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Abstract  In the present paper, an inverse result of approximation, i.e. a saturation theorem for the
sampling Kantorovich operators, is derived in the case of uniform approximation for uniformly continuous
and bounded functions on the whole real line. In particular, we prove that the best possible order of
approximation that can be achieved by the above sampling series is the order one, otherwise the function
being approximated turns out to be a constant. The above result is proved by exploiting a suitable
representation formula which relates the sampling Kantorovich series with the well-known generalized
sampling operators introduced by Butzer. At the end, some other applications of such representation
formulas are presented, together with a discussion concerning the kernels of the above operators for which
such an inverse result occurs.
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1. Introduction

The theory of sampling-type operators has been widely studied since 1980s, when, in
order to provide an approximate version of the classical Whittaker—Kotel’nikov—Shannon
sampling theorem (see e.g. [30,31]), Butzer introduced the generalized sampling opera-
tors G, (see (4) of §2) and studied their main properties (see e.g. [12, 38]). The operators
G, allow us to reconstruct (in some sense) a given continuous signal f by a sequence
of its sample values, which are of the form f(k/w), k € Z, w > 0. Subsequently, such
operators have been widely studied by many authors (see e.g. [7,15-17,27,32, 40, 41]).

In 2007, an L'-version of the above operators was introduced, with the definition of
the sampling Kantorovich series S,, (see (3) of §2; [6]) obtained by replacing the sample
values in G, with the mean values w fk(le)/ “ f(u) du, for any locally integrable signal
f. The main advantage of the operators S,, compared with G, is that a not necessarily
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continuous signal can also be approximated. Multivariate extensions of the above theory
are given in [19,20]. In the latter case, applications to digital images for earthquake
engineering have been studied in [2,13,14]. The operators G, and S, are both based
upon suitable kernel functions satisfying certain assumptions.

Recently, the sampling Kantorovich operators have been studied with respect to various
aspects, e.g. the convergence in suitable spaces of function (see e.g. [43]), the order of
approximation (see e.g. [21,22,37]), their behaviour at the discontinuity points of a given
signal (see [26]), and so on. However, the following inverse problem is still open: whether
there exists a positive non-increasing function p(w), w € RT, with lim, 4. p(w) =
0, and a class of functions K C C(R) (the space of uniformly continuous and bounded
functions) such that

(M) |ISwf — flloo = o(p(w)) as w — 400, implies f = constant.

The main result shown in the present paper consists of proving (I) with K = C(R)
and ¢(w) = 1/w, i.e. we prove that the best possible order of approximation that can
be achieved by the sampling Kantorovich operators is ‘one’. The main steps required in
order to prove the above result are the following. First, we prove a representation formula
for the sampling Kantorovich series in terms of the generalized sampling operators of f
and its derivatives until order r, provided that they exist and are all uniformly continuous
and bounded, namely, f belongs to the class C")(R), r € NT. Subsequently, we obtain a
saturation result for the subspace C®(R). Finally, we consider functions in C'(R), and by
the regularization provided by the convolution with suitable test functions, we are able to
prove a version of the desired result (I) by exploiting the inverse results for C ()_functions
(see §3).

The solution of problem (I) can open the way to obtaining a characterization of the satu-
ration (Favard) classes of the approximation process defined by the sampling Kantorovich
operators.

Note that the inverse result just discussed is quite different with respect to what hap-
pens in the case of operators G, where, in order to obtain a similar result, we would
require that f € C'(") (R), r € NT; therefore, our problem cannot be solved using the result
for G,.

In the conclusion of §3, we prove a further consequence of the above representa-
tion formula, by showing that under suitable assumptions on the kernels, the sampling
Kantorovich operators map algebraic polynomials into other polynomials with the same
degree. Examples of kernels for which the above results hold are provided in § 4.

2. Preliminaries

We first introduce some notation. In what follows, for any arbitrary finite or infinite
interval I C R, we denote by C(I) the space of all uniformly continuous and bounded
functions f : I — R, endowed with the supremum norm || f||« := sup,¢; |f(x)|. Further,
we denote by C(")(I), r € N* the subspace of C'(I) for which the derivatives f(*) exist, for
every s <r, s € N*, and each f(*) € C(I). Moreover, we define by C.(I) the subspace of
C(I) of functions having compact support, and similarly we can define Cc(r)(f ), 7 € Nt
Finally, by C$°(I) we denote the space of test functions, i.e. the space of functions with
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compact support which have continuous derivatives of any order, each one belonging to
C.(I).

