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Abstract. We show that for a large class of piecewise expanding maps 7, the bounded
p-variation observables ug that admit an infinite sequence of bounded p-variation
observables u; satisfying
ui=ujt1 0T —ujyg

are constant. The method of the proof consists of finding a suitable Hilbert basis for
L?(hm), where hm is the unique absolutely continuous invariant probability of 7. On this
basis, the action of the Perron—Frobenius and the Koopman operator on L?(hm) can be
easily understood. This result generalizes earlier results by Bamén, Kiwi, Rivera-Letelier
and Urzda for the case T'(x) = €x mod 1, £ € N\{0, 1} and Lipschitzian observables u.

1. Introduction
Let T: I — I be a dynamical system. Consider the cohomological operator defined by

L&)=Y oT —v.

Given an observable, that is, a function uy: I — R, one can ask if there exists a solution
u1 to the Livsic cohomologous equation

L) = ugp.
This equation was intensively studied after its introduction in the seminal work of Livsic.
These studies mainly concern the existence and regularity of the solution u.

Let u be an invariant probability measure of 7. We say that a function u : I — R in

L' () is cohomologous to zero if there is a function w : I — R in L' (x) such that

u=L(w).

An observable u is infinitely cohomologous to zero if there exists a sequence of functions
u, € LY(u), n € N, such that £"u,, = ug, forall n € N.
Bamén et al [4] consider the expanding maps defined by

Ty(x) =£4x mod 1,

where £ > 2 is an integer. The Lebesgue measure on [0, 1] is invariant by 7;. They show
that every non-constant Lipschitzian function u : I — R is not infinitely cohomologous
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to zero. In this work, we generalize this result to a much larger class of observables and
piecewise expanding maps.

In [4], the study of this problem is motivated by the following observation. Let
re(—1,1),up: I - R be aLipschitz function and define

A: I xR—-T xR

by
Apug(x, y) = (Te(x), Ay + uo(x)).

In [4], they note that:
(i) if L(u1) =uo, then Ay ,, o H = H o A, ,,, where H is the homeomorphism

y+u1(x)>

cand
1—A

H(x,y)= (x,
(ii) it turns out that the analysis of topological structure of the attractor of A , is easier
if u is not cohomologous to zero.

So, if ug is not infinitely cohomologous to zero, by (i), we can reduce the analysis of the
topological dynamics of A, ,, to the analysis of A, ,,, where £L"(u,) = uo and u, is not
cohomologous to zero. Using our results, a similar analysis of attractors could potentially
be achieved to far more general skew-products.

1.1.  Statement of results. Let I be an interval. We say that T: I — [ is a piecewise
monotonic map if there exists a partition by intervals {I1, .. ., I;} of I such that for each
i <m, the map T is continuous and strictly monotonic in /;. A piecewise monotonic
map is onto if, furthermore, T (I;) = I for every i. A piecewise monotonic map is called
expanding if T is differentiable on each I; and
inf inf |T'(x)| > 1.
i xel;
In this work, we will consider mainly maps 7 : I — [ satisfying the following conditions.
(D1) T is piecewise monotonic, Lipschitz on each interval of the partition /;, i <m. In
particular, T’ is defined almost everywhere and is an essentially bounded function.
We also assume
ess i;llf |T'| > 0. (1)

Here ess inf,,, denotes the essential infimum with respect to the Lebesgue measure
m.

(D2) Wehave T (1) = I and, moreover, for every interval H C I, there is a finite collection
of pairwise disjoint open subintervals Hy, ..., Hry C H and n such that 7" is a
homeomorphism on H; and

int7 | J 1" (H)).

1

(D3) T has a horseshoe, that is, there are three open intervals Ji, Jo C J C I, with
J1 N J» =0, such that T is a homeomorphism on each J; and T(J;) = J,i =1, 2.

https://doi.org/10.1017/50143385711000976 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000976

On infinitely cohomologous to zero observables 377

(D4) T has an invariant probability p that is absolutely continuous with respect to the
Lebesgue measure m, so

Ww(A) :/ hdm
A

for some h e L'(m). We will denote u=hm, where h € L'(m) and m is the
Lebesgue measure on /. Moreover, u is exact and there exist a, b such that

O<a<h(kx)<b<ox (2

for hm-almost every x and the support of p is I.
Our main result is the following theorem.

THEOREM 1. Let T be a transformation satisfying (D1)—-(D4) and let ug: I — R be an
observable with bounded p-variation. Then either ug is constant in I up to a countable
set or there exist M > 0 and bounded p-variation functions u; : I — R, withi < M, which
are unique (in L' (hm) and BV 1) up to an addition by a constant, such that:
° we have

,Ciu,' =Uup,

in I up to a countable set, for every i < M; and
° for every function p with bounded p-variation and every ¢ € R, we have Lp #
upy + c in a non-empty open set in I.

With somewhat distinct, but related, assumptions on 7" and ug, which are satisfied in
many interesting situations, we can improve this result in such a way that Lp # upy + ¢
for every p € L'(hm). Avila [2] contributed in this area by improving the results in the
original version of this work, and we are grateful to him for allowing us to include them
here. Avila’s contribution is the following.

THEOREM 2. [2] Let ug € L' (hm) be such that
/ uophdm =0
and such that for every v € L°°(hm), there exist C > 0 and A € [0, 1) such that

'/uo-von-hdm <CM\.

Then either uq is constant hm-almost everywhere or there exist a unique M >0 and
functions u; : I - R, withi <M, u; € LY(hm), which are unique in Li(hm), up to an
addition by a constant, such that:
° we have

,Ciul' =ug in Ll(hm)

for everyi < M; and
° for every function p € L' (hm) and every c € R, we have Lp # uy + ¢ on L' (hm).

Let (B, | - |g) be a Banach space of real-valued, Lebesgue-measurable functions defined
on [ such that:
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(D5) (1) T is a piecewise expanding map satisfying (D1) and (D4);
(i) there exist C such that
|f|L1(hm) <Cl|fls
for every f € B;
(iii) the Perron—Frobenius operator @7 of T is a bounded operator on B and
there exists & € B, h > 0, with f hdm =1, A €[0, 1) and a linear operator
W : B — B such that

®T(f)=/fdm~h+‘lf(f),

with
(e < C1"| flp,

for every f € B and n € N. Moreover, ¥ (h) = 0;
(iv) 1/heB;
(v)  the multiplication

(fL.e)—=>r-¢

is a bounded bilinear transformation on B; and

(vi) the set B is dense in L' (hm).

