Combinatorics, Probability and Computing (2014) 23, 670-685. (© Cambridge University Press 2014
doi:10.1017/S096354831400011X

The Largest Missing Value in a Sample of
Geometric Random Variables

MARGARET ARCHIBALD!t and ARNOLD KNOPFMACHER?*

IThe John Knopfmacher Centre for Applicable Analysis and Number Theory, University of the
Witwatersrand, PO Wits, 2050 Johannesburg, South Africa
(e-mail: zigarch@gmail. com)

2The John Knopfmacher Centre for Applicable Analysis and Number Theory,
University of the Witwatersrand,
PO Wits, 2050 Johannesburg, South Africa
(e-mail: arnold.knopfmacher@wits.ac.za)

Received 27 August 2012; revised 10 June 2013; first published online 22 May 2014

We consider samples of n geometric random variables with parameter 0 < p < 1, and study
the largest missing value, that is, the highest value of such a random variable, less than the
maximum, that does not appear in the sample. Asymptotic expressions for the mean and
variance for this quantity are presented. We also consider samples with the property that
the largest missing value and the largest value which does appear differ by exactly one,
and call this the LMV property. We find the probability that a sample of n variables has
the LMV property, as well as the mean for the average largest value in samples with this
property. The simpler special case of p = 1/2 has previously been studied, and verifying
that the results of the present paper coincide with those previously found for p = 1/2 leads
to some interesting identities.

2010 Mathematics subject classification : Primary 60C05
Secondary 05A16

1. Introduction

In 1985, Flajolet and Martin wrote a classic paper on probabilistic counting (see [5]).
They estimated the number of distinct elements in a large multiset by studying the size of
least missing value in a geometric sample, when p = 1/2. In this paper we approximate
the size of the largest missing value in a geometric sample for arbitrary 0 < p < 1, which
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could in turn also be used as a way to estimate the number of distinct elements in a large
multiset.

Over the past few years, there have been various papers on the notion of ‘gaps’ and
‘missing values’ in geometrically distributed sequences of random variables (see [8], [10]
and [7]). Initially, researchers were interested in counting ‘gap-free’ samples, and this
sparked an interest in the number of gaps or missing values in a sample. Aside from
its intrinsic interest, gaps have also found applications in the analysis of algorithms: see
[4] and [11]. The maximum value of samples of geometric random variables has also
attracted the attention of researchers, and has led to publications such as [15], [9], [13],
and [1].

In this paper we continue in this vein, and investigate firstly the mean and variance of the
largest missing value in a geometrically distributed sequence. Let the sample of geometric
random variables be given by (I'y,I'5,...T',), where P{I'; = i} = pg ' for1 <j<nieN
(0 is not included), and with p+ g = 1. Then we want to find the largest value which
does not appear in the sequence I'1,I;,...I", as long as there is at least one larger value
which does appear. If the sample is ‘complete’ (has all values from 1 up to the maximum
occurring in the sample) the largest missing value is taken to be 0.

It frequently happens, as we shall show, that when the largest missing value is non-zero,
it is then exactly one smaller than than the largest value which appears in the sample.
In such a case we say that the sample has the LMV property (the ‘largest missing value’
property).

We will determine the probability that a non-complete geometric sample has the LMV
property, as well as the size of the largest value of such a sample.

Previously, these questions have been studied in the special case of p = 1/2 in [2], and
subsequently the p = 1/2 case was revisited in [12]. However, neither of the methods
of [2] or [12] apply to the more general case of 0 < p <1 as studied in the present
paper.

The methods used in [12] would work for Theorems 5.1 and 6.1. However, for
Theorems 3.1 and 4.1, the analysis cannot be extended, as there are no suitable ex-
pansions involving the function v(k), the number of ones in the binary representation of
integer k.

