S(v) and A(v) is that the
latter vector disregards the ‘exceptional’ vertices in V \ H. We can think of A(v) as
the ‘expectation’ of A(v).

Assume that R is an improvement of S, i.e., for all v € R, we have |d(v) —&,| =
min, [|0(v) — & ||, where &p,..., ¢ signify the centre vectors that Improve received as
inputs. Our goal is to show that Za#b #Rap NH < 012#17 #S4. The key step is to
prove that for a vertex v € Ry, " H = Rp NV, N H that lies in class b of the improvement
R although it ‘belongs’ in class a # b the vector A(v) is far from its ‘expectation” A(v).
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Lemma 7.9. Suppose that S is feasible and tight. Let R be an improvement of S. Then for
all v € Rypa N H we have |A(v) — A()|?> = 0.1|EVe — &Y |? (a # b).

Proof. Let 65(v) = (8(v,W))wen and g (v) = (6(v, W))wen, i-e., o (v), o (v) are the restric-
tions of §(v), 6(v) to H. We claim that for all v € Ry, N H we have

19 (v) = du(v)]| = 0.134 €% — %] (7.26)

For as R is an improvement of & and v € R, we have [o(v) — & < [0(v) — &4l
Moreover, since a # b the separation condition A2 ensures that [|£Y« — £"?|| > p. There-
fore, the triangle inequality yields
SEY = EM < 16(0) = &Il 4+ 10(w) — Eall + 1 Ea — ET | + 1E — £V
<2H0(U)—éa\|+Héu—5V“H+H§b—5V”H- (7.27)
I/t.l

Furthermore, the centre vectors &,, &, are close to £"4 & respectively. More precisely,
by (7.1) we have [|EV — &,]1> < 0.001p2, |V — &,|1* < 0.001p?. Hence, (7.27) yields

p < ||EY — V|| < 2.0.001p + 2||5(v) éa”

2p 14 14 14
< 0 a a L a .
< 3 20— €%+ 2050) — €% < 5 +215) — £%1
Thus,
29 29p
. Va > . Va Vh .
5(0) = €% > €% — €% > TF. (7.28)
Furthermore, Lemma 7.7 shows that
k
16() = EY17 < 4> #8up(Paz — Pap)™- (7.29)

o, f=1

For all w € V, the w-entry of " is equal to p,, and the w-entry of "% equals pus.
Therefore, ||EY* — EVE (1> > #Vu(pay — pa/;)z. Consequently, (7.29) yields, in combination
with our assumption that S is tight,

k
5 Sull€”> — €%
Sy — Ve <a S B
16(0) —£" a%jl iV
Z #8511V — V> < 0.004p°. (7.30)
m1n /; 1
Combining (7.28) and (7.30), we see that
16() = 6(v)[| = 0.37[[ €7 — ™. (7.31)

For any vertex w € S, the w-entry of the vector §(v) is e(v,S,)/#S,, and the w-entry of
o(v) is ' (v, Sy)/#S,. Therefore, (7.31) entails

0.136]|EY — "2 < [|6(v) — d(v)|* = Z#s( #s K, 5)) . (7.32)
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Further, condition H1 ensures that #V \ H < 10~*ny,;,. Moreover, since the partition S is
feasible, we have S, > %#V% for all «, and #V, > nyin = ming #V. Hence, recalling that
On(v) (resp. 65 (v)) is the restriction of & (resp. 0) to H, we obtain from (7.32)

e(U, SDC) — ,u/(U, SOC) ) ?

k
1 Va _ Vi 12 < 1. 1 o H
0.136/€% — "2 < 1.0 ;#S N ( 73,
= 1.01/|35(v) — 3 (0)|%,

whence (7.26) follows.

Now we shall compare the vectors dy(v) —ox(v) and A(v) — A(v), so that we can
use (7.26) to bound the norm of the latter vector. Suppose that w € S, N H. Then by
definition the w-entry of oy (v) is e(v, S,)/#S,, and the w-entry of Ay (v) is e(v, S, N H)/#S,.
Similarly, the w-entry of dy(v) equals 1 (v, S,)/#S,, and that of Ay(v) is i/ (v, S, N H)/#S,.
Plugging these expressions in, we obtain for all v € H