For any f: R — R, we can define the discrete moment of order 5 € N, at point u € R,
by:

ma(fu) = flu—k)(u—k)°, (1)

keZ

and the discrete absolute moment of order 5 > 0, by:

My(f) :=sup D |f(u—k)| - |u—k|". (2)

u€eR ke?,

Clearly, if the function f belongs to C.(R), it turns out that both mg(f, u) and Mgz(f)
are finite for every § € N, with v € R and g > 0.

Now, we are able to recall the definition of the sampling Kantorovich operators,
introduced in [6]:

(Suf)(@) =3 x(wz — k) [w / U du] TeR, 3)

keZ Jw

where f : R — R is a locally integrable function, such that the above series is convergent
for every x € R, and y : R — R is a kernel, i.e. a function which satisfies the following
assumptions:

(x1) x belongs to L'(R) and is locally bounded at the origin;
(x2) the series ), ., x(u — k) =1, for every u € R;

there exists 6 > 0 for whic 18 finite.
x3) th ists 3 > 0 for which Mpg(x) is fini

Note that, in general, it is possible to prove that (x3) implies that M, () is finite, for
every 0 < v < [, see e.g. [6,21,22].

For instance, if we assume that f € L°°(R), it turns out that S, f € L*(R), i.e. S,
maps L (R) to L>°(R), see [6].

Moreover, under the assumptions (xi), ¢ = 1,2, 3, the family of the sampling Kan-
torovich series Sy, f converges to f pointwise at © € R, as w — +oo, provided that f is
bounded and continuous at z; the convergence is uniform on R if f belongs to C'(R), see
[6] again.

We recall that the sampling Kantorovich operators have been introduced in order to
provide an L'-version of the classical generalized sampling operators, which are defined
by:

(Gu)a) = Yxtwe - 0f (1) 2k (@)
keZ

with w >0, and where x is a kernel satisfying assumptions (xi), i = 1,2,3. Both
the operators S, and G, are instances of ‘quasi-interpolation’ operators, see e.g.
[29, 33, 39, 44].
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Pointwise and uniform convergence results analogous to those proved for the sampling
Kantorovich series can be proved also for (G, f)w=0, see e.g. [12]. Now, we recall also
the following high-order convergence result, which will be useful in the present paper.

Theorem 2.1 (Butzer and Stens [12]). Let x be a kernel that satisfies the following
condition:

0, j=1,2...,r—1,

mytc) = { )

Jj=r,
for every u € R and some r € NT.
Then, for any f € C")(R), it holds that:
r MT X —r
[Guf = Flloe < 172,

for every w > 0.
Moreover, the following property occurs:

(Gwprfl)(x) = prfl(l')v S Ra
for every w > 0, where p,_1(x) denotes any algebraic polynomial of degree r — 1.

Conditions such as (5) are to be found in connection with finite element approximation,
see e.g. [28].

In general, it can be difficult to check whether a given kernel x satisfies Assumption
(5. For this reason, the following lemma can be useful.

Lemma 2.2 (Butzer and Stens [12]). Let x be a continuous kernel. Condition (5)
is equivalent to the following:

, 1, k=j=0,
X)W (2rk) =40, keZ\{0}, j=0,
0, keZ, j=1,2,...,r—1,

where X(v) := [ x(u)e” "™ du, v € R, denotes the Fourier transform of x.

Note, for the sake of completeness, that no high-order approximation theorem for the
sampling Kantorovich operators, analogous to the above, can be proved, see e.g. [3-5].
Moreover, the rate of convergence for the family (S, f)w>0 has also been studied in [21-
23] in C(R), and in the Orlicz spaces L?(R), by considering functions in suitable Lipschitz
classes.

3. Inverse result

In order to prove an inverse result for the sampling Kantorovich series, we need the fol-
lowing representation formula, which allows us to state the relation between the operators
S, f and G, f when functions belonging to C")(R), r € NT, are considered.
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Theorem 3.1. For any f € C")(R), r € N*, it holds that:

r—1
(GufY)(z) + R¥(x), z€R,

= (7 +1)!

where the remainder of order r is the following absolutely convergent series:

(k+1)/w
] Z { /k FO (O0(w)) - (u— k/w)" du|x(wz — k),

keZ /w

where 0y, ., (u) are measurable functions, such that k/w < 0y, ,(u) < (k+1)/w, k € Z, for
every u € [k/w, (k+1)/w], w > 0.