2. Notation

In this paper we use the following notation:

0 :=1/q,
L :=1log0,
2kmi .
L = I (where k € Z,k #+ 0 and i denotes \/—1),

k
1 .
H, = Z 3 (denotes the kth harmonic number),
i=1

y :=0.577... (denotes Euler’s constant).
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2.1. Some known results
Let p, denote the probability that a sample of n geometric random variables is complete.
Then, as shown in [8], when p =¢q = 1/2,

1
Pn = 3 for every n > 1

and otherwise (for 0 < ¢ < 1, as n — o),

1 q’
Pn~ 1_Zzpj7_5P(IOgQ n), (2.1)
j=1
where
_ 1 ijj o dkmix
op(x) =7 > Z 7F(Xk + j)e 2T, (2.2)
k%0 j>1
For convenience set
P(n) =+ ; Py + 6p(logg n). (2.3)

We note that a further interesting expression for p, in terms of certain integrals was
obtained in [10], but it will not be used in this paper.

3. Largest missing value: mean

We begin by studying the expectation of the largest missing value. Since this quantity is
defined to be zero for complete samples, we consider only non-complete samples below.

Theorem 3.1. The expectation for the largest missing value in a non-complete sample of
geometrically distributed variables is asymptotic to

1z 2t HT(0) + da(logg n)
P(n)
as n — oo, where the fluctuating terms are given by

1 i . i
04(x) = 75 D 0 L+ )

il
k£0 i1

loggn+1—

and P(n) is given by (2.3).

Note. Even though the numerator and denominator depend on p;, the initial values can
be computed exactly from the recursion in [8], and using these terms in the sums in
Theorem 3.1 we can obtain high precision because of the geometric rate of convergence.
This is also true for Theorem 4.1.

Proof. Let C(z) be the exponential generating function (hereafter EGF) of complete
geometrically distributed samples. That is, the coefficient of z"/n! in the expansion of
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C(z) is the probability p, that a geometric sample of length n is complete. The EGF of
geometrically distributed samples where the largest value to occur is k is then

Ti(z) = Hez”q 1 C(zq") — 1) (3.1)

Here []Z 4" represents all the values smaller than k, which are allowed to occur
any number of times (including 0), and C(zg*) — 1 represents the values larger than k.
That is, we want to have a (non-empty) complete sample of geometric random variables,
but where the first or smallest value is now not 1 but k + 1, which corresponds to the
substitutions of zg* for z in C(z) — 1. So, if

= kTi(2)
k>1

then the average value for the largest missing value in a sample of geometric random
variables is

ty == nl[z"]T(z) = "]ZkHeZM‘ q)—1)

>1 =1
=n![z"] Zkez(l_qkfl)(C(zqk) —1).
k>1

Except for the case ¢ = 1/2 (see [8]), there is no explicit expression for the generating
function C(z). Instead we will use Poissonization and Mellin transforms to find n![z"] T(z).
We start by Poissonizing and define

T(z) == T(z ey ke (C(zg") — 1)
k>1
=Y ke (Czq") — 1). (3.2)
k>1
Now, let
pn =PI €C)

be the probability that I’ =T'y,..., T, is complete. Then from [8] we have the recurrence
1 ifn=0,

Pn = =l n\ k. n—k :
So(pg ™ ifn> 1
k=0

Then if C(z) is the Poisson transform of (pn), we have

N Z” .
Clz)=) pne.

n=0

For convenience, let

N . 7
Q) =Cle)— 1= puy—

n=0
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So we have (from (3.2))

T(z) =T =3 k(e (1 4+ Q(zg") — e ). (3.3)
k>1
Now, let
0(z) = (e)"1Q(z).
Then

S ke 0(zg") = > kD(zqY),

k>1 k>1
and the Mellin transform of (3.3) is

> k((pg" ) T(s) + 4707 (s) — (¢ T (s))

k>1
= Zk((pq"—l)—sr(s)

k>1

gt <Z %F(i +5)¢" + T(s)(g° — quS)) - (q“)“F(s)>

i1

Z Pivi 4 )4, (3.4)

l—q i>1

and exists in the strip (—1,0). By inverting the Mellin transform, we obtain an integral
which we approximate by moving the contour of integration to the right. We encounter a
double pole at s = 0, leaving a negative residue of

1 q'pi . 1 q'pi,. I (i)
EZ g r(z)logz+§z - r(:)( r(i))'

i>1 i>1

De-Poissonization (as explained in [14]) implies that ¢, ~ T(n), so for the main asymptotic
term of t, we have

= Z‘“’l log +lezq;f”'r(i)<L— ?8) (3.5)

i>1 i>1
For the fluctuations we find the negative residue of (3.4) at s = y; for k #* 0, namely

1 qiz—){kpi . . F,(l + }{k)
Lzzz o F(l+/(k)<L+10gZ ESAA

k40 i>1

This implies that the fluctuating contributions to the asymptotic expansion of t, are

1 in. .

