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‘We consider strictly quasiconvex integrals
Flu] ::/ f(Du)dz for u:R™ D 2 — RN
2

in the multi-dimensional calculus of variations. For the C%-integrand f : RN™ — R we
impose (p, q)-growth conditions

VIEP K f(&) S DA +1€7) for all £ € RN

with v, I’ >0and 1 < p < ¢ < min{p+ 1/n,p(2n — 1)/(2n — 2)}. Under these
assumptions we prove partial C’lo’?—regularity for strong local minimizers of F' and
the associated relaxed functional F.

1. Introduction

In this paper we investigate the regularity of strong local minimizers of autonomous
variational integrals

Flu] ::/Qf(Du)dx (1.1)

defined on vector-valued maps u : £2 — R, N > 1. Here {2 denotes a bounded open
set in R”, n > 2, and f : RV" — R is a C?-function satisfying suitable assumptions
described below.

The existence and the partial regularity of minimizers of F' are classical issues in
the modern calculus of variations, and they have been studied extensively, especially
over the last 20 years. Specifically, we will focus here on gradient regularity under
the basic assumption that f is quasiconvex; that is

]{B F(6+ Do) dz > £(€)
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holds for all ¢ € RN¥™ and all ¢ € C>°(B;RY), where B denotes the unit ball in R™.
Quasiconvexity, introduced by Morrey in his seminal paper [39], generalizes the
classical convexity assumption in the calculus of variations and has turned out to
be a key concept for both the existence and the partial regularity of minimizers. In
addition, the central role of quasiconvexity in nonlinear elasticity was pointed out
in the fundamental work of Ball [5].

Before presenting our theorems, let us briefly describe some previous existence
and regularity results. Primarily, imposing the standard growth conditions

VEP < fE) < T+ [E7) (1.2)

for some p > 1, Morrey [39] proved that quasiconvexity is a necessary and sufficient
condition for lower semicontinuity of F with respect to weak W1P-convergence (see
also [1,30,33,37,38]). This semicontinuity property is, in turn, via the direct method
of calculus of variations, intimately linked to the existence of minimizers of F.

As for regularity, classical examples of minimizers with singularities of the gra-
dient can be constructed [15,41, 49, 50], even for smooth convex functionals and
n = 3, showing that in the vectorial case everywhere regularity of minimizers in
the interior of {2 does not hold. Therefore, one is led to consider partial regularity,
i.e. regularity outside a negligible closed subset of (2, called the singular set. For
quasiconvex functionals and p > 2, partial Cllo’f-regularity of minimizers was first
shown by Evans [21] (see [2,4,16,23,25,31] for extensions and variants). Partial
regularity in the subquadratic case 1 < p < 2 was eventually proved in [13] (see
also [3,17,48]).

Contrary to convex functionals, quasiconvex functionals may, in general, admit
non-trivial critical points, i.e. weak solutions of the Euler equation which are not
(absolutely) minimizing. Actually, Miiller and Sverdk [40] have even constructed
examples of critical points which are nowhere C''. This result is in sharp contrast to
the partial regularity of minimizers and leads to the investigation of an intermediate
notion, namely local minimizers of F' in the sense of the following definition.

DEFINITION 1.1 (W% local minimizer [32]). Let 1 < p < oo and 1 < ¢ < o0. A
map @ € WHP(£2,R) with F[u] < co is called a W9 local minimizer of F if there
exists some § > 0 such that

Flu] < Flu+ ¢] holds for all ¢ € W&’Q(Q,RN)

with [|De| pa(orrny < 6. In particular, we call @ a strong local minimizer for
1 < ¢ < oo and a weak local minimizer for § = co.

Having introduced this notion, it is natural to ask whether non-trivial local min-
imizers of F' exist and if they are still regular or not. Actually, the investigation of
the existence (and non-existence) of local minimizers has followed previous devel-
opments [26,27] for critical points, and has, until now, focused on the case of L!
local minimizers with affine boundary data. For instance, if the underlying domain
2 is an annulus in R?, there exist non-trivial L' local minimizers [32,44], while for
a star-shaped 2 every L! local minimizer is already absolutely minimizing [51]. In
fact, generalizing these ideas, Taheri [52, 53] has provided multiplicity bounds for
local minimizers in terms of topological invariants of (2.
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Clearly, the examples of L' local minimizers are also W7 local minimizers for
every 1 < ¢ < co. However, in the light of [32, § 2] it would be interesting to discuss
whether non-trivial examples of W7 local minimizers still exist in the simple case
that (2 is a ball. Moreover, in view of remark 2.5 they should ideally possess the
additional feature that they are not W1? local minimizers. Indeed, for ¢ > p we are
not aware of any theoretical obstruction, but no such examples seem to be present
in the literature.

Assuming standard growth (1.2), the regularity theory for W14 local minimizers
has been started in [32]. Let us restate this result.

THEOREM 1.2 (Kristensen and Taheri [32]). Let 2 < p < 00, 1 < § < 0o. Assume
that f € C?(RN™) is uniformly strictly quasiconvex with (1.2) and that
e WhIQ,RY)nWhr(02,RY)

loc

is a Wh4 local minimizer of F'. Then there exists an open set {2y C 2 with |2\ 2| =
0 such that @ € CL% (20, RN) for every 0 < o < 1.

loc

A similar result for weak local minimizers is given in [32] and an analogous
statement in the subquadratic case 1 < p < 2 was established in [12]. We stress that
in the light of the counter-examples from [40] these theorems treat a borderline case
of regularity. Finally, we mention that it would be desirable to remove the technical
assumption 4 € Wﬁ)f (2,RY) in theorem 1.2. However, at present it seems quite
difficult to achieve this.

Next we turn to a generalization of (1.2). Actually, starting with a series of papers
by Marcellini (see, for example, [35,36]) an increasing interest in more flexible
growth conditions than (1.2) has emerged. In this paper, we concentrate on the
(p, q)-growth conditions

VEP < () < P14+ [E]7) (1.3)

with two growth exponents 1 < p < ¢ < oco. In the general vectorial setting the
regularity theory for (1.3) was started in [42]. Assuming that f is strictly convex
and that ¢ < min{p + 1,pn/(n — 1)} the authors showed partial Clz’f‘—regularity of
minimizers of F'. Subsequently, considering less restrictive conditions on the growth
exponents, higher integrability results for the gradient of minimizers have been
given in [18,19], and partial regularity has been established in [9]. Here, the most
general condition on the exponents, appearing in [9, 18], reads ¢ < p(n + 2)/n. For
results concerning non-autonomous functionals we refer the reader to [8,10,14,20].

The quasiconvex case is more recent. In [7,22, 28,29, 34,43] the semicontinuity
properties in WP (2, RY) of quasiconvex functionals satisfying (1.3) have been
investigated. For our approach the following notion from [7] has turned out to be
crucial.

