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The purpose of this paper is to characterize the entire solutions of the homogeneous
Helmholtz equation (solutions in R?) arising from the Fourier extension operator of
distributions in Sobolev spaces of the sphere H*(S%~1), with o € R. We present two
characterizations. The first one is written in terms of certain L2-weighted norms
involving real powers of the spherical Laplacian. The second one is in the spirit of
the classical description of the Herglotz wave functions given by P. Hartman and

C. Wilcox. For o > 0 this characterization involves a multivariable square function
evaluated in a vector of entire solutions of the Helmholtz equation, while for oo < 0 it
is written in terms of an spherical integral operator acting as a fractional integration
operator. Finally, we also characterize all the solutions that are the Fourier extension
operator of distributions in the sphere.
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1. Introduction and statement of results
Consider the Fourier extension operator

—

£o(a)i= do(a) = [ EGO0(e), s eI, ae R, (L)

where S%~1 is the unit sphere in R?, do is the surface measure on S*~! and ¢do is the
temperate distribution (a singular Borel measure in R?) defined by o with density
¢. This very important operator in harmonic analysis is a source of entire solutions
of the homogeneous Helmholtz equation; namely, u = £¢ satisfies the equation

Au+u =0,

in R%. Specially important is the case when ¢ € L?(S~1). In this case the function
u = £¢ is called Herglotz wave function with density ¢. The space of Herglotz wave
functions, that will be denoted by W (R?), plays an important role in the study of
wave scattering problems. For more details on this, see the monograph [7, pp. 56-49
and pp. 223-230].

Several characterizations of W (R?) are known. The first one was given by Hart-
man and Wilcox [8], who proved that the Herglotz wave functions are precisely
all the entire solutions u of the homogeneous Helmholtz equation satisfying the
condition

1
lim sup —/ |u(x)]? dz < oo.
|lz|<R

R—oo

Furthermore, they proved that such condition can be replaced by
|ul/2 ;= lim — lu(z)|*dz < oo, (1.2)

and hence by

1
Hu||124 = sup = |u(:1c)|2dac < 00. (1.3)
R |z|<R

The norm given by (1.2) is indeed a Hilbert space norm on W (R?). Moreover,
a Herglotz wave function u with density ¢ satisfies that (see [8, Theorem 2.2] and
[7, Theorem 3.30, for d=3])

lullz ~ llulla ~ l¢ll2sa-1)- (1.4)

More recently, a different characterization was given in terms of a weighted
Sobolev norm. More precisely, Herglotz wave functions are the entire solutions u of
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the homogeneous Helmholtz equation such that

Jully = [ (ju(@)P +su(@)) (@) do < . (15)

where Vgu denotes the spherical gradient of u defined by

z Ou

Vsu(z) =r (Vu(x) - aT(:E)) R

and (z) := (1 + |z|?)*/2. The proof of this result for d =2 can be found in
[1, Theorem 1], and for d > 2 in [12, Theorem 4] (see also [5]). This new description
of W(RY) gives a clearer look of this space as a Hilbert space and its structure of a
Hilbert space with reproducing kernel. Moreover, they prove that a Herglotz wave
function u with density ¢ satisfies that

[ulls ~ [l L2 (sa-1)- (1.6)

The extension operator given in (1.1) can be naturally defined in C°°(S¢~1)*,
the space of distributions on the sphere. Indeed, if S'(RY) denotes the space of
tempered distributions on R?, from the inclusion

e (Sd—l)* PN S/(Rd)
given by

flp) = (f,ppa-1), ¢ €SRY),
where (-,-) denotes the duality in C°°(S9~!), we can define for f € C>°(S?~1)*,

&f =F(f), (1.7)

where F denotes the Fourier transform. Moreover, since every f € C>°(S¢1)*
defines a distribution with compact support contained in S*~!, then £f is a C™
function in R? given by

Ef(x)=(fe7™V), zeR?

and thus, £f is an entire solution of the homogeneous Helmholtz equation.

The aim of this paper is to characterize the entire solutions of the homogeneous
Helmholtz equation arising from the extension operator of distributions in Sobolev
spaces of the sphere H*(S?~1), with o € R (for a precise definition of these Sobolev
spaces, see below the . The aimed characterizations will be in the spirit of those
given in (1.3) and in (1.5) for the particular case of Herglotz wave functions.

DEFINITION 1.1. Let o € R. We say that the function v : R? — C is a a-Herglotz
wave function if u = £f for some f € H*(S% 1), and we will denote by W*(R%)
the space of all a-Herglotz wave functions.

Notice that we recover the space of Herglotz wave functions when a = 0, that is,
WO(R?Y) = W (RY).
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Characterizations (1.4) and (1.6) show that £ is a topological isomorphism of
L2(S%1) to W(R?). For a, 3 > 0 we will prove that the following embedding scheme
holds.

