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Introduction

Let k be a perfect field of characteristic p and [ be a prime number different from p. When
k is algebraically closed, in the framework of Grothendieck’s l-adic etale cohomology of
k-varieties, Bernstein, Beilinson and Deligne in their famous paper on perverse sheaves,
more precisely in [5, 4.5.1] (or see the p-adic translation here in Theorem 2.2.6),
established some Betti number estimates. The goal of this paper is to get the same
estimates in the context of Berthelot’s arithmetic D-modules. We recall that this theory of
Berthelot gives a p-adic cohomology stable under six operations (see [15]) and admitting
a theory of weights (see [3]) analogous to that of Deligne in the l-adic side (see [21]). This
allows us to consider Berthelot’s theory as a right p-adic analogue of Grothendieck’s
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[-adic etale cohomology. By trying to translate the proof of Betti number estimates in
[5, 4.5.1] in the framework of arithmetic D-modules, two specific problems appear. The
first one is that we do not have a notion of local acyclicity in the theory of arithmetic
D-modules. We replace the use of this notion by another one that we might call ‘relative
generic O-coherence’. The goal of the first chapter is to prove this property. The proof of
this relative generic O-coherence uses the precise description of the characteristic variety
of a unipotent overconvergent F-isocrystal (see [11]). Berthelot’s characteristic variety
of a holonomic arithmetic D-module endowed with a Frobenius structure. The second
emerging problem when we follow the original /-adic proof of Betti number estimates
is that we still do not have vanishing cycles theory as nice as in the [-adic framework
(so far, following [2] we only have a p-adic analogue of Beilinson’s unipotent nearby
cycles and vanishing cycles). Here, we replace successfully in the original proof on Betti
number estimates the use of vanishing cycles by that of some Fourier transform and of
Abe-Marmora formula [4, 4.1.6(1)] relating the irregularity of an isocrystal with the rank
of its Fourier transform. We conclude this paper by the remark that these Betti number
estimates allow us to state that the results of [5, Chapters 4 and 5] are still valid (except
[5, 5.4.7-8] because the translation is not clear so far).

Convention, notation of the paper

Let V be a complete discrete valued ring of mixed characteristic (0, p), K its field of
fractions, k its residue field which is supposed to be perfect, # be a uniformizer of V.
Let Fi: k — k be the Frobenius map given by x — x?. When we deal with Frobenius
structures, we suppose that there exists a lifting og: V — V of the Frobenius map Fy
that we fix. A k-variety is a separated reduced scheme of finite type over k. We say
that a k-variety X is realizable if there exists an immersion of the form X «— P, where
P is a proper smooth formal scheme over V. In this paper, k-varieties will always be
supposed realizable. For any k-variety X, we denote by px: X — Speck the canonical
morphism. We denote formal schemes by curly or gothic letters and the corresponding
straight roman letter will mean the special fibre (e.g., if X is a formal scheme over V,
then X is the k-variety equal to the special fibre of X). The underlying topological space
of a k-variety X is denoted by |X|. When M is a V-module, we denote by M its p-adic
completion and we set Mg := M ®y K. By default, a module will mean a left module.
Moreover, if f: P’ — P is a morphism of formal schemes over V, we denote by L f* the
functor defined by putting L f*(M) = Op g ®]i‘l"07>@ f~'M, for any bounded below

complex M of Op g-modules. When f is flat, we remove L in the notation.

If T — S is a morphism of schemes and f: X — Y is an S-morphism, then we denote
by fr: X7 — Yr or simply by f: X7 — Y7 the base change of f by T — S.

Concerning the cohomological operations of the theory of arithmetic D-modules of
Berthelot, we follow the usual notation (for instance, see the beginning of [3]). More
precisely, let S be a noetherian scheme such that p is nilpotent in Og. Let f: X — Y be
morphism of quasi-compact smooth S-schemes. If f is smooth, then the extraordinary
pull-back of level m by f has the factorization ' : Di’oh(Dg,"/%) — D'goh(Dg(”;)S) (see [10,
2.2.4]). If f is proper, then the push-forward of level m by f has the factorization
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fiom: D}:’Oh(’D;’})S) — Db h(Dg’/%) (see [10, 2.4.4]). When there is no ambiguity with the
basis S, we remove ‘/S’ is the notation.

Let f: P — Q be a morphism of quasi-compact smooth formal V-schemes. If f
is smooth, then we have the extraordinary pull-back of level m by f of the form
JAEw)) h(D<m>)—> DY, (D) and [ DY (DY) — Dby (D) (see [10, 3.4.6]),

and we have the extraordinary pull-back by f of the form f': DCOh (DT Q) — DCOh (D Q)
(see [10, 4.3.4]). If f is proper, then we have the push-forward of level m of the form
Frm: D DBy — DY (D) and frm : DYy (Dfy) — Doy (D) (see [10, 3.5.3)),
and the push forward by f of the form f; : COh(Dp)@) — Dcoh(DQsQ) (see [10, 4.3.8]).

Let a: X — Y be a morphism of (realizable) k-varieties. By definition, there exist
immersions t: X < P and (/: Y < Q where P and Q are proper smooth formal
schemes over V. Replacing P by P x Q, we can suppose that there exist a (proper)
smooth morphism of formal V-schemes of the form f: P — Q such that fo.= doa.
By definition, DP, (X, P/K) is the full subcategory of DOVhOI(D Q) (the derived

category of overholonomic complexes of DP Q—modules) of the objects £ such that

ovhol

there exists an isomorphism of the form RI'] () —> & (see [3, 1.1.6]). Since this
category OVhOl(X P/K) does not depend on the choice of ¢, we simply denote it
by Ovhol(X /K) (see Definition [3, 1.1.5]). The extraordinary pull-back by a is by
definition RFT of: Dovhol(Y Q/K) — DOVhOI(X, P/K), which is simply denoted by
a': D Ovhol(Y/K) — Dovhol(X/K) (again, we check that this does not depend on ¢,
and f). The push-forward by a is by definition f : Ovhol(X P/K) — Dovhol(Y, Q/K),
which is simply denoted by ay: Ovhol(X /K) — Dovhol(Y/K ). We have also the dual
functor ]D)X = RF yoDp: Dovhol(X/K) — DOVhOI(X/K) Then we get a;:=Dyoay oDy
and at :=Dyoa’ o]D)y There is a canonical t-structure on Dovhol(X/K) defined as

follows: if [ is an open set of P so that X is closed in 4 then DS" [(X/K) (respectively

ovho!
D(?VEOI(X/K)) is the subcategory of Dovhol(X/K) of complexes £ such £|4 € D! (DL,Q)

ovhol
(respectively Dovhol(Du’Q)), where the t-structure on ngho](D;,Q) is the obvious one.
The heart of this t-structure is denoted by Ovhol(X/K) (see Definition [3, 1.2.6]).

Suppose X smooth. Following [3, 1.2.14], we have a full subcategory DEOC(X/K)
of nghol(X /K) whose cohomological spaces (for the above t-structure) belong
to Isoc'"(X/K) (the category of overconvergent isocrystals on X/K). Recall that
Isoc'"(X/K) is equivalent to the category of overconvergent isocrystals on X/K denoted
by Isoc’ (X/K).

If j: U< X is an open immersion of (realizable) varieties, the functor
j' Ovhol(X/K) — Dovhol(U/K) (or the functor j': Ovhol(X/K) — Ovhol(U/K)) will
simply be denoted by |U (in other papers, to avoid confusion, it was sometimes denoted
by ||U but, here, there is no such risk since we do not work ‘partially’).

Let s be a positive integer and o = oy: V — V the corresponding lifting of the sth
power of the Frobenius map F;: k — k. If X is a k-variety (respectively P is a smooth
formal V-scheme) then we denote by X (respectively P?) the corresponding k-scheme
of finite type (respectively smooth formal V-scheme) induced by the base change by
F} (respectively o). We denote by Fy Ik : X — X7 the corresponding relative Frobenius
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which is a morphism of k-schemes. Notice, when X is k-smooth, Fy i is a morphism of
smooth k-varieties. When it exists (e.g., when P is affine), we denote by F;D/V: P — Pp°
a morphism of smooth formal V-schemes which is a lifting of F}‘(/k: X — X°. The

functor Dgoh(D;ng) — Dgoh(D;g,,’Q) induced by the isomorphism P° —5 P is denoted
by £ + £°. We have the functor (Flsg/k)!: Db (DT . Q) — Db (D;r) Q)' Recall that when

coh coh
Ff,/k has a lifting Fjg/yf P — P? then we have (FISJ/k)! = (F;)/V)! (in general, even if
the lifting F7SD/V is not unique we can glue these functors: e.g., see [9, 2.1]). Finally, we

get the functor F*: Dgoh(D;?,Q) — Di’oh(D;r,’Q) which is defined for any £ e DEOh(D;j

Q
by setting F*(€) := (F} / k)!(S"). The derived category of overholonomic F-complexes of

D;D,Q—modules, denoted by F_Dlgvhol (D;)’Q), is the category whose objects are the data of
an object & of D(l;vhol(D’;? Q) endowed with a Frobenius structure, i.e., an isomorphism ¢

of D'gvhol(’D;g Q) of the form ¢: F*€ —> €. We get similarly the category F—D];Vhol(X/K)
of overholonomic F-complexes on X/K. When X is smooth, we define similarly the
categories of F-objects F-D? (X/K) and F-Isoc'"(X/K) (see [3, 1.2.14]).

1S0C

1. Relative generic O-coherence

1.1. Preliminaries on cotangent spaces

Notation 1.1.1. Let X be a smooth k-variety. For any quasi-coherent Ox-module &£, we
denote by Sym(&) the symmetric algebra of £ and by V(&) := Spec (Sym(€)) endowed
with its canonical projection V(£) — Spec (Ox) = X. We denote by §2§( the sheaf of
differential form of X/Spec (k) (we skip k in the notation), and Tx the tangent space of
X /Spec (k), i.e., the Ox-dual of Q; We denote by T*X := V(Tx) the cotangent space
of X and mx: T*X — X the canonical projection. Recall that from [24, 1.7.9], there is a
canonical bijection between sections of my and I'(X, Qg(). We denote by T¢ X the section
corresponding to the zero section of I'(X, Q}(). If #1,..., 14 are local coordinates of X,
we get local coordinates t1,...,14,&1,...,&; of T*X, where &; is the element associated
with 9;, the derivation with respect to ¢. Is this case, Ty X = V (&1, ..., &) is the closed
subvariety of T*X defined by & =0,...,& = 0.

Let f: X — Y be a morphism of smooth k-varieties. Using the equality [24, 1.7.11(iv)]
we get the last one X xy T*Y = X xy V(Ty) = V(f*Ty). The morphism f*Q] — Q}
induced by f yields by duality Tx — f*7y and then by functoriality V(f*7Tx) — V(Ty) =
T*Y. By composition, we get the morphism denoted by pf: X xy T*Y — T*X. We write
by @wy: X xy T*Y — T*Y the base change of f under ny (instead of Jrp: X xy T*Y —
T*Y which seems too heavy).

We denote by Jr the function from the set of subvarieties of T*X to the set
of subvarieties of T*Y defined by posing, for any subvariety V of T*X, F;(V):=
w.f(,o;l(V)). If f is an open immersion, then py is an isomorphism. In that case,
Ty = wfopjil: T*X — T*Y is an open immersion and this is compatible with the
above definition of 7. The application .7 : f +— T is transitive (with respect to the
composition), i.e., we have the equality 75 0 Jy = J4or for any g: ¥ — Z (e.g., look at
the bottom of the diagram (1.1.2.1) where f and u are replaced respectively by g and f).
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We define the k-variety T5Y (recall a k-variety is a separated reduced scheme of finite
type over k from our convention) by setting T3V := pj?] (T¢X). When f is an immersion,

w
TgY is viewed as a subvariety of T7*Y via TgY C X xy T*Y k¢ T*Y,i.e., we simply denote
@ (TY) by TLY.

Lemma 1.1.2. Letu: Z — X and f: X — P be two morphisms of smooth k-varieties.

(1) We have the equality (Z xx ,of)_l(T;X) =T,P. When u is an immersion, this
might be written of the form ,oJTI(TgX) =T;P or Tp(T;X) =ws(T;P). If u and
f are immersions, this might be written Jy(T;X) =T, P. Finally, when u is an
immersion and f is an open immersion, we might identify T;X and T, P.

(2) When u is an immersion (respectively an open immersion), we have the inclusion
Zxx TP CT;P (respectively the equality Z xx TyP =TJP) in Z xp T*P.

Proof. (1) First, let us prove part (1) of the lemma. The composition (f ou)*Qp —>
u*o f*Qp — u*Qx — Qz is the canonical one. Indeed, since this is local, then we reduce
to the case where varieties are affine and then this is checked by an easy computation.