DEFINITION 1.3 (W P-quasiconvexity [7]). We say that f is W1 P-quasiconvex if
and only if

Ji f(€+ Dp)da > f(6)

holds for all £ € RN" and all ¢ € W, *(B;R").
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Relying on [7,22], it has been shown in [46] that (strict) W1P-quasiconvexity,
together with (1.3) and some restrictions on the exponents p and ¢, allows one to
establish both existence and partial regularity of absolute minimizers of F. Pre-
cisely, the restriction on the exponents reads ¢ < np/(n — 1) for the existence and

min{2, p}

1<p<qg<p+
2n

(1.4)
for the regularity. We refer the reader to [45] for similar results in the higher-order
case.

For n = N, an important class of examples is given by the polyconvex integrands

F&) = (14 [€]*)P"? + h(det€), (1.5)

where h is a convex function of growth rate ¢/n. These integrands are of some inter-
est in nonlinear elasticity, as pointed out in [5-7,34]. Moreover, we recall from [7]
that f from (1.5) is W'P-quasiconvex if and only if p > n holds. Thus, in this case,
the above existence and regularity results apply. Let us mention, at this stage, that
polyconvex integrands with a structure related to the one in (1.5) and p > n—1, but
with a completely different growth behaviour, have previously been treated in [24]
by means of more specific methods taking into account the peculiar nature of the
functional.

In the case when p < n the integrands (1.5) are not W!P-quasiconvex and the
above-mentioned results do not apply. However, this case, in which F' can potentially
admit discontinuous minimizers, is of particular physical interest. To extend the
existence and regularity results, a relaxation method, which is closely related to the
classical idea of the Lebesgue-Serrin extension, was introduced in [11,22, 34, 47].
Precisely, we consider the relaxed functional

Flu] := inf { lilgrgng[uk] cWhI(02,RY) 3 ugp — u weakly in Wl’p(Q,RN)}
(1.6)
for u € WP(£2,RN). It is not difficult to see from this definition that the minimum
of F is attained on every Dirichlet class [47]. Furthermore, invoking representation
results from [11,22], the approach of [46] has been carried over to minimizers of F.
Precisely, partial regularity of minimizers of F has been established in [47], assuming
that f is strictly quasiconvex with (1.3) and (1.4).

The aim of the present paper is now to examine the regularity properties of local
minimizers of quasiconvex functionals satisfying (p, ¢)-growth conditions. Clearly,
our main interest remains the model case (1.5), for which examples of L' local
minimizers have been provided in [53, §4]. Precisely, our results are the following.
If f is strictly W'%-quasiconvex, we prove partial C,-regularity for W1 local
minimizers @ of F' (see theorem 2.1). In addition, if f is only strictly quasiconvex,
following the approach of [47] we prove a similar regularity theorem for W7 local
minimizers @ of the relaxed functional F (see theorem 2.2). In both cases we are
mainly interested in the case ¢ > p, where, as in [32], we need to impose the technical
integrability assumption u € VVlif (£2,RN). Note that, as a by-product, this assump-
tion allows us to work with W14-quasiconvexity instead of W!P-quasiconvexity in
theorem 2.1. Our results generalize those obtained in [12,32,46,47].
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Finally, let us briefly comment on some technical issues. In the subquadratic case
1 < p < 2, we improve the condition (1.4), replacing it by

n —1 1
l<p<g<mind——p p+—p. 1.7
p<gq mm{zn_Qp p+n} (L.7)

Note that in the model case (1.5) with ¢ = n = N = 2 the bound (1.7) allows
replacement of the condition p > % from (1.4) by p > % However, the reason for this
improvement is mainly a technical one. Moreover, we mention that, following [12,
32], we use a blow-up argument based on the excess

E(x,7) :][ (1+ |Da — (Da),.[>)?~?/%|Du — (D), ,|* dz (1.8)
B, (x)

to prove the partial regularity. In particular, even in the case of absolute minimizers,
we provide an alternative proof of the results in [46,47], where the A-harmonic
approximation method has been used.

2. Statement of the results

In this section we state our main results concerning partial regularity of strong local
minimizers. Starting with a growth and a coercivity condition we will now supply
precise statements of our assumptions.

(H1) g-growth. There exists a bound I" > 0 such that we have

0< f(&) <I(1+€]7) for every & € RN™,

(H2) p-coercivity. There is a coercivity constant v > 0 such that we have

(&) = ~[¢]P for every & € RV™,

Next we state two quasiconvexity conditions, which will be imposed in theorems 2.1
and 2.2, respectively.

(H3) Strict Wl9-quasiconvexity. For each L > 0 there is a convexity constant
vy, > 0 such that we have

][ (J(6+ Dp) — £(€) > vz f (1+ [Dgf2)P=2/2|Dy|? du
B, (zo)

B, (10)

for all balls B,(zg) C R", for all £ € RN™ with [{] < L+ 1 and for all
¢ € Wyl (B, (o), RY).

(H4) Strict quasiconvexity. For each L > 0 there is a convexity constant vz, > 0
such that we have

][ (F(€+ Do) — £(6)) > v f (1+ [Dgf2) =272\ Dy|? du
B, (zo)

B, (10)
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for all balls B.(xg) C R, for all ¢ € R¥" with |¢| < L + 1 and for all
¢ € C(B,(z0),RY).

Now we present our first main result, a regularity result for strong local minimiz-
ers of the functional F defined in (1.1).

THEOREM 2.1. Let q € [1,00) and

L epcoemind L 21 2.1)
< min -, . .
Pxq p n 2n—2p

Assume that f € C*(RN™) satisfies (H1) and (H3) and that

ac WhIQ2,RY) nwhP(Q,RY)
is a WY4 local minimizer of F in the sense of definition 1.1. Then there exists an
open set 2o C 2 with |2\ 2y] = 0 such that @ € CL* (20, RN) for every 0 < a < 1.

loc

Our second main result concerns strong local minimizers of F from (1.6), where
we define local minimizers of F along the lines of definition 1.1 with F' replaced
by F. Before stating the result, we recall some properties of the functional F.
Assuming (H1) with 1 < p < ¢ < np/(n — 1), from [22,47] we have

Flu] = / Qf(Du)dz for u € WHP(02,RN), (2.2)
o
Flu] = /Q Qf(Du)dx for u € Wh(2,RY), (2.3)

where @ f denotes the quasiconvex envelope of f. Furthermore, it has been shown
in [11,22] that F depends on the domain {2 like a Radon measure, whose absolutely
continuous part has density @ f(Duw). These facts will be crucial in the proof of the
following result. In particular, we mention that, by an argument of [47], they can
be used to prove the validity of Euler’s equation for minimizers of F. This is an
important observation for the proof of the following theorem.