1(0r(v) = 0 (v) — (A(v) — A@))[?
= (Gu(v.w) = u(v,w) — (A(v,w) — A, w)))’

weH
£ e(v,8,) — (v, 8, N H) — (1 (v,5,) — 1 (v,8, N H))\
= ; #8, N H( s, >

. e(v,8, \ H) — (1,8, \ H)’
- ;#SmH( 3 )

k
<Y #S e, S\ H) — (0,8, \ H)]. (7.33)
=1

To continue we need to consider the ‘dense’ and the ‘sparse’ bits of the graph separately.
Let @1(v) ={w €V : ppuppw) < 1/2} be the set of all vertices w such that the ‘edge
probability’ py@)p is at most 1, and let ®r(v) = {w € V : pyypow) > 1/2}. Then (7.33)
yields

k
161(©) = 3u(®) — (Aw) — B> < S #8; [e(v. 8, \ H) — (0,5, \ H)]®
=1

k
<2 #8 e, ®1(0) N S, \ H) — 1 (0,®1(0) N S, \ H)]
=1
+#8; ! [e(v, ®2(0) NS, \ H) — (0, ®2(0) 0 S, \ H)J. (734)
We recall the decomposition of the graph G into the ‘sparse’ part G; and the complement
of the dense part G,: Gy contains all edges e = {v,w} of G such that w € ®@(v), and G,

contains all edges {v,w} that are not present in G such that w € ®,(v). Condition H4
states that in the union G; U G, each vertex v € H has at most 100 neighbours in V' \ H.
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Therefore, for all v € H we have

(v, D1 (1) NS, \ H) < 100, (7.35)
e, D2 () N S, \ H) = #D2(0) NS, \ H — 101. (7.36)

Moreover,

k
D HE.@) NS\ H) = (,0(0) \ H)
=1

= Z Eow SHV\H- max_ & (7.37)

weV:Ew< 5
WeV\H:E,, <5 e

Since 6" = maxyey Y ,cp Euw(l —Eu) and the terms &, (1 —&,,) are constant on the
partition classes V71,..., Vi, we have max,cp.e 1w < 20" /#V, for some 1 < o < k, and
hence max,cy.g, <1 Evw < 207 /min. Therefore, (7.37) yields

*

k
Zﬂ/(v,%(v)ﬂSa\H) <#V\H- 20

min
=1

As, furthermore, #V \ H < npin/A* by condition H1 and 4> ¢* > ¢y for some large
constant ¢y, we conclude
20" 1

< o
Nmin 2

k
3 W0, ®1(0) NS, \ H) < ”j; (7.38)
a=1

whence Zl;=1 W, @ (v)NS, \ H)? < i. Consequently, as the fact that S is feasible implies
that #S, > $nmin, we obtain

Z":u v(D1(v ns \HP 1

~
2Nmin

<1074 (as p? > 10*/nymin by A2). (7.39)
=1

A similar argument shows that

£ (#02(0) N S, \ H — i (0,D5(0) N S, \ H))?
; #S,

Plugging (7.35), (7.36), (7.39), and (7.40) into (7.34), we get

< 1074p2 (7.40)

5
[ (v) — 0 (v)) — (A(v) = A@))|* < 2-107%p? 10

10 k
<4-107%% 4+ —. (7.41)

Nmin
Since p? = c3k34/nmin by condition A2, the last expression in (7.41) is less than 1073p?
Therefore, (7.26) entails that [|A(v) — A(v)]|*> = 0.1|E, — &% for all v € Ry N H. O
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Lemma 7.10. Suppose that the partition S is feasible and tight, and that ‘R is an improve-
ment of S. Then

ST ) 1A —AW)F < 002> pP#Rs NH +107p> > #H N Sy

a#b vER »NH a#b a#b

Proof. Let M be the matrix defined in (7.4). That is, for any two vertices v,w € H
the entry M,, equals &,, — 1 if v,w are adjacent, and M,,, = &,, otherwise. Since R is
an improvement of S, for any vertex v € R, the vector ds(v) satisfies |ds(v) — .l =
miny, [|0s(v) — &pl. Also remember that R, = R, N V,. For any w € S, the w-entry of
A(v) equals e(v,S, N H)/#S,, and the w-entry of A(v) equals i/ (v, S, N H)/#S,. Therefore,
for all v € Ry, N H such that a # b, we have

|A(v) — A(v)|?> < ZZ#S ew,HNS,)— (v, H 081)]2
<6 (Sl(v) + S2(v) + S5(v)), where (7.42)

k
$10) =Y #8; [e(w. HOV,) — (0. HN V),
k
$1(v) = Z #57 [e(0. HN S, \ Vo) — 1 (0, H N S, \ Va)]

S5(v) = Z# [e(v, HN V,\ Sa) — (0, HO V \ S0)]

We begin by bounding the last two summands. Since S is feasible, we have #S, > #V, >
nmin/2 for all o. Therefore, the definition of the matrix M entails that (see (7.6))

; 2|M|?
D Si) =D #S M1y, s,)* < . > Maav,s, I

veH a=1 mimn o
2|M|?
=" H#HNV,\S,. 743
D \ (7.43)
Analogously,
2 M|?
> 8v) 2IM| Z #HNS,\ V,. (7.44)
veH Amin 25

As S, = S, N Vp, we obtain

DY i) +S50) <Y Sa(v) + S3(v) 2‘|M‘|2Z#Hm(VA3)

a#b veR HNH veH Mmin
2| M|?
< '}‘1 ” D H#H NSy (7.45)
1’1’111’1 Dt?é/}
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Finally, as ||[M|> < c¢3k4 by (7.5) and p* = c§k*2/nmin for some large constant ¢y > 0 by
A2, (7.45) yields