THEOREM 3. Let T be a transformation satisfying (D1) and (D4) and suppose that the
Banach space of functions B and T satisfy (DS). Let ug € B be an observable. Then
either ug is constant hm-almost everywhere or there exist a unique M > 0 and functions
u; I = R withi <M, u; € LY(hm), which are unique in LY (hm), up to an addition by
a constant, such that:
° we have
Lluj =ug in L' (hm)

for everyi < M; and
° for every function p € L' (hm) and every ¢ € R, we have Lp # uy + ¢ on L' (hm).
Moreover, u; belongs to B, fori < M.

Remark 1.1. In the first version of this work, Theorem 3 had additional assumptions. For
instance, we assumed that B was contained in the space of functions with p-bounded
variation. This is no longer necessary because of Avila’s contribution (Theorem 2).

Remark 1.2. The finiteness result for the family of cohomological operators
Ly(w)=voT — v,

with A € (0, 1], T(x)=4x mod 1, for integers £ >2 and Lipschitz observables,
obtained in [4, Main Lemma, page 225], can also be generalized for maps described
in Remarks 1.3, 1.4 and 1.5, replacing Lipschitz observables by bounded variation
observables. The methods for achieving this generalization are quite similar to those in [4],
so we will not give a full proof here. It is necessary to use Theorem 3, and to replace in
their argument the usual Fourier basis by the basis obtained in §3, and the compactness of
closed balls centered at zero of the space of Lipschitz functions as subsets of the space of
continuous functions by Helly’s theorem, that is, the compactness of closed balls centered
at zero of the space of bounded variation functions as subsets of L!(hm).
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Remark 1.3. There are plenty of examples of transformations 7: I — [ satisfying (D1)-
(D4). Let T be a piecewise monotonic, expanding map C2 on each I;. Consider the m x m
matrix A7 = (a;;) defined by a;; = 1 if

T(int[;) Cint[;,

and a;; = 0 otherwise. Here the closure and interior are taken with respect to the topology
of [0, 1]. Suppose that AkT > ( for some k. Then T satisfies (D1), (D2) and (D4), and some
iteration of T satisfies (D1)—(D4). If we add the assumption that 7 has a horseshoe, then
T fulfills (D1)—~(D4). The space of bounded variation functions BV (1) and T satisfy (D5).

Remark 1.4. A class of examples satisfying (D1)—(D4) is S-transformations 7' (x) = fx
mod 1, with 8 >2, B e R, I =[0, 1]. The space of bounded variation functions BV (1)
and T satisfy (D5).

Remark 1.5. Let T: [—1, 1] — [—1, 1] be a continuous map with T (—1) =T(1) = —1,
C? on the intervals [—1, 0] and [0, 1], with 7/ > 0 in [—1, 0] and 7’ <0 in [0, 1] and
T (—x) =T (x) for every x € [—1, 1]. Define

0 = inf |T'(x)|.
X

If 6 > 1, then there exists a unique fixed point p € [0, 1]. Define J =[—p, p]. If 6 > ﬁ,
then 72 has a horseshoe in J and satisfies (D1)—(D4) with I = [TZ(O), T (0)]. The space
of bounded variation functions BV (I) and T satisfies (D5).

Remark 1.6. Let T: I — I be a piecewise expanding and onto map, C!'**0 in each I;,
ap € (0, 1). Then T satisfies (D1)—(D4). The space of Holder continuous functions C* (1),
for o < &g, and T satisfy (D5).

Remark 1.7. Let T: I — I be a piecewise expanding map, linear in each ;. Suppose that
T has a horseshoe and satisfies the conditions on the matrix A7 as in Remark 1.3. One
can prove, using Wong’s results [10], that T satisfies (D1)—(D4). The space of bounded
p-variation functions BV, (1), with p > 1, and T satisfy (D5).

Remark 1.8. The mixing assumptions on the invariant measure p are necessary, as is
shown by the following example. Consider a piecewise C? expanding map T: [ — I,
unimodal (continuous and only one turning point), and with a cycle of intervals, that is,
there are open intervals J; C I, j < p pairwise disjoint, such that f (7./) C 7./+1 mod p
and f(0J;) C3Jj4+1 mod p- Then T has an absolutely continuous invariant probability 1
and its support is contained in | j J ;. Let § € C\{1} be a p-root of unity, 67 = 1. Define
ui: I - C,i>0,as
By,

ui(x) = T

for x € J;. Define u; arbitrarily elsewhere. It is easy to see that u; = u; 41 0T — u;y; on
L'(hm). To obtain real-valued functions, we can consider the real and imaginary parts
of Uuj.
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1.2. Topological results. Replacing Lipschitzian by bounded p-variation observables
has the advantage of allowing us to obtain results similar to Theorems 1 and 3 for maps
which are just topologically conjugate with maps satisfying the assumptions of those
theorems.

We will say that two functions f, g: W — R are equal except in a countable set, f = g
on W (e.c.s.),if {x e W: f(x) # g(x)} is countable.

THEOREM 4. Let H: I — I be a homeomorphism, let T be a piecewise monotonic map
and T satisfy (D1)—(D4). Suppose that

HoT=ToH

in I (e.c.s.). Let ug: H(I) — R be an observable with bounded p-variation. Then either
uo is constant in H(I) (e.c.s.) or there exist a unique M > 0 and bounded p-variation
functions u; : H(I) — R, with i < M, which are unique up to an addition by a constant
(e.c.s.), such that:
° we have

Liu; = ug,

on H(I) (e.c.s.) for everyi < M, and
° for every function p with bounded p-variation and every ¢ € R, we have Lp #
upy + ¢ in a non-empty open subset in H(I).