THEOREM 2.2. Let § € [1,00) and

1 2n—1
1 <p<g<mi -, : 2.4
p<yq mm{p+ - 2n_2p} (2.4)

Assume that f € C*(RN™) satisfies (H1), (H2) and (H4) and that
e WhIQ,RYYnwir(2,RY)

oc

is a W4 local minimizer of F on §2. Then there exists an open set {2y C 2 with
|2\ 20| = 0 such that @ € CL% (20, RN) for every 0 < a < 1.

We highlight some features of the previous theorems.
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REMARK 2.3. In some sense W 9-quasiconvexity is necessary for the existence of
W local minimizers. Precisely, adapting the proof of [53, proposition 4.1] one
finds that if @ € WhP(2,RY) is a W17 local minimizer of F, then for every
o € WH4(B RY) the following holds:

]{Bf(Dﬁ(y) + Dy(x))dx > f(Du(y)) for ae. y e 2.

REMARK 2.4. If ¢ > q, then (strict) W%-quasiconvexity is equivalent to (strict)
quasiconvexity. Combining this with (2.3), theorems 2.1 and 2.2 turn out to be
equivalent in this case.

REMARK 2.5. In the case § < p, it follows from [32, §2] that theorem 2.1 can be
reduced to the case of absolute minimizers.

REMARK 2.6. Under the additional assumption

lim sup ||Du — (Du)w’r||Loc(Br(w)7RNn) < 0,
r—0t
theorems 2.1 and 2.2 also hold in the case of weak local minimizers, i.e. for § = oc.
This generalization is straightforward, along the lines of [12,32].

REMARK 2.7. The proofs of the theorems will show that we can choose (29 such
that
N\ C {x € 2:liminf E(z,r) > 0 or limsup |(Du)s | = oo}
r—0+ r—0+

holds, where E(z,r) is defined in (1.8).

REMARK 2.8. Under the assumptions of theorem 2.1 or 2.2, if f € C*°(R¥™), then
we have u € C*(£29,RY). Once C’lt’g—regularity is proved, this higher-regularity
result follows from the application of linear theory to the Euler equation.

3. Preliminaries

Throughout this paper we denote by a ¢ a positive constant possibly varying from
line to line. The dependencies of such constants will only occasionally be high-
lighted. We write B, (z) for the open ball with centre « and radius r in R” and set
B, := B,.(0) and B := By. In addition, we will use the common abbreviations

1
Ug,p 1= udxr == ——— udx
]{BT(I) |Br(z)| /B, (a)

and u, := ug , for mean values, where |-| denotes the n-dimensional Lebesgue mea-
sure. Moreover, for 3 > 0 we define the functions Vj : R* — R* and Wg : RF — R*
by

Va(€) = (L4 [E7)OD2, Wp(€) = (1+[€)71¢ (3.1)

for ¢ € R¥ k € N. Since we are mostly dealing with 3 = p/2, where p is a
fixed exponent, we use the abbreviations V' =V}, 5 and W = W,, /5. Next, we will
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collect some useful properties of V' and W. Clearly, we have |Va(§)| = Vs(|¢)),
(Ws(&)] = Ws([¢]) and

cHWa(©)] < Va(©)] < c[Wp(E)), (3:2)

where ¢ depends only on 8. Furthermore, the functions V(t) and Wj(t) are both
non-decreasing in ¢ > 0 and some elementary calculations show that |W|? is convex
for 1 < p < oo and |W|*/P is convex for 1 < p < 2 (in contrast to [V|? and |V[>/P).
Some additional properties are summarized in the following lemma.

LEMMA 3.1. Let 3> 0,1 <p < oo and M > 0. Then, for all &,n € R*¥ and t > 0,
we have

(i) [V (t€)| < max{t,t*/?}|V(€),
(i) [Va(& +n)l < (Vs + [Va(n)l),
(iii) (14 [+ [n]*)P? < 1+ [VEP + [V(n)?),
(iv) Vo1 (Ol < V(I + [V(n)[.
Here, ¢ depends only on 3 and p, respectively.

Proof. Assertions (i) and (iii) are easy to check. Part (ii) has been proved for

3 < B < 1in [13, lemma 2.1] and is easily seen to hold for all 3 > 0. Part (iv)

follows from the fact that V},_; is non-decreasing. O
Next we restate an integral inequality for V' (see, for instance, [46]).

LEMMA 3.2. Let 1 < p < oo and u € WHP(Q2,RYN). Then we have

/ WV (Du — (Du)o) de < c/ V(D)2 dz
Q Q
with a constant ¢ depending only on p. O

Furthermore, we recall a Poincaré-type inequality and a Sobolev-Poincaré-type
inequality for V.

LEMMA 3.3. We consider 1 < p < o0, a ball B.(zg) in R" and a function u €
WP (B, (x),RN). Then, we have

(=)
B, (z0) r

In addition, setting p?* = 2n/(n —p) > 2 for 1 < p < 2, we have

U— 1 p#\1/p* 1/2
(][ V(””) ) dr < c(][ |V (Du)|? dx) : (3.4)
By (zo0) r By (o)

The constant ¢ depends only on n, N and p in both inequalities. O

2
dz < c/ |V (Du)|* d. (3.3)
BT(CE())
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Here, (3.4) has been proved in [17, theorem 2] and (3.3) follows easily from the
standard Poincaré inequality for p > 2 and from (3.4) for 1 < p < 2. The reader
should note that a weaker version of (3.4) was established in [13].

Next we restate some estimates for smoothing operators, which will be crucial
for our approach. These estimates, introduced first in [22, lemma 2.2], have already
been used in the regularity theory of integrals with (p, ¢)-growth (see [42,46,47]).
We state them in the form of [46, lemma 6.3].

LEMMA 3.4. Let 0 < r < s and Bs; C 2. We define a linear smoothing operator
Ty : WHH 2, RY) — WHL (02, RY)
forue WHH2;RY) and z € 2 by

T, su(z) ::][ u(z + 9(z)y)dy, where () := 3 max{min{|z| —r, s — |z|},0}.
B

(3.5)
With this definition, for all1 < p < g <np/(n—1) and all u € WHP(;RY), the
following assertions are true:

Ty su € WHP(02;RY),

u="T,.u almost everywhere on (£2\ Bs)U B,, (3.6)
Trou € u+ WyP(Bs \ Br;RY), (3.7)

| DT, su| < ¢(n)Tys|Du| almost everywhere on 2, (3.8)
1T sullpipos, < c(n,p)llullps.B,, (3.9)
I1DTysullp:s\5, < c(n,p)||Dullp:s,\5, (3.10)

I stllg:m0m, < cln,p,q)(s — )/ o= =D/

I =) — E(r Z(s)— Z@)]MP
x | sup M—i— suth(t) . (3.11)

=(t) — =(r) E(s) - 2()]""

X | sup ———=+4 sup ——=| . (3.12)

Here we have used the abbreviations
2(t) = s, and Z(0) = |Dulll
O

Further estimates of the terms on the right-hand sides of (3.11) and (3.12) can
be obtained by means of the following simple lemma.