Proof. By considering the Taylor formula with the Lagrange remainder, applied to f,

we have:
Uy ) QI
=3 T gy L)y,
= 4 !

for z, u€ R and 0, , € (z,u). Now, if we set z =k/w, k€Z and w >0 in the
above formula, for every wu e (k/w,(k+1)/w] it turns out that k/w < 0,4/, =:
O w(u) < (k + 1)/w. Then, replacing the above expansion with z = k/w in the integrals

fkkﬂ)/ v u) du, we can write the following:
(k+1)/w
w7 fwd
k/w
(k+1)/w () (r)
:w/ Zw(u,k/w) M(u—k/wy du
hfw = ! 7l
TG (e (k+1)/w (k+1)/w
—wy L'/w) / (u—k/w) du + — F (O (w) (u = ke fw)" du
=0 J: k/w k/w
=) (ke (b+1)/w
- e g 50 O () (0 = /)" . ®)
= G+ k/w

Now, by exploiting (6) in the definition of (S, f)(x), € R, we obtain:

O(kjw) _,  w [E+D/
= x(wz—k [Zf k/ w+ FO (B (w)) (u = k/w)" du

|
keZ ™ Jk/jw

https://doi.org/10.1017/50013091518000342 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091518000342

270 D. Costarelli and G. Vinti

r—1 :
w™J
()
=3 i Srtwe - 070 (1)
j=0 (7 +1)! keZ
(k+1)/w

] ZX wr — { /k/w f(r)(ﬂkyw(u))(u — k/w)" du

kEZ

(G fD) (@) + Ry (2),
for every w > 0, where:

(1)
REG) = 2y Soxtwn = B)w [ O Guulw) ko)

" kez /w

Note that the series R¥(x) is absolutely convergent for every z € R, for every w > 0.

Indeed,
(k+1)/w
] 3 e - ‘ / £ Ok () (w = k/w)" du
kez k/w
15 loo )Hoo - L ||o<> _
< T — " M, . 7
< e X e =Rl S e M0 < oo @
€z

This completes the proof. O

Remark 3.2. Note that it easily follows from (7) that the remainder R (x) in the
representation formula of Theorem 3.1 is such that:

Ry(xz) =0w™") asw — +oo,
for every = € R.
Now, we can state the main result of this section.

Theorem 3.3. Let x be a kernel that satisfies the moment condition (5) for every
u € R, with r = 2. Now, let f € C(R), and suppose in addition that:

IS5f = fllsc = o(w™) as w — +oo, (®)

uniformly with respect to every sequence m = (ty)rez C R, such that limg_, 4 tp = 00,
with tgx41 —tr, = 1, k € Z, and where:

sine =3 |o [ T aufxtwe-0), s

kEZ k/w

Then, f is constant over R.
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Note that assumption (8), which involves the operators (3) for a general sam-
pling scheme 7 = (tx)kez C R, is meaningful and not restrictive, in view of the results
concerning the order of approximation proved in [21], for the series S7,.

Moreover, we also point out that to prove the above theorem it is sufficient that the
assumptions on y are satisfied for the sequence t =k, k € Z (as in the form given in
§2).

In order to obtain the proof of Theorem 3.3, we first prove the above result for functions
belonging to C®(R). We have the following.

Theorem 3.4. Let x be a kernel that satisfies the moment condition (5) for every
u € R, with r = 2. Now, let f € C®(R), and suppose that:

”Swf - f”oo = 0(’11}71) as w — +o00. (9)
Then, it turns out that f is constant on R.