Z .
This implies that the composition Z x p T*P X7 xx T*X L Tx7 s equal to o foy-
Consider the following diagram

Ti7 ~——— TjX ~———— T3P

T*Z < Zxx T*X =——— Zxp T*P —2= Z xx T*P (1.1.2.1)
u ZXxpf
S
T*XTXXPT*PLT*P,

where the upper left square and the composition of both upper squares are by definition
Cartesian (for the second case, use proy = pu © (Z xx pyr)). This yields the cartesianity of
the upper right square. Hence, we get the equality (Z x x ,of)_1 (T;X) =T;P. When u is
an immersion, this yields 77 (T;X) = @ (T, P). The other assertions of (1) are obvious.

(2) Now, let us check part (2) of the lemma. Since (Z xx ,of)’l(Z xx Ty X) =
Z xXx pjTl(T;X) =ZxxTgP and (Zxx pf)_l(T;X) = TP (this is the first part of
the Lemma), we reduce to check the inclusion Z xx T§X C T;X (respectively equality
Z xx TyX = T;X) of subvarieties of T*X.

(i) First, suppose that u is an open immersion. In that case p,: Z xx T*X — T*Z is an
isomorphism and we check easily the desired equality p; ! (T;Z) = Z xx T{X by coming
back to the definition of 7§ X and T Z.

(ii) Suppose now that u is only an immersion. Let Z be the closure of Z in X. From the
part 2(i) of the proof, the respective case of the part (2) of the lemma is satisfied. Hence,
since Z — Z is an open immersion, we get Z X7 T%‘X = T, X. Using this latter equality,
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we reduce to check the inclusion Z x x Ty X C TZ*X . In other words, we can suppose Z =

Z. Moreover, from the part (1) and the respective case of the part (2) of the Lemma, the
check is local in X. Hence, we can suppose that X has local coordinates t1, .. ., t; such that
i1,...,tr, the global section of Oz induced by 11, ..., ., are local coordinates of Z. We
get local coordinates 11, ..., t4, &1, ..., &g of T*X, where §; is the element associated with
d;, the derivation with respect to ;. We get also local coordinates 71, ..., %, &;, ..., &,
of T*Z, where ; is the element associated with 9;, the derivation with respect to ;.
Then, p,: ZQ®x T*X — T*Z is smooth and 1®§&,41,..., 1 ®&; are local coordinates
relatively to p, (in fact they induce an isomorphism of the form Z® X T*X —> A‘}* 7)
and the image of €, ..., &, via p, are 1 ® &1, ..., 1 ® &,. Hence we get Ou (T Z)=T;X =
VIRE,...,1R¢&) and ZxxTgX =V ®$1, ..., 1®&;) as subvarieties of Z x x T*X.
Hence, Zxx T*X C T;X. O

Lemma 1.1.3. Let f: X — P be a morphism of smooth k-varieties and (X;)1<i<r be a
family of smooth subvarieties of X (respectively open subvarieties of X) such that X C
Uizt Xi- Then, TgP C Ui Tx, P (respectively TP = J;_; Tx. P).

Proof. From the first equality of Lemma 1.1.2, we reduce to the case X = P. Using the
second part of Lemma 1.1.2, we get the inclusions X; xx Ty X C T* X (respectively the
equalities X; xx Ty X = Ty x, X ), which yields the desired result When X =P. O

Proposition 1.1.4. Let f: X — Y be a smooth morphism of smooth varieties. Let B be a
smooth subvariety of Y and A := f~1(B).

(1) The morphism py is a closed immersion. If f is étale then py is an isomorphism.

(2) We have p; (T X) =

CTpY.
(3) When f is surjective, we have the equality Ty (TiX) = TxY

TrY = w;I(TgY), pf(w;I(TgY)) C TiX and T7(TiX)

Proof. (1) From [28, 17.11.1], the canonical morphism f*Qy — Qx is injective. By
duality we get the surjection Tx — f*7Ty. Hence, from [24, 1.7.11(iv) and (v)], the
morphism ps: X xy T*Y — T*X is a closed immersion. When f is etale, from [28,
17.11.2], the canonical morphism f*Qy — Qy is an isomorphism and then so is py.

(2) (a) In this step, we check the equality T3Y = w}l(T;fY) (=X xyTyY).

(i) From the respective case of Lemma 1.1.2(2), this is local in X. Moreover,
this is local in Y. Indeed, let V be an open set of Y. We put U := f~(V) and
fv: U — V the induced morphism. On the one hand (U xy T*Y)ﬁw_l(T*Y)z

1.1.2(2) U xy TEY L12()
= %

the other hand (U xy T*Y)NTRY =U xx T{Y
localness in Y.

(ii) Let g: Y — Z be another smooth morphism of varieties. If this equality is satisfied
for f and g, i.e.,if TgY = w‘;l(T{,“Y) and Ty Z = w(gfl(TZ*Z)7 then we get that the squares

Uxy TV = w*‘(T*V) and on
1. 12(1)

UXY T;Y:UXV(V Xy T;Y)

1.1. 2(2)

;Y T;V, which give the
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of the following diagram are Cartesian:
T X <—XxyTyY <—XxzT;Z

T*X <2 X xyT*Y <L X x,T*Z

Pgof
Hence, the rectangle is also Cartesian, ie., TYZ = X xz T, Z, which is the desired
equality.

(iii) Since from the step (i) the check of equality TgY = w?l(T;‘Y) =X xy IyY
is local in X and Y, then we can suppose that Y has local coordinates #,...,#;
and that there exists an etale morphism of the form X — A} whose composition
with the projection A} — Y gives f. Since from the step (ii) the equality T5Y =
w;I(T;‘Y ) = X xy TyY is transitive with respect to the composition, we reduce to the
case where n =0 or X = A}, Suppose n =0, i.e., f is etale. Let #{, ..., be the local
coordinates of X induced by f,...,7;. We get local coordinates ti,...,t,&1,...,&
of T*Y, where & is the element associated with the derivation with respect to ¢
and local coordinates t{,...,2),&[,..., &) of T*X, where £ is the element associated
with the derivation with respect to #/. The isomorphism ps: X xy T*Y = T*X
sends &/ to 1 ®&;. Since Ty X = V(§],...,&)) then T{Y = p;I(T;X) =VA®E&,...,1®
E1) =X xy V(&1,..., &) = X xy TyY. Suppose now that X =AY. Let tg11,...,tatn
be the coordinates of A} and let &;41,...,&s4, be the element of T*Aj associated
respectively with the derivation with respect to f741, ..., t74n. We get local coordinates
t, .oy tden, €1y ..., Eaqn of T*X. In that case the morphism pr is a closed immersion of
the form pg: A" x T*Y < T*X so that A" x T*Y = V(&441,...,&44n) in T*X. Since
TgX =V, ...,8q4n) in T*X then p;I(T;;X) is the closed subvariety of A" x T*Y
defined by & =0,...,&;, =0, i.e., p}l(T;?X) = A" X TyY (recall TjY = V(&,...,&) in
T*Y), which is the desired equality.

(b) Let i: B < Y be the structural immersion. By applying Lemma 1.1.2(1) to the case
of A—> B — Y, we get (Axgp;) (TiB) =T;Y. Moreover, (Axpp;) "(AxpTiB) =
A xpTZY. From part (a), we have T{B = A xp T;B. This implies the first equality
TyY =AxpTgY =X xy TgY = wj_-l(Tg‘Y). Hence, we have checked the equality
p]?l(T:X) = w}l(TgY). By applying py to this equality, we get pf(wf_l(Tng)) =
pf(pj:l(T:X)) C TxX. By applying this time @y to this equality, we get 77 (T X) =
wf(,o;l(T:X)) = wf(wf_l(Tg,‘Y)) C T;Y. When f is surjective, then so is wy (see [23,
3.5.2(ii)]). Hence, the latter inclusion is in fact an equality. O

1.2. Inverse and direct images of complexes of arithmetic D-modules and
characteristic varieties

1.2.1 (Characteristic variety and characteristic cycle (of level 0)). Let X be a smooth
V-formal scheme, X be the reduction of X modulo 7 (recall 7 is a uniformizer of V).
Let m € N be an integer. Let us recall Berthelot’s definition of characteristic varieties (of
level m) as explained in [10, 5.2].
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(1) Let G be a coherent ’Dg))—module. Berthelot checked the equality T*X :=
Spec grD§?) , where Dg?) is filtered by the order. Since mx: T*X — X is affine,
the functor my, induces an equivalence from the category of (quasi-)coherent

Or+x-modules to that of (quasi-)coherent grDE?)—modules. We denote by ~ a
quasi-inverse functor. Even if it is tempting to identify both categories, we try
to distinguish them to avoid confusion. Choose a good filtration (G,).en, i-€., a
filtration such that grG is a coherent grl)g?)—module (see the definition [10, 5.2.3]).
We denote by gr the composition of gr with ~. So, grG is a coherent Or+x-module.
The characteristic variety of level 0 of G, denoted by Car?(G) is by definition the
support of grG in T*X which is viewed canonically as a subvariety of T*X. Berthelot
checked that this is well defined (i.e., that this is independent of the choice of the
good filtration). Moreover, he defined the characteristic cycle associated with G that
we denote (we add (0) to avoid confusion) by ZCar(G) (for a detailed definition
see [10, 5.4.1]).

(2) Let F be a coherent ﬁ;g)—module. The characteristic variety Car®(F) of level 0
of F is by definition the characteristic variety of level 0 of F/nF as coherent
Dg?)-module, i.c., Car@(F) := CarO(F /7 F). Similarly, we define the characteristic
cycle ZCar® (F) of level 0 of F by setting ZCar®(F) := zCar® (F/nF).

(3) Let £ be a coherent 23(0) -module. Choose a coherent ﬁ(o)—module & without

p -torsion such that there exists an isomorphism of D( x.0" -modules of the form

SQ —> &. The characteristic variety of level 0 of & denoted by Car®(€) is
by definition that of 2‘ as coherent 7’.52?)—module7 ie., Car?(&) := Car® (2‘ /712’).
Berthelot checked that this is well defined. Similarly, we define the characteristic
cycle ZCar? (&) of level 0 of & by setting ZCar P (€) := zCar® (E/né).

(4) Let (N, ¢) be a coherent F—D;’Q—module, i.e., a coherent D;Q—module N
and an isomorphism of D;Q—modules ¢ of the form ¢: F*N —> N. Then
there exists a (unique up to isomorphism) coherent 5(0) -module N'© and
an isomorphism ¢>(0) DY )Q ®A(0) NO =5 F*ANO which 1nduces canonically ¢.

Then, the characteristic Varlety of N denoted by Car(N) is by definition the
characteristic variety of level 0 of N©@ | i.e., Car(N) := Car@ W ©®). Finally, the
characteristic cycle of AV denoted by ZCar(N) is by definition the characteristic
variety of level 0 of N,

(5) Let € DE h(D( )) and let (&, ¢) € F- Dcoh(D;Q). By definition, we define the
characteristic variety of these complexes by setting Car (&) := U, Car© (H" (€))
and Car(€) := |, Car® (H" (£)).

Lemma 1.2.2. Letu: V — W be a morphism of k-varieties.
(1) If u is flat then for any Ow-module N we have Supp(u*N) = u~! (Supp V).

(2) If u is finite, then for any coherent Oy-module M we have Supp(uy(M)) =
u(Supp(M)).
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Proof. Since a flat morphism of local rings is faithfully flat, we get the first assertion.
Let M be a coherent Oy-module. From [23, 5.2.2], Supp M is a closed subset of V.
Since u is closed, by using [23, 3.4.6], we get the inclusion Supp(u,(M)) C u(Supp(M)).
Set W’ := W \ Supp(usM), V' :=u~""(W’) and u’: V' — W’ the morphism induced by
u. Since u is finite, then u M is a coherent Ow-module. Hence W’ is an open subset
of W. Since u/, (M|V') = u(M)|W’' =0, since u’ is affine and M|V’ is a quasi-coherent
Oyr-module, this yields M|V’ = 0. Hence, SuppM C V\ V' = u~'(Supp(usM)), which
is equivalent to the inclusion u(Supp(M)) C Supp(u(M)). O

Proposition 1.2.3. Let f: X — Y be an étale morphism of integral smooth k-varieties.
Let € € DY, (DY), F e D, (DY).

coh coh
1(0)

(1) We have the equality |Car® (£ (F))| = pf(w;1(|Car<0>(J_-‘)|)).
(2) If f is moreover finite, then |Car(0)(f+(o> )| = oy op;1(|Car(0)(E)|) =: ﬂf(|Car(0)

@D-
(3) If f is moreover finite and surjective of degree d and if F is a coherent D;O)—module,
then

1(0)

Z2CarV(f o f (F)) = dzCarV (F). (1.2.3.1)

Proof. Since f is etale, py is an isomorphism (this is equivalent to say that the
canonical morphism gr Dg?) — frar D&O) is an isomorphism). We get the etale morphism
of k-varieties Jf := wy o pJTl : T*X — T*Y which is included in the Cartesian square:

7
T*x Lo T*y

lnx . l
f

X ——Y

To check the first assertion we can suppose that F is a coherent D;O) -module. Let
(F,) be a good filtration of F. Then (f*F,) be a good filtration of f!(o) (F) (which is
equal as Ox-module to f*F). With this filtration, we check ﬁ’(f!(o) F) — 9}?‘ &r(F))

remark that m7+x » 0 o ~ is isomorphic to DY ® o f~1(=) as functor from
> f g X DY

fler
the category of quasi-coherent gr D;O)—modules to that of quasi-coherent gr Dg?)—modules).
From Lemma 1.2.2(1), since 7} is flat we get Supp ﬁf*((évr(f)) = 9f_1(Supp(§'(J_’:))).
Since %71(Supp(g?;’(f))) = ,Of(wf_-I(Supp(gvr(?))))7 we obtain the first equality of the
proposition.