LEMMA 3.5. Let —oco < r < s < o0 and a continuous non-decreasing function
= :[r,s] = R be given. Then, there exist ¥ €]r, (2r + s)[ and § €]5(r + 2s), s[ for
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which the following hold:

20 - =) _ 5 - Z0)
_ f a 7; _ o 7; for every t €7, 3]. (3.13)
2O -0 _ 56 - 20)
s—t s—r
In particular, we have
Hs—r)<5—-F<s—r (3.14)
Proof. An elementary proof is given in [22]. O

REMARK 3.6. Assume that = is absolutely continuous and non-decreasing and a
set N C R of Lebesgue measure zero is given. Then, we can choose 7 and § as in
lemma 3.5 even with the additional property 7,5 ¢ N (see [47, lemma 4.6]).

Finally, we state another useful lemma concerning the smoothing operator 7 ;.

LEMMA 3.7. Let 1 < p < 00, 0 < r < s and Bg(xg) C 2. Then, for u €
WP(2,RN) we have

V(DT su)]* < Ty o[|[V(Du)?]  almost everywhere on £2, (3.15)
where ¢ depends only on n and p.

Proof. Due to (3.2) it suffices to show the claim with V replaced by W. Since |W|?
is a non-decreasing and convex function, using (3.5), (3.8) and Jensen’s inequality,
we obtain

|W (DT, qu)|* < c|W (T, | Du|)|* < chHW(Du)P] almost everywhere on (2.

This proves the claim. O

4. Proof of theorem 2.1

First we note that the definition (1.8) of the excess reads
E(x,r) :][ V(D — (D), )|* d
B, (x)

in the terminology of §3. We will establish a decay estimate for this excess in the
following proposition, which we prove by an indirect blow-up argument.

PROPOSITION 4.1. Under the assumptions of theorem 2.1 for every L > 0 there is
a constant C > 0 with the following property: for each 0 < T < % there ezists a
number € > 0 such that the conditions

|(Dt)sr| <L, r<e and E(z,r)<e
for a ball B.(x) CC 2 imply that
E(x,mr) < CT*E(x,r).
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Proof. We argue by contradiction. Assuming the proposition to be false, there exist
L>0and0< 7 < %, corresponding to a constant C' that will be chosen later, such
that the following holds. There is a sequence of balls B, (z;) CC 2 with 7; — 0

such that
|(Dt)s,; r;] <L and 0<\j:=4/E(x;,r;) +0 asj— oo, (4.1)
but
E(xj,7r;) > CT*E(24,7;). (4.2)
STEP 1 (blow-up). We define &; := (D), ,, and
1 _
uj) = [y - 759) — (@)a,r, — Erjs] fory € B.
37

Then we have

)\jD’U,j(y) = D@(.’L‘j + ’I"jy) — fj for y € B, (uj)O,l =0, (D’LLj)o’l =0
V(AjDu;)

]{3 Aj

Since \j(Duj)o,r = (DU)s, rr; — &j, from (4.2) we obtain

and
2

dz = 1. (4.3)

Aj—Q][ [V (A\j(Duj — (Duy)o »))|? dz > C72. (4.4)
B

Furthermore, we define

F(& +N6) — f(&5) — Df(E)A;€

2 for £ € RN™.
J

fi(§) =

Noting that |¢;| < L we get from [2, lemma II.3] that there is a positive constant
k(L) with
|F5(O)] < B2V 2(X6)17,
IDF(©)] < kAT Vg1 (X;6)] (4.5)

for all & € RY™, Moreover, we rewrite the quasiconvexity hypothesis (H3) in the
following form:
VL/
B

for all ¢ € RV™ with [\;¢] < 1 and for all p € Wol’q(B,RN). In addition, setting

V(A Dy)

A e < [ e+ Do) = fy(6) e (46)

Bl = [ f(Du)da.
B
the minimizing property of @ can be rephrased as follows. For all ¢ € VVO1 9(B,RN)

with 5
Dol Lo rNn) € ——=
a( ) )\jT‘;l/q

(4.7)
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we have

Fjlu;] < Fjlu; + o). (4.8)
Next we claim

]{B | Duj ™27} 4 < e (4.9)

Actually, (4.9) follows immediately from (4.3) for p > 2. In contrast, for p < 2 we
first deduce

][ V(Duy)? dz < ¢
B

from (4.3) by virtue of lemma 3.1(i) and then get (4.9) by lemma 3.1(iii). Thus,
passing to subsequences we may assume that for some u € Whmin{2.p} (B,RYM) and
some &5 € RN™ we have

u; —u  weakly in W hmin{2.p} (B,RM),
uj —u  strongly in L™M2P(B RY)
AjDuj; — 0 almost everywhere on B,

& — € in RN

(4.10)

STEP 2 (linearization). In this step we will show that v is a weak solution of a
linear system. Precisely, we claim

/ D?f(£s0)(Du, Dp)dz =0 for all p € C}(B,RY). (4.11)
B

Actually, the derivation of the limit equation (4.11) is well known (see, for instance,
[2,9,21,32,42]) and we will only sketch it. From the minimality property of u; in (4.8)
we get the following Euler-Lagrange equation:

/ Df;(Duj)Dpdx =0 for all p € CX(B,RY).
B

We will show that the preceding equation converges to (4.11) as j — oo. Setting
Bf :={z € B:|\;Du;(z)| > 1} and using (4.5) and ¢ < p+ 1, we obtain

C
‘/ Dfj(Duj)Dpdz| < y/ [Vg—1(Aj Duy)| dz sup [ D
B;T j B;r B

V(\;Du;)|?
< csup|Dg0\)\j][ mizuj”dm.
B B A

By (4.3) we infer that this term vanishes as j — oo and it remains to treat the
integral over B; := {x € B : |A\;Du;(z)| < 1}. Here, noting |B]+\ < e — 0 as
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in [32], we have

Dij(DuyDeds = [ (Df(&+\Dws) - DF(E) Dy s
B; i)

1
:/ / D?f(&; + tA;Du;j) dt(Duyj, Dy) dx
B; Jo

5 /B D2 f(€x0)(Du, D)

and (4.11) follows. The condition (H3) implies that D?f(£4) is elliptic in the the
sense of Legendre-Hadamard with ellipticity constant 2v;, and upper bound K, :=
Supj¢|<r, D?f(€). Thus, we can apply linear theory to deduce that u is C* on B and

][ |Du — (Du)o - |? dz < cr? (4.12)
B,

is valid. Here, ¢ depends only on n, N, vy, and K. The remainder of the proof is
now mostly devoted to showing that

/\.‘2/ [V(X\;(Duj — Du))>dz — 0 as j — oco. (4.13)
B

J

Once we have proved (4.13) we will see that (4.12) contradicts (4.4).
STEP 3 (construction of test functions and preliminary estimates). We consider
B,(x9) CC Bs

and fix 7 < 0 < 1, 0 < a < 1. We define affine functions a;(z) = (u;)ee,r +
(Duj)zy,r (@ — x0) and set

vj(x) = uj(z) — a;(z).