THEOREM 5. Let H: I — I be a homeomorphism, let T be a piecewise monotonic map
and T satisfy (D1)—(D4). Suppose that

HoT=ToH

in I (e.c.s.). Suppose that the space of functions with bounded po-variation BV, ; and
T satisfy (D5). Let ug: H(I) — R be an observable with bounded py-variation. Then
either uq is constant in H(I) (e.c.s.) or there exist a unique M >0 and continuous
(e.c.s.) bounded Borelian functions u; : H(I) — R, with i < M, which are unique up to
an addition by a constant (e.c.s.), such that:
° we have

Llu; = ug,

on H(I) (e.c.s.) for everyi < M, and
° we have Lp # uy + c:
(A) in an uncountable subset of H(I), if p is a Borel-measurable, bounded
function and c € R; and
(B) in a non-empty open subset of H(I), if p is a Borel-measurable, bounded
function which is continuous in H(I) (e.c.s.) and c € R.
Moreover, u; has bounded pgy-variation, i < M.

Remark 1.9. Let T: [0, 2] — [0, 2] be piecewise monotonic, c! in [0, 1] and [1, 2],
T[0,11=T[1,2]=10, 2], with T(0) =0, T">X1>1in [1,2] and T'(x) > 1 in x €
(0, 1), and T’(0) = 1. Then T is conjugate with T(x) =2-x mod 1, so T satisfies the
assumptions of Theorems 4 and 5, considering pp = 1 in Theorem 5.
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Remark 1.10. LetT: [—1,1]— [—1,1], T(-1)=T(1)=—1,C3in[—1, 1], T'(0) =0,
T'>0o0n[—1,0), T" <0 on (0, 1]. If T has a negative Schwarzian derivative and is
non-renormalizable, then T is conjugate to a tent map Tﬁ: [—1, 1] = [—1, 1], defined
as T(x) = —Blx| + B — 1, with B = exp(hp(T)). Here hiop(T) denotes the topological
entropy of T. If hp(T) > In(2)/2, then T%: [ — I, with I = [T2(0), T (0)], satisfies the
assumptions of Theorems 4 and 5, considering pg = 1 in Theorem 5.

1.3.  Continuous observables infinitely cohomologous to zero. Avila put forward a nice
argument showing the existence of continuous and non-constant observables that are
infinitely cohomologous to zero. He kindly agreed to the inclusion of this result here.

THEOREM 6. [2] Let T: S' — S! be a C' expanding map on a circle. Then there exists a
non-constant continuous observable u that is infinitely cohomologous to zero.

2. Preliminaries
In this section, we present some notations and definitions.

Definition 2.1. Given a function f : I — C and p > 1, we define the p-variation of f by

n 1/p
Up,l(f)zsup<2|g(ai) —g(ai1)|p> ;
i=1

where the supremum is taken over all finite sequences ap <a; <--- <ay,a; € I.
We say that f has bounded p-variation if

vp,1(f) < o0.

Since the Perron—Frobenius operator is not properly defined at points which are images
of points where DT is not defined, to define the Perron—Frobenius operator acting in
the space of p-bounded variation functions it is convenient to identify functions u and
v defined on I so that u = v up to a countable subset of /. We write u ~ v. The set of
equivalence classes [ ] with respect to the relation ~ such that

Upt (L) = inf wp.1(g) < 00

will be called the space of the functions on I with bounded p-variation and denoted BV, ;.
The function f — v, ([ f]) is a pseudo-norm on BV, ;. We can define a norm by

LA 1B, =gig§(sup 18] 4+ vp,1(8))-

BVyr, -1 BV, ;) is a Banach space. As usual, from now on we will omit the brackets [ ]
in the notation of equivalence classes.

Note that 1/ p-Holder continuous functions have bounded p-variation. When p = 1, we
say that the function has bounded variation.

Remark 2.2. One of the greatest advantages of dealing with p-bounded variation
observables, as opposed to either Holder or Lipschitzian ones, for instance, is that
the pseudo-norm v, ; is invariant by homeomorphisms, that is, if h: J — 1 is a
homeomorphism and f: I — R is an observable, then

Vp,1(f)=vp g(foh).
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Definition 2.3. Given a piecewise monotonic, expanding map 7', satisfying (D1), define
the Perron—Frobenius operator associated to 7' by

1
(o} X)= 0i(x)——L17uH(x),
rf) =3 fo;j(x) 7o) 00
jeJ
where o : T'(Ij) — I; stands for the inverse branch of T restricted to /; and 1; denotes
the characteristic function of the set J.

The main properties of &7 are (see [3, 5], for instance):
(i) @7 is a continuous linear operator on LY (hm);
(ii) fol drf-gdm= fol f-goT dm,where f € L'(m) and g € L (m); and
(iii) &7 f = f if and only if the measure u = fm is invariant by T'.

3. A special basis of L*>(hm)
In this section, we assume that T satisfies (D1) and (D4). Consider the Hilbert space
L2%(hm) with the inner product

(u, w)pm =/uwh dm.

(u, w)pm is well defined, even for u € L¥(hm) and w € L?(hm), with k, b € [1, 0o) U
{400} satisfying

1 1

-+ =1

k' b

Since the measure Am is T -invariant, we have
(woT,woT)pm= (u, Wpm.
In this section, we will construct a special Hilbert basis for Lz(hm). Consider the bounded
linear operator P : LK(hm) — L*(hm), k > 1, defined by
D (uh)

P(u) = PR

From equation (2), the operator P is well defined. Indeed,

3 h(oj(x)) 1

Ar¢s. =1
W) e W

jeJ

for every x, and z* is convex, so we have

. h(oj(x)) 1 ' k
f |Pul*h dm < / (JZ, e |T,(ij)||u|(a,<x)>1m_,.>(x)> h(x) dm

h(oj(x)) 1 o
5/ ; W) T DT ap (RGO dm

= / P(|lul"h dm

1
§/<I>(|u|k) dm=f|u|’<dm5—/|u|’<hdm.
a
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Note that for k = 1, we have

/|Pu|hdm§/d>(|u|h)dm=/ |ulh dm,
SO ”P“Ll(hm) < 1.

Let B = {¢; };en be an orthonormal basis for
Ker(P) = {u € L*(hm) such that P (u) = 0}.

Define
W={pioT/:¢; eBand j e NJU{1;}.

Recall that 14 denotes the indicator function of a set A. The main result of this section is
the following proposition.

PROPOSITION 3.1. Suppose that T satisfies (D1) and (D4). Then VV is a Hilbert basis for
L2(hm). Indeed, we can choose B such that W C L (hm).