Suppose now that f is finite and etale. To check the second assertion we can suppose
that € is a coherent ’Dgg)—module. Let (£,) be a good filtration of £. Then (f.&,) be
a good filtration of f, (&) (which is isomorphic to fi(€) as Oy-module. With this
filtration, we check g7 (f,.o &) — 9f*(g~r(g)). From Lemma 1.2.2(2), since 7 is finite,
we get Supp(ﬂf*(g"i’(g))) = %-(Supp(g”?(g))). Hence, we get the second equality of the
proposition.
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Suppose now that f is finite and etale and surjective of degree d. From the first and the
EN = 7T (@ P,
10)

Since f is surjective, then so is 7. Hence |Car@(f Lo f (F))| = |CarD (F)|. By unicity
of the structure of reduced subscheme of T*Y attached to a closed subspace (of T*Y),
we have in fact the equality Car©@( frof 1 (F)) = CarQ(F) as subvariety. It remains
to compute the multiplicity (see Berthelot’s definition of characteristic cycles of [10,
5.4.1]). Let (F,) be a good filtration of F. From what we have already checked above in
the proof we have the good filtration (fi f*F,) of f. i) f f) and with this filtration,

gr(f+(0)f (.7-")) = Ty 0 ff"(gr(]:)). Then, we obtain the desired computation using
Lemma [22, A.1.3] and the following fact : if ¢: A — B is an étale morphism, £ a prime
ideal of B, P := ¢~ 1(Q), if M is an Ag-module then Bo ®4y M has the same length as
Bn-module than M as Ag-module. O

second equality of the proposition, we get |Car®( f Lo f

Every results of [35, 2] concerning the extraordinary inverse and direct images of
complexes of filtered arithmetic D-modules are still valid for arithmetic D-modules at
level 0 without new arguments for the check. For the reader convenience, via the following
two propositions we translate in the context of arithmetic D-modules of level 0 the
corollaries [35, 2.5.1 and 2.5.2] that we need below to check Proposition 1.2.7 which will
be an ingredient of the proof of Theorem 1.4.2.

Proposition 1.2.4 (Laumon). Let f: X — Y be a morphism of smooth k-varieties. For any
FeDP (D(O)) such that the restriction pf|w_l(|Car(0) (F)|) is proper, we have f!(o) (F) e

coh
Db, (DY) and |Car® (f*" F)| € ps (@ ;' (1Car® (F)))).

Proposition 1.2.5 (Laumon). Let f: X — Y be a morphism of smooth k-varieties. For any
e Db h(D(O)) such that the restriction wf|,0_1 (|Car D ()| is proper, we have ) &) e

wh(D“’)) and |Car¥ (f,0&)| € @y (p; ' (1Car® @))) =: Ty (ICar® ©E))).

1.2.6. Let f: P’ — P be a proper morphism of smooth formal V-schemes. Let (£, @)
be a coherent F-Dp, o-module. From the equivalence of categories of [9, 4.5.4], there

exist (unique up to isomorphism) a coherent 5;2? g-module F'O and an isomorphism
®A(o> = which induce extension. Fix an integer
. D(”Q FO F*F'© which induced (£, ¢) by ext Fi teg

i € Z. From the 1som0rphlsms

(s) R i /(0) ~ i As) . /(0)
DP,Q ®D§S?@ H f+(0) (F™) [10_),3.5.3_1 H f+(s) ('Dp,’Q ®D(03 F ) (1.2.6.1)
=S H L o(FFO)y S Py ]-"( ) 1.2.6.2
WHLF()( ) [10,3.5.4.1] ALy F0, ( )

we get Car(H! f1(£)) = Car O (! f Lo (F ©))), Choose a coherent 13%)/) -module without
p-torsion €@ such that 5&0) — F'O_ Since H fro(FO) = H! fL0(E'@))q, then

by putting G©@ as equal to the quotient of H'f +<0)(€/(0)) by its p-torsion part,
CarO (! 1 L0 (FO)) = Car@(GOy c car® ! 1 L0 (E'®P)) (for the equality, see the
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definition [10, 5.2.5]). Hence,
|Car(H' f(EN] C 1Car P H f0(E O] = |Car® (k @y H' f1.0 (D).

By using a spectral sequence (the result is given in the beginning of the proof of
[40, 1.5.8]), we obtain the monomorphism k ®y H' f 0 (' Y) — Hi(k ®]{} Fro(E"Oy).
Hence, |Car® (k @y H' f10/(E" )| C [Car® (H (k ®%; f0(E'P)))|. We have k&Y, f,0
€0y = fro (?(0))7 where ?/(0) =k®y&'® k& ®H]} E'0 Finally we get

Car(H' £ (£))] € [Car® (M £,0E V). (1.2.6.3)
From Proposition 1.2.5, since f is proper then |Car©® (1! fro (5 ))ICﬂf (|Car® (& (0))|)
By Berthelot’s definition of the characteristic variety of £, we have Car(£’) = Car © (5 (O))

Hence, by using the spectral sequence E 2 =H fr (H(E)) = H" f1(E) and the beginning
of the remark [11, 3.7] we check the following proposition.

Proposition 1.2.7. Let f: P’ — P be a proper morphism of smooth formal V-schemes.
Let (£, ¢) € F—Dgoh(D;D, Q)' We have the inclusion

|Car(f4(EN| C Ty(ICar(E))).

1.2.8. Let f: P’ — P be a finite étale surjective morphism of smooth formal V-schemes.

(1) Let (&', ¢) be a coherent F—D;,’Q—module. With the notation 1.2.6, since f, o) = fi«
(and then preserves the property of p-torsion freeness) and f = fi, the inclusion
(1.2.6.3) is an equality. In fact, with the usual notation of characteristic cycles (see
[10, 5.4]), we get the equality

ZCar(f(€)) = 2Car® (£, 0 E)). (1.2.8.1)

(2) Moreover, let (€,¢) be a coherent F- D —module From the equivalence of
categories of [9, 4.5.4], there exist (unlque up to 1somorphlsm) a coherent
ﬁg)(@-module FO and an isomorphism ¢(O) D(A)Q ®ﬁ(0) FO = F*FO which
induces (&, ¢) by extension. Choose a coherent D( ) module without p-torsion £©
such that F©@ — £, Since D}y o = f*Dp o= f'Dp o and DY) = DY =

f!(O)D(O), we check that f|<0>5(0) = f*é'(o) has no p—tors1on and that f'(€) —

DP’,Q ®’5P) f!(O)g(O). Moreover, putting g(o) =k®pED, we get

ZCar(£1(€)) = zCar(f " ). (1.2.8.2)

Proposition 1.2.9. Let f: P’ — P be a finite étale surjective morphism of degree d of
integral smooth formal V-schemes. Let (€, ¢) be a coherent F—D;) Q—module. Then we get

ZCar(fy f'€) = dZCar(E); (1.2.9.1)
XP, f+f (E)=d-x(P,E). (1.2.9.2)
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Proof. From the equality of characteristic cycles (1.2.3.1) and both equalities of the
paragraph 1.2.8, we get ZCar(fy f'E) = dZCar(£). Moreover, the equality (1.2.9.2) is a
consequence of (1.2.9.1) and of Berthelot’s index theorem [10, 5.4.4]. O

We need at the end of the proof of Theorem 1.4.2 the following lemma.

Lemma 1.2.10. Let X be a smooth V-formal scheme, X be the reduction of X modulo 1.

(1) Let G be a coherent Dg?)-module. Choose a good filtration (Gy)nen of G. Then the
following assertions are equivalent

(a) Car¥(G) C Ty X.
(b) grG is Ox-coherent (for the Ox-module structure induced by Ox — grD;?)).
(¢) G is Ox-coherent (for the Ox-module structure induced by Ox — Dg?)).

(2) Let (€, ¢) be a coherent F—D;Q-module. The following assertions are equivalent.
(a) Car(§) C T4X.
(b) & is Ox q-coherent (for the Ox g-module structure induced by Ox g — D;’Q),

Proof. Let us check the first part. Let us check that (a) implies (b). Since this is local,
we can suppose that X affine with local coordinates 71, ...,#;. Let & be the global
section of gngg) which is the element associated with 9;, the derivation with respect
to f;. Since the ideal defining the closed immersion Car®(G) <> T*X is the radical of the
annihilator of grG, the inclusion Car® (G) C T¢ X implies that le R dN annihilate grG

for some integer N large enough. Hence, grG is a coherent gngg) /&1, ..., )N -module.
Since gng?)/(él, ..., &N is a finite Ox-algebra (via the composition Ox — gng) —

gngg)/(él, . E)ND) | we conclude that grG is Ox-coherent. Now, suppose (b) satisfied.
Then, by definition of a good filtration, this implies that G, = G for n large enough. Hence,
G is Ox-module. Finally, suppose (c¢). Then, the constant filtration (G, = G),en is a good
filtration (it might be more convenient to complete the filtration by G, =0 if n < 0).
Then the action of & on grG = Go/G_1 = G is zero (because the action of & is induced
by maps of the form G;/Gi_1 — Gi41/Gi, which are zero). Hence, Car?(G) TgX (recall
that the construction of Car®? (G) does not depend on the choice of the good filtration).

Now, we deduce the second part from the first one. Let £© be the coherent

D%)Q—module endowed with an isomorphism ¢©: ﬁmQ @23(0) O =y pxe© which

induces canonically ¢. Choose a coherent D( ) _module E(O)Wlthout p-torsion endowed
with the isomorphism of the form 8(0) — 5(0) If £ is Ox g-coherent, then EO jg
Ox g-coherent (see [13, 2.2.14]) Then from [7, 3.1.3]; we can choose £O 5o that
it is Ox-coherent. Since Car(£© /né'(o)) = Car(€) and £© /nS(O) is Ox-coherent, this
yields from the first part the inclusion Car(£) C T§X. Conversely, suppose Car(£) C
T¢X. Then, from the first part 5(0) /7'[5(0) is Ox- coherent Hence, £© is Ox-coherent,
Wthh yields that £© is Ox g-coherent. With [13, 2.2.14], this implies that & is
Ox,g-coherent. O
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1.3. Generic smoothness up to Frobenius descent

We prove below in this section Proposition 1.3.9 which states that, up to some Frobenius
descent (see Lemma 1.3.10), a morphism is generically smooth. This will be useful later
in the proof of Theorem 1.4.2.

1.3.1 (Universal homeomorphism). Let f: X — Y be a morphism of schemes.

(1) Following Definitions [23, 3.5.4] (and Remark [23, 3.5.11]) or [26, 2.4.2], f is
by definition a universal homeomorphism (respectively is universally injective) if
for any morphism of schemes g: Y/ — Y, the morphism fy: X xy Y’ — Y’ is a
homeomorphism (respectively is injective).

(2) Some authors use the name of ‘purely inseparable’ (e.g., [36, 5.3.13]) or ‘radicial’
(e.g., [23, 3.5.4]) instead of ‘universally injective’. From definition [23, 3.5.4],
proposition [23, 3.5.8] and remark [23, 3.5.11], the following conditions are
equivalent:

(a) f is universally injective;

(b) for any field K, the map X(K) — Y (K) is injective;

(¢) f is injective and for any point x of X the monomorphism of the residue fields
k(f(x)) = k(x) induced by f is purely inseparable (some authors say ‘radicial’
instead of ‘purely inseparable’).