Moreover, we introduce the abbreviation

zo=x2 [ ([v(5)

and choose for this function ar < 7; < 5; < r as in lemma 3.5. In particular, we
have

2

+ |V(Ajva)|2) dz

tl-—a)r<s -7 <(1—a)r (4.14)

Now we consider smooth cut-off functions n; : R™ — [0,1] which satisfy 7; = 1
in a neighbourhood of By, (x¢), 7; = 0 in a neighbourhood of R™ \ Bg,(x¢) and
[Vn;| <2/(8; —7;) on By(z0). We define

Xj = (1 =mn5)v;], b :=T5 5,x; and ;= v; =y,

where the smoothing operator T is defined in lemma 3.4. According to (3.6) and
(3.7) we have ¢; € Wol’p(ng (z0),RY), ¢; = v, ¥; = 0 on By, (20) and

DUj — Daj = D’Uj = Dgﬁj + D’L/)j on B (415)
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In addition, the product rule and (4.14) give

Next, we will derive two preparatory estimates for x;, namely (4.17) and (4.18).

Setting
AU
Yj = x2/ (’V(J 2 )
T ) B0\ Ban(o) (1—a)r

we apply in turn (3.8), lemma 3.7, (3.9) (with p = 1), (4.16) and lemma 3.1(ii) to
get the estimate

D] < 1Dy + \ (4.16)

2

+ |V()\jva)|2> dz,

5t V(D) P da
Bs,; (20)\Br; (w0)
<oy? [ 1T, 5,11V O Dy )] de
Bs,; (z0)\ By, (wo0)
< c>\j_2/ [V(\;Dx;)? dz < ¢Yj. (4.17)
Bs,; (z0)\Br; (w0)

Arguing in a similar way, but using (3.11) (with p = 1, ¢ = k) instead of (3.9), we
find for 1 < k < n/(n —1) that

5t [ [V (D)
Bs, (20)\Br; (w0)
S C)‘j_2/ T, 5, IV O\ Dx) ]| da
Bs, (z0)\Br,; (o)

-2/~ ~ \yn—(n—1)k 1
gc)\jQ(sj—rj) (n—1) ( Sup - —— / V(A Dx;)|? da
te]7,55] J J Bi(x0)\B7; (z0)

1 K
by — f |V<AJDXj>|2dm)
t€175,8;1 53~ U J B3 (20)\Bi(z0)

— — ~ — ~ — K
< x5, — i ymte (g E5(t) — 5 () | sup ~j(5{) S0V
! telrp sl ETT telr sl 8t

Combining the last inequality with the estimates of lemma 3.5, we obtain

) >\2Y} Kk—1
AT / [V (\; D) [*F < c(J) Y;. (4.18)
! Bs; (20)\Br; (z0) T (1 =ajr) !

STEP 4 (the main estimate). In this step we will combine ideas of [32,46] to estab-
lish a key estimate. This estimate will lead to (4.13) later in the proof. Here, our
first aim is to verify (4.7) for ¢; with j large, which will enable us to use (4.8). We
start with the following computation and use for this purpose (4.14), (3.9) and the
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Poincaré inequality:

[petrars [ pupracs [ DY, da
B By, (o) Bs, (z0)\Br,; (o)

55

< / |va|‘7dx—|—c/ |Dy;|?dz
By (z0) Bs, (2g) \Br; (o)

< / |Dv;|?dz
Br(xU)

] a
+c</ |va\’7d:17+/ <|vj> dz)
Bs; (20)\By; (w0) Bs, (20)\Br, (o) \ (1 —a)r

35 35

1Y i
< c<1—|—) / |Dv;|? d.
l-a B (x0)

Changing coordinates in view of B, (z; 4 7;x0) C B;,(x;), we obtain

1/q
c 1 _
|1 Do;ll L ryny < = (1 + > (/ |Du|? dx) )
JlILa( ) )ij;L/q 1—a B, (a)

Therefore, the condition (4.7) is fulfilled if

1 B 1/q
c(l + ) (/ |Du|qu) <5
L=a/\Jb, @)

holds and this is satisfied for sufficiently large j, say for j > j1(«). Furthermore,
from the definition of a; and (4.9) we see that |Da;| < ¢r~". Hence, there exists
a ja(r) such that |[A;Da;| < 1 holds for all j > ja(r). We define jo(a,7) :=
max{ji(a), j2(r)}. Then, for j > jo(c,r), we use (4.6), (4.8) and (4.15) to get

2
Z/L/ dx < Z/L/
B7 (zo) Bs, (2o)

< / (fi(Daj + Dyj) — f;(Day)) dx
B_;j (zo)

2

V(A;Dvj) da

Aj

V(A Dy;j)
Aj

= / (fj(Duj — Dip;) — fi(Duy)) dx
B.aj (o)
+ /B(fj(Duj) — fij(Du; — Dyj)) dx
+ / (fi(Daj + Dv;) — fi(Daj;)) dz
ng (z0)

< / (f;(Du; — Diy) — f5(Duy)) de
ng(zo)

+ / (fi(Daj + Dv;) — fj(Day))dx. (4.19)
Bs . (z0)

35
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Recalling ¥; = 0 on By, (x0), we estimate the right-hand side by using inequal-
ity (4.5) and lemma 3.1(ii):

VL/
By, (o)

’ 1
< / / (Dfj(Daj +tDv;) — Dfj(Duj — tDv;))Dyp; dt dz
Bs, (z0) JO

< c/ (’ Va-1(A; Da;)
Bs, (20)\Br, (o) Aj

Vyg—1(A;Dvj)
Aj

2

V()\jD’Uj) dr

Aj

| Dby

VQ/2(>\J’D¢J‘>

D

2
)daz

‘|
—: ¢(T+ 11 + IIT)

with the obvious labelling.

Estimation of III. 'We estimate the last integral by lemma 3.1(iii), (4.17) and
(418) with k =¢/p<n/(n—1)=1+1/(n—1):

III = /
Béj(a.‘(])\Bf‘j (EO)

< (1+ |0 DYy [2)#/Da=D/2(V (3, Dy ) d
Bs  (29) \B#; (z0)

2

Vas2(Aj D) A

Aj

<oy | (14 VO D) )P /2[V (3, Dy ) d
Bs,; (z0)\Br; (w0)

< CW/ (IV (A D)2 + [V (A Dy) P1/7) da
ng (xO)\Bij (o)

<o () )

)‘EY] 1/(n—1)
<ely, + (272 Y ).
( it (((1—a>r>n> )

Estimation of II.  We estimate the integral II, distinguishing the cases p > 2(n —
1)/n and p < 2(n —1)/n.