Remark 3.2. A very interesting example of this theorem is given by the function
T: [0, 1] — [0, 1], defined by T(x) =£x mod 1, with £ € N\{0, 1}. In this case, the
Ruelle-Perron—Frobenius operator is just

1 —1 .
@ri) = Zw<xj’>.
i=0

The Lebesgue measure m is an invariant probability, so P = ®7. Moreover,

B = {sin(2mrnx), cos(2mnx): £ does not divide n}
is a basis for Ker P. Note that
sin@rnT/ (x)) =sin(2znt/x) and cosQRrnT! (x)) = cosRrnt!x),
so the corresponding set WV is just the classical Fourier basis of L%([0, 1]).

By property (ii) of the Perron—Frobenius operator, it is easy to see that the Koopman
operator U : LK(hm) — L*¥(hm), k > 1, defined by

Uw)=woT,
is the adjoint operator of P, that is,
(P), Wypm = (u, U(W))hm 3)

for every u € L¥(hm) and w € L?(hm). Note that U preserves LK(hm) because hm is
invariant. Moreover,

PoU(f)=f
for every f € L'(hm).

LEMMA 3.3. W is an orthonormal set.
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Proof. Indeed,

|]lI|L2(hm) = 1,

. 7|2 — 1 |2 _
|§0l oT |L2(hm) - |§01 |L2(hm) - 1

Furthermore, if

(i1, J1) # (2, J2),
then either j; = j, so we have

(@i o T, @iy © T )i = (@41 Pi)im =0,
or, without loss of generality, we can assume j; < j» and
(@i, 0 T, @iy © T2 = (@11 Pin © T ) oy = (P27 (01)), @i ) m = O,

and
(@i, onl,n,>hm=/¢i onhdm=/¢,~hdm=/ P(¢i)h dm = 0. O

LEMMA 3.4. There exists a countable set of functions A C L*°(hm) N Ker(P) with the
following property. Let w € L*(hm), with k > 1. If for all ¢ € A we have

/ woh dm =0,

then there exists B € LX(hm) such that
w=pBoT
hm-almost everywhere. Moreover, Ker(P)' = U(Lz(hm)).

Proof. We claim that for the existence of 8 € L*(hm) such that w = 8 o T , it is necessary
and sufficient that for ~Am-almost every y € I we have

fHwx): h(x) #0and T (x) =y} = 1. 4)

Indeed, if equation (4) holds, then for every y satisfying (4), choosing x such that 7 (x) = y
and h(x) # 0, we can define

B(y) = w(x).

If y does not satisfy (4), define 8(y) = 0. Of course, w = 8 o T hm-almost everywhere
and, since hm is an invariant measure of 7', 8 belongs to Lk(hm).
On the other hand, suppose that there exists 8 € L¥ (hm) such that w = o T. Then

K ={x:w(x)=p(T(x))}

has full zm-measure. Since the support of Aim is [ and I C Im T, it follows that for
hm-almost every y, we have fA, > 1, where

Ay ={w(x): h(x) #0and T (x) = y}.
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Suppose there is £2, with hm(£2) > 0, such that A, > 2 for every y € Q2. Note that (D1)
implies that f and its inverse branches are absolutely continuous functions, so it is easy to
see that there are X| X7 such that m(X1), m(X»>) > 0, T(X;) = 2 and for each y € Q and
i =1, 2 there exists only one x; € X; such that T'(x;) = y. Furthermore, w(x1) # w(x2),
h(x;) # 0. The absolute continuity of 7" and its inverses branches implies that

Q=TX | NK)NT(X2NK)CQ

has positive measure. Let y € Q and x; be as above. Then w(x;) = B(T(x;)) = B(Y),
which contradicts w(x1) # w(x3). This concludes the proof of the claim.
Let C; be the set of points xo € I such that the function

Fia) = /0 w001 (Tx) - 17y (T()) - h(x) dm(x) )

has the derivative w o o; (T (x0))171,)(T (x0))h(x0) at a = x9. The function in the above
integral belongs to L' (m), so by the Lebesgue differentiation theorem, the set

c=Nc\Jo
i i
has full Lebesgue measure in /. Since T is piecewise Lipschitz, we obtain

m(T(I\C)) = 0.

Suppose that equation (4) does not hold for zm-almost every y € I. Then it is not true that
equation (4) holds for ~im-almost every y € I\T (I\C). Since hm-almost every point has
at least one preimage x with h(x) % 0, we conclude that there exist yp € I\7T (I\C) and
two inverse branches of 7', denoted by o7 and o3, such that yy belongs to the interior of
T (Iy) N T (Iy) and, furthermore,

woo1(yo) #wooz2(y0), hlo1(yo) #0, h(o2(y0)) #0.

We can assume
w o o1(yo) > w o 52(Yo),

SO

wooroT ooz2(yo)lry) o T ooa(yo)h o o2(y0)
>wooy0T 002(y0)lr(1y) 0 T 0 02(y0)h 0 02(y0). (6)

Since o2(yg) € C, the derivatives of the functions F; and F, at a = o2(yg) are
respectively the left- and right-hand sides of equation (6), so there exists ¢ > 0 such that
for every closed non-degenerate interval I, satisfying

02(30) € I C (02(y0) — &, 02(30) + &) N I, (7)

we have

/~ wo o1 (Tx)lyy,y o T(x)-h(x)dm(x) > /~ w o 0(Tx)Ly(y) o T(x) - h(x) dm(x).
I 163
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Choose an interval I satisfying equation (7) and small enough such that T(L) C T(I)).
We can assume, without loss of generality, that 3, C Q. Then

/~ woo(Tx) - h(x)dm(x) > /: wooy(Tx) - h(x)dm(x).
b I
Let I; := 01(T (I2)) C I,. Define @ as

IT'(x)] h(o2(Tx))

- . ifx € il,
e =1, IT'(02(Tx))|  h(x) i )
0 otherwise.
Note that ¢ € L (hm) and ®(¢h) = 0.

Hence

/wgohdm:/~ u)gohdm+[~ weh dm
I I

|T’| hooyoT
= w- | — hdm + wh dm.
i [T 0o0p 0 T| h i

Since 03 0 T : I} — I is Lipschitzian and monotonically increasing, we can change the
variables to get

T h T
—/ w 7] °%2° hdm—}—/ whdm
i, [T'oopoT]| h i

=—/ woaloT-hdm+/ woopoT -hdm
iz iZ

<—/~ woaon-hdm+/: wooyoT - -hdm=0.
I I
Therefore

/ weh dm # 0.