Proof. Since f belongs to C(®(R), the representation formula of Theorem 3.1 can be
applied, e.g. until order r = 1, i.e. for every x € R we can write:

(Swf)(2) = (Guwf)(z) + RY (2),
for every w > 0. Then, assumption (9) can be rewritten as follows:
(Guf)(@) + RY(z) = f(z)| = o(w™) as w — oo,
ie.

lim w[(Gw f)(x) + RY (z) — f(x)] =0,

w——+00

for every x € R. Now, splitting the above limit (since, as we will show below, they exist
and are both finite), we can write:

lim w[(Guf)(2) — f(z)]+3 lim 2wRY(z) =0. (10)

w——+00 w——+00

Now, since (5) is satisfied for r = 2, in view of Theorem 2.1 we know that |G, f — f| =
O(w™2), as w — +o0. Then it is easy to see that:

lim w[(Gyf)(x) = f(z)] =0,

w——+00
and so we can deduce from (10) that:

lim 2wRY(z) =0. (11)

w——+00

Now, we claim that the family (2w R} )y>0 converges uniformly (then also pointwise) to
f" on R. In order to prove the above statement, we proceed by estimating:

20RY () — f'(2)] < [2wRY (z) — (Guf) (@) + [(Guf) (@) = f'(2)] = Iy + Iz,

w > 0. Let € > 0 be fixed. Since f’ is uniformly continuous and bounded, by the well-
known convergence results concerning the generalized sampling series, we immediately
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have that I < e for sufficiently large w > 0, see e.g. [7,12]. Now, we estimate I;. We can
write the following:

I1§Z

kEZ

(k+1)/w
2 / IO () (u — ki fw) du — f’(k/w)‘lx(ww !
k/w

For any k € Z and sufficiently large w > 0, we have:

’2w2 /k(kﬂ)/wf’(@m(w)(u — k/w)du — f’(k/w)’

Jw
(k+1)/w (k+1)/w
_ ‘Zw /k/w F (O () (1t — k) dut — 20 f(k/w)/k/w (u — kJw) du
(k1)
<20t [ | Graw) - /0] (u - bfw) du, (12)
k/w

where k/w < 0 (u) < (k4 1)/w. Now, since f’ is uniformly continuous, and 0y, ,,(u) —
k/w < 1/w, we have, for € > 0, that

Ok () = f'(kjw)| <e, (13)
for sufficiently large w > 0. Now, replacing (13) in (12) we finally obtain:
(k+1)/w
‘211)2 [ P Orm)u — kfw)du = /)| < e
k/w

In conclusion, we have:

Li<ed |x(wz—k)| < eMo(x),
keZ

for w > 0 sufficiently large, and thus the above claim is now proved, i.e.

lim 2wRY(z) = f'(v) (14)

w—+00

for every 2 € R. Then, in view of (11) and (14), we obtain that f'(z) = 0 for every x € R,
i.e, f is constant on the whole R. O

Now, we are able to provide the proof of Theorem 3.3.

Proof of Theorem 3.3. Let f € C(R) be fixed, such that (8) is satisfied. Moreover,
let @ € C°(R) be a test function. We denote:

Fo(z):= (P x* f)(z) = /R@(x —t)f(t)dt, zeR,

where ‘+’ is the usual convolution product. Note that Fg(x) is well defined, since f is
continuous then it belongs to L1 (R), and in view of the regularization properties of *’,
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it turns out that Fyp belongs, e.g. to C'?)(R). Indeed, it is easy to see that both the first
and the second derivatives of Fg are uniformly continuous, together with Fg itself, in
view of the uniform continuity of f. Now, for every fixed x € R, by exploiting condition
(x2) and the Fubini-Tonelli theorem, we can write the following:

L

SRl

- {vf (k“)/w( y)f(uy)}dy>dU}x(w:vk)
Lo

=3 [ {( T o =)= flu=y)]du) x(uwz — k)

keZ

O(u—t)f(t)dt — /R (z—t)f(¢) dt] du}x(wx—k)

~nds= [ o)) dy} du}x<wx )

Now, if we set:

52 {u( /k(kﬂ)/w[f(:c—y)—f(u—y)]du> (w8} = ()

= Jw keZ

we have that the above series is absolutely convergent (hence also convergent) for every
y € R, since:

D @) < 201 @lloc |l flloo Mo (x) < oo,
kEZ

and, moreover, for every n € NT:

n

> uly)

k=—n

<2l flloeMoO)|®(y)| =2 H(y), y€ER,

with H € L*(R). Then, by the Lebesgue dominated convergence theorem, we can write:

(SwFe)(x) — Fa(z)

