Laser and Particle Beam@001), 19, 605-608. Printed in the USA.
Copyright © 2001 Cambridge University Press 0263-0316$12.50
DOI: 10.1017.50263034601194073

Pulse interaction in nonlinear vacuum electrodynamics
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Abstract

The energy-momentum conservation law is used to investigate the interaction of pulses in the framework of nonlinear
electrodynamics with Lorentz-invariant constitutive relations. It is shown that for the pulses of the arbitrary shape, the
interaction results in phase shift only.
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1. INTRODUCTION Recently a number of studies have been performed aimed
to investigation of the characteristic surfaces in the frame-
Although classical electromagnetic theory deals with lineakyork of nonlinear electrodynamics, that is, the propagation
Maxwell equations, there have been numerous attempts 16x infinitesimal discontinuities or “photongle.g., Mufioz,
bring the nonlinear phenomena into the stage. All relativis-1996; Dittrich & Gies, 1998; De Lorengit al., 2000; No-
tic and gauge invariant versions of electromagnetism argello et al., 2000; Rikken & Rizzo, 2000; Novello & Salim,
based on the Lagrangian density,which depends on the 2001). However, very little is known about the finite ampli-
invariants of the field tensor. Generally, in terms of thetyde waves.
electric(E) and magneti¢B) fields, the Maxwell equations  The main point of this paper is to describe the simplest, in
in absence of external charges may be written in a standargl sense, nonlinear vacuum process: the interaction of two
form: electromagnetic waveforms propagating in opposite direc-
tions. A similar particular solution of the Einstein—Born—
D—VXH=0, VD=0, Infeld equations was found by Bret(’m_99©. Here we
B Qemon_strate tha'; the pulses c_)f the arbitrary shape behave
like solitons, that s, the scattering does not alter the shape of
B.+VXE=0, VB=0, the pulse but result in a phase shift only.
where we putc = 1 andD = dL/0E, H = —dL/dB. The o MAXWELL EQUATIONS
LagrangiarL(l,J?) depends on the Poincaré invariahts ) ) ) o
E2— B2 andJ = EB only. The distinctive feature of EqL) We cqn3|der a linearly polarized wave propagating inzhe
is that since the Poincaré invariants are identically zero foflirection of the forng, =E(z,t), B, = B(z, t) with all other
the plane electromagnetic wave, the latter is insensitive t§OMPonents being zero. In this situation, the second Poincaré
vacuum nonlinearity and propagates without distortion. ~ invariant vanishesJ = 0, so the Maxwell equations are
Of particular interest are the nonlinear corrections to theVrttén as
linear electrodynamics arising due to vacuum polarization
in the strong electromagnetic field. In the ultimate case of (EL(D)1)e + (BL(1)1), = 0,
slowly varying fields, this results in Heisenberg—Euler elec-
trodynamics, which is discussed in many textbotks.,
Akhiezer & Berestetskii, 1964

)
(B) + (E), =0,

where the subscript denotes the derivative with respect to

. : the corresponding variable ahe= E2 — B2, The Lagrang-
Address correspondence and reprint requests to: V.P. Poponin, Inter-

national Space Sciences Organization, San Francisco, CA 94127, usAan in Eq.(2) 'S. eXpanded 'n powers of Keeping the low-
E-mail: vpoponin@sj.znet.com est order nonlinear corrections we have
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The relationg5) are resolved introducing the potentjal
W = i,,, N = —i)r,;, P = f5y. Restricting ourselves with the

linear relation betweef and S, we obtain the Ampere—
With the help of the appropriate scale transform, the coeffiyionge type equation fa:

ciento may be reduced te: 1. For the particular case of the

L) =14 212
=1+ a1+ ... 3

Heisenberg—Euler electrodynamioes= 1 (Akhiezer & Be- Yo — W2 = o (Ppy— ). ®)

restetskii, 19644 Of interest also is to keep in mind the

Born—Infeld electrodynamid®.g., Tonnelat, 195%vith the There are trivial solutions to this equatian(z,t) =

Lagrangian F(z = t) with an arbitrary functiorf, which correspond to
the plane electromagnetic waveforms described by &js.

Lei()=1-~v1-1. (4 with | = 0. Besides these, implementing the Legendre trans-

form (Courant, 1962 one can easily obtain the general

3. ENERGY-MOMENTUM TENSOR integral of Eq.(8) valid for T # 0 and, consequently, for

I # 0. As a result, we get the components of the energy-

The conservation laws for E are given b . )
ae) 9 y momentum tensor in a parametric form:

W+N,=0, N+PF,=0, 6)
W = o (Fi(§) + F3(n) + 2F{(&)F3(n)/A (£, m),

where the components of the energy-momentum tensor, , , , ,
namely, the energy densityy, the momentum densityy, P = o (Fi(€) + Fa(n) — 2F{(&)Fa(n)/A (&, m),
and the stres$?, may be obtained using standard variation B , ) 5
procedurde.g., Landau & Lifshitz, 1971 Explicitly, N = o (Fa(n) = Fi(€))/A(E 7). ©)

W=2E2L, —L z=3(£+n—Fi(é) — Fam),

N = 2EBL, (6) t=3(&—n+Fué) — Fam),

P=2B%, +L. where F; , are arbitrary functions and(¢,n) = 1 —

Fi(§)Fa(n).

Usually Egs(5) and(6) are thought of as a consequence ~congjder, for example, two localized pulses of the arbi-

of the Maxwell equation$2). However, we may consider 5. shape propagating in opposite directions. This corre-
the relations(6) as a constraint implied upon the compo- sponds to the following initial conditions:

nents of the momentum-energy tensor, so there are two in-

dependent variables in E($), for exampleW andN. One W(Z,t)]ism0o = Wiz + 1) + Wo(zZ - 1), (10)
can easily check that for the nontrivial solutions of E@3,

that is, forl # 0, the Jacobian of the transfof&B — W, N where W, 5(¢)|s,+., — 0. This initial condition is pro-

is nonzero. Thus, instead of looking for the solutions ofy;jjeq by the following choice oF; ,in Egs.(9): F{ »(¢) =
Egs.(2), we can solve Egq$5) and(6) excluding the Poincaré oWy o(&) andF1(§)|§_>_w—>0,Fz(g’)|§_meo.Theyasymp—

invariantl from Eqs.(6). totic of the solution(9) att — o is then given by

4. SOLUTION W(z,t) = Wi(z+t—oKy) + Wa(z—t + oKy), (11
To excludel, it is convenient to introduce the invariants of where

the energy-momentum tensor, that is, its tr&®e, P — W,

and the determinant = WP — NZ2. As it follows from o

Eqs.(6) Kiz= [ dewaste) (12

S=2(L—-1IL
( ) (7) is the net energy carried by the corresponding pulse.

T=1(2), - L2 Typical plotsW(z, t) are depicted in Figures 1 and 2. The
first picture shows the interaction of two identical pulses.

The latter relations implicitly define the dependenice=  The interaction of one pulse with a sequence of two pulses is
T(9). Substituting the LagrangigB) into Egs.(7), we find ~ shown in Figure 2.
that the first nonvanishing term of the expansionToin
powers ofSis linear and it is provided by the quadratic term
of the expansion3): T(S) = —oS+ .... It isnoteworthy
that the Born—Infeld Lagrangid#d) yields exactly the linear  Of interest is the geometrical sense of the obtained solution
dependenc&(S) = —S. (9). The parameterg and n are, in fact, the light-cone

5. DISCUSSION
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Fig. 1. Interaction of two identical pulses.

Fig. 2. Asingle pulse interacting with a sequence of two pulses.
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