YY) )+ S <1 06 Z#H NSy (7.46)

a#b vERHNH aFp

To bound S;(v) forv € RyyNH =R, NV, N H with a # b, we consider the expression

k
S40) = 37 HS, el0,V, | H) — oV, H)P < SO Sa08)

Nmin

Su() =D e(w.Va\ H)+ pv. V. \ H),

“’pxbg%

Sar(v) = Z(V\H e(v, V, \ H) + (V, \ H — (v, V, \ H)).

o pxh>

In order to estimate S41(v) and S4(v), we remember the decomposition of G into the
graphs Gy, G>: Gy contains all edges {u,w} of G such that &,, < %, and G, contains all
edges {u,w} that are not present in G such that &,, > % Then condition H4 implies that
in the union G; U G, each vertex v € H has at most 100 neighbours in V' \ H. Therefore,

> eV, \H)<100 and Y (V,\ H—e(v,V,\ H)) < 101. (7.47)
“:p;(bg% a:pzh>%
Since the vector &, is constant on the classes Vi,..., Vi and 6" = max, Y .y Ennl(l — Eun),

we have max, . o ! Epw < 20" /npin. Consequently,

> ww, Vo, \H)<#V\H- max ., <#V\H: 20" /npin. (7.48)
WiEpe <A
a:pahé% W)

Analogously, we obtain

Do Va\H—pw. Vi \H)<#V\H- max 1—Eu SHV\H 20" /nin. (149)
| w E“,>2

wpay>1

Since #V \ H < nmin/~* by condition H1, 4 > ¢* by condition Al, and p? = c3k31/nmin
by assumption A2, (7.47)—(7.49) yield

4 *® 4 *®
Su1(0) + Saa(v) < 201 + - #V \ H < 201 + o < 202,
Nmin )
Thus, we conclude that
S4(v) < 10%/npmin  for all v e Ry NH. (7.50)

Finally, to bound S;(v) consider the vector d(v) = (d(v,w))wey Wwith entries d(v,w) =
e(v,V,)/#V, for w € V,. By condition H2 we have |d(v) — &,||> < 0.001p? for all v € H.
Moreover, as S is feasible, we have #S, > 2#V nmin/2. Therefore, by Cauchy—Schwarz,
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for all v € H we have

k
Si(v) = Z #8; [e(v, HNV,) — i (0, H O V)]
Z#S e(v, V,) — (v, Vo)) +#8, (ev, Vy \ H) — u(v, V) \ H)?

<2 Z #V, ! (e(v, Vi) — (v, V2))* + Sa(v)

o=1

2
_22#1/( o V)#V Mo, V“)> + Sa(v)

=2||d(v) — &> + Sa(v) < 0.002p> + 10%/nmin ~ (by (7.50)).

Since p? = c§k*A/nmin for a large constant co, we conclude that Si(v) < 0.003p* for all
v € H. In combination with (7.46) and (7.42), this implies the assertion. U]

Proof of Lemma 7.3. Suppose that S is both feasible and tight, and that R is an
improvement of S. If v € Ry N H with a # b, then Lemma 7.9 implies that ||A(v) —
A@)|? = 0.1|EY — £V ||>. Further, ||EY —&"|? > p*> by condition A2. Therefore, we
conclude that

ST Y 1AW - AP = 01> #RaNH - pP. (7.51)
a#b veER»NH a#b

Combining Lemma 7.10 and (7.51), we obtain

0.1 #RuyNH - p* <002)  p’#Ra mH—i— Z#Hmsa,,
a#b ab ab

Cancelling p?, we obtain > ath #Ray N H < 103 > aip #H N Sup, as desired. O

8. The random graph G, (v, p)

In this section we prove Theorem 1.1. We start with some preliminaries on random graphs
in Section 8.1. Then, we discuss the construction of the core of G,x(y,p) in Section 8.2.
Finally, in Section 8.4 we investigate the components of G,x(yp,p) — core(G,k(p,p)).
Throughout this section, we let v, p, £, nnin, and let ¢* be as in Sections 1.2 and 1.3.
Furthermore, we always assume that n is sufficiently large.

8.1. Preliminaries on G, (y,p)

We need to bound the probability that a random variable deviates from its mean
significantly. To this end, let ¢ denote the function ¢ : (—1,00) - R, x+— (1 4+ x)In(1 +
x) — x. A proof of the following Chernoff bound can be found in [22, pp. 26-29].
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Lemma 8.1. Let X = Zf\il X; be a sum of mutually independent Bernoulli random variables
with variance 6> = Var(X). Then, for any t > 0 we have

max{P(X < E(X)— 1), P(X > E(X) + 1)} < exp <_02¢(;2)>

t2
<on(-grrm) B

The following bound, whose proof can be found in Section 9.1, is a consequence of
Azuma’s inequality.