CasE 1 (p > 2(n—1)/n). In this case, (2.1) reads ¢ < p+1/n and we have 1p+1 <
p + 1/n. Hence, enlarging ¢ if necessary, we may assume that ¢ > %p + 1 (without
destroying ¢ < p + 1/n). Next we give a pointwise estimation of the integrand in
II. For |A;Dv;| < 1 with Young’s inequality we obtain

(14 |X;Dv;|*) 722 Doy || Dy |
= X2 (1+ |\ Doy ) =24+ Came=2 /4 \; Dy | |\; Dy |
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< eA72(1+ [\ Do, [?) P24 N, Duj ||\ Dy |

SC(

while for |\;Dv;| > 1 a similar computation yields

V(A\;Dvj)

2
. +/\;2AjD¢j|2>,
J

(14 |X;Dv;[) 9722 Du; || Dy |
= )\;2(1 + |)\jDUj ‘2)((P—2)/2)(q—1)/p+(2q—p—2)/2p|)\jDUj ‘ |Aijj|
< c)\j’Q(l + |>\jva\2)((”_2)/2)(‘1_1)/”|)\jva|2(q_1)/p|)\ijj|

SC(

Thus, using p/(p+1—q) > 2, ¢ < p+1/n, (4.17) and (4.18) (withx =1/(p+1—¢q) <
n/(n — 1)) we argue essentially as for III:

II < c/
Bs, (z0)\ Bz, (o)

+eX;? (1A Dip; |2 + | \; Do, P/ PHI=D) de
Bs, (z0)\Br; (w0)

< C/ (‘ V()\jD’Uj)
Bs, (20)\Br, (o) Aj

T /\;2|V(/\jD1/)j)|2/(p+l_q)> dz

<y )\?yj (1/(p+1—q))—1Y
s \a= e g

CASE 2 (p <2(n—1)/n). In this case (2.1) reads ¢ < (2n — 1)p/(2n — 2) and we
have, in particular, ¢ < %p + 1. Again we will give an estimate for the integrand in
II. In the case when |Dv,| < |D1);|, since V,_; is non-decreasing we find

Va/2(A;Di;)
Aj

V()\jDU]')

2
" + )\j2)\jD¢j|p/(p+1—q)).
Y

2

V(/\jD’Uj) de

Aj

2

T ‘ V(DY)
Aj

‘Vql()\jva) 2

Aj

| D] < ‘

and in the case when |Dv;| > |Dt;| with Young’s inequality and g < %p +1 we get

‘V?zl()\jD”j)

3 | D] = A2 (1 [Ny Doy [2) =24 =224 X Doy | A Dy |
J

<A 2 Viggmp) 2 (0 DY) |V (A Dy )|
<A 2 (IVizgp) 2N DY) + [V (A, Dvy)?).
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Arguing essentially as supplied above and using ¢/p < (2¢ —p)/p < n/(n—1), we
derive the following estimate for II in this case:

A?Yj ((2¢—p)/p)—1 )\?yj (a/p)-1
II < Y. — Y — Y
( J*(((l—a)r)ﬂ) J*(((l—aw) >

Estimation of I. It remains to control I. Here, employing |A\;Da;| < 1 for j >
Jo(a,7), lemma 3.1(iv) and (4.17), we get

I< c/
Bs (z0)\Br, (o)

55

< C/ <’V()\jD%)
B, (0)\Br, (o) Aj

55

< C</
B;(z0)\Bar(zo0)

Collecting the estimates for I-I1I, we have proved that
V(A Dvj)

/Bar (10) A]

)\?Y] 1/(7L—1)
<ec Y4—|—<> Y‘)+C/
( ! (1 =a)r)n ’ By (20)\Bar(z0)

By the Poincaré-type inequality (3.3), lemmas 3.1(i) and 3.2 and (4.3), we have

Aivs 2
<\ T2 ) (2 _ %
Y <A /BT(wo) (|V()\jD’UJ)| +‘V<(1—a)r> )dm

Vp—1(A;Day) Dy | da

Aj

2 ‘ V (/\]I)d)J)
+
)\j

2
)dz

V(A;Da;)

2
¥ dx—l—Yj).

2
dx

2

V(A;Da;) do.

Aj

2
(14— / VA Do) 1”4
(1 _ a)maX{Q,p} B, (x0) )\J
< C
= (1 _ a)max{Z,p} '
Combining the last two inequalities we find
2
/ VA Do) |”
Bar(z0) Aj
V(A;jDaj)

2
dx) + er}\?/(n—l),

(o]
By (z0)\Bar(zo0)

where ¢, > 0 is a fixed constant depending, in particular, on « and r. The reader
should note that, contrarily, the constants ¢ in the preceding estimates do not

Aj

https://doi.org/10.1017/50308210507001278 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210507001278

Strong local minimizers of quasiconvex integrals with (p, q)-growth 613

depend on « or r. Applying lemma 3.1(ii), we deduce

2
/ V()\J (DUJ‘ — Du)) de
Bar(x()) AJ
2 2
g C|:/ V()\jD’Uj) d:E + / V()\] (DU — Daj)) dx:|
Bar(zo) | 2 By (x0) Aj
2 2
< c[/ V(A\;j(Duj — Du)) iz +/ V(A\;j(Du — Day)) e
B, (20)\ Bar(w0) Aj B, (o) Aj
2
+ / V()\jDCLj) dJZ
B.(20)\Bar (o) Aj
Aivs 2
+ A;Q/ V(”) dx] +ca s/ Y.
B (o) (1-a)r
By Widman'’s hole-filling trick, that is, adding
2
C/ V()\j(DUj — DU)) dx
Bar(wo) >\J
on both sides, we finally arrive at the main estimate,
2
Ba’r(afo) A]
2 2
B, (wo) Aj B (x0) Aj
2
+ / V()\jDCL]') dx
BT(wO)\Bar(wD) A]
—‘,—)\.72/ V(M)‘de—i_ca T)\Q'/(nfl) (420)
/ Br(.’Eo) (1 - O[)T ’ J

for j > jo(o,r) with 8 = ¢/(1+c¢) < 1. We stress that § does not depend on « or 7.

STEP 5 (strong convergence). Recalling that u is C! on B, it follows from (4.3)
that

A;Q/B \V(X\;(Duj — Du))|* dz

remains bounded as j — oo. Thus, there exists a non-negative Radon measure p
on B, such that, passing to subsequences again, we have

/\]»_2|V(/\j (Du; — Du))|?L™ = i weakly in the sense of measures on B,.