Ha(Sd—l) FN LZ(Sd—l) [N H—B(Sd—l)
1 & 1 & 1 &
W(R?Y) — W(RY) — W P(RY)

We present first the characterization of the a-Herglotz wave functions in terms of
certain norm related to (1.5). For convenience, we introduce a norm equivalent to
the one given in (1.5). In order to do that, we notice that using the Green—Beltrami
identity (see [2, Proposition 3.33]), we have that for any f € C?(S?1),

2

Vs iy = [ F(0)(=85) F0)da(0) = || (=25)""

L2(s4-1) ’

where Ag is the Laplace—Beltrami operator on the sphere, and (fAS)l/ 2 s

defined using the functional calculus for the positive operator —Ag (for a more
detailed explanation see (1.23) ahead). And therefore, the condition given in (1.5)
is equivalent to

.

Here we have extended the definition of the operator (—Ag)'/? to functions u(x)
defined for x € R? by using polar coordinates to write u(x) = u(rf) with (r,0) €
(0,00) x S~! and making the operator act on the spherical variable 6.

This observation suggests us to introduce for any o € R the operators

w(@) + (—As)"? u(z) ’ (z)?dx < oco. (1.8)

Lo Coo(Sd—l)* N Cvoo(Scl—l)*7

defined, using again the the functional calculus for the positive operator —Ag and
transposition (for a more detailed explanation see (1.23) ahead), by
Lo = (I + (—AS)W) . (1.9)
As before we extend the definition of £ to smooth functions u(z) with x € RY, by
writing = 7 and making £* acts on the spherical variable #. And thus, for such
smooth functions v and any o € R we can define the norm
dx

ullg = /Rd |£a+ u(a:)| (z])3

With this notation, from (1.8), we have that the norm given in (1.5) is equivalent
to || - |lo. Moreover,

(1.10)

[ulla = [1£%]lo- (1.11)

Our first characterization of the a-Herglotz wave functions, given in the following
theorem, is written in terms of the operators £* and the norms || - ||4.
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THEOREM 1.2. Let a € R. An entire solution of the homogeneous Helmholtz
equation u is a a-Herglotz wave function if and only if LY is a Herglotz wave
function, that is,

dz
U i:/ Loty (z)|? 22
lulla = | 15 u@)]” 7

where L is defined in (1.9). Moreover, writing u = £¢ with ¢ € H*(S¥1), we have
that

< o0, (1.12)

lJullo ~ ||¢’HH&(S¢*1)~

Hence the operator £ defined in (1.7) is a topological isomorphism of H*(S4~1)
onto W (R4 provided with the norm || - ||«

REMARK 1.3. Observe that in the case =0, (1.12) is equivalent to (1.5) and
therefore, theorem 1.2 generalizes [12, Theorem 4].

For the characterization of the a-Herglotz wave functions related to the one given
by Hartman-Wilcox in (1.3) for Herglotz wave functions, we distinguish two cases,
a >0 and a < 0. In both cases, some definitions are needed.

In case a > 0, we will use a non differential description of the Sobolev spaces in
the sphere which is presented in [6].

The case 0 < a < 2 requires the following definition.

DEFINITION 1.4. Let 0 < o < 2. Given an integrable function f on S?~!, we define
the square function

sulr0) = [ | AHO=LON S
where
AF(0) = —— F(r)do(7) (1.13)

1C0,8)] Jer

denotes the mean of f on the spherical cap centred at € S*~! and with angle
t € (0,7]; that is,

CO,t):={nesSt:0-n>cost}.

As we did before, we extend this definition to functions u(x) defined for x € RY
by using polar coordinates to write u(z) = u(rf) and making the operators S, and
A; act on the spherical variable 6.

The next theorem gives our second characterization of the a-Herglotz wave func-
tions in case 0 < a < 2, and it is written in terms of the previous squared functions
and the norm || - || 4 given in (1.3).
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THEOREM 1.5. Let 0 < aw < 2. An entire solution of the homogeneous Helmholtz
equation u is a a-Herglotz wave function if and only if

ISa (I = sup & ! Su(0)2(z) dz < o0.

R Jizi<r
Moreover, writing u = £¢ with ¢ € H(S*1), we have that
[Sa(u)lla ~ |6l go(si-1)-

The case a > 2 requires the following extension of the square function given in
definition 1.4.

DEFINITION 1.6. Let a>2 and n €N such that 2n <a <2(n+1). Given

f,91,...,9, integrable functions on S%~!, for any 6 € S?"!, in case 2n < a <
2(n + 1), we define the square function

At Z gk

where A; is the mean function defined in (1.13) and ¢x(0) = A:(]0 — ~|2k)(9), for
k=1,...,n. And in case a = 2n, we define the square function

2dt

e (L14)

Sa(fa gi,--- 7gn)2(9) = A

S2n(f791, o 7971)2(9)

[

The next theorem gives the analogous characterization of the a-Herglotz wave
functions given in theorem 1.5 for 0 < a < 2, but for the case a > 2.