(3) Suppose now that f: X — Y is a morphism of k-varieties. Using proposition [26,
2.4.5], we check that f is a universal homeomorphism if and only if f is finite,
surjective and radicial.

Lemma 1.3.2. Let X be a k-variety. Then the relative Frobenius F)s(/k: X — X9, the
morphism F: X° — X (induced from F} by base change) and the absolute Frobenius
morphism F;/k: X — X (equal to F5, = Fj o Ff(/k) are universal homeomorphisms.

Proof. From the characterization 1.3.1(3), F;: Speck — Speck is a universal
homeomorphism. Hence, by stability of this property by base change we get that
F{: X% — X is a universal homeomorphism. From Lemma [36, 3.2.25], we check that
Fy ks finite. Hence, so is by composition Fy. Since Fj induces the identity on the
underlying topological space, Fy is bijective. Moreover, the monomorphism of the residue
fields k(x) — k(x) induced by Fy is the sth power of the Frobenius, hence it is radicial.
From 1.3.1(2(c)), this yields that Fy is radicial. From 1.3.1(2(b)), this implies that Fy
is also radicial. With the characterization 1.3.1(3), we get that Fy Jk and Fy are universal
homeomorphisms. O

Definition 1.3.3. Let us clarify some terminology. Let f: X — Y be a smooth morphism
of schemes. Let Z be a closed subscheme of X. We say that Z is ‘a strict normal crossing
divisor relatively to ¥’ (via f) if for any point x € Z, there exists an open affine set V of Y
containing y := f(x), there exists an open affine set U of X containing x and included in
f~1(V), there exists an etale V-morphism of the form U — AY, given by global sections
t1,...,ty such that ZNU = V(¢ - - - t,) for some integer r.
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Remark. When Y is of the form Spec K, with K a perfect field, a ‘strict normal crossing
divisor of X relatively to Y’ is the same than ‘a strict normal crossing divisor of X’ (the
latter is an absolute notion only depending on X), which might justify the terminology.

The following lemma is straightforward.

Lemma 1.3.4. Let f: X — Y be a smooth morphism of schemes. Let Z be a closed
subscheme of X. Let g: Y' — Y be morphism of schemes, X' .= X xyY', Z' .= Z xyY'.
If Z is a strict normal crossing divisor of X relatively to Y then Z' is a strict normal
crossing divisor of X' relatively to Y'.

Lemma 1.3.5. Let f: X — Y be a smooth morphism of smooth k-varieties with Y integral.
Let Z be a closed subvariety of X. Let n be the generic point of Y, k(n) be the function
field of Y, X, := X xy Speck(n), Z, := Z xy Speck(n). If Z, is a strict normal crossing
divisor of X, relatively to Speck(n) then there exists a dense open set V of Y such that,
setting Xy = f’l(V) and Zy := ZN Xy, the closed subvariety Zy of Xy is a strict
normal crossing of Xy relatively to V.

Proof. We can suppose X integral. By definition, there exists a covering Uy ,, ..., Up,y
by open affine k(n)-subvarieties of X, such that there exists a k(n)-morphism U; , — A}
given by global section ¢ 1, ..., t . Consider the projective system of open affine dense
k-subvarieties of ¥ and remark that Speck(n) is the projective limit of this system.
For any open affine k-subvariety V of Y, put Xy := f~1(V) and Zy := ZNXy. By
using [27, 8.8.2(ii)], there exists an open affine k-subvariety V of Y such that there
exist a scheme U; of finite type over V (recall that from [25, 1.6] to be of finite
type or of finite presentation over a locally noetherian scheme is the same) and some
k(n)-isomorphism U; xy Spec k(1) = Ui, for any i. By using Theorem [27, 8.8.2(i)] and
Theorem [27, 8.10.5(iii)], shrinking V if necessary, we can suppose that there exists an
open immersion U; < Xy which induces (via the isomorphism U; xy Spec k(1) AN Uiy)
the open immersion U; , < X,. By using Theorem [27, 8.10.5(vi)], we can suppose that
(Ui)i=1....m is an open covering of Xy. By using theorem [27, 8.8.2(i)] and theorem [28,
17.7.8], shrinking V' is necessary, there exists an etale V-morphism of the form U; — A,
which induces the etale k(n)-morphism U; , — Af;. O

Lemma 1.3.6. Let L/l be an algebraic extension of fields of characteristic p such that L
is perfect. Let X be a smooth variety over I, Z be closed subvariety of X. If (Z Xspeci
Spec L)req @5 a strict normal crossing divisor of X Xspec; Spec L then there exists a finite
extension I’ of | included in L such that (Z X Specl Spec req 18 a strict normal crossing
divisor of X xspeci Specl’ relatively to Specl’.

Proof. For any finite extension I” of I included in L, set Zgy := Z Xgpect Specl’, Xy :=
X Xspect Spec!’ and ZéL) := (Z Xspeci Spec L)red. By using [27, 8.8.2(ii)], there exists a
finite extension /" of I included in L such that there exist a /’-scheme of finite type Z{;,

satisfying ZéL) = Zél,) Xspec (1) Spec (L). From [27, 8.7.2] we get that Zgl,) is reduced.
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Using [27, 8.8.2(i)] and [27, 8.10.5(iv) and (vi)], increasing I’ if necessary, there exist a
surjective closed immersion Z{, <> Z) inducing by extension Z{; <> Z). Since Z{;,
is reduced, we get Zél’) = Z()red- Increasing [’ if necessary, proceeding as in the proof of
Lemma 1.3.5, we check that ZEI/) is a strict normal crossing divisor of Xy relatively to
Spec!’. O

Lemma 1.3.7. Let a: X — P be a dominant morphism of smooth integral k-varieties.
Let Z — X be a proper closed subset. Then there exist a dense open subvariety U of
P, a universal homeomorphism g: U — U of k-varieties with U’ normal, a projective,
generically finite and etale U'-morphism of the form f: V' — (X xp U')red such that V'
is integral and V' is smooth over U', f~Y(Z xp U')req is the support of a strict normal
crossing divisor in V' relatively to U'.

Proof. (1) Let I be the field of fractions of P and I be an algebraic closure of I, L :=
164U/ the fixed field by Gal(l/1). Following [34, V.6.11], L is perfect (in other words,
since [ is an algebraic closure of L, [/L is separable) and L/[ is purely inseparable. We
put X(z) := X xpSpec (L), Y1) = (X(1))reda and Z) := Z x p Spec (L).

Using theorems [27, 8.4.1] and [27, 8.10.5(v)], we get the X x p Spec (I) is irreducible
and separated (we use these Theorems in the following context: consider the projective
system (Ug)s of open affine dense subvarieties of P and next consider the projective
system (a~!'(Us))s of open integral subvarieties of X whose projective limit is X xp
Spec (1)). Since X1y — X xp Spec (I) is a universal homeomorphism, we get that X is
also irreducible and separated. Hence, Y(z) is an integral L-variety, with L a perfect field.
From the desingularization de Jong’s theorem (see [20] or [8, 4.1]), this implies that there
exists a projective, generically finite and etale morphism ¢ : Y, (’ L~ Y such that Y(’ L)
is integral, smooth over Spec L and ZQL) = ¢>ZI(Z(L))red is the support of a strict normal
crossing divisor in Y, .

(a) By using [27, 8.4.2], [27, 8.7.2], [27, 8.8.2(i1)] and [27, 8.10.5(v)], there exists a finite
(radicial) extension !” of [ included in L such that there exist two integral I’-varieties ¥y
and Y(/I’) satisfying ¥(r,) = Yry Xspec () Spec (L) and Y(/L) = Y(’l,) X spec (") Spec (L).

(b) We put X¢y:= X xpSpec(l’) and Zgy:=Z xpSpec(l'). By increasing I’ is
necessary, it follows from [27, 8.8.2(i)] that there exists a morphism ¢y := Y(’l,) — Y
(respectively Yy — X)) inducing ¢ (respectively the surjective closed immersion
Yi) > X()). By using [28, 17.7.8] and [27, 8.10.5] and Lemma 1.3.6, by increasing
I' is necessary, we can suppose that Yy — X is a surjective closed immersion (i.e.,
Yy = (X@/))red since Yy is reduced), that ¢y is projective, generically finite and etale
morphism, that Y(/l’) is smooth over Spec!’ and Z{l’) = ¢171(Z(1/))red is the support of a
strict normal crossing divisor of Y(’l,) relatively to Specl’.

(2) Let P’ be the normalization of P in I’ (see the definition [36, 4.1.24]). Then the
canonical morphism g: P’ — P is a universal homeomorphism, i.e., is finite (e.g., use [36,
4.1.27]), surjective and radicial (e.g., use the exercise [36, 5.3.9(a)]). By using [27, 8.8.2(ii)]
(this time, we consider the projective system of open affine dense subvarieties of P’), there
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exists a dense open affine subvariety U’ of P’, two morphisms V' — U’ and vV > U
such that Yy, —> V' xy Spec (I') and Y(/l,) = V' xy Spec (I'). Since P’ is noetherian,
by using propositions [27, 8.4.2] and [27, 8.7.2], we get that V' and V' are integral.
Hence, shrinking U’ is necessary, we can suppose V' = (X X p U')eq. By shrinking U’ is
necessary, using [27, 8.8.2(i)], there exists a U’-morphism f: V' — V' which induces .
By shrinking U’ is necessary, by using [28, 17.7.8] and [27, 8.10.5] and Lemma 1.3.5, we
get the desired properties. O

Lemma 1.3.8. Let g: U' — U be a universal homeomorphism of integral k-varieties. We
suppose U normal. Then, for s large enough, there exists a unique morphism h: U — U’
making commutative the following diagram

v—2 .U

F;‘,,/kl / ng/,{ (1.3.8.1)

U/o’ 8 UO’
Moreover, this morphism h is a universal homeomorphism.

Proof. From 1.3.2, we know that F;, Jk and Fy; /K are universal homeomorphisms. Hence,
this is sufficient to check that there exist a unique morphism i: U — U’° making
commutative the diagram (1.3.8.1). This is equivalent to check the existence and
uniqueness of a morphism i: U — U’ making commutative the diagram

U —su

Fé/l / ng, (1.3.8.2)

v —-u.
We can suppose U affine. We set U = Spec A, U’ = Spec A’, L := FracA, L' := FracA’.
Since g is surjective, g*: A — A’ is injective. Since A is normal and since A — A is
finite, then A = A’N L. For s large enough, we can suppose (L')?° C L. Hence the image
of Fj7: A" — A’ is included in A. This yields the desired morphism A" — A. O

Proposition 1.3.9. Leta: X — P be a dominant morphism of smooth integral k-varieties.
Let Z — X be a proper closed subset. Then, for s large enough, there exists a dense
open subvariety U of P, such that, putting W := (X X po U)red (where X° x ps U means
the base change of X° by the composition of Ff,/k: U — U° with the open immersion
U° C P?%), there exists a projective, generically finite and etale U-morphism of the form
¢: W — W such that W' is integral and smooth over U, Z' := ¢~ (Z° X ps U)req is the
support of a strict normal crossing divisor in W' relatively to U.

Proof. Using the Lemmas 1.3.7 (for the construction of g and f) and 1.3.8 (for
the construction of &), with their notation we get the diagram of morphisms of
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k-schemes
w’ W V"
lrp O O A
Tred" T (X7 xpe U "“red
O O

W .= (XG X po U)red(—>XG XPGU—>XU X po U’ — X° X po U —— X°

O O L O L
U h U ¢ u° P°

W

where T := (X7 X po U) X (x9 x po /o) (X7 X po U'")req and W' := V% x e U. Since W' is
smooth over U and U is k-smooth, then W’ is k-smooth (and in particular integral since
it is irreducible). Hence W/, = W' and then W' = W’ x7 Teq (use [23, 5.1.7]), which
justify the cartesianity of the left square of the top. Using [23, 5.1.7], we get the equality
Tred = (X% X po U)reqg =: W and the cartesianity of the left square of the second row. Since
f° is projective, generically finite and etale then so is ¢: W — W. From 1.3.4, we get
that Z’ := ¢~ 1(Z% x po U)req is the support of a strict normal crossing divisor relatively

to U. O

Lemma 1.3.10. Let f: P’ — P be a finite, surjective morphism of smooth formal
V-schemes. Let € be a coherent D;r) Q—module. Then & is Op g-coherent if and only if

FUE) is Opr @-coherent.