Let A be the set of functions ¢ of the form in equation (8), with:
° the intervals ij C I,-j, j=1,2,andoy: T(l;,) = I, theinverseof T': I;, — T (I;,);
e T(L)=T());and
° aiz c Q.

Then it is easy to see that A is countable and A C L°°(hm) N KerP and, by the
argument above, A has the desired property.

In particular, for k=2, we obtain Ker(P)L c U(L*(hm)). The inclusion
U(L%(hm)) C Ker(P)* follows from equation (3). O

PROPOSITION 3.5. Let A be as in Lemma 3.4. Let u : I — R be a non-constant function
in L' (hm). Then there exist ¢ € A and an integer p > 0 such that

/u-¢oTj-hdm:0 forall0<j<p

and

/u(poT”‘hdm;éO.
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Proof. Suppose that, for all ¢ € A and for all k£ > 0,
/mpoTk-hdm:O. )
We claim that for every n, there exists 8, € LY(hm) such that

u=phyoT" (10)

Indeed, choosing £ = 0 in equation (9), we obtain that for all ¢ € A,
f uph dm =0.
By Lemma 3.4, there exists 81 € L!(hm) such that

M:,BIOT.

Suppose, by induction, that u = 8, o T", with g, € L! (hm). By equation (9), when k = n,
for all ¢ € A, we have

/,Bngahdm:/ﬂnoT"-gooT"~hdm=/u(poT"-hdm=0.

By Lemma 3.4, there exists 8,41 € L! (hm) such that

Bn=PBuyr1oT.

Hence one has u = B,,1 o T"*1.

Since the measure 2m is an exact measure, we can conclude that u is a constant function.
So, u =0. O

COROLLARY 3.6. Letu : I — R be a non-constant function in Lz(hm). Then there exist
@i € B and an integer p > 0 such that

(u, 9i o T/ )pm =0 forall0<j <p

and
(u, @; o Tp)hm #0.

Proof. Suppose that for every ¢; € 3 and every j € N,
(u, @i 0 T ) =0

Since B is a base for Ker(P) and U/ : L2(hm) — L?*(hm) is an isometry, it follows that
/(poTj'u'hdm:O

for every ¢ € Ker(P) and j € N. This contradicts Proposition 3.5. O
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Proof of Proposition 3.1. It follows from Lemma 3.3 and Corollary 3.6 that WV is a basis
of Lz(hm). To construct a basis W C L°°(hm), consider an enumeration of the set
A = {;} defined in Lemma 3.4. Apply the Gram—Schmidt process in the sequence ;
to obtain a sequence V; of pairwise orthogonal functions. Discarding the null functions
and normalizing the remaining functions, we obtain an orthonormal set of functions B.
From Lemma 3.4,

span(l§’) = m = Ker P,
so B is a basis of Ker P, and
W={poT/:¢peB, jeNyU{1}
is a basis of LZ(hm). ]

COROLLARY 3.7. Let u: I — R be a non-constant function in L'(hm). Let B be as in
the proof of Proposition 3.1. Then there exist ¢; € B and an integer p > 0 such that

(t, @i o T ) =0 forall0< j < p
and
(u, i o TPy #0.
Proof. Suppose that for every ¢ € B and every j € N,
(1, 9 0 T/ ) = 0. (1

Let A be as in Lemma 3.4. Since B was obtained by applying the Gram—Schmidt process to
A, it follows that equation (11) holds for every ¢ € A. This contradicts Proposition 3.5. O

From now on, we assume W C L®(hm). Let u € L'(hm) and consider the Fourier
coefficients of u with respect to the basis W:

ciju) = (u, U (@) hm = / u-gioT/ hdm.

PROPOSITION 3.8. The functionals c; j have the following properties.
(1) ci,j is linear on LY(hm).

2) ¢ j(Uw) =cij—1(u) for j > 1.

(3)  cioU) =0.

@) cij(Pw) =cij+1(u).

Proof. We have:

(1) the proof is straightforward;

(2 cijwoT)=(woT, @ oT)\pm=(u, ¢ oT/ VVpm=cij_1();

) ciowoT)=(U), ¢i)m = (u, P(¢i))hm = (4, O)pm = 0; and

@ cij(Pu)=(P@), UV (@) hm = (u, U @) hm = ci j41(0). 0

PROPOSITION 3.9. Foreveryu € LY(hm) and Qi € B we have

li/m Ci,j = 0.
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Proof. Since hm is exact, it is mixing, so
limci,jzlir_n/uwp,-oTj-hdm:O. O
J J

Remark 3.10. Baladi drew our attention to the method used by Pollicott [7] to build
eigenvectors of transfer operators for eigenvalues inside the essential spectral radius in
certain function spaces. In our setting, the method is the following. Pick ¢ € Ker(P) and

M| < 1. Then
0 . .
v:ZA/gooT/
=0

is a A-eigenvector of P in L%(hm). Using Propositions 3.1 and 3.8, one can easily show
that all A-eigenvalues of P in Lz(hm), for every |A| < 1, can be built in this way.

4.  Proof of Theorem 1
In this section, we will study the linear operator

Lu=uoT —u

acting on functions with bounded p-variation u : I — R.
First, we will present some properties and then, at the end of this section, we will prove
the theorems announced in the introduction. The following results are well known.

LEMMA 4.1. Let L be the linear operator defined above acting on L' (hm). Then:
(1) if f eIm(L), then [ fhdm =0; and
(2) Ker(L) ={f € L'(hm) : f is constant hm-almost everywhere}.

COROLLARY 4.2. Letu € LY (hm) and suppose that there exist functions v, w € L'(hm)
such that

L'v=u=L"w.
Then v =w + ¢ on L'(hm) for some ¢ € R. Moreover, if v, w have bounded p-variation
thenv=w +conl (e.c.s.).