2
L k#0 i1
1 q'Pir,. U4 70\ —okrin
+tE D F(z+;<k)<L—.“ ¢~ riloggn
L Tl i! TG+ )
= (logg n + 1)op(logy n) — d4(logg n). (3.6)
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The result of Theorem 3.1 follows after dividing the sum of (3.5) and (3.6) by the
probability 1 — p, that the sample is non-complete, where by (2.1),

L~ P = 5 srttong ) 67
]>1
This gives
logo n( Dzt Q +dr(logo n)
P(n)
. LY 4p (L — %) + dp(logy n) — d(logy n)
(n)
LS 4RO 5 (log, n)
zloggn"i‘l_L2 = lll;(n) = |
as claimed. -

3.1. The case p =1/2
By substituting p =1/2 in Theorem 3.1, we can check this against the corresponding
result in [2]. That result was derived by simpler means, by using the explicit expression
for C(z) known for the case p = 1/2.

We first simplify the expression in Theorem 3.1 to (here L = log2)

1 —iel e o
1z Zi>1 2 r ')+ ﬁ Zk#o 291 ZTF/(l + 1)e 2kmilogy n

logyn+1— — , ad (3.8)

% 2z 2/7” + % 2 k20 2231 2=t F(xjk_i!ﬂ)w log(n)

Now, we have that
2—1 1 7
EY =55 (3.9)
i>1 !
! 2 - I+, _
ﬁ Z Z 5 F’(z + /fk) —2kmilogyn __ Z %e—%mlogzn
k0 i1 o
= Z T+ ) o~ 2kmilogy n
k=0 2/ka
1 )
=L D T(—p)emioer, (3.10)
k#0
1 2—j—1 1
L > = bk (3.11)
=
and
*222 j—1 /ck+1) guloatn _ s
k£0 j>1
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as

S o ‘F("‘ﬂ) —0, forallk£0,

j=>1

Substituting the formulae (3.9), (3.10), (3.11) and (3.12) into (3.8) gives

Y 1 1 5 i
2% —3— 3 Zk%o F(_/Ck)e2kmlog2n

logyn+1+ s
= log2 n-+ Z + 1 _ l Z l—‘(_xk)eanilogzn
L 2 L o ’

as in [2].

4. Largest missing value: variance

The calculation of the variance is more involved than that of the mean, hence in this
section we will not explicitly compute the fluctuating terms which arise. The calculation
of these can be done in principle but is very tedious and the contributions, typically of
order 107°, are of little numerical significance.

Theorem 4.1. The variance for the largest missing value in a non-complete sample of geo-
metrically distributed variables is asymptotic to (excluding small fluctuations of mean zero
in both numerator and denominator)

1 Z,;l 74q'pil (i) 1 (291 ﬂqlpir/(l))z 0,12

12 L T 72 L i — @Elo

L2 > s 74'pi L2 (X 74
as n — oo, where [55](2) denotes a tiny constant arising from the square of the fluctuating
term of the mean value.

Proof. Again we make use of the EGF of geometrically distributed samples for general
p where the largest value to occur is k (see (3.1)):

k—1
Ti(z) = [[ e (Czg") — 1).
i=1

Here we want the second moment, and thus we want to find the coefficient of n!z" in

=D KTz = YK (Clzg — 1),

k>1 k>1
Poissonizing W(z) gives
W(z) = =Y 12 (Czg") — 1)
k=1
=Y k(e (14 0(zq") — e, (4.1)
k>1
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where
~ . z"
Q) =Cz)—1=e7) py—1.
n=0
as before. The Mellin transform of this is

3 kg ’“((pq )Ts Z”_’ (i +5)g™* +T()(q" — ¢'p ) — (@) T (s ))

k>1 i1

pl g
= g 2 T+, 42

i1

and exists in the strip (—1,0). We now invert the Mellin transform to get an integral
which we approximate by considering the negative residues of the triple pole at s =0.