Lemma 8.2. Let X be a function from graphs to reals that satisfies the following Lipschitz
condition:

Let G = (V,E) be a graph, and let v,w € V. Let G’ be the graph obtained from G
by removing the edge {v,w} if it is present in G, and let G” be the graph obtained (8.2)
by adding {v,w} to G if it is not present. Then |X(G') — X(G")| < 1.

Then P[|X(Gx(p.p)) — E(X(Gi(p. )| > Jo'nln®n] < n10.

In Section 9.2 we shall use Lemma 8.2 to derive the following estimate on the upper
tail of the degree distribution of G,k (, p).

Lemma 83. Let U;=#{v eV :maxj_1pdg,(v) > 26"},  Then whp. #U;<
exp(—2~2¢")n for all i = 2,...,[log, n].

Furthermore, in Section 9.3 we shall establish that the graph G; U G, does not contain
any ‘atypically dense’ spots w.h.p.

Lemma 84. With high probability G = G,x(y,p) enjoys the following property:
For all sets T = V such that #T < n(’,’l'fT““)z we have eg,uc,(T) < 10#T. (8.3)
Furthermore, with probability > 1 — exp(— In> n) the following holds:

For all T =V such that In> n < #T < n("ﬂ)2 we have eg,u6,(T) < 10#T. (8.4)

no

Finally, we need the following result on the spectrum of the adjacency matrix of
Gn,k(w’ p)

Lemma 85. Let A>0 and X ={veV :maxi_1odgv) <A}. Then |Ax —Ex| <

ckJo* + A.

In Section 9.4 we indicate how Lemma 8.5 follows from spectral considerations of Alon
and Kabhale [1], Feige and Ofek [17], and Fiiredi and Komlos [20].
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8.2. The core

In this section our objective is to construct a subgraph core(G) of G = G,x(yp,p) such
that for all vertices v € core(G) the numbers e(v, V; N core(G)) do not deviate from the
expectations u(v, V;) ‘too much’. To this end, we assign to each v € V' a vector d(v) as
in (1.6), which represents the actual numbers of v—V;-edges. By comparison, &, represents
the expected numbers of v—V;-edges. The first step of the construction is as follows.

CRL. Initially, remove all vertices v such that ||d(v) —&,|| > 0.01p from G; that is, set
H=G—{veV:|dv)—_E&l > 001p}. (Here p* is the right-hand side of (1.5).)

Moreover, recall the decomposition of G = G,x(y, p) into the ‘sparse’ part G; and the
‘dense’ part G, from Section 1.6. Then E(dg,uq,(v)) < 2¢” for all v € V. Nevertheless, in
the case ¢" = O(1) as n — oo there may occur vertices such that dg,ug,(v) exceeds 2¢”
significantly. Therefore, as a second step we remove such vertices v.

CR2. Remove all vertices v such that dg,ug,(v) > 106" from H.

However, in general the result H of CR1-CR2 will not be such that e(v, V; N H)
approximates p(v, V;) well for all v € H. The reason is that there may occur vertices v € H
such that ‘many’ neighbours of v are removed. Hence, in the final step of our construction
we iteratively remove these vertices v from H.

CR3. While there is a vertex v € H such that eg,ug,(v, V \ H) > 100, remove v from H.

The outcome of the process CR1-CR2 is core(G) = H. In Section 8.3 we shall prove
that w.h.p. core(G) constitutes a huge fraction of G.

Proposition 8.6. Suppose that (1.5) holds. Then w.h.p. core(Gnx(yp,p)) contains > n—
Nmino* ~10 vertices. For all v € core(G) we have ||d(v) — &,| < 0.01p, dg,u6,(v) < 10¢*, and
eGlUcz(U, G— H) < 100.

In addition, adapting proof techniques from [1], we shall prove in Section 8.4 that
G — core(G) has the following simple structure w.h.p.

Proposition 8.7. If (1.5) holds, then w.h.p. all components of (G{ U G;) — core(G) have size
<Inn.

Proof of Theorem 1.1. Assuming that ¢ is a sufficiently large constant and letting
/. =a" > ¢y, we note that Lemma 8.5 implies that G, (i, p) satisfies A1 w.h.p. Moreover,
our assumption R3 ensures that A2 is true. Further, for each vertex v € V; and each 1 <
i < k the number e(v, V;) has a binomial distribution with variance #V;P;j(1 — p;j) < ¢”;
therefore, the Chernoff bound (8.1) entails that

o*%k=2 +1n*n .
300(c* 4 In* n)
Thus, we conclude that in both cases A3 holds w.h.p. Finally, assumption R2 yields A4.