Introducing the affine function a(x) := (u)zy,r + (Du)z,,r(x — o) We obviously have
aj — a and )\jAV()\jDaj) — Da. Furthermore, setting v := u — a, we claim that
A (v —0)\|?
/ A2 V(J(“J”)) dz — 0. (4.21)
B, (zo) (1 - O[)’I"
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For 1 < p < 2 we will now prove (4.21) following an argument of [13]. We choose
t € (0,1) such that 2+ = ¢+ (1 —¢)/p* holds (recall that p# = 2n/(n —p) > 2) and
apply the interpolation inequality and the Sobolev type inequality (3.4) to get

‘/BT (IO)

2

VA o) |”

Aj

2t . 2(1—t)/p*
X[ pman) ([ o -0 a)
BT(IO) Br(zo)

2t 2 \(1-t)
V(N;j(Dv; — D
<</ |vj—v|dx> (/ (A (D v)) dx) .
Br.(z0) By (z0)

Aj
By (4.3) and (4.10) the right-hand side converges to 0 for j — oo and (4.21) is
verified for p < 2. For p > 2, (4.21) follows from (4.10) and (4.3) by a simpler

argument and we omit further details. o
Returning to the general case, for every measurable subset A of B, we have

p(int A) < liminf/A)\j_2|V()\j(Duj — Du))|?dz

J—00

< limsup/ )\;2|V()\j(Duj — Du))|?dz < u(A).
A

j—o0

Keeping this in mind and passing to the limit in (4.20), we obtain

p(Bar (1)) < 0u(B(z0)) + / |Dv|* dx + (1 — o™)r"|Dal?

BT(IO)
+ c/
By(z0)

Here, for the treatment of the fourth term on the right-hand side we have used
lemma 3.1(ii) and (4.21). Since 0 < « < 1 is arbitrary, we can, by virtue of a
continuity argument, replace p(Bar(20)) by p(Bar(2o)) on the left-hand side of
the previous inequality. Hence, dividing by r", we have established that

2

Y dx.

(1—a)r

anu(BaO;:“T(:O)) < QN(B;:T(LZO)) —|—€1(’I") + |Da|2(1 _ an) + (152_(2)2’

(4.22)

where we have set

1
e1(r) = —/ \Dv|2 and eq(r) = ¢ / |v|2d:10.
™ B (o) 2 B, (20)

Since u is C*, we have €1(r) + e2(r) — 0 and Da — Du(zg) as 7 — 0. Next we
claim that
(B (o))

.. 1%
lim inf
r—0+ rh

= 0. (4.23)
To prove (4.23), following [32], we first suppose that

lim sup M

r—0+t rr

> 0.
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Then, by an argument of [32, pp. 78-79] we can pass 7 — 07 in (4.22), arriving at

™ < 0+ |Du(xo)|*(1 — ™) lim sup ———x
r—0t p(By(z0))

for all 0 < o < 1. Thus, passing & — 1~ (recall that § < 1 is independent of o) we
get (4.23) in any case and for all 2y € B,. Hence, following [32] again, by Vitali’s
covering theorem we deduce that

u(Br) =0,
which, in turn, implies the strong convergence stated in (4.13).

STEP 6 (conclusion). Noting that (Du;)o» — (Du)o,r, from lemma 3.1(ii), (4.12)
and (4.13) we deduce that

1
li 771 Aj(Duj — (Duj)o -))>d
jEEoA;% B V(A (Duj = (Duy)o,r))|" dz

T

< lim %7{3 IV (Xj(Duj — Dw))|* + |V(Aj(Du — (Du)o,-))|?

+ [V ((Du)o,r — (Duy)o,r))[?] da
= c][ |Du — (Du)o - |? dz

g 0*7_2

for some constant C* > 0. Finally, the last inequality contradicts (4.4) if we choose
C = C*+1 and the proof is finished. The reader should note that C' and C* depend
only on n, N, p, v, and K. O

Once proposition 4.1 is established, theorem 2.1 follows by a well-known iteration
argument and Campanato’s integral characterization of the Holder continuity. For
further details see, for instance, [13,21].

5. Proof of theorem 2.2

In this section we present the proof of theorem 2.2, modifying the proof of theo-
rem 2.1 along the lines of [47].
First we recall some simple estimates for the non-degenerate p-energy

ep(€) = (1+ [¢[*)/ (5.1)
(see, for example, [47] for a proof).

LEMMA 5.1. For1 <p<oo, L >0, & € RV with |¢| < L+1, a ball B,(xg) in R"
and o € Wy (B,(z0), RN) we have

it [ vwpPdr< [ fe(e+De) - eyl da
Br(x()) BT(xU)

<Oy / V(D) da
B, (xo)

for some constant C7; > 0 depending only on p and L. O
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In the following lemmas we collect several properties of the relaxed functional F.
These lemmas have been proposed in [47] and rely heavily on (2.2), (2.3) and the
measure and integral representation results obtained in [11,22]. Later in this section
we will also apply (2.3) and the measure representation result [22, theorem 3.1]
explicitly. Next we give a reformulation of [47, lemma 7.1]. Note that the growth
condition imposed on Df in [47] follows from (H1) and the quasiconvexity of f.

LEMMA 5.2. We suppose that f € C! is quasiconvex with (H1) and 1 < p < q <
min{p + 1,np/(n — 1)}. Then, for u € WIP(Q2,RN) with Fu] < oo and ¢ €
wip/(p+1=a)(Q RN) we have

Flu+ ] — Flu] = Flu+¢] — Flu].

As in [47, lemma 7.3] we see that lemma 5.2 implies the validity of Euler’s equa-
tion for W17 local minimizers of F.

LEMMA 5.3 (Euler’s equation). Let 1 < g < co. We suppose that f € Ct is quasi-
convez with (H1) and 1 < p < ¢ < min{p + 1,np/(n — 1)}. Then, every Wh4 local
minimizer u € WHP(2,RN) of F is a weak solution of the Euler equation of F, i.e.

/ Df(Du)Dedx =0 for all p € C°(02,RY).
o}
Now we introduce the additional notation

Flu; O] := inf { liminf | f(Duy)dx :
k—oco O

Wi (O,RY) 3 ug — u weakly in WLP(OvRN)}

for open subsets O of (2. We will need the next two lemmas, which can also be
found in [47].

LEMMA 5.4 (WhP-quasiconvexity). Assume (H1) and (H2) with 1 < p < q <
np/(n — 1). Then, the following WYP-quasiconvexity condition holds for F: for
every ball B.(xg) in R™, every & € RN™ and every ¢ € WLP(B,.(z0),RY) with
compact support in B, (xq) we have

Flle 4+ ¢; By (20)] = Flle; Br(z0)], (5.2)
where we have set l¢(x) := &x.