2
dt
Af( ng ek (0) = Argn(O)en(0)| S (1.15)

THEOREM 1.7. Let a > 2 and n € N such that 2n < o < 2(n+ 1). An entire solu-
tion of the homogeneous Helmholtz equation u is a a-Herglotz wave function if and
only if there exist n Herglotz wave functions vy, ve, ..., v, such that

[|Sa(w, v1,. .. v0) |5 = sup — So(u,v1,...v,)%(x) dz < co. (1.16)

r>0 R Jiz<r
Moreover, writing u = £¢ with ¢ € H(S*1), we have that

[Sa(u,v1, ... vn)|la ~n ||¢||H“(Sd—1)~ (1.17)

In case a < 0, our characterization of the a-Herglotz wave functions is not written
in terms of the square functions introduced above but in terms of the following
operators.

For convenience, we will write our characterization for (—a)-Herglotz wave
functions with a > 0 instead of a-Herglotz wave functions with o < 0.
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For a > 0, let IC,, be the integral operator defined by
Kol = [ Kaledfiotn), [C¥E), ces™, ()

where

(I=m)*(1+m)
dr, for .
HalGo): de/, e e
Observe that
Kea: COO(Sd*I) — COO(Sdfl).

As we did before, the operators K, can be extended to functions u(x) defined for
r € R? by using polar coordinates to write u(z) = u(r) and making the operators
act on the spherical variable 6.

THEOREM 1.8. Let o > 0 and u be an entire solution of the Helmholtz equation.
Then u is a (—a)-Herglotz wave function if and only if Kou is a Herglotz wave
function, that is,

IKaulld = sup |Kou(z)|* dz < . (1.19)

R lz|<R
Moreover, writing u = E¢ with ¢ € H=(S*™1), we have that

[Kaulla ~ ||¢HH*G(S‘1*1)~

The following proposition gives us a necessary condition to be a (—«)-Herglotz wave
function which is closer in form to (1.3) than (1.19).

PROPOSITION 1.9. Let a > 0. If u is a (—a)-Herglotz wave function, then it satisfies
the condition
1 Ju()[”

sup — —dz < co. (1.20)
r>0 R Jigj<r (1 +]z]?)
Although the characterization in terms of the condition (1.20) is not attained,
the following partial result is obtained.

ProproSITION 1.10. Let a > 0. If u is an entire solution of the homogeneous
Helmholtz equation satisfying condition (1.20), then there exists ¢ € H—P(S41),
with B> a+ 1/2, such that u = E¢.

A result similar to proposition 1.9 but for a-Herglotz wave functions with a > 0
is not possible. See remark 2.5 below for more details. However, as a consequence
of propositions 1.9 and 1.10, we characterize the entire solutions of the Helmholtz
equation that are the extension operator of a distribution in the sphere.

https://doi.org/10.1017/prm.2020.80 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.80

The Fourier extension operator of distributions in H*(S?~1) 1775

COROLLARY 1.11. An entire solution u of the homogeneous Helmholtz equation is
the extension operator of a distribution of the sphere if and only if there exists a > 0
such that

1 |u(@)[?

sup —

——————dz < 0.
r>0 R Jjz|<r (14 [z[*)

We finish this section with some preliminary notions and notation that will be
used through out the paper. The second section of this paper is devoted to the
proofs of the results stated in this introduction, and the last section is an appendix
containing several estimates of the Bessel functions.

1.1. Preliminary notions and notation

Let L2(S%"!) denote the space of square integrable functions in the sphere pro-
vided with the Lebesgue surface measure do. It is well known (see [2], Chapter 2)
that an orthonormal basis of this space is the set of all real valued spherical
harmonics given by

(Y//£=0,1,... and 1 < j <w(0)},
where
204+d—2)0+d—3)!
Sy @A) d=3)
2(d - 2)!
A linear operator M acting on formal series of spherical harmonics is call a zonal

multiplier if and only if there exists a sequence of complex numbers {A¢}7°, such
that

M (Z n) =D MYy
£=0 £=0

where Yy is any spherical harmonics of degree £. We will apply this definition to
the space of distributions in the sphere, that is the dual space of C°°(S?~1), which
we denote by C°°(S¢~1)*. In order to do that, notice that (see [11] ) every f €
C°>°(S?71)* has a unique representation

oo v(£)

fzzzﬁj vaj’ J?Zj = <f’nj>v (121)

=0 j=1

where (-,-) denotes the duality in C*°(S~1), with convergence in the weak*
topology and where

|foj] < €OV, (1.22)

for some C, N depending on f; and conversely, every series (1.21) satisfying (1.22)
defines a distribution in the sphere.
Moreover, when f € C°°(S?71), f,; has the fast decay

M| fo5] < C,

for every M > 0, and the convergence of the series (1.21) is uniform in S~
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Hence every sequence {\¢}7°, with polynomial growth, that is,
Ao < CEN,

for some N, defines a zonal multiplier from C*(S%~1) into C*°(S¢~1) and by
transposition, also from C°°(S%~1)* into C>(S?~1)*.

