
Bull. Aust. Math. Soc. 106 (2022), 203–208
doi:10.1017/S000497272200020X

ON THE DIVISIBILITY OF SUMS INVOLVING APÉRY-LIKE
POLYNOMIALS

SHENG YANG and JI-CAI LIU �

(Received 30 November 2021; accepted 3 February 2022; first published online 21 March 2022)

Abstract

We prove a divisibility result on sums involving the Apéry-like polynomials

Vn(x) =
n∑

k=0

(
n
k

)(
n + k

k

)(
x
k

)(
x + k

k

)
,

which confirms a conjectural congruence of Z.-H. Sun. Our proof relies on some combinatorial identities
and transformation formulae.
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1. Introduction

In his ingenious proof of the irrationality of ζ(2) and ζ(3), Apéry [1] introduced the
numbers

An =

n∑
k=0

(
n
k

)2(n + k
k

)2

and A′n =
n∑

k=0

(
n
k

)2(n + k
k

)
,

which are now known as the Apéry numbers. Since the appearance of the Apéry
numbers, some interesting arithmetic properties have been gradually discovered. For
instance, Sun [8, formula (1.6)] showed that for any prime p ≥ 5,

p−1∑
k=0

(2k + 1)Ak ≡ p +
7
6

p4Bp−3 (mod p5),

where Bn denotes the nth Bernoulli number. In 2012, Guo and Zeng [3, Theorem 1.3]
proved that

p−1∑
k=0

(2k + 1)3Ak ≡ p3 (mod 2p6).

The second author was supported by the National Natural Science Foundation of China (grant 12171370).
© The Author(s), 2022. Published by Cambridge University Press on behalf of Australian Mathematical
Publishing Association Inc.

203

https://doi.org/10.1017/S000497272200020X Published online by Cambridge University Press

http://dx.doi.org/10.1017/S000497272200020X
https://orcid.org/0000-0002-8618-2305
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S000497272200020X&domain=pdf
https://doi.org/10.1017/S000497272200020X


204 S. Yang and J.-C. Liu [2]

In 2012, Sun [8] introduced the Apéry polynomials,

An(x) =
n∑

k=0

(
n
k

)2(n + k
k

)2

xk,

and conjectured that

n−1∑
k=0

εk(2k + 1)Ak(x)m ≡ 0 (mod n),

where ε = ±1 and n, m are positive integers. This conjectural divisibility result was
confirmed by Pan [5, Theorem 1.1].

In 2020, Sun [7, formula (1.8)] introduced the Apéry-like polynomials

Vn(x) =
n∑

k=0

(
n
k

)(
n + k

k

)(
x
k

)(
x + k

k

)
.

Note that Vn(n) = An and

Vn

(
− 1

2

)
=

1
16n

n∑
k=0

(
2k
k

)2(2n − 2k
n − k

)2

.

Let p ≥ 5 be a prime and, for x ∈ Zp, let 〈x〉p denote the least nonnegative integer a
with a ≡ x (mod p). Sun [7, Theorem 4.5] also showed that for x � 0,−1 (mod p) and
x′ = (x − 〈x〉p)/p,

p−1∑
k=0

(2k + 1)Vk(x) ≡ p3 x′(x′ + 1)
x(x + 1)

+ 2p4 x′(x′ + 1) + 1
x(x + 1)

H〈x〉p (mod p5),

where Hn =
∑n

i=1 1/i denotes the nth harmonic number.
Recently, Wang [10, Theorem 1.1] proved that for any prime p ≥ 5,

p−1∑
k=0

(−1)k(2k + 1)Vn

(
− 1

2

)
≡ (−1)(p−1)/2 p + 3p3Ep−3 (mod p4),

p−1∑
k=0

2k(k + 1)Vn

(
− 1

2

)
≡ (−1)(p−1)/2 p + 5p3Ep−3 (mod p4),

which confirm two supercongruence conjectures due to Sun [9, Conjecture 33].
In his talk at the 7th Chinese National Conference on Combinatorial Number

Theory, Z.-H. Sun discussed the sums of squares of the Apéry-like polynomials Vn(x)
and proposed the following divisibility conjecture.
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CONJECTURE 1.1. Let p ≥ 5 be a prime. For x ∈ Zp and x � −1/2 (mod p),

p−1∑
n=0

(2n + 1)Vn(x)2 ≡ 0 (mod p2).

The aim of this note is to give a positive answer to this problem as follows.

THEOREM 1.2. Let p ≥ 5 be a prime. For x ∈ Zp,

p−1∑
n=0

(2n + 1)Vn(x)2 ≡ p2

2〈x〉p + 1
(mod p2).