This gives
1 q'pi qpl 4'piy .
EZ i (logz)* + _FZ 4 (i) log z
i>1 i>1 i>1
1 —dpi q'p q'pi .
P A B A 5 Y e
i>1 i>1 i>1

De-Poissonizing this leaves us with

q'pi 2 q'piy.
ng (logn) fZ ogn— 73> = T'()logn
i>1 i>1 i>1
qu 2 1 qipi "
_fz FZ TR
1>1 i>1 i1

This we divide by the probability that the sample is not complete (1 — p,,, but excluding
the fluctuations) and subtract the square of the expectation from Theorem 3.1 to get

1 Y 2apTG) 1 (Cisy a7 ()2

= R iLLLk BN PRE (43)
L2 Soitdp L2 (S tdim)? 0
as in Theorem 4.1. The square of the fluctuating term of the mean value leads to the very
small additional non-zero contribution [55]3. U]

Remark. In the simpler case of p = 1/2, the tiny additional term [0g]3 was computed
explicitly in [2] and was shown to be of magnitude 10~!2. By including this known tiny
term from the p = % case, we have an identity (proved in the subsection below) to show
that this result corresponds to the variance in [2].

4.1. Identity for p =1/2
Here we prove that for p = 1/2 the result in Theorem 4.1 corresponds to the equivalent
result in [2]. That is, we want to simplify the expression in (4.3), after substituting in
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p = 5, which is
izél %271‘711—*//(1-) B L(Zz}l %Zfifll—v(i))z
L2 3y 2! L2 (s 12771
and prove that it equals

— [9£15, (4.4)

I+7 thh—1

h>1
as in Theorem 2 of [2]. First note that

PR (4.5)

: i 2
i1

Now, for the first sum in (4.4) we have that

d
I() = ')~ + Hi- 1>+F()d<2<i x-l—11<—1)>

o0

=T(i)(—y + Hi_1)? + T(i)
) ; (i+ k

=i

—F(l)(y —2)H; 1 +H +Z l+k_1)2)

=1

and consequently

1 —i—1y s —1—11 2 2 - 1
oG =32y 2yH,_1+Hi_1+Z_j(i+k_1)2

i>1 i>1
210g2—710g 2+ZZ i2i i— 2;1212
Now,
m—1 , m—1 m—1 m—1 j—1
1 1 1 1
Hy%‘[—] = - = = = +2 —
i=1 ! j=1 J i=1 ! j=1 i=1 l]
SO

-y
m=>1 ]111
Z / ’”1dt+2ZHJI Z/ " dt
iz1 j=1 m>=j+1
: t’ tH
/ t+2/ 1—zz i |

i>1
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, 1 1 1 2
! 1 2 2 log* (1 —1) 21 1
= Slog(— )| - —=———ar+2 | —(1
[Ziz °g<1—r>]0 /o T /0 T8 )

i>1

=5 (n®L +2L* — 3{(3)).

Next

j=1
= 1/5 1 —~ 1 (7 ¢
=y = —dt—Z—/ d
2 — i2 —
j=1] o 1—t j=1] 1—1t
1

| P 1 (1/2) L 1~ (1/2)
D2 T =33 Ty H) = =5 5 Y
i>1 i>1 izl
Now
ijH = log !
, T 1—x
jz1
o)
i _ X 1
2 WHj = g log
j>1
Therefore

: _ 1
Setting x = 7,

a2y, L
Hi_|=—.
mo T
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Consequently, for the first two terms in (4.4) we have

1 dois 277G 1 (Xisi 277 (i))?
L Zi>1 %z_i_l L (291 %Z_i_l)z

02 2
_ é% [/zL _ "/5 + %le( 24213 — 30(3)) + %le(nzL +2L3 +3¢(3))
1 /2\*[ yL 112
_L2<L> [_ > T3 2}
n? 1
From this we must subtract
2
10215 = 6an L Z h(zh —1)

h>1

(see [2, p. 727]), so we get the main term of the variance to be
n? 1 n? 11 2 (=)~ (— l)h !
SR Y et 1
6L2 + 12 (6L2 12 L h2>:1 2t —1) ) 7 Z h2h—1)

as required.