Notice that the composition of two zonal multiplier defined on C>°(S%~1)* is
another zonal multiplier, and the composition commutes. 4

The space of all spherical harmonics of degree ¢ spanned by {Y; : 1 <j < v(()}
is the eigenspace of —Ag corresponding to the eigenvalue ¢(¢ 4+ d — 2). Thus, —Ag
is a zonal multiplier with associated sequence {{(¢+d —2)}3°,.

From here, we can see the operators (—Ag)/? and £ introduced in (1.8) and
(1.9) as zonal multipliers defined on C°°(S?~1)* with associated sequences

[y d-22" and {(14 02004 d- 2)1/2)‘1}0o (1.23)

respectively.

Moreover, for o € R, we can define the Sobolev space H*(S%~1) as the space of
all distributions f € C>(S?1)* such that £L%f € L?(S?"!), and equipped with the
norm

oo v(£)

200
1y = DD (10720 +d=2)2) 7 |yl < . (1.24)

=0 j=1

On the other hand, since any f € C*(S?~!)* admits representation (1.21), using
the continuity of the Fourier transform in temperate distributions and the Funk-
Hecke’s formula (see [9, pp. 37] and also [12, Lemma 4]), and writing « = 0, we
have that

oo v(£)

Ef@) =D fi EY{ (1)

=0 j=1

o v(f) T ® (T) N _
=YD (@it f Y (6), (1.25)

d—2
0=0 j=1 roz

where u(¢) =0+ %. And therefore, £ acts as a zonal multiplier in the spherical
variable 6.

Notice that the fast uniform convergence to zero of the Bessel functions on com-
pact sets, implies that the series (1.25) converges uniformly on compact subsets
of R,

Throughout this paper, for X,Y > 0, we will write X ~ Y if there exists a con-
stant ¢ > 0, depending on at most the dimension d, such that ¢™'Y < X < ¢Y, and
X <Y if there exists a similar uniform constant ¢ such that X < ¢Y. We will write
X ~p Y if the constants above depend on a specific parameter b > 0.
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2. Proofs
We start this section proving theorem 1.2.

Proof of theorem 1.2. Let u be a a-Herglotz wave function. Then there exists ¢ €
H*(S?1) such that u = £¢. And therefore, since from (1.23) and (1.25), we have
that £% and £ are zonal multipliers, we can write

Lou= L€ = ELYG.

And thus, £% is a Herglotz wave function since £L%¢ € L*(S?71).

Conversely, let u be an entire solution of the homogeneous Helmholtz equation
such that £%u is a Herglotz wave function. Then, there exists ¢ € L?(S?~!) such
that LY = £¢, and therefore,

u=LE¢=EL .

From here, we have that u is a a-Herglotz wave function since £~ f € H*(S471).
On the other hand, writing u = £¢ with ¢ € H*(S?"!) and using (1.11), (1.6),
(1.23) and (1.24), we get

[ulla = I€8lla = [1£%Ello = IELYBllo ~ [1£%l| L2 ga-1) = Sl ma(se-1).  (2.1)

Finally, since by definition £ : L2(S~1) — W and £ : H*(S?!) — L*(S?"1) are
bijections, we have that

E=LT2ELY  HY(S¥ 1) — WY(RY)

is also a bijection, and thus, from (2.1), € is a topological isomorphism of H*(S9~1)
to W(R?). O

The proof of theorems 1.5 and 1.7 requires the following auxiliary results that
can be found in [6].

THEOREM 2.1 [6, Theorems 1.1 and 1.2]. Let a > 0, n the non-negative integer
number such that 2n < o < 2(n + 1), and ¢ € L*(S?1).

Ifn =0, then ¢ € H*(S 1) if an only if So(¢) € L2(S?1). Moreover,
16l e ga-1) ~ 1Sa (D)l L2(5-1).-

2)If n =1, then ¢ € H*(SY) if and only if there exist ¢1, ¢o,. .., ¢, € L2(S¥1)
such that So (6, ¢1, ¢a, ..., ¢n) € L2(ST1). Moreover,

|l o sa-1) ~n 1Sal@, d1, P2, - - - D)l L2(sa-1)- (2.2)

LEMMA 2.2 [6, Lemma 2.1]. For each t € (0, |, the operator A, defined in (1.13)
is a zonal Fourier multiplier with associated sequence {my:}7° given by

1
My = ct,d/ Pra(s)(1—s2)2ds, £=0,1,... (2.3)
cost
where Cy g = % and Py q denotes the Legendre polynomial of degree ¢ in d

dimensions.
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The proofs of theorems 1.5 and 1.7 are similar. We omit the proof of the theorem
1.5 because it is simpler than the proof of the theorem 1.7, since in the first case, no
summation term is involved in the definition of the square function (see definitions
1.4 and 1.6).

