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Feedback

On 98.10: Mark Hennings writes: When proving properties of the
symmetricdifference,indicator functions are somewhatsimpler than truth
tables(see[1]). If € is the universalset,thenthe indicatorfunction y, of a
subsetA e 2°is the{0,1}-valued functionya : ¢ — {0, 1} givenby the
formula

(X = 1 X e A
W =10 xe A

Since indicator functions are {0,1}-valued, we see that
A=8B A XA = XB S xa = s (Mod 2)

andso identifying an indicatorfunction modulo 2 is enoughto identify the
underlying set.

Theindicatorfunctionof A + Bis relatedto theindicatorfunctionsof A
andB by the identity

XA+B = XA + XB (mOd 2)
as shown by the following table (essentially a truth table):

aa) | x80 | xa(X) + x8(X) | xa+8(X)
Xe AnB 1 1 2 0
X € A\B 1 0 1 1
X € B\VA 0 1 1 1
X e (Au B’ 0 0 0 0

and hencethe associativityof the symmetricdifferencecan be proved by
observing that

XA+B+C) = XAt XB+C = (XA + XB) + Xc = Xa+B t XC = X@A+B+C

modulo 2, sothat A + (B + C) = (A + B) + C. This approachtogether
with the identity

XAnB = XA X XB

enablesusto showthat2? is aring, with symmetricdifference+ asaddition
and intersectiom as multiplication. For example

XA+BnC = XA+BXC = (XA+ XB)XC = XaXxc t+ xBXc = Xanc t XBnC = X(AnC)+(BNC)

modulo 2, so that (A+B)nC=(AnC)+(BnC), establishing the
distributivity of intersection over symmetric difference.

Reference

1. P.R. Halmos,Doesmathematicshave elementsMath. Intelligencer
3.4(1981), pp. 147-153.
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On 98.14: Graham Jamesonand Nick Lord write: As remarkedin the
Feedbacktem [1] in the sameissue,the statedresultis the casex = 3 of
the identity

]_[2

E,

where the ‘dilogarithm’ function Li, is defined by Li,(x) = flx"/nz.
n=

Moreover,only a slight modification of the proof givenfor the specialcase

is neededo establishthe generalcase,asfollows. By termwiseintegration
of the series

Lio(X) + Lio(1 =X +InxIn(1 - x) = (2 =

ha-v Sttt
t &~ n’

we have

Li,(x) = -jx'”(l—"t)dt

Substitutingg = 1 — u, we have also, fdd < x < 1,

lp@ - = - [ = Dg - P00

In particular,— Jol Inu/(1 — udu = L|2(1) = £ (2). Now mtegratingby
parts, we have fd < x < 1

—Uﬂm=[MHM1—mé+ﬁ;Ttm
1 Int 1 Int
= Iann(l—x)+J'01_tdt—fxl_tdt

= InxIn(1-x) - (2 + Li,(1 - x).
Thisidentity is yetanothermresultof Euler. As the authorstatesthe valueof
Li, (-3) is notknownin closedform. In fact, rathercuriously,apartfrom %
andthe obviouscasesl, -1 and 0, the only real numbersx for which the
valueLi, (x) is knownin closedform area, —a, a®> and-1 — a, wherea is
the goldenratio number} (v5 - 1). Thesevaluesfeaturedas exercisesn
Carr'sSynopsis of Pure Mathematieich inspired Ramanujan as a boy.

Reference

1. Nick Lord, Feedbackon ‘A simple seriesrepresentatiorfor Apéry's
constant’ Math. Gaz98 (July 2014), p. 357.
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On 98.19:Peter Coastwrites: Theideabehindthis proofis agoodone,but
| feel the demonstration is unduly complicated. Consider the following.
Forx = N/D e Q,
(8) Lety be the stringN in binary notation)dp in binary notation),
(b) Letzbe the integer defined tyin ternary notation,
(c) Letf(x) = z
Thenf is 1-1 (by construction)and into (1 is not in the range)and
therefore injective but not surjective.