Proof. Define v; = Ly, w = L7 Tw. We will prove by induction on i that v; = wy, if
i <nand v, =w, + ¢, for some ¢ € R. Indeed, for i = 0, we have wg = vp = u. Suppose
that v; = w;, i <n. Then

LWip1 —wiy) =v; —w; =0,

SO Vj+1 — wj41 is hm-almost everywhere constant. If i + 1 = n, we are done. If i + 1 < n,
then Evi_;,_z =v;4+1 and ﬁwi+2 = Wj41, SO

/vi+1hdm=/wi+1hdm:0,

which implies ¢ =0. Now assume that u, v and w have bounded p-variation. Since
the support of Am is I and v = w + ¢ hm-almost everywhere, we have v=w 4 c on a
set A C I such that for every non-empty open subset O of I, we have that O N A is
a dense and uncountable subset of O. Since v and w have just a countable number of
discontinuities in 7, it follows that v = w + c in I (e.c.s.). O
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LEMMA 4.3. Let J be an open interval as in (D3) and u € BV, ;. Then
Up,J (Lu) > Up,l(“)

foreveryn e N.

Proof. Let Ji, Jo C J be as in (D3). Since T is a homeomorphism on J; and J>, by
Remark 2.2,

VpgwoT)>vp jyuoT)+vp p(uoT)=2v, (),

SO
VpgwoT —u)>vp jwoT)—vp ) >vy ). O

LEMMA 4.4. There exists C with the following property. Let u,, : 1 — R, n <M + 1 be
observables with bounded p-variation, p > 1, such that for everyn < M,

U, = ,Cun+1.

Then
[tn]Loo(hm) < Vp,1(Un) < Cvp 1 (ug)

for everyn < M.
Proof. Let J C I be one interval as in (D3). By Lemma 4.3,

Up.J(Un) < vp y(uo) (12)

for every n > 0. By (D2), there is a finite collection of pairwise disjoint open intervals
Hy, ..., H C J and j such that T/ isa homeomorphism on each H; and

k
int7 |71/ (H). (13)

i=1

We claim that for every £ < j and n,
Uy, 1e(H;) (Un) = ZKUp,J(MO)- (14)

We will prove this by induction on €. Of course, since H; C J, equation (12) implies that
foreveryi=1,...,k,

Up,H,‘ (Mn) S Up,](uo)s (15)
so equation (14) holds for £ = 0. Suppose, by induction, that equation (14) holds for £ < j

and every n. Since T is a homeomorphism on TYH;) and uy_; =u, o T — u,, we have

Up, 1+ () Un) = Vp 1t pty) (Un © T) =0 pepyy (Un) + Vp 7o cpy) (Un—1)
2@4—1

A

Vp,J (o).
By equation (13),

k

V.1 (Un) = Vpin 1 (n) < Y 0, 77 Wn) < K270 5 (u0) < k270, 1 (u0).
i=1
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Note that since u, = up+1 0 T — up41, it follows that

/unh dm = 0.

ess Sup un = |un|Lo(hm)-
hm

Suppose that

Then
0= / un,h dm > essinfu, = (essinf u,, — ess sup u,) + ess sup u,
> _vp,](un) + |’4n|L°°(hm)a
SO [Un| L0 (hm) < Vp,1(un). We can obtain the same conclusion for the case
—ess infpy, uy = |un|L°°(hm)a

replacing u, by —u,, in the argument above. O

Proof of Theorem 1. Define by induction the (either finite or infinite) sequence u,,: I — R
of functions in the following way: ug is given. If u, is defined and there exists a function
v: I — R with bounded p-variation such that Lv = u,, in L' (hm), then define

Upt] =V — / vh dm.
Otherwise, the sequence ends with u,. Note that
L, = ug.

Define
Mgy = sup{n € N: u, is defined} € N U {oc}.

We will show that My < oo. Let M € N, M < My. Recall the basis VV defined in §3. By
Corollary 3.6, if ug is not constant almost everywhere there exist i and ¢ > 0 such that

ci, j (uo) =/uo¢i oT/ -hdm=0 forall0<j<gq
and
Ciq (o) = / uppi o T4 - hdm #0.
By Lemma 4.4, we have that [u,] 72,y < [Unlroohm) < Cvp,1(ug), so since
lgi o Ti|L2(hm) =1,
we obtain

Ici ke (un)| = < Cuvp 1 (up).

/un-wioTk~hdm

Using Proposition 3.8, we can now use an argument quite similar to [4]. Observe that

Cifup—1) =cijupoT —up)=cjj(uyoT) — cij(un) = cij—1(up) — ci1(uy)

forl > 1.
Forl =0,

Ci0p—1) =ciopoT —uy) =cio(uy oT) — c;ouy) = —ciolun)
forO<n <M.
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Therefore, for O <n < M,

Ci,i(un) = cijj—1(up) — cig(up—1) forl =1, (16)
¢i,0(Un—1) = —¢i,o(Un). 17

Since ¢;, j(up) = 0for 0 < j < g, by equations (16) and (17), we can conclude that
¢i,j(up) =0 for0<j<qg and O0<n=<M. (18)

Now, by equation (16), considering [ = g, we have
Ci,q(un—l) = Ci,q—l(”n) - Ci,q(”n)'
By equation (18), for every n < M,
Ci,q(”n—l) = _Ci,q(un)- (19)
By equation (19), we conclude that for n < M,
Ciq (un) = (— 1)”ci,q (uo).
Considering [ = g + 1 in equation (16),
Cig+1(Up) = (_l)nci,q(MO) - Ci,q+l(un—1) =
Cigo) = (=D)"cig41@un) + (=1)"ci g41(Un—1). (20)
Puttingn =1, ..., M in equation (20) and adding the resulting equations, we obtain
M - ¢iq(uo) = (=DM cigi1(um) = ¢ig+1(uo). 1)
Therefore,
—Cig+1@o) + (=DMc; g1 (um)
Ciqg (uo)
- Ici,g+1(@o)| + Icig+1 ()|
- i g (o)
_ lcig+1@o)l + Cup,1(uo)
B Ici g (uo)|
so My is bounded. Note that by Corollary 4.2, if v, € Ll(hm) satisfies L£"v,, = uy,

then v, = u, + ¢ in L'(hm) for some ¢ € R. This proves the uniqueness statements of
Theorem 1. m|

M =

’

5.  Proof of Theorem 2
Fix A < 1. Denote by Sj the linear space of the real sequences x = (x/) jeN such that there
exists C satisfying

Ix/| < CM.