Proof of theorem 1.7. We consider first the case 2n < o < 2(n + 1).

We start with the necessary condition. Let u be a a-Herglotz wave function, then
u = E¢ with ¢ € H*(S%1), and thus, from theorem 2.1, there exist ¢1, ¢o, ..., ¢n €
L?(S?~1) such that

9l zro se-1) ~n [1Sa (D, b1, P2, -+, Dn)llL2(sa-1)- (2.4)

We introduce the Herglotz wave functions
UkI:g¢k, kil,...,’ﬂ,.
From (1.14), we have that

) & " 2 a
So(u,v1, ... vp)2 () :/ Apu(z) — u(z) = > vi(x)ex(t) prr=ey
0 k=1
T 2 d
:/0 Edr() —tmil, (2.5)
where
b= Arp—d— Y drer(t), te(0,7). (2.6)
k=1

Observe that in (2.5) we have used the fact that £ and A; are zonal multipliers (see
(1.25) and lemma 2.2, respectively) and therefore, they commute.
From (2.5), for R > 0 fixed, we have that

1 1
= Sa(u,vl,...vn)z(x)dx:/ —/
R Jiz<r o B Jiz<r

Since ¢ € L2(S?1), for each t € (0,7), ¢¢ € L?(S~1), and therefore, £¢; is a
Herglotz wave function. Thus, using (1.4) in (2.7) we get

dt

2

1 4 dt
= S o) (z)de S P p——
RSt @) e S | Wi o
From here, using (2.6), (1.14) and (2.4) we obtain
1
= So(u,v1, .. v,)?(z) dz < ||Sa(@), @1, - - - ¢n)H%2(sd—1)
R Jjz<r

~n 191 Fa(ga-1y-
Then, taking the supremum in R, since ¢ € H*(S%1), we deduce that

[1Sa(u,v1; - vn)lla Sn @]l e (sa-1) < 00 (2.8)
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Now we will prove the sufficient condition. First we will assume that u is a
Herglotz wave function, and then we will extend the result to entire solutions of
the homogeneous Helmholtz equation.

For a Hergltoz wave function u, using the sufficient condition, we have that there
exist f,qg1,...,9n € L*(S?1) such that

u:é‘favl :5917...,11”:89”.

From (1.14), using lemma 2.2, we can write

™ " dt
Sa(fa gla"'vgn)z(e) - / Atf ng {2a+1
0 =1
2
|2 vl ; dt
= | 2D h Y 0] oo
0 ly=0j=1

with
R N R n
hei(t) == musfe; — Fij = Y Grejer(t)
k=1

where my,, is defined in (2.3), and therefore, we have that

T OO ’/([)

~ dt
ISalfoan o)y = [ SN PP gam  (9)

(=0 j=1

Arguing in a similar way, but using (1.25), we can write

2
dt
So(u,v1,. .. v0)% () :/0 Apu(z ka il
© ?
i i g J Vi (’I") ; de
:/ 2 ZZ# hzj(t) ‘u(d; ij(g) t2a+1’
0 £=0 j=1 roz
where x = rf, and therefore, for R > 0 fixed, we have that
1 2
ey Sa(uvvl7"'7vn) (x)dm
R Jiz)<r
oo 1) 2
- ZZ / PG rdr/ e )|2t2a+1. (2.10)
=0 j=1

From the following asymptotic formula (see [10, pp. 134])
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we get (see [7] for the case p =+ 1, £ € N)
B )
lim — [J.(r)|"rdr ~ 1, p>0. (2.11)
0

Using (2.11) in (2.10), the Fatou’s lemma, (2.9) and (2.2), we obtain

oo v(f)

dt
[Sa(u, v, .. v, ZZ/ ‘hzﬂ 2t2a+1
=0 j=1
x oo v(f)
2
> [ 35 0 s
(=0 j=1

= HSa(fa g1, - .- >gn)‘|%2(§d71)
~n ||f‘|%1a(sd—1)' (2.12)

From (2.12) and the hypothesis (1.16), we conclude that u = € f with f € HY(S4™1),
that is, u is a a-Herglotz wave function.

Moreover, (2.12) together with (2.8) gives (1.17), which completes the proof
whenever u is a Herglotz wave function.

Now we consider u to be an entire solution of the homogeneous Helmholtz
equation satisfying (1.16).

As it is well known (see [7, Chapter 3] for d = 3 and [12] for greater dimensions),
writing « = rf, any entire solution of the homogeneous Helmholtz equation u can
be expanded as

o v(f)

@023 ey ““’ YJ(G) zeR?, (2.13)

(=0 j=1

for certain coefficients as;, with uniform convergence in compact sets.
For each N € N, let 7y be the orthogonal projection of L?(S?~!) onto the space
of spherical harmonics of degree less than or equal to N given by

oo v(4) N v(£)
TN ZZQ@] Zzg@
(=0 j=1 (=1 j=1

By means of (2.13), we can extend this definition to u(x) with = € R?, considering
7wy acting on the spherical variable.