5. Probability that a sample has the LMV property

Now we consider the probability that the largest missing value is one less than the largest
part for general p. As observed in the Introduction, the majority of non-complete samples
have this LMV property.

Theorem 5.1. The probability that a non-complete geometric sample of length n has the
LMYV property is
—logy(Q* —Q +1) | di(logyn)
P(n) P(n) ~

where

01(x) == %Z((QZ -0+ s — l)r‘(_xk)Qanix.
-0

Proof. The generating function for all samples where the largest missing value is k and
the largest part is k + 1 is

k—1
Fiz) = [[ e (e — 1) (5.1)
i=1

k _ k=1 k=1
— g +2(1=¢) _ pz(l=¢")
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Let
F(z) = ZFk(z).
k>1
So the probability that the largest missing value and the largest part differ by one is

n[z"]F(z) = n![z"] Z(ez,,quz(l,qk—]) B ez(l,qk_l))
k>1

1 o o
=nllz"1D> > = (pd +2 =24y — (2 —2¢""Y)
k>1 j>01’

=> ((pg" + 1 =gy = (1 =gy
>l

n p . 1
=3 (1) —rar -2

-
r=0 4q

using the Binomial Theorem. This can be approximated using ‘Rice’s method’. This
technique is briefly explained in the following lemma (see [6], [13], [14]).

Lemma 5.2. Let C be a curve surrounding the points 1,2,...,n in the complex plane, and
let f(z) be analytic inside C. Then

~ (n Kk __ 1 :
> ()1t = 5 [msalses

k=1
where the kernel
. (=)~ 'n! _ I+ DI'(=2)
T zz—1)(z—n) Tm+1—2z2)"
By extending the contour of integration, it turns out that under suitable growth conditions
(see [6]) the asymptotic expansion of our alternating sum is given by

[n;z]

(5.2)

Z Res([n;z]f(z)) + smaller order terms,

where the sum is taken over all poles different from 1,... n.

We use the function

1—gq*
so there is only a simple pole (from the kernel) at z = 0 and also simple poles at z = y;
(from f(z)). Expanding f gives

f(z) ~ 14+ zlog(l —pgq)—1 N log(1 — pq)
1—(1+zlogq) —logg

=logy(Q*— Q0+ 1)—2.

Also,

1
[n;Z] ~
z
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so that the residue becomes

2—logy(Q* — Q0 +1). (5.3)
For the fluctuations, we look at the simple poles at z = y;. Let ¢ = z + ;. Then

1—q1kq8 — logq g]OgQ

since Q% =1, and
[n;z] ~ n*T(—yx).
This means the fluctuations in this case are
1 ) ,
72 (@2 =0+ 1) = )T(—z)n*. (54)
k=0

The formulae in (5.3) and (5.4) give us the result that the probability of a geometric
random sample having the largest part only one value away from the largest missing

part is
1 ;
2—1logg(Q* =@+ )+ 7 D> _((Q° = 0+ 1) — 1)I (=)™
k0
We need to divide this by 1 — p, (see formula (3.7)), the probability that the sample is
non-complete. This concludes the proof of Theorem 5.1. L]

We note that for the case p = % this result agrees with the result in [2].

6. The average largest value under the LMV property

In this section we find the average largest value for samples of geometric random variables
which have the LMV property. That is, if a non-complete sample has a largest part and
a largest missing value differing by one, what is the average of the largest part? We find
the average largest missing value in this case, and then add one to the result. The method
is similar to that of the previous section, used in finding the probability that a sample has
the LMV property. We consider the set of non-complete samples only.