Here we use x/ to denote the jth element of the sequence x. Consider the linear space
£o(N) of real sequences x = (x/) jeN such that

limx/ = 0.
J
We define the operator U : £o(N) — £o(N) as
Ux) =y,

where y° =0 and y/*! = x/ for j > 0.
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We say that x € £o(N) is infinitely cohomologous to zero with respect to U in £o(N) if
there exists an infinite sequence x; € £o(N), with x = xq, such that

xi = U(Xi41) — Xit1. (22)
for every i > 0.

LEMMA 5.1. [2] Let x € S,. Suppose that there exists a finite sequence x = X,
X1, ..., Xk € Lo(N) such that x;i = U(xi4+1) — xiy1 for every i <k. Then x; € S, for
every i <k. If x is infinitely cohomologous to zero with respect to U in £o(N), then
x=0=(0,0,...).

Proof. Let x; € £o(N), i <k, with xg = x, satisfying equation (22) for i < k. One can see
that
Joo_ 14
Yip1 =~ Z Xi -
P=J

Since lim; xiJJrl =0, it follows that

Zx{’zo;
p

since xo € Sy, we can prove by induction on i that

P
in

p>j

I/

l+]| = =G

for some C;. We concluded that x; € S for every i < k. With each i < k, we can associate
the power series

i)=Y xldl.
j=0

Since x; = (xl.j ) € S, the power series f; converges to a complex analytic function on a
disk with center at 0 and radius 1/A > 1. Note that the sequence U (x;) is the sequence of
coefficients of the Taylor series (centered at 0) of the function zf;(z). So, equation (22)
yields

fi@ =zfi+1(@) — fit1() =z = D fi+1(2).
So, if x is infinitely cohomologous to zero, we conclude that
fo@) =G =D fi2)
for every k, where f; is defined in a disk strictly larger than the unit disk. It follows that

F9(1) = 0 for every k, so fo(z) = 0 everywhere. So, x =xg=0= (0,0, .. .). O

Proof of Theorem 2. Corollary 4.2 gives the uniqueness of the sequence u;. Now suppose
that u is infinitely cohomologous to zero. So, there exists a sequence u; € L' (hm) such
that

up=ujy10T —ujy. (23)
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Consider B as in Corollary 3.7. Fix ¢ € B. Define the sequence x; = (xl.j )j as

i

xj=/u,~~(poTj~hdm.

J
i

Since x/ are Fourier coefficients of u; € L' (hm) with respect to the Hilbert basis W, by

Proposition 3.9, we have that lim; x,.j = 0. By equation (23) and Proposition 3.8 we have
xi = U(xiy1) — xi,

S0 xg is infinitely cohomologous to zero in £((N). Note that

|xé|= /uo~<poT-/~hdm <CM,

so xo € S,. By Lemma 5.1, we have that xo = 0; this holds for every ¢ € l§, so by
Corollary 3.7, the function u is zero. O

6. Proof of Theorem 3
We first make a couple of remarks on condition (D5).

Remark 6.1. Suppose that T and B satisfy (D5). Let 7 € L' (m) be a function satisfying
&7 (h) = h. Then

E:/ﬁdeu (24)
where £ is as in (D5)(iii) Indeed, by (D5)(vi), there exists a sequence h, € B such that
hy, =, h in LY(hm). Furthermore, since h, 1/h € B, from (D5)(ii), there exist a, b > 0

such that
O<a<h(x)<b<o (25)

on /. So,

/ﬁdm-h—ﬁ

L(m) Ll(m)

D8 (hn) — D5 () L1 ()

EME—MMWHW/Mdm%—¢HM)

B
< 21k = hulp1 gy + CA¥|hy 5.

Given € > 0, choose ng such that

- 1 - €
= byl L1ny = V0= gl L1 umy < -

and kg such that

€
cw%mm<5
Then

<€

’/ﬁdm~h—ﬁ
L (m)

for every € > 0, so equation (24) holds. In particular, if 7 and B satisfy (D1), (D4) and
(D5), we have that functions £ in (D4) and (D5) coincide.
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Remark 6.2. Note that (D5)(ii) implies that
B c L'(hm).
Moreover, (D5)(iii)—(v) imply that |
E\Iﬂ (vh)
converges exponentially to zero in L' (hm) and B.

LEMMA 6.3. Let T be a transformation satisfying (D1) and (D4), and suppose that B and
T satisfy (D5). Let u € B, and suppose that there exists v € LY(hm) such that

u=_Lv
on I. Then v coincides hm-almost everywhere with a function vy € B.

Proof. The method we are going to use here is very well known for specific kinds of
dynamical systems and observables; for instance, see [S] for the case of Cc? piecewise
smooth expanding maps and bounded variation observables. Replacing v by

v—/vhdm]l,,

we may assume, without loss of generality, that

fvhdm:O

u=voTl —v.

since

Applying P/, j > 1, we get
Plu= P~y — ply. (26)

Putting j =1, ..., n in equation (26) and adding the resulting equations, we obtain
n .
v=P'v+ Z Plu.
=1

We claim that |Pjv|L1(hm) — ;0. Indeed, from (D5)(vi), for every € > 0, there exists
w € B such that [ wh dm =0 and |v — W1 () < €. Since || Pl L1,y < 1, for every j,

|P‘]U — PjUJ|Ll(hm) < €.
From (D5), for every w € B,
. 1 )
P/ (w) = E‘If’(wh),

and
1B (Wh)| L1y < CIW (wh)|g < CA [whg,

and we have that for j large enough,

|Pjv|L1(hm) < |PJU — ij|L1(hm) + |P]w|L1(hm) < 2e.
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This proves our claim. In particular,
OO .
v= Z Plu,
j=1

where the convergence of the series is in Ll(hm). On the other hand, by Remark 6.2,
this series converges in L'(hm) and B to a function v; € B. So, v =wv; hm-almost
everywhere. a

Proof of Theorem 3. Since ug € B, by (D5), for every v € L°°(hm), we have
V up-voT/ ~hdm‘ = V Pl (ug) -v-hdm| < CA |uolB|v| Lo m)-

By Theorem 2, we have that u( is not infinitely cohomologous to zero in L'(hm). Now
suppose Lu; = ug. The uniqueness (up to a constant) of u; follows from Corollary 4.2. By
Lemma 6.3, we have u; € B. O

7. Topological results
Proof of Theorem 4. Define 9 =ugo H. Then iy has bounded p-variation. By
Theorem 1, there exist bounded p-variation functions #;, i < M, unique up to a constant,
such that

Ll =i on L'(hm),

and
La iy +c onL'(hm), (27

for every bounded p-variation function .. Here £v = v o T — v. Since the support of hm
is 1, it follows that £'i; = i1 in I (e.c.s.). Define u; = ii; o H~'. Then u; has bounded
p-variation and

Llui=uy on H() (e.c.s.).