Proof. Since P and P’ are regular, then from [36, 4.3.11], the morphism P’ — P is
flat. Since Ops is p-adically complete and without p-torsion, then using lemma [37,
2.1] (in the case where I = (m)), the morphism f: P’ — P is also flat. Since f is
also finite, then f,Ops is a locally free Op-module of finite type. Hence, we get that
the canonical morphism f*Dg” =0p ®s-10, f_ng” — 1<ir_n,- Op/ ®f71(9pi f_ng?) =
D;';L p s an isomorphism for any integer m > 0. Hence tensoring by Q over Z and
passing the limits through the level, this yields that the canonical morphism f *D;;. Q=
Op ® 10, f‘lD;’Q — D;-D’—ﬂD,Q is an isomorphism. Hence, this implies that the
canonical morphism f*(£) — f'(£) is an isomorphism, where f*€ := Op Qf-10p fle,

and f'(€) := D;y_ﬂ?,(@ ®1;le* flE I E s Op g-coherent this yields that &) is
P.Q

Opr g-coherent. Conversely, suppose f "E)is Opr g-coherent. Since the Op g-coherence is

local in P, we can suppose P affine. Since £ is a coherent D;J’ -module, this is sufficient to
check that I'(P, &) is of finite type over I'(P, Op q) (see [13, 2.2.13]). Since the extension
L' (P,Opq) = I'(P', Op ) is faithfully flat (because f: P’ — P is flat and surjective),

since T(P/, f'€) — T'(P/, Op Q) ®r(P.0p o) L (P, &) is of finite type over I'(P’, Opr ),
we conclude. O
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1.4. The result

Lemma 1.4.1. Leta: X — X be a ﬁnite étale surjective morphism of smooth k-varieties.
Let £ € DEVhOI(X/K) (respectwely Ee Dovhol(X/K)) The property Ee lesoc(X/K) 1s

equivalent to the property o4 (5) € DISOC(X/K) The property € € legoc(X/K) is equivalent
to the property at(£) € D°_(X/K).

1S0C

Proof. Left to the reader. O

Theorem 1.4.2. Let Py be a smooth separated formal V-scheme, Py be a proper smooth
formal V-scheme, P := P x P> and pr: P — P; be the projection. Let £ be a complex of
F- D(t;vhol(D @)

Then there exists an open dense formal subscheme th of Py such that, for any ﬁmte
etale surjectwe morphzsms of the form a; : 771 — 731 and oy : ’Pz — P2, putting P = ’Pl X
Py, a: P — P and € := a(E), we have (proa)(E)|8h € Dcoh(OﬂhQ)

Proof. (I) We can suppose that o; = Id. Indeed, consider the following diagram

S s W P
P x Py ——= P x P, —= P

lal O LO{] O Lal
P x Py —2> Py x Py ——P.

Suppose there exists an open dense formal subscheme i; of P such that pr, o
oc2+(oz ENY, € Db h(Oul ©). Using base change isomorphism (see for instance [3,

1.3.10]), since oz1+ = ot1 (because « is finite etale), we get 0‘1 o (pry oay) = (pryazy)o

a1+. Hence, we get the first isomorphism:

qurotf'pr+ oa2+(a;(5)) = a1+pr+a2+af(a;(€)) = a1+pr+a2+(§) = pr+a+(g).

From Lemma 1.4.1, this implies that (proa)+(€)|ﬂ1 € Dcoh(oﬂu(@)'

(IT) We proceed by induction on the dimension of the support X of £. The case where
X — Py is not surjective is obvious (indeed, since ata™(€) has is support in X, we can
choose 4; to be the open dense subset of P; complementary to pr(X)). Hence, we can
suppose that X — P; is surjective. There exists a smooth dense open subvariety Y of
X such that €Y € F-D? (Y,P/K) (see the notation [3, 1.2.14] and use [14, 3.1.1]).
We put Z:= X\Y, endowed with its canonical structure of subvariety of X (recall
that varieties are reduced following the convention of the paper). Let j: ¥ C X be the
inclusion and i : Z < X the corresponding closed immersion. By using the exact triangle
of localization of the form i i'(£) — & — j4j () — +1 (see [3, 1.1.8(ii)]), by devissage
and by induction hypothesis, we can suppose Y integral, that £ is a module and that
& jLjT(€) with jT(&) € F-Isoc™ (Y, P/K). By abuse of notation (to simplify them),
P; will mean a dense open set £l; of Py (be careful that the open set has to be independent
of the choice of a3), X and P will mean the base change of X and P by the inclusion
U C Pr.

(1) From de Jong desingularization theorem, there exists a surjective, projective,
generically finite étale morphism a: X’ — X, with X’ integral and smooth such that
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7' :=a~1(Z) is the support of a strict normal crossing divisor of X’. Since a is projective,
there exists a closed immersion of the form u’: X' < PN x P (this is the product in the
category of formal schemes over V) such that the composition of u’ with the projection
f: PV xP > Pis equal to the composition of a with the closed immersion X < P.
Since & —> j4jT(E), by setting & :=d'(€), Y :=a " '(Y), P := PN x P, we get &' —
j+jT (&) (use the base change isomorphism [3, 1.3.10]) and j*(£') € F-Isoc'"(Y’, P'/K)
(with the convention given at the beginning of the paper, recall that j means also the
morphisms induced by base change form j). We denote by (X', Mz/) the smooth log whose
the underlying scheme is X’ and the log structure Mz comes canonically from the strict
normal crossing divisor Z'. Sometimes we simply denote it by (X', Z’) if the notation is
not confusing. From Kedlaya’s semistable reduction theorem (more precisely the global
one, i.e., [33, 2.4.4]), we can suppose that the overconvergent isocrystal £'|Y’ on Y’ extends
to a convergent log- F-isocrystal on (X', M z)- Using the properties satisfied by a, using
for instance [12, 6.3.1], we get that a4 oa’ (5 ) is a direct factor of &. Since by transitivity
ata' = d'at (recall et = o') and a0y —> aja, then pryararat (@t (£)) is a direct
factor of pr +a+g By definition of cohomological operations (see the beginning of the
paper), pryaraiat(@h(€)) = (pro f)iara™(£'), where in the latter term pro f: P’ =
PN x P2 x Py — Py is the projection and «o: PN x P — PN x P = P'. This implies that
we can reduce to the case where X is smooth, Z is the support of a strict normal crossing
divisor of X and £|Y extends to a convergent log-F-isocrystal on (X, Mz) and we can
forget the notation of part (1) of the proof.

(2) From Proposition 1.3.9, replacing P; by an open affine dense formal subscheme if
necessary and for s large enough, putting W := (X x Pe Pred, there exists a projective,
surjective, generically finite and etale Pj-morphism of the form ¢: W — W such that
W’ is integral and smooth over Pj, Z' := ¢~ 1(Z° X pg P1)req is the support of a strict
normal crossing divisor in W' relatively to P;. Let a: W = (X° X po P)red = X% be
canonical morphism. We set Y/ := ¢~ (Y° X po Pred- Put ¢ := Y — (Y° X po P)red and
b: (Y° X po P1)red = Y° the morphisms induced respectively by ¢ and a. Since ¢ is
projective, for some integer N putting P3 := PN x P37 and taking f:P3; — Pj to be
the projection, we get the commutative diagram of the left:

pr/ JO'
z/C w'C P =Pyx P —> P, ye—
pr? I

(27 x po P Yred —— W = (X° xpo Py Yred ———> PJ x P} ——> P (Y7 % po Pred > W
L Ored la Ored l/F‘;:l/v O jF%:I/V l/b u ja
C C »” A

zo x© PY x P ———= PY, Y X

(1.4.2.1)

where the symbol ‘g’ means the cartesianity in the category of reduced schemes, where
pr': P3 — SpfV is the structural morphism. Since (Y° X po Pred = a~1(Y?), we get the
morphism j7: (Y7 X pg P1)red = (X7 X pg P1)red = W. We have also j°: Y’ — W’. Hence,
this justifies the cartesianity of the diagram of the right of (1.4.2.1).
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We put G :=a'(€7) = (F} 1)'(E7) and G’ := ¢'(G) = R}, f'(9). Since ao¢ induces
the morphism of smooth log-schemes (W', Mz) — (X%, Mzs), since £°|Y? extends
to a convergent log-F-isocrystal on (X%, Mzo) then G’'|Y’ extends to a convergent
log- F-isocrystal on (W/, Mz/).

(3) Let Z}, ..., Z/, be the irreducible components of Z". For any subset /" of {1, ..., '},
we set Zj, == (\yep Zir- Then |Car(G)| C Upcqr.. T;,[/P’.

Proof. Since the check is local on P’, we can suppose P’ affine with local coordinates
1, ""t(/i’ inducing local coordinates f’l, ...,f;, of W' and such that Z;/ = V(f;/) for
i"=1,...,r". From [39], there exists a smooth affine formal V-scheme 2J' whose special
fibre is W’. Let u: 20 < P’ be a lifting of W < P’ and let F’ :=u'(G’). From [11,
1.4.3.1], we have |Car(F")| C Ul’c{l ’’’’’

Berthelot—Kashiwara’s theorem), from [10, 5.3.3], we get |Car(G")| = Z,(|Car(F")|). Using
Lemma 1.1.2, we get Z,(T% W') = T P’, which gives the desired result.
r r

(4) We put G = ag+(g’). We have |Car(prg_ag+(’gv’))| C T;;l Pr.

) T;;, W'. Since G’ —> u(F") (this comes from

Proof. Since pr’ is proper, from Proposition 1.2.7, we get the inclusion
|Car(pry a8, (G| C Fpw (ICar(e3, (G

Using (1.2.9.1), we get |Car(ag+a‘27+(g/)| = |Car(G")|. Hence,

%r/ucmaa@’)n):%r/<|Car<g’>|>c%r/( U T;;/P’)= U @ Py,

rcil,...r'}

where the inclusion comes from the step (3). Moreover, from Lemma 1.1.2, .7, , (T;;/ zZ)) =
TZ*;, P, where uy: Z, < P'is the closed immersion. By transitivity of the application .7
(see 1.1.1), %r/(T*;,P’) = %IJ(%[,(T*;/Z/I,)) = %,/oul,(T*;/ Z),). Since pr'ouy: Z), —
Py is smooth, using 1.1.4(2), we get the inclusion ,Z,r/oul,(T;;, zZ)) C T;,"l Py, which yields
the desired result.

(5) G is a direct factor of ¢4 (G’) (which is by definition, if we look at the left diagram
of (1.4.2.1), equal to f4+(G")).

(a) We have the isomorphism b' — b*. Indeed, from [3, 1.3.12], since b is a universal
homeomorphism, the functors b and by induce quasi-inverse equivalences of categories
(for categories of overholonomic complexes). Since b is proper, then by = by (i.e., via the
biduality isomorphism, b, commutes with dual functors). Hence, we get that b' commutes
also with dual functors.

(b) Since 6 :=bo is a morphism of smooth varieties and £9|Y? is an isocrystal,
then 0'(E°|Y°) —> OT(E7|Y7). Hence, since 6 is proper, we get the morphisms by
adjunction (see [3, 1.3.14(viii)]) £E9|Y° — 0,07 (E°|Y?) > 0,60'(E°|Y°) — E9|Y°. The
composition is an isomorphism. Indeed, since £7|Y? is an isocrystal, we reduce to check
it on a dense open subset of Y?. Hence, we can suppose that ¢ and b are morphisms
of smooth varieties. Using [3, 1.3.12] and the transitivity of the adjunction morphisms,
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we reduce to check such property for . Since i is generically finite and etale, this is
already known (e.g., see [12, 6.3.1]).
(c) We have just checked that £°|Y° is a direct factor of 6,6'(£°|Y?). This

implies that b'(£71Y?) is a direct factor of b'6,0'(E7|Y?) = b by 0'(E7|YO) 712]

V0 (ET|YO) = Y (G'lY"). We get jT opNE|Y?) is a direct factor of JSv (@Y.
By base change isomorphism (e.g., see [3, 1.3.10]), by using the cartesianity of the
right diagram of (1.4.2.1), we get the isomorphism (aoq&)!j+ = j26'. By applying
the functor (ao@)' to the isomorphism £7 —» j7;jo'£7 we obtain g’ = J"J"'g’
This ~yields $+(G) —> b+ jSGNY) —> jIy(G |Y) and G —> a'jI(E7|Y7) —>
b (E%1Y?), Wthh gives the desired result.
(6) Putting & =a3 (G), (using some base change isomorphism) the step (5)

implies that G is a direct factor of ¢+(§) = f+(§7) Since pr+a2+(§’) =
pr+a2+¢+(g ), we obtain |Car(pr a2+(g))| C |Car(pr+a2+(g )|. From part (4), this
yields |Car(pr Tl +(Q))| - T>’< P;. Let pr: Py — SpfV be the structural morphism. Since
pr_~_oz2+ (g) =prg (g), using the second part of the Lemma 1.2.10, this inclusion is
equivalent to say that pr+(g) € Dcoh(OP1 ©)- Since G- 4 (E")7 we obtain pr+(g) AN
pr+(a (5")) = (FS /V)'1)~r+(€") From Lemma 1.3.10, this implies that prq (8") €

COh(Opf,Q), which yields pr+(5) € Dcoh(Oplv@)‘ O

2. Betti numbers estimates

2.1. The curve case

Lemma 2.1.1. Let f: Y — X be a smooth morphism of mteogml smooth k-varieties

of relative dimension d (i.e., d =dimY —dimX). If F € Dovhol(Y/K) then fi(F) €

D2 4(X/K). If G € DS (Y/K) then fi(G) € DS (X/K).