A similar approachworks for algebraic numbers and computable
numbers as well.

On ‘Two girls - the value of information’: Michael Jewesswrites: The
concludingparagraptof the interestingand stimulatingarticle [1] is a little
dismissiveof the following statementin Wikipedia ‘The answer[to the
two-girls problem] dependson how this information comesto us — what
kind of selectionprocessbroughtus this knowledge.” But Wikipediahasa
point, which complementghe article, and which can be demonstratedy
means of a game show.

In a gameshow, both the host and the contestantare mathematically
skilful, andeachplaysto win. In accordanceavith the gamerules,the game
showhostfirst choosesat randoma family with two children,andconceals
themfrom the contestant. The hosthasaccesgo full informationaboutthe
children,but initially the contestanknowsonly their number(two) andthe
fact of randomselection. The hostthen providessomefurtherinformation
about the children to the contestant. Next, in the light of the further
information, the contestantcomputesthe probability x that the family
containstwo girls, and therebythe probability (1 — x) that it does not.
Finally, the contestanguessesvhetheror notthefamily hasin facttwo girls
(in line with the higherof the computedprobabilitiesso asto maximisehis
chance of receiving the prize offered for a correct guess).

Problem3 asworked out in the article correspond$o sucha gamein
which (i) the rules additionally prescribethat the host providesthe further
information only in response to a challenge as follows
ChallengeA: By selectingoneoptionwithin the squarebracketsconstruct
atruestatemenfrom ‘[At leastone/neitherpf thetwo childrenis a girl who
was born on a Tuesday.’ -
and in which (ii) the response is in fact -

Respons&: ‘At leastone of the two childrenis a girl who wasbornon a
Tuesday.’

On receivingResponser, the contestantomputesasin the article by
reference to its Table 1, that= 13/27.

But Table 1 also showsthat, for a randomly-choserfamily with two
children, thereis only a 27/ 196 probability that ResponseR is a truthful
responseo ChallengeA. If Response is untrue(a 169/ 196 probability),
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the host must give the following response:

ResponseS: ‘Neither of the two children is a girl who was born on a
Tuesday.’

A contestantreceiving ResponseS comé)utesfrom Table 1 that
169 3 1

13 .
X = 36/169. (Check.l—96 x > + 1% X 169 - 2 the probability of
two girls in a randomly-chosen family with two children.)

Suppose instead that the challenge in the game is the following:

ChallengeB: By selectingone option within eachpair of squarebrackets,
constructa true statemenfrom ‘At leastone of the two childrenis a [girl/
boy] who was born on a [Sunday/Monday/Tuesday/Wednesday/Thursday/
Friday/Saturday].’

To ChallengeA thereis only one truthful responséor any particular
family in question. But to ChallengeB thereexisteitheroneor two truthful
responsesiependingon the family in question. If thereare two truthful
responsesandthe oneis lesshelpful to the contestanthanthe other,then
the host will give the less helpful one.

If therearetwo boys(1/4 probabilityin a randomly-chosefamily with
two children), the hostis forcedto respondto ChallengeB in a way that
admitsthe existenceof a boy — andto identify the birth day of one of the
two boys. The contestanthenknows,regardles®f whatbirth dayis given,
thatx = 0 andthecontestanwill win thegamefor certain. If therearetwo
girls (1/4 probability in a randomly-choseriamily with two children) or a
boy and a girl (2/4 probability in a randomly-choserfamily with two
children),the hostoptsfor ‘girl’ over ‘boy’, andidentifiesthe birth day of
one of the two girls or of the girl respectively. Regardles®f whetherthe
host'sresponsés identical with ResponseR or whetherit is ResponseR
with ‘Tuesday’ substitutedby a different day, the contestanthencomputes
thatx = 1/(1 + 2) = 1/3. (Check:E x 0 + (l + —) X 1_ l.)