With respect to HI, letting H = core(G) we observe that Proposition 8.6 entails
that #V \ H < nmin4~*. Furthermore, let U; = {v € V : 26" < max;—;,dg,(v) < 220"},

P le(w, Vi) — (o, Vi)l > = + In? n} <2exp [— (8.5)

10k
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Then Lemma 8.3 and our assumption that ¢* > ¢, for a sufficiently large number ¢, entail

that w.h.p.
Z dGlUcz 210 *Z#V\H+Zz2l+4 *Z#U
veV\H i>2
< 2% e 2 4+ Z 21262 exp(—2"26"
i>2

1 . 11
< Enmm + 8nexp(—o /2) 2nmln ~+ 81min exXp(— \/>/2 Amin,

whence H1 follows. Moreover, H2, H3, and H4 follow directly from Proposition 8.6. []

8.3. Proof of Proposition 8.6
To estimate #V (core(G)), we consider the following modification of the process CR1-CR3.
Set w = ¢” + ;- and note that @ > n/nyin > k.

K1. Initially, let K be the subgraph of G obtained by removing all vertices v € V' such
that

max [e(v, Vi) — (v, Vi)| > 10°|\/FVipi(1 = py) o +In o).

1<i<
K2. While there is a vertex v € K such that eg,ug,(v, V \ K) > 50, remove v from K.

To establish Proposition 8.6, we proceed in two steps. First, we show that core(G) o K.
Then, we bound #V (G — K).

Lemma 8.8. We have core(G) o K.

Proof. Suppose that v € K. Then

ldw) — & = }j#V(“”Vzé) }j#v — o, Vi)Y

i=1

<2- 1042#1/ [#Vipij(1 —pij)lno +1n* 0] (due to K1)
i=1

k
In® w
<2-10* {Z pij(1 —pij)Inw + Z } 0~*p%,
i—1

where the last step follows from (1.5) and R1. Thus, none of the vertices v € K gets
removed by CRI1. Further, K1 ensures that dg,ug,(v) < 106" for all v € K, so that K is
contained in the subgraph of G obtained in CR2. Finally, as K2 is more restrictive than
CR3, we conclude that core(G) o K. ]

Our next aim is to bound #V (G — K). We first estimate the number of vertices removed
by K1.
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—198

Lemma 8.9. With high probability there are at most nw vertices v such that

max le(v, Vi) — u(v, Vi) = 10° [\/#VIPij(l—pij)lnw—i—lnw .

1<i<k
Moreover, if @ < n'/'° then with probability > 1 — exp(—In> n) there are at most nw=>°
such vertices.
Proof. By the Chernoff bound (8.1), for each vertex v € V; we have

Pij = P{\e(v, Vi) — u(v, V)| = 103<\/#Vipij(1 —pij)lnw + lnw)}
6 1. (1 — D 2
< 26Xp[— 10 (#Vzpz}(l p1])+1n o) }
2(#Vipij(1 — pij) + 103(\/#Vipij(1 — pij) Inw + In w)
< Jexp [_106#141;ij(1 —pij)Inow +10° 1n2w] < 20
5-10°(#Vipij(1 — pij) + Inw)
Hence, letting
Zy = #{v €V e, V) — uw, Vi) > 10° (\/#V,P,,(l —pi)Ino+In a)) }
we have
E(Zij) < 2#Vi0™ 2. (8.6)

To obtain a bound on Z;; that actually holds w.h.p., we consider two cases.

Case 1: w > Inn. Then Markov’s inequality entails that w.h.p.

k
Z #7Zij < ko' < nw1%8,
ij=1
Case 2: » < Inn. As adding or removing a single edge e = {u,v} affects only the numbers
e(u,V;) and e(v Vi), the random variable Z;;/2 satisfies the Lipschitz condition (8.2).
Further, ¢* < w <Inn, and #V; > nmin > n/w > n/Inn. Hence, Lemma 8.2 entails that

(8.6)
P(Z; > #V;0™"°] < P[Z;—E(Z) > Jo'nln’n] = o(1)

and thus Z < kno ' < nw1% w.hop.

1]1

Now, assume that o < n!/!%0. Then the inequalities @ > ¢* and ® > n/ny;, imply that
JnotIn?* n < Jnw In n < n%/1%, while nw =2 > n®/1%_ Therefore, Lemma 8.2 entails

(
P[Z; > no™] < P[Z,J — E(Zij) = <Jo*nIn? n] < exp(—In*n).

Hence, with probability > 1 — exp(— In’ 1) the bound Z;; < no=2 holds for all 1 <

k
simultaneously, and thus SF 1 Zij < IPno™? <no ™ O

Lemma 8.9 implies that w.h.p. K1 removes at most no~!%

bound the number of vertices that get removed during K2.

vertices. Finally, we need to
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—198 pertices.

Lemma 8.10. With high probability K2 removes at most nw
Proof. Let S be the set of vertices removed by K1. By Lemma 8.9 we may assume that
s =#S < nw~1%8. Moreover, let vi,...,0, be the vertices removed by K2 (in this order).
Assume that ¢ > s, and let T =S U {vy,...,vs}. We shall prove that T violates (8.3), so
Lemma 8.4 entails that actually g < s w.h.p.