Proof. Since the second statement follows by duality (recall fy = Dxo f4 oDy and
dual functors exchange DZ" with DS™"), let us check the first one. As explained in
the convention of the paper, since our varieties are realizable, there exist a smooth
morphism ¢: Q — P of proper smooth formal V-schemes, immersions ¢: X — P,
{': Y < Q so that ¢ o/ =10 f. The morphism f is the composition of an immersion
of the form u" Y < ¢~ '(X) followed by the morphism ¢~ '(X) — X induced by ¢.
Since u/, : OVhol(Y/K) — Diﬁol(d)_](X)/K), we reduce to the case where ¥ = ¢~ 1(X).
Let 4 be an open set of P such that ¢ factors through a closed immersion X —
s Put VW:=¢ ') and y¥: Y — U be the morphism induced by ¢ By definition,
FeDZp,(Y/K) = fvﬁol(y Q/K), f+(F) = ¢+ (F) and ¢ (F) € D 4(X, P/K) means
that ¢ (F)|L € DOVhOI(D Q)' Since this last property is local in i, we can suppose i
affine. Hence, there exists a closed immersion of smooth formal V-schemes u: X — 1
which lifts X < (. Set YV :=U xgy X, which is a smooth lifting of Y. Put v: Y — U
the projection, which is a closed immersion and 6: Y — X the second projection. We
have ¥ (F|*0) = o+ (F)|Uand F|U € p>? Y, B/K)=D Ovhol(D Q) where the latter

ovhol
equivalence of categories are given by the quasi-inverse functors v and v' (this is a form of
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Berthelot—Kashiwara’s theorem) Hence, We reduce to check that the functor 6 induces
the factorization 6, : ovhol(D Q) — Dovhol (D3€ Q), which is obvious because, since 6 is

a smooth morphism of smooth formals V-schemes of relative dimension d, then we have

01(€) =RO,(€ ®0y, 2 )Id] for any £ € Dy (D5, ). O

Lemma 2. 1 2. Let X be an integral k-variety of dimension d. If]-' € vagol

fi(F) e D24 (Speck/K). If G € DS (X/K) then fi(G) € DS (Speck/K).

ovhol
Proof. As for the proof of Lemma 2.1.1, we reduce to check the first statement. We
proceed by induction on the dimension of X. Choose an open smooth dense subvariety
Uof X. Put Z:=X\U. Let ] U< X,i:Z <~ X be the corresponding morphmms of
k-varieties. Since i'(F) € Dovhol(Z/K) then, by induction hypothesis, we get pz,i'(F) €
Ovhol(Speck/K) From Lemma 2.1.1, we get pU+J "F) e DO/V};ﬁ(Speck/K). Applying
px+ to the exact triangle of localization i i'(F) — F — jij'(F) — +1 (see [3,

1.1.8(ii)]), we get the exact triangle pzi'(F) — px+(F) = pu+j'(F) — +1. O

(X/K) then

ovhol ovhol

Lemma 2.1.3. Let u: Z < X be a closed immersion of k varieties. Suppose X smooth
and integral. Let € € F ISOCT'(X/K) Then u'(€) € F- D> (Z/K) (see the notation of
[3, 1.2]), with r = dim X —dim Z.

Proof. First, suppose that Z 1is smooth. Then, we get the exact functor
u'lr]: F-Isoc'™ (X/K) — F—IsocH(Z/K) and the Lemma follows. More generally, we prove
the Lemma by induction on the dimension of Z. When the dimension of Z is 0 then Z
is a finite etale over Speck (recall a reduced k-scheme of finite type of dimension 0 is
finite etale over Speck, and by our convention k-varieties are assumed to be reduced)
and then this case has already been checked. Suppose dim Z > 1. Then there exists a
dense open smooth subset Zg of Z. Put T :=Z\ Zy. Let j: Zo— Z and i: T — Z be
the corresponding immersions. Put F := u'(€). Then we conclude by using the induction
hypothesis and consider the exact triangle of localization i i'(F) — F — jyj'(F) — +1
(see [3 1.1.8(ii)]). From the smooth case, j'(F)[r] € F-Isoc'(Zo/K) and then j; j'(F) €

ovhol

F- DO/V;OI(Z/K). By induction hypothesis, we get i!/(]-") € F—Di;/ol(T/K), with r' =
dim X —dim T > r. Since i, is exact, ii'(F) € F-va;ol(Z/K) C F—D?V;O](Z/K). O

Notation 2.1.4. Let X be an integral variety and £ € F-Ovhol(X/K). Then, there exists a
smooth dense open subvariety ¥ of X such that £|Y € F-Isoc'T(Y/K) (see the notation [3,
1.2.14] and use [14, 3.1.1]). Then, by definition, rk(€) means the rank of the corresponding
overconvergent isocrystal associated to £|Y (which does not depend on the choice of such
open dense subvariety Y).

Lemma 2.1.5. We suppose that k is infinite. Let f: Y — X be a smooth morphism of
integral smooth k-varieties. We suppose there exists a k-valued point x of X such that
Y, := £~ (x) is an integral k-variety of dimension d. Let F € F-Isoc'"(Y/K) such that
f+(F) € F- DISOC(X/K). Then we have the inequalities:

tkH ™ 1 (F) < tk(F); (2.1.5.1)
tkH? fi(F) < tk(F). (2.1.5.2)
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Proof. (0) We remark that rk(F) = rk(Dy (F)) (recall [1, 3.12]). Since Dx H ™% f, (F) =
HiDy f(F) = H? fiDy (F) (recall fi(F) := Dx(f(Dy(F))) and Dy oDy —> Id), we get
similarly tkH 9 £ (F) = tkH? fi(Dy (F)). Hence, we reduce to check the first inequality.
Let iy: x = X be the canonical closed immersion. Recall that from the convention
of the paper iy: Yy < Y (respectively f: Y, — x) means the morphism induced
from i, (respectively f) by base change. The functors ii[dimX]: F-Isoc'"(X/K) —
F—Isocﬂ(x/K) and i;[dim X]: F—IsocH(Y/K) — F—IsocH(Yx/K) are exact and preserve
the rank (and in particular an isocrystal G is null if and only if i)!c [dim X](G) = 0). We
have the base change isomorphism i)!C [dim Y] o fi(F) = fro ii [dim Y](F) (e.g., see [3,
1.3.10]). Hence, we reduce to the case where X = Speck, i.e., f = py (see the notation
of the paper).

(1) We check that for any open dense subset V of Y, we have H ™ py  (F) =
H~4py (F|V). Indeed, let V be a open dense subset of ¥ and put Z:=Y\V. We
denote by j: V < Y the canonical open immersion and i: Z < Y the canonical closed
immersion. Since V is dense in Y, then dz :=dim Z < d. Since F is an isocrystal, then

from Lemma 2.1.3 we have i'(F) € F—D>d_dZ(Z/K). Hence, via Lemma 2.1.2, this

ovhol
implies pz.i'(F) € F—D?Vﬁ;lwz (Speck/K). Since dz <d—1, we get d —2dz > —d +2.

This yields H 4pz,i'(F) =0 and H 4t p;i'(F) =0. Applying pys to the exact
triangle of localization iy i'(F) — F — jij'(F) — +1 (see [3, 1.1.8(ii)]), we get the
exact triangle pzii'(F) = py(F) = pv+(F|V) — +1. By considering the long exact
sequence associated with the latter exact triangle, we conclude.

(2) We check the lemma in the case where d = 1. From (1), we can suppose that Y is
affine. Choose a smooth compactification ¥ of ¥ and put D :=7Y \ Y. Choose a closed
point y of D. With the notation [19, 7.1.1], we associate to F an A;—module M endowed
with a connexion. Then H ™! py+(F) is equal to the horizontal sections of M. Let A(y)
be the Robba ring (or local algebra following the terminology of [19]) corresponding
to y (see the notation of [19, 7.3]). Using [19, 6.2] we get that the dimension over K
of the K-vector space of the horizontal sections of M & A A(y) (which is bigger than

that of the horizontal sections of M) is less or equal to the rank of M (which is also
the rank of F).

(3) Now we prove the lemma by induction on d. Suppose d > 2. From part (1) of
the proof, using [31], we can suppose that there exists a finite etale morphism of the
form ¢: Y — AZ' Let g be the composite of ¢ with the projection A,i X Af_l — Az_l.
There exists a dense open subvariety U of AZ” such that g4 (F)|U € F—DibSOC(U/K)
(see the notation [3, 1.2.14] and use [14, 3.1.1]). Let V=g '(U) and h: V - U
the induced smooth morphism of relative dimension 1. Since k is infinite and U is
dense in Az_l, there exists a k-valued point x of U. Since g is surjective, g7 '(x) is
a smooth variety of dimension 1. Shrinking V (from now V is only a open dense
subset of g~!(U)) if necessary, we can assume that A~'(x) is an integral smooth
variety of dimension 1 (use again part (1) of the proof). Proceeding as in part (0)
and using part (2) of the proof, we get tk H ' hy (FIV) < 1k (F|V) =tk (F). By using
the induction hypothesis, we obtain rk H=4t!py  (H~'hy(F|V)) <tk H ' hy(F|V).
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Using Lemma 2.1.1, the functors pyi[—d+ 1] and hy[—1] are left exact. Hence, we
get H 4 py (F|V) = H= N py  (H"hy (F|V)) and we are done. O

Lemma 2.1.6. We suppose that k is algebraically closed. Let X be a smooth irreducible
curve, j: U — X an open immersion such that Z := X\ U is a closed point. Let F €
F-Isoc'"(U/K). Let i: Z — X be the closed immersion. Then, for n =0, 1, we have the
inequality

dimg H"i' ji(F) < 1k(F). (2.1.6.1)

Proof. Let 6;: j(F) — ji(F) be the canonical morphism. Let C be the mapping
cone of #;. By definition, H~'(C) — ker(d;) and H°(C) —> coker(d;). Since j'(6;)
is an isomorphism (use j' = j¥*), then j'(C) = 0. By using the triangle of localization
iyi'(C) = C — jij'(C) — +1, this implies that the canonical morphism iy i'(C) — C
is an isomorphism, i.e . the cone of #; has its support in Z (see the terminology
of [3, 1.3.2(iii)]). Since i'jy =0, since the cone of 6; has its support in Z,
then by using Berthelot—Kashiwara theorem (in the form of [3, 1.3.2(iii)]), we get
ker(d;) —> i+ H®%'ji(F) and coker(6;) —> i H'i'ji(F). From the last isomorphism of
corollary [3, 1.4.3], we obtain Dxiy H%'ji(F) — iy H'i'jj(Dy(F)). Hence, by using
again Berthelot—Kashiwara theorem (in the form of [3, 1.3.2(iii)]), and the relative
duality isomorphism (i.e., the isomorphism [3, 1.3.14(vi)]), we get HO%'ji(F) =
DzH'i'ji(Dy (F)) and we reduce to check the case n = 1.

We have the exact sequence 0 — jiy (F) = ji(F) — iy H'i'ji(F) — 0, where jiy(F)
is the intermediate extension as defined in [3, 1.4.1], i.e., ji1(F) is the image of
6. From Kedlaya’s semistable theorem [30], there exists a finite surjective morphism
f: P’ — X, with P’ smooth integral, such that f'(F) comes from a convergent
isocrystal on P’ with logarithmic poles along f~'(Z). Since P’ and X are smooth,
since f is finite and surjective then f is flat (e.g., see [28, IV.15.4.2]). Let X’ be an
open dense subset of P’ such that Z := f~1(Z)NX' is a closed point. We get the
(quasi-finite) flat morphism a: X’ — X and the open immersion j: U’ :=a~'(U) - X’
and a: U' — U. Since a is flat and quasi-finite, then a' is exact. Hence, we get the
exact sequence 0 — a'ji (F) — a'j(F) — a'iy H'i'ji(F) — 0. From the base change
isomorphism (e.g., see [3, 1.3.10]), we get a'j(F) — jra'(F). Hence, a'ji (F) is a
subobject of jia'(F). Moreover, j'a'jiy(F) = a'j'ji(F) — &'(F). This yields, from
[3, 1.4.8], that the inclusion jg+(a!(_7-')) < j.(a'(F)) factors through the composition
a'jip(F) — a'j.(F) = jia'(F). Then, we get the epimorphism

i H'I'ji(@F) — ji @ (F)/ji (@ (F) = a' jr(F)/d' ju (F)
~ 1. 1.1, ~ . 1.1,

H F H F),

= i HNGE) i)
where for the last isomorphism we use also that a induces the isomorphism a: a~'(Z) =
Z (because k is algebraically closed). By applying i' (and by using Berthelot-Kashiwara
theorem), we get dimg H'i'ji(F) < dimg H'i'ji(a'F). Since a'F is log-extendable, then
from [3, 3.4.19.1] we obtain the inequality dimg H'i'ji(a'F) < tk(a'F) = tk(F). O
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Since the proof of the main result on Betti estimate (see Theorem 2.2.6) in the case of
curves is easier (e.g., remark that we do not need in this case the Lemma 1.4.2) and since
its proof is made by induction, we first check separately this curve case via the following
proposition.