Since myu and wyvy, ..., TNV, are Herglotz wave functions, we can write
ayvu = Efny and yvr = ETNGL, - - TNV = ETNGn,
where
N v(£)
E E ag; Y/ (0) and vy = Eq1,..., v, = Egn. (2.14)
(=0 j=1
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Since we have proven the result for Herglotz wave functions, we have that
Nl o sa-1) Sn [1Sa(mNu, TNVL, . TN A (2.15)
On the other hand, it is easy to check that
I1Sa(mnu, TNV, .. invn)||la < |[Salu, v, ... 00)||a,
and using this inequality in (2.15), from the hypothesis (1.16), we get
1Nl e sa-1) S [[Salu, 01,0 on)]la < oo,

From here, taking into account (2.14) and (2.13), we conclude that

oo v(£)
Ji= Jim fy =3 0> Y] € HYSTY,
=1 j=1
u=Efand || f|l go(si-1) Sn [|Sa(u, v1,. .., v5)|| 4. Hence the proof is also completed

for u being an entire solution of the Helmholtz equation.
The proof in the case a = 2n is similar to the previous one, but replacing
Sa(u,v1, ..., 0n) by Sop(u,v1, ..., v,), the square function defined in (1.15). O

In order to prove theorem 1.8 we consider o > 0 and introduce the zonal
multipliers M,, defined on C*°(S%~1)* by the sequence {3(c, £ + 1)}22,, where

1
Bla,y) = / -, w0, y >0,
0

is the beta function. M, can be extended to functions u defined on R?. Writing
the beta function in terms of the gamma function and using the Striling’s formula,
one can see that

Bla, b+ 1) ~o 7% 1 — o0, (2.16)

and therefore M is also a zonal Fourier multiplier on C>°(S%~1)*,
On the other hand, from (1.24) we see that a distribution f € C*°(S9~1)*, which
admits the representation (1.21), belongs to H~%(S%~!) if and only if

oo v(0)
SN i+ oToY e LAY,
=0 j=1

and taking into account (2.16), this holds if and only if M, f € L2(S?"1). Moreover,

[fllzz-oga-1) ~ [IMaflL2(sa-1)- (2.17)

The following lemma relates the zonal multiplier M, and the integral operator
Ko introduced in (1.18), and we will use it in the proof of theorem 1.8.
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LEMMA 2.3. Let be a > 0, K, the integral operator defined for any ¢ € C>(S41)
by (1.18), and M, the zonal multiplier defined by the sequence {B(c, £+ 1)}32,,
where B(x,y) denotes the beta function. It holds that

Kot = Mud, ¢ € C=(S4). (2.18)
Before proving this lemma, we present the proof of theorem 1.8.

Proof of theorem 1.8. Let u be a (—a)-Herglotz wave function then, there exists
¢ € H=%(S%"1) such that u = E¢.

Since M,, and & are Fourier multipliers (see (1.25)), they commute, and therefore,
using (2.18), we can write

Katt = Mot = MoEd = EMao. (2.19)

Notice that the first identity in the previous expression holds because u = £¢ is a
C* function in R?.

Since ¢ € H=%(S471), from (2.17), Mn¢ € L*(S?71), and therefore, from (2.19),
Kqu is a Herglotz wave function.

Conversely, if K,u is a Herglotz wave function, there exists ¢ € L?(S?~1) such
that Kou = . From (2.17), ¢ = M7 € H=*(S971), and we can write

Maou=Kou=E = EMyp = MLE0, (2.20)

and thus u = £¢ is a (—a)-Herglotz wave function.

Notice that the first identity in (2.20) holds because by hypothesis, u is an entire
solution of the homogeneous Helmholtz equation, and therefore, is a C'*° function
in RY,

Finally, using (2.17), (1.4), the fact that u = £¢ is a C*° function in R¢ and
(2.18), we get

19l r-e(se-1) ~ IMadllL2ge-1) ~ [EMad]a = [Maulla = [Kaufa. O

It remains to prove Lemma 2.3. In order to do this, we need some properties of
the Poisson transform, defined for 0 < r < 1 by

A€ = [ plemfoaot, feriseest @
where
o 1 1-— ’]"2 d—1
pr(§,m) = W W» §mesST .