To see that T is an ‘atypically dense’ set in Gy U G, that violates (8.3), observe that
by construction each v; satisfies eg,ug,(vi,S U {v1,...,vi_1}) = 50. Therefore, eg,uq,(T) =
50s > 25#T, while #T = 2s < now™ 1. ]

Combining Lemmas 8.8-8.10, we obtain the following corollary, which implies Propos-
ition 8.6.

Corollary 8.11. With high probability we have #V (K) > n(1 — o™1%7).

8.4. Proof of Proposition 8.7

If w=0"+ ;= >n/1, then Lemma 8.8 and Corollary 8.1 yield that core(G) = G
w.h.p., and thus there is nothing to prove. Hence, we shall assume that o < n'/?%, We
shall prove that in this case w.h.p. the graph (G; U G;) — K does not contain a tree on
Inn vertices w.h.p., where K is the outcome of the process K1-K2 defined in Section 8.3.
Since core(G) > K by Lemma 8.8, this implies the assertion.

Thus, let T = (V7,E7) be a tree with vertex set Vr = V on t = #Vr = [Inn] vertices
(T is not necessarily a subgraph of G, but just a tree whose vertex set is contained
in V). We shall estimate the probability that T is contained in (G; U G;) — K. To this
end, we consider It = {v € Vr :dr(v) <4} and Jr =V \Ir; as #E7 =t — 1, we have
#It > t/2. Moreover, let K1 be the outcome of the following modification of the process
K1-K2 (see Section 8.3). Set w = ¢* + -

K0'. Let G* be a graph obtained from G by replacing the edges in Er by fresh random
edges. That is, each edge e = {v,w} € E7 is present in G* with probability py),w)
independently of all others and of the choice of G, and G* — Er = G — Er.

K1'. Let K1 be the subgraph of G* obtained by removing the vertices

Jru{ve v : maxle(v, Vi) — uolw, Vi)l > 10°[/FVPy(T = py)Inw + Ino| |.

NI

K2'. While there is a vertex v € Ky such that max;_iseg (v, V \ Kr) > 40, remove v
from K.

Lemma 8.12. Let K be the result of the process K1-K2 (see Section 8.3). Then Ky < K,
regardless of the outcome of step KO

Proof. Since every vertex v € It is incident with < 4 edges of T, the graph defined in
step K1’ is contained in the graph defined in step K1. Consequently, all vertices removed
by K2 also get removed by K2'. ]
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Let us call G good if, for all trees T as above, we have #V (G — K1) < nw 38, regardless
of the outcome of step K0'.

Lemma 8.13. We have P[G is good] > 1 — 2exp(— In? n).

Proof. Let S be the set of vertices removed by K1, and let s = #S. Since o < n'/1%,
Lemma 8.9 entails that with probabﬂlty 1 —exp(—In’*n) we have s < #J7 + nw="° <
~89 Furthermore, if K2' removes g > no ™ vertices vy, ..., vy, then consider the set T =
S U {U1,.. ., U391 - Then In*n< nw_89 <#T <s+nw "8 +1 < no8, but eg,u6,(T) >
40#T /2 = 20#T (see the proof of Lemma 8.10). Hence, T violates (8.4). Consequently,
Lemma 8.4 entails that ¢ < nw =% with probability > 1 — exp(— In> n), whence the assertion
follows. U]

Proof of Proposition 8.7. Since the construction of Kr is independent of the presence
of edges of T in Gy U G, due to K0', Lemma 8.12 yields
P[T =G UGAVINK =0] <P[T =G UG, -P[IrnKy =0]. (8.7)

Given their cardinalities, the sets V; N\ Hy are uniformly distributed random subsets of
Vi\ Jr, as due to KO’ the distribution of G* — Jr is invariant under permutations of the
vertices within the classes V;. Therefore, letting t; = #I+ N V; and v = [nw ¥, we obtain

k (#V l)
P[Ir NKr =0] < P[G is not good] +H (‘ t')
Lem. 8.13 (#Vy - ti)v—li(v)[i

< In®
exp(—In’n) + H F#Vi)vt, #Vi — v + 1),

< exp(—ln n —i—H(#V_v)i
exp(_ 11’13 n)+H( 2y )li
i\

exp(—In’ n) + w8 it
exp(—In’ n) + 0™ < 0™, (8.8)
To bound P[T = G; U G,], we note that
P[{v,w} € E(G1 U G)] < 2ppwipon (1 = Ppwivin) < 207 /Mimin
by the definition of ¢* (v,w € V). Consequently,

N

NN

25t \ !
P[TcG1UG2]<< d ) : (8.9)
Nmin
Combining (8.7), (8.8), and (8.9), and recalling that = ¢ + ;”—, we conclude
P[T <G UGAVrNK =0] < (j" ) o™ <o, (8.10)

https://doi.org/10.1017/50963548309990514 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548309990514

280 A. Coja-Oghlan

Finally, we are going to apply the union bound to estimate the probability that there
exists a tree T as above such that T = G UG, and Vr NK = (. Since by Cayley’s
formula there are (")t~ ways to choose the tree T, (8.10) entails that

PI:HT T < Gl U G2 N VT NK = (Z)} < (’Z) tt_znl_tw_”[ < exp(t)n2w—39[ < n—36’

because t > Inn. Hence, w.h.p. (G; U G;) — K contains no tree on > Inn vertices. ]

9. Proofs of auxiliary lemmas

9.1. Proof of Lemma 8.2
The proof relies on the following general tail bound, which is a consequence of Azuma’s
inequality (see [22, p. 38] for a proof).