Proposition 2.1.7 (Curve case). Suppose k is algebraically closed. Let X be a projective,

smooth and connected curve, £ € F-DSY(X1/K) (see the notation of [3, 1.2]). There

exists a constant c(é’) such that, for any ﬁmte étale morphism of degree dy of the form
X1 — X with X1 connected, by putting E = a; (&), we have

(1) dimg H'pg, () < c();
(2) For any integer r < 0, dimg H" pg, +(S) c(&)d,.

Proof. There exists an open dense affine subvariety U; of X; such that &|U; €
F-D?_ (U;/K) (see the notation [3, 1.2.14] and use [14, 3.1.1]). Let Z; be the closed

1s0C

subvariety X;\Uj, j: Uy — X1 and i: Z; — X be the immersions. We put l71 =
al_l(Ul), Z1 = al_l(Zl) i.e we get the Cartesian squares:

~ P~ i o~
7l —= X =— U,

ol

Z1—1>X1<—U1.

By considering the exact triangle jij'() — & — i1it () — +1 (see [3, 1.1.8(ii)]) we
reduce to check the proposition for £ = jij () or £ = i it (E) (and because the functors
jij' and iyit preserve DSY).

(1) In the case where £ =i it (£), we can suppose that Z; is a point. We put
G :=iT(€). Since 21 is d| copies of Z;, then we get a1+al+g 5 g4 Since it — iy and
a1+ = ai , then we get from the base change isomorphism (e.g., see [3, 1.3.10]): a;"lq_ =
iva; . Since & = iy it(£), this implies a1 (&) = are (€) = it it(€) = ijaria)
9) = i+gd1 Hence, le+(§) = pX1+(i+gd1) AN gdl which gives the desired result.

(2) Suppose now & = jij- (5) We put F =/ "E), F=j'(6). Using the spectral
sequence Ej* = H'pg, +(’HS(E))$H’+SpX +(8), we reduce to the case where F e
F- Isoc”(Ul/K) (and then FeF- Isoc”(Ul/K)). Since X; is proper and smooth
integral of dimension 1, then pg, +(§) = p;l,(g’) is a complex concentrated in degree
—1,0,1 (use Lemma 2.1.1). Since U; is affine, then pg, is left r-exact (see [3,
1.3.13(i))). Since € —> ji(F), then pg, () — pg,(E) —> py,(F). Hence, we get
H™'pg (§) = 0. From (2.1.5.2), we get dimg H'pg,  (£) = dimg H'py (F) < 1k(F) =
rk(F). It remains to estimate |x (X1, &)|. Since pg, (E) —> px,+(@ia] (£)), we get
the equality X(i],g) = X(X],oz1+oz1 (&)). From Lemma 1.2.9 (recall als~o that from
[39, II1.6.10], there exist some smooth proper formal V-schemes X; and X; which are
respectively a lifting of X| and X 1, so we are in the geometrical context of Lemma 1.2.9),
we have the formula x (X1, @14o () =d; - x(X1,E). Hence, we can choose in that case
c(&) = max{|x (X1, E)|; tk(F)}. O
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2.2. The result and some applications

In this subsection, we need the Fourier transform (see 2.2.2). Hence, we assume here
that there exists g € K such that né’_l = —p and such that o (o) = 9. Let ¢q := p*,
W(F,) be the ring of Witt vectors of F,. We get a complete discrete valuation ring of
residue field IF, by setting Vp := W(IE‘,])[X]/(X"’_1 + p) (indeed, X?~! 4 p is an Eisenstein
polynomial). The class of X is a uniformizer of Vy. Remark that the canonical lifting of
the sth Frobenius power of F, is the identity of Vy. We define the extension p: Vo — V
by sending the class of X to mg. Since o (7g) = g, this homomorphism p is compatible
with Frobenius liftings i.e., 0 o p = p. Let K be the field of fraction of V. We know the
Ko = Frac(W(F,))(up), where p), C @p are the group of p-rooth of unity (see [6, 1.3]).
We fix a nontrivial additive character ¥ : F; — u, C K.

2.2.1. We denote by Ly the Artin—Schreier isocrystal in F —IsocTT(Aﬁ,q/ Ko) (see
Proposition [6, 1.5]). The extension Vo — V induces the morphism PJ, —>f%o. We
obtain the morphism of ringed spaces f: (ﬁP} 0@{} (Too)Q) — (@{)0, (9@}0 (TOO)Q), where
oo is the closed point Pﬁ,q \Aﬁ,q and respectively P}(\A}(. Recall (see the convention
of the paper) that F—IsocTT(Aﬁ,q/Ko) (F—ISOC-H(A;/K)) is equivalent to the category of
coherent Oﬂﬁ{} (foo)g-modules £ (respectively coherent O@{] (foo)g-modules &) endowed
with an integrable connexion and a Frobenius structure i.e., an isomorphism of the
form F*(£) — E. Hence, we get the functor f*: F—IsocH(Aﬁrq/Ko) — F—IsocH(A}(/K).

We still denote by £y the object of F—Isoc“(A,l/K) which is the image by f* of the
Artin—Schreier isocrystal Ly in F—ISOCH(A%F(I/K()).

2.2.2 (Fourier transform). Let S be a k-variety. Let us briefly review the geometric Fourier
transform defined by Noot-Huyghe in [38], but only in the specific case of AL/S. Let
nw: A}( X (A}c)’ — A,l be the canonical duality bracket given by ¢ +— xy, where (Ag)’ is
the ‘dual affine space over §’, which is nothing but Ag (we have Ag = Spec Og[x] and
(Ag)’ = Spec Os[y]). We denote the composition by pus: A§ Xs (Ag)/ — A,i X (Ai)’ — A,i.

Now, consider the following diagram: (Ag)/ Vi Aé X (Ag)/ LN Ag. Similarly to Katz
and Laumon in [29, 7.1.4, 7.1.5] (in fact, here is the particular case where r = 1), for any
EeF —DEVhOI(A}g), the geometric Fourier transform %y (€) is defined to be

Fy(E) 1= pri(Pi €8 3 gLyl —1D) (2.2.2.1)

(cf. [38, 3.2.1]'). Here & is compatible with Laumon’s notation (see [29, 7.0.1, p. 192])
and was defined in the context of arithmetic D-modules in [3, 1.1.6].

2.2.3. An important property for us of Fourier transform is the following. The functor
Fyl1] is acyclic, ie., if £ € F—Ovhol(A!S/K) then Fy (E)[1] € F—Ovhol((Ag)’/K) (cf. [38,
Theorem 5.3.1]).

INotice that our twisted tensor product and hers are the same.
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Remark. This might be simpler in our case to define the Fourier transform by
setting Fy () = p2+(p!15<§~§A§ug£¢) (and then Zy (&) € F-Ovhol((AL)'/K)) but, to
avoid confusion with the standard notation, we stick with the convention of [4, 3.2.2]
r [38, 3.2.1] (for this latter reference, remark that there is a typo in [38, 3.1.1] :
Ky =8"L;[2N —2] and not K, = §*L,[2—2N]).

Lemma 2.2.4. Let f: T — S be a morphism of k-varieties. Let & € F-DP® 1(A}g/K) and

ovho
FeF- ngho] T/K). We have the canonical isomorphisms
F 7y () = Fy(£'E); (2.2.4.1)
F1 Ty (F) — Fy(f+F). (2.2.4.2)

Proof. We have the canonical isomorphisms:

[Ty €)= f!P2+(P!15®A§M!S»Cw[—1]) s1oo P (P15®A2MS£W[ 1])

[3?)91 P2+(f P15®A2fﬂs[a// —1])

Since ur = uso f, by transitivity of the extraordinary inverse image, we obtain
the isomorphism f!u!sﬁ,/,[—l] — M!TQ/,[—I]. Hence, p2+(f!p!15(§>Asz!u!S£,/,[—1]) —
Do+ (p'1 (f!g)(NXJ)AzTM!Tﬁl/,[—l]) = Fy (f'€), which gives 2.2.4.1. Moreover, by transitivity of
the push-forward, we get the first isomorphism:

FeFu ) = fepre(pi P8z Lyl=1) — prifo(pi (P8 fusLy=1))
[36] P2+(f+P1(}_)®A2uS£,/,[ 11)
(313101 p2+(p1(f+]:)®A2Hs£w[ 1) = Fy (f+F). o

We use the following remark during the proof of the main theorem.

Remark 2.2.5. Let Rx be the Robba ring over K (e.g., see [32, 15.1.4]). Let M be
a differential module on Rk, i.e., a free Rg-module of finite type endowed with an
integrable connexion (e.g., see the beginning of [18, 3]). We suppose M solvable (e.g.,
see Definition [18, 8.7]). We get the differential slope decomposition M = € Mg, where
Mg is purely of differential slope B (see Theorem [16, 2.4-1]). By definition Irr(M) :=
> p>0 B tk(Mp) (see both definitions in [4, 2.3.1] and the formula [4, 2.3.2.2] which
compare both definitions). Hence, we get that

Irr (M) < tk(M) + Irr (M1, 00)) (2.2.5.1)

where Mjj oo = @ﬂe]l,oo[ Mg.

Theorem 2.2.6. Suppose k is algebraically closed. Let (X4)1<a<n be projective, smooth and
connected curves, X = [[i_; X4, £ € F-DS(X/K) (see the notation of [3, 1.2]). There
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exists a constant c(S) such that, for any ﬁmte étale morphzsm of degree dq of the form
X — X, with X connected, by putting X = - lXa, o: X > X and € == at (&),

we have

(1) For any integer r, dimg Hrp;(+(g) cO T da

(2) For any integer r > 1, dimg H’px+(5) c(@max{[[,cada|AC{l,...,n} and

|Al =n—r}.

Proof. We proceed by induction on n € N. The case n = 1 has already been checked
in Proposition 2.1. 7 Suppose n > 2 Let ag: X - Xq be some ﬁmte étale morphism
of degree d, Wlth Xa connected X = - lXa, a: X > X and & —a“'(E) We put
Y= [],z1 Xa, Y = =[loz X4, B: Y = Y. Let pr: Y — Speck and pt: ¥ — Speck be the
projections (recall that from the convention of this paper, for instance, pr means also
the projection pr: X = X; x ¥ — X etc.). From Lemma 1.4.2 (recall also that from [39,
I11.6.10], since X; and )?,- are smooth curves, there exist some smooth proper formal
V-schemes X; and %i which lift them, which reduce us to the geometrical situation of
Lemma 1.4.2) there exists an affine open dense subvariety U; (independent of the choice
of @;) of X; such that pr+(oe+g)|U1 € lboc(Ul/K) (use [13, 2.2.12] to check this latter
property). Let Z; be the closed subvariety X\ Uy, (71 = al_l(Ul), 21 = al_l(Zl). Let
j: U — X1 i:Z — X be the inclusions.

Step (0) We have j- pr+(€) —pr+(5)|U1 € F-D 1soc
this is equivalent to prove (x1+(pr+(5))|U1 e D?

(Ul/K) Indeed, from Lemma 1.4.1,
(U1/K). Then, we get the desired

property from the isomorphism o4 (pr +(€)) = pr +(a+5~) (checked by transitivity of
the push-forwards).

1S0C

Step (I) With the notation 2.1.4, we check that there exists a constant ¢ (only depending

on &) such that

e For any integer s, 1k 7—[5;’;7»+(5) < c[lpendp.

e For any integer s > 1, rkHSﬁJr(éN‘) <cemax{[[pepdp | B C{2,...,n} and |B|=
n—1—s}.