Theorem 6.1. The average largest value for geometric samples which have the LMV prop-
erty is

logopn+1+ % + (1) IOgQ(QZ —0+1)- %Ingg(Qz —Q + 1) + ds(logg n)
¢ 2_IOgQ(QZ—Q-l- 1) + 61(logg n) ’

where the fluctuating terms are given by §1(x) (defined in Theorem 5.1), and
I'(— y mix
oa(x) == 7(L2Xk)((Q2 —Q+ 1) — )
k0

+ g H2) (2 — 0 4 174 (10gglQ” — @ + 1) — 1) — 1)
k#0
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Proof. The generating function for all samples whose largest missing value is k and
whose largest part is k + 1 is

"

-1
Fi(z) = Hez”"u(e”’qk —1)= 7P +2(1—q"~

as in (5.1). If we define the function

G(z) =) kFi(z)

k>1

then the average largest missing value is given by

MIEIG(E) = 2] 3 k(e 007 =)

k>1
_ Zk((qu +1— qkfl)n _ (1 _ qkfl)n)
k>1
—Z() (1 —=pgy — 1) kg

k>1
l—pq)’—l
_Z() —q)?

This alternating sum is again a candidate for Rice’s method, and the function in question
is

The expression [n;z]f(z) has a double pole at z =0, and a double pole at z = y;. By
expanding [n;z] and f(z) to two terms around z = 0, we get

e7logll—ra) _ 1 N log(1 — pg)(1 + M)(l —zlogq)
(1 — e7loga)2 zL2 ’

flz) =

and with the harmonic number H, = }7/_, J,

[n;z] ~ —2(1 + zH,).

Thus the residue for z = 0 is

—log(1 — pq) (H +10g(1—pq)+L>

1) = — .

log(Q? — Q + 1) —log(0Q?) N L>’

1
~ L(2—logQ(Q2—Q+1))<logn—|—y+ 3

as n — oo. We can express this as

logy n(2 —logy(Q* — 0 + 1)) + Z—L/ +logy(Q* — 0 + 1)(1 — ) — % logH(Q> — Q + 1).

(6.1)

r
L
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For the double pole at z = y, let ¢ =z — y; to get
_ (I=pg)(1 —pq)* —1
1) = (1 —qnq*)?
(1= pay(1 + glog(1 — pg) + ZELPD) — 1)(1 — zlogg)
e21.2

and (see [3])

[n;2] ~ T(—y)n [1 — w(—y)e + elogn].
So the residue is
[e'1[n: 211 (2) ” (6.2)
= W((—w(—m +logn)((1 — pg)* —1)
+ (1= pg)* log(1 — pq) + (1 — pg)* — 1)L)

= togn™ (@ g+ 1ys i — TUB (g2 g 1y — s
+ T (0 0 4 174 108g(Q* — 0 + 1)~ 1— (@ — Q- 1Y),
since Q% = 1. Adding (6.1) to (6.2) (summed on all non-zero k) gives
2
logg n(2 — logg(Q* — Q + 1)) + L’

1
+logQ<Qz—Q+ 1)(1 - Z) — 3 logy(@ =0+ 1)

p— e =3 B (g2 g 1y e

k#0 k#0
I'(—) . ,
+Y —( L"‘) (@~ 0+ 1V logg(Q’ —Q + 1) —1 (@~ Q+ 1) (63)
k0
By conditional probability it is now necessary to divide (6.3) by p,(1 — p,) where (see
Theorem 5.1)
Pu(1 = pa) =2 —1ogy(Q* — @ + 1) + &1 (logg n).

This gives the average largest missing value, so we add 1 to get to the result in Theorem 6.1.

U

7. Concluding remarks

It is interesting to compare the average largest value for all geometric random samples
with that of samples with the LMV property. If we ignore the tiny fluctuations, we have
the following.

The average largest part for all samples is (see [15])

Y 1
1 =~ 4+ .
oan+L+2
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The average largest part for samples with the LMV property simplifies (see Theorem 6.1)
to

1
loan~|—1+%+§logQ(Q2—Q+1).

The difference of § + § logy(Q? — Q + 1) increases monotonically from 1 to 3/2 as Q goes
from 1 to oo.
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