(k1) /0
=/ d w r—1vy)— flu— du wx — k) | dy.
/ <y><k§{ /k/w Fz—y) — flu—y)] }x( >> y
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Now, by setting g,(z):= f(x —y) for every z € R and y € R, and using Holder’s
inequality, we obtain:

|(SwFa)(z) — Fo(z)| = ’A@(y)[gy(x)—(swgy)(x)] dy

< /]R L) (Swgy) (@) — gy(x)|dy < 1]l [|Swg) — 9¢)llsos (15)
for every x € R, where:

1(Swg()) (@) = 90y (@)oo = sup 1(Swgy) (@) = gy(2)], (16)

for fixed x and w. Now, using respectively the changes of variables ©u —y =t and k —
yw =: t,(cy’w), k € Z, we obtain:

[ (k+1)/w
(Swgy)(x) = w/k/ gy(u) dU1 x(wx — k)

(k+1)/
— Z /k — ) du] X(wx — k)

kez L k/w
((k+1)/w)— y T
= w/ f@)dt| x(wz — k)
kez L (k/w)— J
(ht1— yw)/w 7
:Z w/ ft)dt| x(wz — k)
kez L /(=
(6" “’>+1>/w ]
= Z w/ f@)de| x(wz — (t;y’w) + yw))
kez L 0w J
G ()
2> w/< F(8) e x(awle — ) — 1) = (ST )z — ),
kez | 00w i
where 7 = (t,(cy’w))kez for every y € R. Now, it is easy to observe that limy_, 4. t,(cy’w) =
+o0, and:

tl(ji’lf)—téyw) k+1—-—yw—-k+yw=1,

for every k € Z. Hence, (16) becomes:

Sup | (Sugy) (@) — 9y @)] = sup (S )@ —y) — f—y)|.

yeR

In view of the above equality, since all the sequences of the form 7", y € R, w > 0, satisfy
the conditions required in assumption (8), and ||®||; < 400, using (15) we finally have:

|1SwFs — Follso = o(w_l) as w — +o00,

for every test function ® € C2°(R). We have proved that any Fg satisfies the assumptions
of Theorem 3.4, and it turns out that Fg(x) = k for every x € R, for a suitable constant
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k € R. Thus, for every x € R we have:

0= F@(IE) — F@(O) = /

R

Bz — 1) f(t) dtf/CD(ft)f(t) dt

R

- / B(y) f(—y)dy - / B(y)f(z —y)dy = / B(y)[f(—y) - f(z — )] dy,
R R

R

where the equality:
[ @)~ fa = ldy =0

holds for every test function ® € C°(R).

Now, in order to conclude the proof, we suppose by contradiction that f is not constant
on R, i.e. that there exists xg < yo such that f(xg) # f(yo). Now let Z € R such that
T + Yo = o, and let n € NT be sufficiently large, such that yo € I,, := (—n,n) (then also
—yo € Ip,). Then, for every ® € C°(1,,), we have:

/ " B (—y) — fG -y dy = [ 3wl - 1 -wlay=o,

—-n R

where ® denotes the zero-extension of ® to the whole R. Since the above equality holds
for every ® € C°(I,,), and f is continuous on R, it turns out that (see [10]):

f=y)—f@—-y) =0, ye(-nn)
Now, setting y = —yo in the above equality, we finally obtain:
fyo) = (@ +yo) = f(zo),
which is a contradiction. This completes the proof. ([
In the conclusion of this section, we prove further nice properties of the sampling
Kantorovich operators, which can be deduced from the representation formula achieved

in Theorem 3.1.

Theorem 3.5. Let x be a kernel satisfying assumption (5) with r € NT. Then:

|
—

s

(Swpr—l)(‘r) = . wij o)

(J I 1)!pr71

(),

<
I
o

for every w > 0, and for any algebraic polynomials of degree at most r — 1, i.e. S,, maps
algebraic polynomials of degree at most r — 1 into algebraic polynomials of the same
degree.

Proof. The proof follows immediately from the representation formula of Theorem 3.1,
the applications of Theorem 2.1 and, finally, observing that pgr_)l(x) =0 for every

z € R. |
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4. The construction of the kernels

In §2, the definition of a kernel for the sampling Kantorovich operators S,, (and also for
G,,) was provided. Several examples of well-known functions y which satisfy assumptions
(x1), (x2) and (x3) are given e.g. in [6,11,19, 24, 25].