Proof. Let ¢ be a closed pomt of Ur, T be a closed point of U, such that a (@) =t.
Let i;: t — Xy, i7: P Xl, ;e =S U1 be the closed immersions. Since the functor L~[1]

is acyclic on F- DFSOC(Ul/K), since l~[l] = (t~[l])o; we obtain z~[1](7—lspr+(5)) AN
HE (zt~pr+(5[1])). Moreover, for such 7, we have rk(?—[spr+(5)) = dimg zT[l]HsprJr(E).

We put &) := i!(é')[l] and gl = BT (&1). Since t x Y is a smooth divisor of X, then i'[l] is
right exact. Hence & € F-DSY(Y/K) (We identify ¥ with ¢ x Y). To simplify the notation,
we avoid to mention the isomorphism 7 —> ¢ induced by a; in other words, we identify ¢
and 7 via this isomorphism). We get i; = aj oiy and then oiy =i, 0 f: 7 x Y — X. Since
Bt = B, we get by transitivity of the extraordinary inverse image the isomorphism

i1 = it (O[] > BHIEN] = pH(E) = &1, (2.2.6.1)
Hence,

i,iﬁr+(§)[1][1—> pro i1 —> pr+(51)—py+(51) (2.2.6.2)

https://doi.org/10.1017/51474748017000299 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000299

Betti number estimates in p-adic cohomology 985

where we have identified ¥ with 7x ¥ in the last equality. By composition, we obtain
I pF o (£)) — H* (iHpr  (E11]) (2%2) He py, ()

and then rk(’;’-LS['JVrJF(g)) = dimg H’ py +(§1). We conclude by applying the induction
hypothesis to £ (notice that we do need Theorem 1.4.2: since U; is independent of
the choice of «; then so is 7 and then &;).

Step (IT)

(1) By considering the exact triangle jij'(£) — & — iyit(€) — +1 (see [3, 1.1.8(ii)]) we
reduce to check the proposition for £ = jij'(€) or £ = iyiT(£) (and because the functors
jij' and iyit preserve DS9).

(2) Suppose € =iyit(£). We can suppose that Zj is irreducible (i.e., since k is
algebraically closed, Z; = Speck). Consider the diagram with Cartesian squares:

21X?LZ1X?—I3>Z1XYL>21

SENTY

X—2 o~ x,xY x—" o x,.

We put G :=i"(E), G := BT(G). Since Z; is d; copies of Z, then we get aH_af'g;)
(G)4. This implies

Px+@) = pry @ @49) o pylisal BTG — priansaf @) — (@),
. ~ (2.2.6.3)
where in the second isomorphism we have identified Y with Z; x Y. We conclude by
applying the induction hypothesis to G.
(3) Suppose now & = jij'(£).
(a) We check that there exists a constant ¢ (only depending on &) such that
e For any s, dimg HlpglJr(HsﬁJr(éN’)) < c[lpon dp-

o For any s > 1, dimg H'pg,  (H*pr (&) < cmax{[[pepds| B C{2.....n} and |B| =
n—1-—s}.

Proof. We put F = j'(€), Fi= a™(F). By transitivity of the extraordinary push-forward,
we get the first isomorphism

QPP (F) = pry ji(F) [3]—}]0] ., (&), (2.2.6.4)

Moreover, since j' ji = 1d, we get the first isomorphism ﬁJr(f) = j!j]ﬁgr(f) (22;54)
j!ﬁ?+(g). Hence, from the Step 0, this implies ﬁf’+(]?) € Dzoc(ﬁl/K).

Since j) is exact, we get from (2.2.6.4) the isomorphism j!’}-lsi)\fur(]?) = Hsﬁur(g).
By applying the functor pz . to this last isomorphism, we get by transitivity of the
extraordinary push-forward

P (H 57 (F) —> pg, (KB, (E)). (2.2.6.5)
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Applying H' to (2.2.6.5), we get the first equality:
dimg H' pg, (M pr () = dimg H' pgg,,(H* pr(F)) < tkH* pr  (F) = 1kH* pr (&),
the inequality in the middle is a consequence of (2.1.5.2). From the step (I), we get the

desired estimate.
(b) We have the spectral sequence

E;S = H’pg1+7{sﬁ7’+(§) = Hr+5p§+(g).

Since U is affine of dimension 1, using the isomorphism (2.2.6.5), we get E5* =0 when
r € {0, 1} (use also Lemma 2.1.1 and the respective case of [3, 1.3.13(i)]). Hence, by using
the step (a) (still valid if we vary the order of X1, ..., X,,), it remains to check that there
exists a constant ¢(€) such that

e For any s, |x (X1, H* pr ()] < ¢(&) [T da-
eFor any s>1, |x(Xi, Hsﬁ+(8~))| <c@max{[[,cadalACH{l,....,n} and |A|=
n—s}.
(i) In this step, we reduce to the case where « is the identity. For this purpose, consider
the following diagram

fle/Lxlx?—ﬂ>X

N

~ -
X1 X1.
We have X()?l,HSﬁ+(g)) =x(X1,a1+7-lsf)7+(€~)). By using the transitivity of the

pull-back, we get the first isomorphism: a1+137+(é~‘) = a1+ﬁ?+al+(ﬂ+(€)) [ 1—~3>10]
3,1.3.

oz1+ozl+i77+(ﬂ+(5)). Since o4+ and afr are exact, this implies the isomorphism «H?*
Pr(E) — arpaf Hpr (BT (€)). Hence,
XXt o H pF () = X (X1, anpo] HEPF L (BH(EN).

From Lemma 1.2.9 (recall also that from [39, IIL.6.10], there exist some
smooth proper formal V-scheme X; which is a lifting of X;), we have
X (X1, a0 HS pr (BY(E)) = dix (X1, H pr (BT (E))). Hence, we have checked that
x (X1, Hsﬁ+(g)) =dix (X1, H* pr(BT(£))), which yields the desired result.

(ii) We suppose from now that «; is the identity. We prove that we can reduce to the case
where X| = IP’}( and U} = A}C. Indeed, from Kedlaya’s main theorem of [31], by shrinking
U, is necessary, there exists a finite morphism f: X; — IP’,l such that U; = ff1 (A}{) and
the induced morphism g: U; — A,i is etale. We get the Cartesian squares:

pr
N//_\
X X X =—U
o pr J
Lf O Lf O lf | lg (2.2.6.6)
P;XY%P}CAA;
pr
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Set & 1= f(E) = frjij'(€) —> jig+j' () 51—}10] J &) = jijNED. Set E = at(E)).

We have the isomorphisms j- pr+ot+(€) [3?1 o J pr+a+f+(8) — f+pr+a+(5) [31—;>10]

g+j'pr+a+(<€'). Since j- pr+a+(5) € DISOC(UI/K)’ since g is finite and etale, using
Lemma 1.4.1, this yields that j pr+ot+(8/) € DIbSOC(AI/K)
To finish this step (ii), it remains to compare the Euler—Poincare characteristic. Since

frji —> jigs, since g4 (because g is finite and etale) and ji are exact, then we get

H fpr o () ?4) H o i PP (F) —> jige HBr (F) —> frjiH* Pr . (F)

(2?4) FrH prL (&), (2.2.6.7)

This yields ’Hsﬁf‘+(5) [3?10] Hsf+pr+(5) —> f+7-lspr+(£) and then we get the last

equality
X (X1, H P () = x By, f1H pro(©)) = x (B, H' pr o (E))).
(iii) We suppose from now X;| = ]P’ and U1 A}(. Recall that @ = id and that we have

checked in Step I1.3(a) that pr+(.7-') € D (U;/K). Hence we can apply Lemma 2.1.6:
for any m € {0, 1} we have the inequality

1S0C

H™ i jiHS pr o (F)) < tk(H* pr o (F)) oS rk(H* pr_.(£)).

From the step (I), this latter is well estimated. This implies that x (X, i+i!j17'[siﬂ7+(]?))
is well estimated.

From (2.2.6.4), we obtam x (X1, Hspr+(5)) = x (X, jn?{spr+(]:)) Moreover, by using
the exact triangle iyi' — id — jyj' — +1 for ]'Hspm_(}_) (see [3, 1.1.8(ii)]), since
= - id, we get the equality x (X1, ]|'Hspr+(}')) = X (X1, i41° ]"Hspr+(}')) + x (X1, j+H*
pr+(}")) Hence, we reduce to estimate x (X1, j+H?* pr+(.7:))

From Christol-Mebkhout’s theorem [17, 5.0-10] (as described in the introduction), we
have the following p-adic Euler—Poincare formula:

X (X1, j1HE pry (F)) = x(Ur, HE pr o (F)) = tk (H* pr o (F)) x (Ur) — Iteo (H* pr 4 (F)),

where oo is the complement of U; in X1, i.e., of Al in IF’1

To simplify notation, we put F# := Fy[1] (see the notatlon 2.2. 2) and then from 2.2.3
the image by % of a module is a module. Since G* := Hspr+(]:) € F-Isoc(U1/K), then
it has no singular points (see Definition [4, 2.4.2]). Hence, Abe-Marmora’s formula [4,
4.1.6(i)] can be formulated of the form (see also the notation [4, 2.4.1, 4.1.1]):

—1k(F(G")) = 1k((G* Moo 11,00) — Irr((G* [Mo0)11,00)- (2.2.6.8)

With [4, 2.3.2.2] (respectively (2.2.5.1)), we get the equality (respectively inequality):

Itroo (G°) = Ir1(G? [00) < 1K(G° [1100) + It ((G* 10011, 000) - (2.2.6.9)
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Since 1k(G*) =1k(G*|nx0) and rk((G*1noo)i1.00p) < 1k(G®), we get from (2.2.6.8)
and (2.2.6.9) the inequality:

Itoo (H* . (F)) < tk(F (H* P, (F))) + 20k(HS pF , (F)).

Hence, we reduce to check the step (iv). N
(iv) In this step, we estimate rk(# (H* pr,.(F))). Since B = «, we get the diagram

pr
~/\
X—X——X
j[ ] ,-T (2.2.6.10)
U—2>U—=U,
\_/
pr
where U —A%,, U :A%. Set M := j . Z('E), where F = Fyll]: F—vagol(A ) —

F- Do\vhol(A ) (see the notation 2.2.2 and 2.2.3 for the acyclicity). From the step (I)

applied to M, there exists a constant ¢ (only depending on &) such that
e For any s, tk(H* pr  (at M) < c [T, dp-
e For any s > 1, tk(H* pr (T M)) < cmax{]_[beB dy|BC{2,...,n}and|B|=n—1—s}.

It remains to check that rk(.% (Hépr+(]—'))) = rk(HSpr+(a+/\/l)). By base change (recall
that o' = a™) and next by using 2.2.4, we have

pro@ M) = pr (@t jr F(F) — projra (F(F) — jipria (F(F))
= i PFL(F(F) — j(F(prF)),

where .7 := Zy[1]: F- &Vhol(A ) — F- Dovhol(Ag) is the shifted Fourier transform for
respectively S =Y, S =Y or § = Speck. Since # and j; are acyclic (see 2.2.3), then we
ot M BT (o M) > (F (M BT ). Since th(F (M BT F) = k(s (F (H: 7, )
(recall the notation of 2.1.4), we can conclude. O

From Theorem 2.2.6, the reader can check the p-adic analogues of corollaries [5, 4.5.2-5]
by copying the proofs. Moreover, from [3], we have a theory of weight in the framework
of arithmetic D-modules. For instance, we have checked the stability of the weight under
Grothendieck six operations (i.e., the p-adic analogue of Deligne famous work in [21]),
which is also explained in [5, 5.1.14]. In [5, 5.2.1], a reverse implication was proved.
The reader can check that we can copy the proof without further problems (i.e., we only
have to check that we have nothing new to check, e.g., we have already Lemma 2.1.5
or the purity of the middle extension of some pure unipotent F-isocrystal as given
in [3, 3.6.3]). For the reader, let us write this p-adic version and its important corollary
[5, 5.3.1] (this corollary is proved in [3] in another way, but Theorem 2.2.7 below is a
new result).
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Theorem 2.2.7 [5, 5.2.1]. We suppose k = Fps is finite and that F means the sth power

of Frobenius. Choose an isomorphism of the form t: @p — C. Let X be a k-variety
and £ € F-Ovhol(X/K). We suppose that, for any etale morphism a: U — X with U
affine, the K -vector space HO(pyy(at(E)) is t-mized of weight > w. Then & is --mized of
weight > w.

Corollary 2.2.8 [5, 5.3.1]. With the notation 2.2.7, if €& is t-mized of weight > w
(respectively < w), then any subquotient of £ is t-mixed of weight > w (respectively < w ).

Finally, except [5, 5.4.7-8], the reader can check easily the other results of the Chapter 5
of [5] by translating the proofs in our p-adic context.
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