Suppose that there exists a function p with bounded p-variation such that Lo =uy; + ¢
(e.c.s.). Define p = p o H. Then p has bounded p-variation and Eﬁ =iy + con LY (hm).
This contradicts equation (27). So, Lp # uys + ¢ in an uncountable subset of H (/). Since
the discontinuities of Lo and uys + ¢ are countable, it follows that there is a continuity
point xo € H(I) of both functions such that (Lp)(xo) # up (xo) + ¢. So, there is a non-
empty open subset of H(I) such that Lp £ uy + c. a

Proof of Theorem 5. The proof of this theorem is quite similar to the proof of Theorem 4.
Define 1o =ug o H. Then iip has bounded pp-variation. By Theorem 3, there exist
bounded py-variation functions #;, i < M, unique up to a constant, such that

Lhi; =9 on L'(hm),

and
Lo #iiy+c onL'(hm), (28)
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for every « € L!(hm). Here Lv=voT — v. Since the support of hm is I, it follows that
LY = figin I (e.c.s.). Define u; = ii; o H~'. Then u; has bounded po-variation and

Llui =ug on H(I) (e.c.s.).

Now we show the uniqueness of u; in the set of continuous (e.c.s.), bounded Borelian
functions. If continuous (e.c.s.) bounded Borelian functions v; satisfy Liv; = ug, then
v; = v; o H are also continuous (e.c.s.) and, moreover, they belong to L'(hm) and satisfy
L£i%; =iig. So, by Theorem 3, we have that v; = it; + ¢; for some ¢; € R, where this
equality holds in LY(hm). Since both functions 9;, #; are continuous (e.c.s.), it follows
that U; = u; + ¢; (e.c.s.),sov; =u; + ¢; (e.c.s.).

To show conclusions (A) and (B), suppose that there exists a bounded Borelian function
p such that Lo = up; + ¢ (e.c.s.). Define p = p o H. Then p is also a bounded Borelian
function, so it belongs to LY(hm) and Eﬁ =iy +c (e.cs). So, since hm has no
atoms, it follows that this equality holds on L(hm). This contradicts equation (28). So,
Lp # up + ¢ in an uncountable subset of H (7). If p is continuous (e.c.s.), we can now
finish the proof exactly as in the proof of Theorem 4. O

Remark 7.1. One can ask why the conclusions of Theorem 5 are weaker than those of
Theorem 3. The problem is that the conjugacy between one-dimensional maps can be
singular with respect to the Lebesgue measure. Indeed, that is often the case, even when
the two one-dimensional maps 7" and T are very regular, as expanding maps on a circle
(see [8]). In particular, the conjugacy H does not in general preserve either L' (hm), L' (m)
or the space of Lebesgue-measurable functions (see [6]). So, note that if in the proof of
Theorem 5 we pick p to be either in LY(m) or L'(hm), then it is not true in general
that p o H belongs to L' (hm). Moreover, since composition with H does not in general
preserve Lebesgue-measurable functions, we need to assume that p is a Borel-measurable
function, so p o H is also Borel measurable. These are the reasons why we assume that p
is bounded and Borelian in Theorem 5.

8. Observables infinitely cohomologous to zero
Consider the Banach space of summable sequences ¢Y(N). For a sequence x = (x?) jeNs

denote
Xlpagy =Y _ 1%/,
j

We define the operator U : £!(N) — ¢! (N) as the norm-preserving map
Ulx)=y,

where y? = 0 and y/*! = x/ for j > 0.
We say that x € £!(N) is infinitely cohomologous to zero with respect to U if there
exists an infinite sequence x; € ¢! (N), with x = xq such that

xXi =UXi41) — Xit1

for every i > 0.
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LEMMA 8.1. [2] There is a non-vanishing sequence x € £'(N) which is infinitely
cohomologous to zero with respect to U.

Proof. We claim that for every k € N, there exist
X0,k> X1,ks> « - -5 Xk .k € KI(N),
all of them with compact support, such that xgy =L
Xik = UXit1,6) — X1,k
1%i k+1 — Xi k| g1 vy < P (29)

forevery i <k.

The proof is by induction on k. Choose xp0=(1,0,0,0,...). Suppose that by
induction we found a finite sequence x;, k, i <k, with the above properties. Fix N > 0.
Define x x+1 asx,?H] _x,?k,xkk+1 _xkk 8/N,forl1 <j <N, andxkkJrl _xkkfor

j>N+1. Here(S—Zj xkk' Defining

J _ p
Xt k+1 = 2 :xk,k+l’
P=Jj

we have that x4 x+1 has compact support and xi k41 = U (Xk41.k+1) — Xk+1.k+1. NOW
define by induction

Xik+1 =UXig1 k1) — Xig1 kg1, I <k.

0 0 . : 0 _
In particular, Xkl = X1 kr for i <k. Since X =— l+1 ¢ fori <k and xk 1l =
x,? x> We have xo x+1 = 1. Furthermore, it is not difficult to see that if N is large enough,
then

—k—
|xi,k+1 - xi,k|zl(N) <2 s

for every i < k. This completes the inductive step.
By equation (29), for every i, there exists x; € ¢! (N) such that limg x; x = x; on 0! (N).
It is easy to check that x; = U (x;4+1) — x;+1 and xg = 1. Pick x = xo. O

Proof of Theorem 6. Since T is topologically conjugate with 7Ty ={¢x mod 1, £¢€
Z\{—1, 0, 1}, it is enough to show Theorem 6 for 7;. Choose n such that £ does not
divide n. Letx = (x;); € 2Y(N), as in Lemma 8.1. Define

u(x) = Z Xj sinQmnt! x).

j=0

The function u is continuous and non-constant. Using Remark 3.2 and Proposition 3.8,
one can easily show that u is infinitely cohomologous to zero. O
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