LEMMA 5.5 (additivity property). Assume (H1) and (H2) with 1 < p < ¢q <
np/(n — 1). We consider a ball Bs(zo) CC 2 and u € WHP(2,RYN) such that
the boundary regularity condition

lim sup — |Dul? dx < oo (5.3)

e\o € ~/Bs+s(960)\Bsa(Io)
holds. Then we have

Flu; 2] = Flu; Bs(xo)] + Flu; 2\ Bs(xo)]-
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After these preparations we turn to the proof of theorem 2.2. As for theorem 2.1,
it suffices to establish the following proposition, whose statement is completely
analogous to proposition 4.1.

PROPOSITION 5.6. Under the assumptions of theorem 2.2, for every L > 0 there
s a constant C' > 0 with the following property: for each 0 < 7 < % there exists a
number € > 0 such that the conditions

(D@)yr| <L, r<e and E(z,r)<e
for a ball B.(z) CC £2 imply that
E(z,7r) < CT*E(x,r).

Sketch of the proof. We argue by contradiction. Assuming the proposition to be
wrong, we proceed by blow-up as for proposition 4.1 and we will highlight only the
necessary modifications in the proof. First we note that, by lemma 5.3, the Euler
equation used in step 2 is available. Thus, the remaining modifications, which will
be outlined now, concern only the handling of the quasiconvexity hypothesis and
the minimizing property. We use the nomenclature of the proof of proposition 4.1
but with the following difference: we choose 7;, 5; as in remark 3.6, avoiding the
set

N; := {t €lar,r[:t— |Du;|P dz is not differentiable at t}.

Bt (Ig)

Thus, u; satisfies the condition (5.3) near 9Bjg,(wo). As explained in the proof
of [47, lemma 7.13] it is easy to see that the same condition holds for a; + ¢; and
uj — ;. We will use this fact later when applying lemma 5.5. Next we will rewrite
the quasiconvexity hypothesis (H4) in an adequate form for our purposes. To this
aim we introduce the auxiliary integrand

g(€) = f(€) %Llep@) for £ € RV™,

where e, is defined in (5.1) and C4, v and v, denote the constants from lemma 5.1,
(H2) and (H4). Moreover, for W1P-functions w we set

Glw] ::/ g(Dw) dx,
2
Glw] := inf { lim inf Glwg] : Wb9(2,RY) 5wy, — w weakly in W“’(Q,RN)},
k—o0
Fi[w] == inf { liminf Fjwy] : W53 (B, RY) 3wy, — w weakly in WLP(B,RN)},
— 00

loc

and we will also use the obvious modifications of this notation for open subsets O
of 2 and B, respectively. Following an argument from the proof of [47, lemma 7.13]
it is not difficult to see from the definitions of F and G that we have

Glw; O] € Flw; O] — é—Ll/ ep(Dw) dx
o
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for all open subsets O of {2 and all w € W?(O,R"). In addition, from (H1) and
(H2) we see that g satisfies the growth conditions

2r/2y 2r/2y
v - L) e - L <gle) < +1e9)
4 C4

for all ¢ € RN™. Imposing the condition 2P/?v; < C}v, which is clearly not restric-
tive, we infer that g satisfies (H1) and (H2) up to an additive constant. Obviously,
this is sufficient to allow the application of lemma 5.4 to G. Furthermore, we deduce
from (H4) and lemma 5.1 that g is quasiconvex at all £ with |£| < L + 1. In par-
ticular, recalling (2.3) this gives G[l¢; B,, (z;)] = |B;, (x;)|Qg(§) = |Br, (z;)|g(&) for
these &, where we have used the notation /¢ from lemma 5.4. Consequently, applying
lemma 5.4 to G we get
0 < Glle + ¢; Br, ()] — Glle; By, (x;)]

127
< Flle + @3 By, (w5)] = [ By, (25)1£(€)

& o DD el

for €] < L+ 1 and all ¢ € WHP(B,,(x;),RY) with compact support in By, (z;).
By lemma 5.1 we conclude that

[, VDR < Flle o+ )]~ By, )11 (€)

J

for all £ € RV™ with |¢| < L+ 1 and all ¢ € WYP(B, (z;),RY) with compact
support in B, (z;). Rescaling gives us!

J

for all £ € RM™ with |\;¢| < 1 and for all ¢ € WP(B,RY) with compact support
in B. Next, we recall ¢; € Wol’p(ng (z0), RN) and Fj[a;; O] = |O|f;(Day) for all
open subsets O of £2; see step 3 in the proof of proposition 4.1 and (2.3). Using
these facts, lemma 5.5 and the choice of 5;, we deduce from the previous inequality
that

L (130)

55

2

M dz < e(Fjlle + ¢; B] — |B|f;(£)),

Aj

2

V3D " 41 < e(Fyfas + 053 Bs, (@0)] - |Bs, (o)l f5(Daz))  (5.4)

Aj

for j > ja(r). In the following we will use the quasiconvexity hypothesis in the
form (5.4). Next we turn to a reformulation of the minimizing property: we have
assumed that @ is a W7 local minimizer of F on 2. By the measure representation
theorem [22, theorem 3.1] this is easily seen to imply

Flu; By, ()] < Fla = @3 By, (2;)]
L Actually, this can be verified by a straightforward computation using the definitions of Fi,

Fj, f; F, F and the fact that the integral of the linear term in the definition of f; is weakly
continuous.
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for all functions ¢ € Wl’q(BTj (z;),RYN) with compact support in By, (x;) and
| DellLaB,  (z,)rNn) < 6. Rescaling as before, we get

Fjlus; Bl < Fjluj — ¢; B]

for all o € W14(B,RY) with compact support in B and

1)
[DellLapryny < —=-
)‘j'rj /q
Recalling that
é S
1Dl La(srymy < N for j = ji(a)
)\j’l"j

(see step 3 in the proof of proposition 4.1), from lemma 5.5 and the choice of §; we
get
Fjlug; Bs, (wo)] < Fjlu; — @j5 Bs, (o)) (5.5)

Finally, recalling (4.15) and combining (5.4) and (5.5) we find

\/Bm.(wo)
+ Fjlaj +vj; Bz, (x0)] — | Bs; (x0)| fj(Day)).

Since ¢ < p/(p+1—¢q) < np/(n—1) we see that

2

V(A Dy;) e

Aj

N

c(Fjluj —bj; Bs; (o)) — Fjlug; Bz, (wo)]

Wy € WhP/PH=0 (B (24), RY) € W9(Bs, (o), RY)

from the estimates of lemma 3.4. Thus, we can apply lemma 5.2 and (2.3) to simplify
the right-hand side of the preceding formula, deriving

/Bar(wo)

V(A Dyj)
Aj

2
dz < C</ (fj(Duj — D) — fj(Duy)) dz
ng (10)

+ / (fi(Daj + Di;) — f;(Day)) dw)
Bs, (o)

for j = jo(a,r). Since the last inequality coincides with the estimate in (4.19) we
can now argue exactly as in the proof of proposition 4.1. O
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