For instance, we can choose as kernels the following one-dimensional band-limited

functions:
F(x):= ;(W) : (Fejér’s kernel),
V(z) = % 5111(:10/?2);21/1(333/2) (de la Vallée Poussin’s kernel),
(@) = sin(ﬂ'jiéi)zji;(mz:)7

b%(x) :=2°T(a + 1)|x|_("/2)+0‘3(n/2)+a(|x|) (Bochner-Riesz kernels),

where a > (n —1)/2, By is the Bessel function of order A and I' is the Euler function,
and, finally,

Ji(x) = ¢ sinc®* (2;) (Jackson-type kernels)
o

with k£ € N, a > 1, where the normalization coefficients ¢j are given by

—1
o 2k u
cp = {/Rsmc (2k7ra> du] .

Actually, the above examples of kernels can be used to show the convergence of the
operators S, and G, but they do not satisfy the moment condition (5), which we
showed to be crucial in order to prove the inverse results of § 3.

Hence, here we briefly describe how it is possible to construct examples of kernels
satisfying condition (5). The most convenient instances can be constructed by using the
so-called central B-splines.

First of all, we recall that a function ¢ : I — R is called a (polynomial) spline of order
n € NT (degree n — 1) with knots a; < ag < --+ < a,, belonging to I if it coincides with

a polynomial of degree n — 1 on each of the intervals (a;,a;41), 1 =1,2,...,m — 1 (see
e.g. [1,34, 35]).
The central B-splines of order n € NT are defined by:
1 - n\ [ n nt
M, (z) = D)= —i , R, 1
(z) (”_D!;( )(Z)<2+x z>+ xe (17)

where (z)4 := max{x,0} denotes the ‘positive part’ of x € R, see e.g. [11,42]. They
have knots at the points 0, £1, £2,...,+n/2 in the case where n is even, and at £1/2,
+3/2,...,4n/2 in the case where n is odd, and their support is the compact interval
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-4 -2 0 2 4

Figure 1. On the left: plot of the central B-spline of order 2 (roof-function). On the right: plot
of the kernel x2 defined in (18).

[-n/2,n/2]. The Fourier transform of M,, (see e.g. [36]) is:
M\n(v) =sinc(v/2)", veR.
The central B-splines M,, satisfy the assumptions (x1), (x2) and (x3), i.e. M, are kernels,

see e.g. [6]. Now, we have the following classical theorem.

Theorem 4.1 (Butzer and Stens [12]). Forr e Nt r > 2 letegg < &1 < -+ < &,_1
be any given real numbers, and let a,, , it =0,1,...,r — 1, be the unique solutions of the
linear system:

r—1 ) 1 (7)
a —ie,) = | = 0 5
> an(-ie0) (M) 0

for every j =0,1,...,r — 1, where i denotes the imaginary unit. Then:
r—1
xr(2) == Z au, M (t —e,), z€R,
=0
is a polynomial spline of order r, satisfying (5) and having support contained in [gg —

r/2, epm1 +1/2].

For instance, an example of kernel generated as in Theorem 4.1 that satisfies (5) with
r = 2 (see Figure 1) is the following:

X2(z) = 3My(x — 2) — 2My(x — 3), z€R. (18)

By procedures similar to that described in Theorem 4.1, many other instances of kernels
can be easily generated. For more details, and for other examples of kernels, see e.g.
8,9,11,12,18].

Moreover, for the reconstruction of signals in terms of splines using finite number of
samples from the past, see [12, 26].
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5. Conclusions

By using the representation formula proved in Theorem 3.1, we are able to obtain an
inverse result for the sampling Kantorovich operators. In particular, we show that the
best order of approximation that can be achieved for the aliasing error ||Syf — flloo is
O(w™'), as w — +oo, for f € C?)(R) (Theorem 3.4). A similar result has been achieved
on the space C(R), as in Theorem 3.3.

Even if the above representation formula links the sampling Kantorovich operators
with the generalized sampling operators of f and its derivatives, the proof of the above
inverse result cannot be directly reconnected to the corresponding one for the general-
ized operators. Indeed, for the operators S, f it is not possible to establish an higher
order of approximation theorem, which was revealed to be crucial for the proof of the
aforementioned inverse result of [12] relative to G,,.
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