Lemma 9.1. Let Q = HIN 1 Qi be a product of probability spaces Qy,...,Qy. Let Y : Q —
R be a random variable that satisfies the following condition for all 1 < j < N.

If © = (wi)i<ign, @' = (©))i1<icn € Q differ only in the jth component

(e, wi= o] if i # j), then |Y (w) — Y (o) < 1
Further, assume that E(Y) exists. Then PUY —E(Y)| > )u] < ZGXp(—/lz/(ZEzN)) for all
A>0.

To derive Lemma 8.2 from Lemma 9.1, we let P = {{v,w} :v,w € V, v # w} be the set
of all ( ) possible edges. Further, for each e = {v,w} € P we let Q, denote a Bernoulli
experiment with success probability pyw)pw). Then we have the product decomposition
Gui(p,p) = [[,ep Qe, because the edges occur independently in G,x(ip,p). However, we
cannot apply Lemma 9.1 to this decomposition directly, because the number of factors is
too large. Therefore, we are going to set up a different product decomposition G, (y, p) =
HIK= 1 &, where each Q; is a product of several €.

To this end, we partition P into K < 2¢"n/Inn subsets Py,..., Pk such that

E#EGIUG)NP) = Ple€GiUG] <Inn forall 1<i<K,
eeP;

where Gy, G, are the graphs defined in (1.3), (1.4). Then we have the decomposition

G, p HQ,, where Qi =[] Q.. (0.1)
eeP;

Let us call P; critical if #E(G;UGy)NP; > 100Inn. As #E(G1 U G,)NP; is a sum of
mutually independent Bernoulli variables, the generalized Chernoff bound (8.1) entails
that P[P; is critical] < n~?!'. Therefore, by the union bound

P[3i : P; is critical] < n™". (9.2)
Now, for G = G,x(yp, p) we define
G=G- |J EG)nP+ |J EG)INP

i:Pjis critical i:P;is critical
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and set Y (G) = X(G). Then (9.2) yields

P[X(Gui(y,p) = Y (Guk(p,p))] = 1 —n " (9.3)

Furthermore, by the Lipschitz condition (8.2) we have |X(G) — Y (G)| < n? for all possible
outcomes G = G,x(y, p). Therefore, (9.3) entails that

E(X(Gur(w,p))) — E(Y (Gur(w,p)| < n* P < L. 9.4)
Moreover, we claim that, for all 1 < j < K:

If G,G' are such that G—P; =G —P;, ie, G,G differ only on edges

corresponding to the factor Q;, then |Y (G) — Y (G')| < 2001nn 9:3)

To prove (9.5), let G;,G, and G}, G, be the decompositions of G and G’ into the
sparse/dense part as defined in (1.3), (1.4).

Case 1: the set P; is critical in neither G nor G'. In this case G’ can be obtained from G
by either adding or removing the edges in P; N (E(G)AE(G')). Since P; is not critical in
either G and G', we have #P; N (E(G)AE(G')) < 2001nn, so that (9.5) follows from the
Lipschitz condition (8.2).

Case 2: P; is critical in both G and G'. Then G’ = G, so that Y (G) = Y (G).

Case 3: P; is critical in G but not in G'. Then G’ is obtained from G by adding or remov-
ing the edges in P; N E(G'); since #P; N E(G') < 1001Inn, the Lipschitz condition (8.2)
implies (9.5).

Case 4: P; is critical in G’ but not in G. Analogous to Case 3.

Due to (9.5), Lemma 9.1 applied to Y (G,x(p,p)) and the decomposition (9.1) yields
1
P{[Y (Gui(.p) — E(Y (Goslyp, )| > 5 /o nIn’ n}

a*In*n i
Cexp|l—— T M | 9.6
*P { 160000K 1n2n] " ©.6)

provided that n is sufficiently large. Thus, we finally obtain

P[|X(Guk(w.p) — E(X(Gui(w, )| = Vo"nln’n]
< P[X(Gn,k(Wa p)) 7é Y(Gn,k(wa p))]
+P[1Y (Goi(p. D) — EX (G, D) > F In? n]

. 4)
< n_19—|—P ‘Y(Gn,k(wsp)) (Y(Gnk U),P)) \/ 11’1 n

< 9l 10
as desired.
9.2. Proof of Lemma 8.3

Since for all v and a = 1,2 the degree dg,(v) of v in G, is a sum of mutually independent
Bernoulli variables with mean < 2¢°, the Chernoff bound (8.1) entails that P[v € U;| <
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exp[—12ic*]. Hence, E(#U;) < exp[—12'c*|n. To obtain a bound on #U; that actually
holds w.h.p., we consider two cases.