4 4 473 4

Judgedas games,neither the gamewith ChallengeA nor that with
ChallengeB is very interesting: whatever responsethe host gives, the
contestant'betterguesss alwaysthatthe family doesnot containtwo girls
— though, interestingly for the mathematician,only just (by 1/27), if
Response R is given to Challenge A.

The above demonstrateghat what one deducesfrom ResponseR
depend®nwhatthechallengewas. A similarissuearosein areal TV game
show, Monty Hall's Let's makea deal In the Monty Hall game,the host
knows which one (and only one) of three doors hides a prize, and the
contestanhasto guesswhich one. Marilyn vos Savan{2] imaginesa little
greenwomanwho arrivesfrom a UFO part-waythroughthe game,in time
to observethatthe hosthasopenedonedoor showingthereis no prizethere,
but not in time to know the challengeto which the host has responded.
Conceivably,the challengeto the host might have been: ‘Open as you
chooseany one of the threedoors;’ or ‘Open a particulardoor which | the
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contestanthoose;’ or — the actual,ratherinterestingcase- ‘Open asyou
chooseeither one of a particular pair of doors which | the contestant
choose.’ Unawareof whatform the challengehastakenandof whatchoices
(if any)the contestanhasmade thelittle greenwomanis lessablethanthe
contestanto guesscorrectlywherethe prizeis. The contextin which the
information has been supplied is crucial knowledge.

References

1. Keith Parramoreand Joan Stephens,Two girls — the value of
information,Math. Gaz, 98 (July 2014), pp. 243-249.

2. Marilyn vos Savantquotedby PaulHoffman, Themanwholovedonly
numbergHyperion; Fourth Estate) 1998, p. 236.

1 .
On ‘A non-calculator challenge: show that In2 < ﬁ Nick Lord

writes: It is greatto seesucha rangeof elegantapproacheto this problem.
Henry RicardoandJohnMahonyplaceit within the moregeneralcontextof
the logarithmic mean inequality in either of the equivalentforms (A)

Ing1 < b—\/;_;lor(B)lnx< \/)?—%(witho <a<bx=28>1 My
+

original note showed that Ini T < vb - v/a which gives (B) on

substituting a = . Bob Burn's argument with abscissaea, Vab, b
establishes(A), as does David Miles's with x = 2 — 1 replaced by

X = l—)—1.
a

1 .
—, | note that Henry Ricardo'ssecond

V2
V2

roof gives0 < J'\/i(l - l)de = [x _ 1 2 Inx] -1 In2 and
prootg 0 X B X o 2
John Mahony and K. B. Subramaniam'sdea of using seriesexpansions
—_— : 1 11V
inspiredthis short argument.cosh—= = 1 + = 7B

V2 2

For the specific caseln2 <

5
+ ...> = sothat
4

1 > cosh‘lg = In2

V2

Henry Ricardo writes: | cannotresistrespondingo Nick Lord's challenge
with severalalternativeproofs,thefirst four of which validatethe left-hand
member of the well-knowlogarithmic mean inequality

b-a a+b
\ab )
<Inb—lna< 2

from which the desired inequality follows by lettiag= 1,b = 2.

I. Firstwe cangive an easygeometricproof by notingthatthe areaunder
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lessthanthe sumof the areas

thecurvey = 1/x,0 < a < X < b,is
of the trapeziawith vertices{(a, 0),(vab, 0),(vab, 1/vab),(a, 1/a)}
and{(vab, 0), (b, 0), (b, 1/b), (v/ab, 1/+/ab)}. This comparison yields
Inb — Ina < ab—a2+b2—ab _b-a
2aab  2bvab  Vab
- 1/x - 2Inx. Sincef (1) = 0and
1)2/x?> > Ofor x > 1, we seethat