It is well known (see [3]) that P,f € C°>°(S9~1), and
oo v() , '
pe&m) =D > 'Y (Y (n),

=0 j=1

which implies that P, is a zonal multiplier with associated sequence {ré}‘g';o.
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Proof of lemma 2.3. Given ¢ € C*=(S%™1), we can write
oo v(0) N
0=2.> duY,
=0 j=1
and since P, is a zonal multiplier with associated sequence {rf}2°,, we have that
oo v(f) N 4
Pep=>> 1oV},
=0 j=1

From here, using (2.21) and the fast decay of q%j, for any ¢ € S%"!, we obtain that

1 oo v(£)
/ (1=r)*"'Pg(é) dr—ZZ Blo b+ 1)dey Y7 (€) = Mad(€).  (2.22)
0 =0 j=1

On the other hand, using (2.21), Fubini’s theorem and (1.18), for any & € S~1, we

can write
1
[a=nmtro@ar= [ Kaemotniot = Koot (223)
From (2.22) and (2.23), identity (2.18) holds. O

The proof of proposition 1.9 requires the following lemma involving Bessel
functions, that will be proven in the Appendix.

LEMMA 2.4. Let > 1/2 and s > 0. It holds

1 (B o rdr 90s [ o rdr
J, —  ~(1+ s Ju — 2.24
IS;;I(’) R | (r)] 1+ r2)s (1+p) /0 [ ()] , (2.24)

where (r) = (1 +r2)1/2.

Proof of proposition 1.9. Let u be a (—«a)-Herglotz wave function. Then, there
exists ¢ € H~=%(S%"1) such that u = £¢, and from (1.25) we can write

o v(f)

(2m)2 ZZ f@j dQ;Z Y/ (), x=r6. (2.25)

(=0 j=1

From (1.10), using polar coordinates, (2.25), and (1.23), we get

dx
ull2, :/ Lo ()|
ul2a = [ 167+ uta)* o

oo o0 V() o o172 2—2a 2 rdr
:/O ZZ‘%‘ (14072 +a=2"2)" " 1y ()] e

=0 j=1
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Since u is a (—a)-Herglotz wave function, from theorem 1.2 and the dominated
convergence theorem, we have that

oo v(f) 2-2a 0o 9 rdr
;%; ‘@j‘ (1 F 204 d— )1/2) /0 | Tue) ()| e < C,

where C' is an absolute constant. In particular, for any N € N, it holds

v(£)

S| (1 0200 272) [P T <

=0 j=1

From here, using (2.24) with s = a > 0, since p(f) = £+ 952, for any R >0 we
obtain
N v(£)
rdr
S5 ol & [ Tl s <0
ptent R (1+7r2)

And therefore, using again the dominated convergence theorem, from (2.25),we have
that

R oo v(¢) g
rdr 1 [u(z)] O
7 _rar ————dz < 0.
/ E E c%’ [T )]’ T+ " R Jiojer 0+ 22

The following remark shows that a result similar to proposition 1.9 is not true
for a-Herglotz wave functions with o > 0.

REMARK 2.5. Let a > 0 and u be a a-Herglotz wave function. Then u can not
satisfy the growth condition
1

sup — lu(x)]*(1 + |2[*)*dz < oo. (2.26)

r>0 R Jjzj<r
This can be proved by a contradiction argument. Assume that u satisfies (2.26)
then, for any R > 0 we have that

1 a
5 u(@)? (1 +[2f*)" dz < C,
R R/2<|z|<R

where C' is an absolute constant independent of R, and therefore, since o > 0, we

get
R2\“ 1
(1 + ) f/ lu(z)|2dz < C. (2.27)
4 R R/2<|z|<R
On the other hand, since wu is indeed a Herglotz wave function, from (1.2) we have
that

1 1
lim = / () Pz = L3,
R—oo R JR/oc|a|<r 2 o

which contradicts (2.27) when taking limits to infinity.
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Proof of proposition 1.10. Any entire solution of the homogeneous Helmholtz
equation u admits the representation (2.13), and therefore, from (1.20), for any
R > 0 we have that

oo v(l)

rdr
-3 lael [Tuw ) s <€
/ =0 j=1 1+7’ )
with C an absolute constant. From here, using the dominated convergence theorem
we get
o0 l/(£ R
2 rdr
ZZMZ] R Ju(f)(r)’ 5a SO
(=0 j=1 (1 +r )

And therefore, for £ =0,1,..., taking R = 2u(¢), we have that

v(£) 24(¢)
5 1 " 2 r
§ 12— . dr<1.
= |Clg]| M(g) /#(2) |J,u(€) (T)| (1 + rg)adr ~

Taking into account that in the above integral r ~ p(¢) and that p(f) = £ + 42 ~,
£, using the estimate (3.4) given below in the Appendix, we obtain that

§2_lag
0L <, (2.28)
2\a

= (1+22)

Now, if we define
o0 l/(e
=3 Y/ (2.29)
{=0 j=1

from (1.24), using (2.28), we have that

o0 l/(@) o0

|
61 =323~ g g‘fd e S 2 T o <

e0g1 o=

whenever 3 > o + 1/2. And thus ¢ € H=#(S?1) for 3 > o+ 1/2, and from (2.29)
and (1.25), we have that u = E¢. O

Proof of corollary 1.11. As we mentioned in the space of distributions in the sphere
C>(S?1)* can be identified with all the series given in (1.21) such that the coef-

ficients fgj satisfy the growth condition given in (1.22). From here, it is easy to see

that
Sd 1 U H~ Sd 1
a>0
and thus, the result follows from propositions 1.9 and 1.10. (]
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3. Appendix

In this section we will prove lemma 2.4, which involves the Bessel functions. The
following results concerning these functions will be needed. They can be found in
[4] and [5].