Case 1: 2'¢* > 24Inlnn. By Markov’s inequality, we have

i— * E(#Ul) i % _
P[#U; > exp(—2"2¢")n] < P2 20 T <exp[—2'¢"/12] < In . 9.7)

Case 2: 2'c* < 241InInn. Then exp[—12'c*|n > n!=°!). Therefore, by Lemma 8.2

P {#U,' > 2exp <—;2ia*)n] P[#U; — E#U)) > \Jo'nln* n]
<n 10, (9.8)
Finally, combining (9. 7) and (9.8) and invoking the union bound, we conclude that with

probability > 1 — O(In"! n) we have #U; < exp(—22¢")n for all i = 1,..., [log, n].

9.3. Proof of Lemma 8.4
For any two vertices v,w € V the probability that v, w are connected in G; U G, is

26"

Nmin

P[{U’ W} € E(Gl U GZ)} < 2p1/)(v)1p(w)(1 - an(v)y:(w)) < (99)

Let S = V be a set of cardinality s = #5 < Smax = n(”“;‘“) . As there are (%1) ways to
choose a graph with vertex set S that contains 10s edges, the union bound entails in
combination with (9.9) that

Pleg,u6,(S) > 10s] < OAYES 1Os< eso” )\
GiUG 2] = S\0s) \ o ) S \ DO )

Hence, once more due to the union bound we obtain that

* 10s
P, = P[HS cV #S < Smax /\€G1UG2(S) = 10#S] < <Z> < €so > .

1 OFlmin

Consequently, we can estimate P as follows:

n en 2 esg” 10 s . 8s
P, < || = < =) <1 (9.10)
S S 10nmin no*

Thus, for any sy, > 1 we have

Smax (9.10) —1
P[3S © V : smin < #5 < Smax A €6,06,(8) = 10#8] < Y P g (S ) . (9.11)
S=Smin min
Finally, (9.11) entails that w.h.p. there is no set S < V of cardinality 1 < #S < syax such
that eg,uG,(S) = 10#S, whence the first part of Lemma 8.4 follows. Furthermore, setting
Smin = [In® n] in (9.11), we obtain the second assertion.

9.4. Proof of Lemma 8.5

The proof relies on the following two general lemmas, which are implicit in the work of
Alon and Kahale, Feige and Ofek, and Fiiredi and Komlos [1, 17, 20]; both lemmas are
stated and proved explicitly in [11, Chapter 5].
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Lemma 9.2. There are constants ci,cy such that the following holds. Let (a;j)i<i<j<v be
a family of mutually independent Bernoulli random variables with mean 0 < p < 1. Set
aijj=aj for 1 <j<i<v, and let a; =0 for all 1 <i<v. Moreover, let A= (ajj)i<ij<v
and M =pJ —A. Further, let d>0, and set X = {ie{l,...,v} :Z;:l aij < dJ.

Then, with probability > 1 — O(v~') we have |My|| < cy4/max{vp,d}.

Lemma 9.3. There are constants ci,c such that the following holds. Let (aij)i<ij<» be a
family of mutually independent Bernoulli random variables with mean 0 < p < 1. Moreover,
let A= (ajj)i<ij<v and M = pJ — A. Further, let d >0, and set X = {ie{l,....,v}:
> iy aij +aji < dj. Then, with probability > 1 — O(v~1) we have |Mx| < c2v/max{vp,d}.

Proof of Lemma 8.5. Let A = A(G) be the adjacency matrix, and set M) = p;;J ViV, —
Ay,xv;. Then, by Lemmas 9.2 and 9.3 (applied to the matrices Ay,xy,), for all i, j such that
pij < % w.h.p. we have

IME || < ey/max{A,o*} (9.12)

for a certain constant ¢ > 0. Furthermore, applying Lemmas 9.2 and 9.3 to jV,.ij — Avixv;»
we conclude that w.h.p. (9.12) holds for all i, j such that p;; > % as well.

To bound |My||, let &, € RY be unit vectors. We decompose ¢ = Zle &, where the
entries of &; equal the entries of ¢ on the coordinates in V;, and &; is 0 on V' \ V;. Similarly,
we let 1 = 3, ;. Then

k

ij=1

k
[(Mxn, &)| = < IME & gl

ij=1

9.12)

< ck/max{A,o*},

because S5 I€[2 = 25, [Ini]> = 1. Thus, w.h.p. we have

IMx|| = sup  [(Mxn,&)| < cky/max{A,o"},

En:ligl=lnl=1
as desired. ]
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