2. Proof of Theorem 1.2

We begin with the following identity [2, formula (2.5)]:

(
x
j

)(
x + j

j

)(
x
k

)(
x + k

k

)
=

j+k∑
s=0

(
j + k

s

)(
s
j

)(
s
k

)(
x
s

)(
x + s

s

)
. (2.1)

Using (2.1) twice, we obtain

Vn(x)2 =

n∑
j=0

n∑
k=0

(
n
j

)(
n + j

j

)(
n
k

)(
n + k

k

)(
x
j

)(
x + j

j

)(
x
k

)(
x + k

k

)

=

n∑
j=0

n∑
k=0

j+k∑
r=0

j+k∑
s=0

(
n
r

)(
n + r

r

)(
x
s

)(
x + s

s

)(
j + k

r

)(
r
j

)(
r
k

)(
j + k

s

)(
s
j

)(
s
k

)
.

It follows that

p−1∑
n=0

(2n + 1)Vn(x)2 =

p−1∑
j=0

p−1∑
k=0

j+k∑
r=0

j+k∑
s=0

(
x
s

)(
x + s

s

)(
j + k

r

)(
r
j

)(
r
k

)(
j + k

s

)(
s
j

)(
s
k

)

×
p−1∑
n=0

(2n + 1)
(
n
r

)(
n + r

r

)
. (2.2)

Since

N−1∑
n=0

(2n + 1)
(
n
r

)(
n + r

r

)
=

N2

r + 1

(
N + r

r

)(
N − 1

r

)
,
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which can be easily proved by induction on N, we deduce that for 0 ≤ r ≤ 2p − 2,
p−1∑
n=0

(2n + 1)
(
n
r

)(
n + r

r

)
=

p2

r + 1

(
p + r

r

)(
p − 1

r

)

=
p2(p2 − 12) · · · (p2 − r2)

(r + 1)r!2

≡ (−1)r p2

r + 1
(mod p2). (2.3)

Substituting (2.3) into the right-hand side of (2.2) gives
p−1∑
n=0

(2n + 1)Vn(x)2 ≡ p2
p−1∑
j=0

p−1∑
k=0

j+k∑
s=0

(
x
s

)(
x + s

s

)(
j + k

s

)(
s
j

)(
s
k

)

×
j+k∑
r=0

(−1)r

r + 1

(
j + k

r

)(
r
j

)(
r
k

)
(mod p2). (2.4)

Using the identity,
j+k∑
r=0

(−1)r

r + 1

(
r
j

)(
j

r − k

)
=

(−1)j+k

(j + k + 1)
(

j+k
j

) ,

from [4, formula (2.2)], we get
j+k∑
r=0

(−1)r

r + 1

(
j + k

r

)(
r
j

)(
r
k

)
=

(
j + k

j

) j+k∑
r=0

(−1)r

r + 1

(
r
j

)(
j

r − k

)
=

(−1)j+k

j + k + 1
. (2.5)

Combining (2.4) and (2.5), we obtain
p−1∑
n=0

(2n + 1)Vn(x)2 ≡ p2
p−1∑
j=0

p−1∑
k=0

j+k∑
s=0

(−1)j+k

j + k + 1

(
x
s

)(
x + s

s

)(
j + k

s

)(
s
j

)(
s
k

)
(mod p2)

= p2
2p−2∑
s=0

p−1∑
j=0

p−1∑
k=0

(−1)j+k

j + k + 1

(
x
s

)(
x + s

s

)(
j + k

s

)(
s
j

)(
s
k

)
. (2.6)

Since the summands on the right-hand side of (2.6) are congruent to 0 modulo p2

except for j + k = p − 1, we conclude that
p−1∑
n=0

(2n + 1)Vn(x)2 ≡ p
p−1∑
s=0

(
x
s

)(
x + s

s

)(
p − 1

s

) ∑
j+k=p−1

(
s
j

)(
s
k

)
(mod p2)

= p
p−1∑
s=0

(
x
s

)(
x + s

s

)(
p − 1

s

)(
2s

p − 1

)
,

where we have used the Chu–Vandermonde identity in the last step.
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Furthermore, we have
(

p−1
s

)
≡ (−1)s (mod p) and

(
2s

p−1

)
≡ p/(2s + 1) (mod p) for

0 ≤ s ≤ p − 1. It follows that

p−1∑
n=0

(2n + 1)Vn(x)2 ≡ p2
p−1∑
s=0

(−1)s

2s + 1

(
x
s

)(
x + s

s

)

≡ p2
〈x〉p∑
s=0

(−1)s

2s + 1

(
〈x〉p

s

)(
〈x〉p + s

s

)
(mod p2). (2.7)

Next, we recall the identity [6, formula (2.1)],
n∑

s=0

(−1)s

z + s

(
n
s

)(
n + s

s

)
=

(1 − z)n

z(1 + z)n
. (2.8)

The case z = 1/2 in (2.8) reads
n∑

s=0

(−1)s

2s + 1

(
n
s

)(
n + s

s

)
=

1
2n + 1

. (2.9)

Finally, combining (2.7) and (2.9), we obtain

p−1∑
n=0

(2n + 1)Vn(x)2 ≡ p2

2〈x〉p + 1
(mod p2),

as desired.
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