LEMMA 3.1 [4, Lemma 1]. Let p > 1/2.

1. If0<r <1, then

) £ s (5) (3.1)
M~ Py \2) '
2. If 1<r g% and we write r = psecha,(r) with eon(r) = £ 4 “2;7“2, then
tanh v, (1) = “Z_TQ and
; ., eitanh oy, (1) e\/MQ—TQ -
| “(‘LLSGC aﬂ(r)” ~ ’ul/ZeHau(r) ~ ‘ul/2 (M N /7#2?”2)# ( : )
3. If r = 2u, then
[ Tu ()| S 72 (3:3)
LEMMA 3.2 [5, Lemma 5]. Let p>1/2. If a > 1, then
2p
/ | ()] dr ~ 1. (3.4)
n/a
Moreover, it holds
e rdr
LS [0 (35)
0 (r)
where (r) = (14 72)1/2.
Proof of lemma 2.4. It is enough to prove the following estimates:
rdr > rdr
= < HS/ L. =%, YR>0, (3.6
5 [0 s s e [T . (36)
dr 1 (B o rdr
1+225/JT2T—§su—/J7ﬂ7. 3.7
( M) o | ll( )| <’I">3 R>1:())R o | M( )| (1_|_7,2)s ( )

We start with the proof of (3.6). We will argue in a different way depending on the
values of R > 0, so we distinguish the following cases:

(1) If 0 < R < 1, we can use (3.1) and (3.5) to write

7/ T (r rdr 1
R J, " (1472)s ~ 220T2(p + 1)

Sanp [ TR 3
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Notice that to get (3.8) we have use that for any s > 0
A+ > 2 <22 (u+1)

whenever 4 is large enough. This can be seen using the Striling’s formula for the
gamma function (see [10, pp. 12]), that is,

[(z) = V2rz" 7e™® (1 +0 (i)) . x>0, (3.9)

(2) Let 1 < R < p/4. From the previous case, it is enough to prove that

rdr 9as [T o rdr
R/ Aaraye S U+w /0 (" 735 (3.10)

Using (3.2), we have that

e s [ s ()
~Y 2 TN - .
R T+r2)~ )y (L‘)Q“ <1+ H) I

°w

Estimate (3.10) follows from here using (3.5), since

240
(5) sa+m>

for any s > 0 whenever p is large enough.
(3) Let u/4 < R < 2u. From the previous two cases, it is enough to prove

Td?" 225 [T 2@

This estimate follows from (3.4) with a = 4 and (3.5) since
A+ SA+p)7, 520, 7> p/4d (3.11)

(4) Let 2u < R. From the previous three cases, it is enough to prove
1 (R o rdr 995 [0 o rdr
R P G £ 0wt [ e g

This estimate follows from (3.3), (3.11) and (3.5).

In order to prove (3.7), we split the integral in the left-hand side into four

m tegl alS )
/ / /#/4 /“2: /ZIOOL
/ ,

so that it is enough to prove the result for each one of them.
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For the first integral, using (3.1), the Stirling’s formula given in (3.9) and (3.4)
with a = 1, we can write

d 1 2—2s
1_’_u2 2s |J 27" TN ( +M)
S PR (u 1)

SR e
< . r r
(Tt o "

1 [ 9 rdr
~ ﬂ | (7)] m
1 [F 9 rdr
— J —_—.
]S%I;%R | H(T)| (1+T2)S

For the second integral, the argument is similar. Using (3.2) and (3.4) with a = 1,
arguing as before, we get

(1+ )22 // () % St ()

1 2 9
SW/ | Ju(r)|” dr

- / rdr
< sup —

R>I()J R 1 + 7“2)
In the third integral, since we are considering r ~ u, we have that

2u rdr _ (14 p)? [ o rdr
1+uHS/ T ()2 Ni/ Ju(r)]F L
( ) " ‘ M( ) < >3 /1'3 /4 M( (1+T2)S

/4
rdr
<s J
e [ 10

Finally, for the fourth integral we use (3.3) and (3.4) with a = 1 to write

_ o rdr (1Jr,u)2 2s
1+M2 25/ 2 +-TKr
( ) . | ()] IGER: 2
1 2n
ﬁm/ \Ju(r)\g dr
rdr
< — O
e [ O
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