Assuming0 < a < b and

162

Considerthe functionf (x) =
= (x

Il.
1+ 1/ - 2/x
XX -1

) =
f(X) >0forx > 1, orlnx <
vblain the last inequality, we get
a-1_b-a
b vab

Inb - Ina =In=- <
a a

Fort > 0, the AM-GM inequality gives us
1

t_/tr 1 1

t VVitvE  2vE 20t

Then

b/adt b/a]_ b a
I—— —dt = 1 —[=+1
% <l e = (B (B
_\ﬁ_ﬁ_ﬁ
“Va Vb vab’

IV. Applying the Cauchy-Schwarz-Bunyakovskyequalityto thefu_ncuons

+

f(x) = 1/xandg(x) = 1ontheintervala, b],0 < a < b, yields
b1 \2 b1 ( )

(axdx) < (f dx) f 1dx

(b - a7

ab

Loy |

(Inb - Ina)2 < (b - a)(a 5

giving usinb - Ina < b - a
) Vab |
In additionto the four proofsjust given,we canshowthatin2 < 1/4/2
via someknown inequalitieswhoseproofs are given on pages272-273of

or

1
T X = 2.

Inx
<

[1]:
A Ifx > 0andx # 1, then
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In x <1+\3/>_<

< . Letx = 2. We
x-1 X + VX

B If x> 0andx # 1, then

1+ 2 1
show that——= < —=. Settingc = V2, we have
2+ 2 < vz Setine = 2
1 1432 1 1+ Ff+P-c(1+0)
V2 2+32 & ¢+ 3+
-1 (+c+1) 0
B cS(ct +1) '
C Forx>0|n(1+£)< ! Letx = 1
' x] W@+ x -
Finally, Problem 1584 i€rux Mathematicorunji2] states that
In 4 )3 2
< for A 1
(/1 1) S ia+ g

1 1 1
Letting 4 = 2, we find that In2 < —=. But == < — 2 < V3
96 : <7 \/§<\/§(:>\/_<\/_
e (W2) < (¥3),0r28 < 32

References

1. D. S. Mitrinovi¢ and P. M. Vasi, Analytic Inequalities Springer-
Verlag, New York (1970).

2. 1. Bluskov, Solution to Problem 1584, Crux Mathematicorum17:10
(1991), pp. 311-312.

John Mahony writes: Usingthe standardseriesexpansionsfor x| < 1, we

have
—In(l—x)=xi 1 X"
on+ 1
X - 1 (2n| .
and = X — X
v1-x Z‘O4" n
1(2n

. : . 1

Since, by induction, <

n+1 4"\ n

term-by-term comparison of the two series establishes that
-In(1 -x < x(1-xYfor0 < x < 1.

) for all n > 0O (strict for n > 2),

Substitutingx = 1 — £ giveslnu < (1 1)(E)_ﬂz =\u 1 for
g - u g u/\u - \/U
u> 1lsothatin2 < v2 - % = é Replacingu by ¢ also showsthat

1
Inu > Yu - —for0 < u < 1.

Vu
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Bob Burn writes: Thefigure showsthe graphof y = 1 with the abscissae
1,v2 and 2. The hyperbolicareaAHKC = In2. The rectangulararea

ADFC = % The overlap ADEKC is y=l
considerable. The requiredinequality is X
equivalentto the areaof the curvilinear
triangle EFK being greaterthan that of
the curvilinear triangle HDE. However D
the two rectilinear triangles EFK and R—
HDE have the same area
(3 - 2v2)/(2V/2) so the convextriangle 1 2
EFK hasa greaterareathanthe concave A B C
HDE.

H

David Miles writes: This result can be
immediately establishedby comparing )
the areaunderthe curve with the areaof
the trapezium in the diagram

[P 2 V2=
o 1+X 2 ’

VZ2-1

K. B. Subramaniam writes: This note demonstratea proof for the same
without using a calculator. In fact, not even calculus is used. We have

2 3
e’ 1+O.7+£+£+
2! 3l
% N 0.343
2 6
> 1+ 0.7 + 0.245 + 0.057

> 1+ 07+

= 2.002

> 2
=>In2<l— 4—9<i

10 V100 ~ V2
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