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Abstract

In the first part of this paper we consider a general stationary subcritical cluster model
in RY. The associated pair-connectedness function can be defined in terms of two-point
Palm probabilities of the underlying point process. Using Palm calculus and Fourier
theory we solve the Ornstein—Zernike equation (OZE) under quite general distributional
assumptions. In the second part of the paper we discuss the analytic and combinatorial
properties of the OZE solution in the special case of a Poisson-driven random connection
model.
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1. Introduction

In their seminal paper, Ornstein and Zernike [11] proposed to split the interaction between
molecules in a liquid into a direct and an indirect part. While the resulting spatial convolution
equation is of great importance in physics, it seems to be hardly known among mathematicians.
The aim of this paper is to bridge this gap and to lay a rigorous mathematical foundation for
further studies.

We start with a simple example of a stationary cluster process, which is also a special case of
the random connection model studied later. Let 7, be a stationary Poisson process on R? with
intensity 7 > 0. Let B C R? be a gauge body, that is, a compact set containing the origin 0 € R?
in its interior. We define a random geometric graph $(n;) (or Gilbert graph) with vertex set n;
as follows. Two distinct points x, y € 5, are adjacentin §(#n;) whenever (B+x)N(B+y) # &,
where B + x := {x + z: z € B}; see [14]. For x € n;, let C(x, n;) C n; denote the cluster of
x, that is, the connected component of §(7,) containing x. These definitions apply to any point
process 1) and, in particular, to deterministic locally finite subsets of R?. For each point process
nonR? and x, y € R?, we write n* := n U {x} and Y := 5 U {x, y}; see also Appendix A.
We wish to study the pair-connectedness function (see [17])

Pi(x,y) :==P(y € Ctx,n;”)), x,yeR"
By Corollary 4.15 of [4], there is a percolation threshold t. € (0, co) such that P(|C (0, 17?)| =

o0) > Ofort > t. and P(|C(0, n?)| = 00) = 0fort < .. We seek a function Q;(x, y) solving
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The Ornstein—Zernike equation 1261

the Ornstein—Zernike equation (OZE)

Pi(x,y) = 0:(x,y) +I/Rd 0:(x,2)Pi(z, y)dz, X,y € RY, t < te. (1.1)

We shall formulate and solve (1.1) in the following much more general setting. Let 1 be a
stationary point process on R? with finite intensity vy The points are partitioned into clusters
(sets of points of 1) according to a translation-invariant rule. This rule might be very general
and can incorporate additional randomness (e.g. in the random connection model). The point
process 71 is assumed to be jointly stationary with the cluster process. The pair-connectedness
function P (x, y) is then informally defined as the conditional probability that x, y € R? belong
to the same cluster, given that x and y are points of n (suitably weighted by the pair-correlation
function). Then the OZE (1.1) takes the form

P(x,y)=0(x,y)+wy /Rd Q(x,2)P(z, y)dz, x,y e RY (1.2)

Our Theorem 3.1 shows under rather weak assumptions that (1.2) has a unique solution. The
proof of this result is based on Palm calculus for stationary point processes (see Appendix A)
and a classical theorem by Wiener on the inversion of Fourier transforms.

In Sections 4-6 we shall consider the (Poisson driven) random connection model (RCM)
(see [9]), a significant generalization of the Gilbert graph introduced above. The RCM with
parameters # > Oand ¢ : R — [0, 1]is arandom graph § where the set of vertices is a Poisson
process n; with intensity ¢. Any two distinct vertices x, y € 7, are adjacent with probability
¢(x — y) independently of all other pairs and of 1;. We call ¢ the connection function of the
RCM. The clusters in this model are just the connected components of §. In Section 4 we shall
give a detailed description of this model along with formulas on degree distributions (that are
basically well known) and a Margulis—Russo-type formula. The latter result might be of some
independent interest. In Section 5 we shall first show that the RCM satisfies the assumptions of
Theorem 3.1, so that a solution Q; = Q of (1.1) (with P; = P denoting the pair-connectedness
function) exists in the whole subcritical regime. Then we prove that P; is an analytic function
of ¢ on the interval [0, #,), where , is the smallest number such that for r < t, the typical
cluster has an exponentially decreasing tail. In the Gilbert graph with fixed gauge body B
(mentioned above), the arguments from [14] can be extended to show that 7, is equal to the
percolation threshold 7.. In fact, Theorem 5.2 shows that this result holds for general integrable
functions of the typical cluster. We then proceed with deriving similar properties for Q;; see
Proposition 5.2. We are not aware of a direct probabilistic interpretation of Q,. However, for
small intensities ¢, there is a simple combinatorial relationship between the coefficients in the
expansions of P; and Qy; see Theorem 6.1.

In writing this paper we strongly benefited from the large physics literature on the topic.
In particular, the combinatorial formulas in the final section are well known, although not in
a mathematically rigorous form. Two key references are [1] and [2]. However, we have not
been able to find a justification of the existence of a solution of the OZE, not even in the very
special case of a Poisson-driven Gilbert graph. Moreover, the analytic properties of P; and
O, (often taken as granted) have not been proved either. In our opinion it is one of the main
contributions of the present paper to apply modern point process methods (Palm calculus and
Margulis—Russo-type formulas for Poisson driven systems) to the OZE. The original motivation
for our work came from [18], where the author used the OZE to derive putative lower bounds
for the percolation threshold in the Gilbert graph. This is one of the potential applications of
the present paper.
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2. Preliminaries on stationary point processes

In this paper all random elements are defined on a measurable space (€2, 4) equipped with
a measurable flow 0, : Q@ — Q, x € R?. This is a family of measurable mappings such that
(w, x) — OB,w is measurable, 6 is the identity on €2, and

oney =9x+y’ X,y ERdv

where ‘o’ denotes composition. We may think of 6, w as w shifted by the vector —x. We fix a
probability measure P on (€2, 4) and assume that it is stationary, that is,

Pof, =P, xeRY
where 6, is interpreted as a mapping from +4 to +4 in the usual way:
0cA = {brw: w € A}, Ac A, xeR?

Let N (R?) denote the space of all locally finite subsets p of R?. Hence, u € N(R?) if and
only if ; N B is finite for each bounded set. For each © € N (R?) and each B C R?, we write
w(B) := | N B for the number of points of u lying in B. As usual, we equip N (R?) with the
smallest o -field & making the mappings u — w(B) measurable for all B in the Borel o -field
B on RY.

A point process on R is a measurable mapping : Q@ — N(R%). It is called invariant (or
stationary) if

n(w, B+ x) = n(6xw, B), weQ, xeR? Be B

Let 1 be an invariant point process. The intensity of 1 is the number y; := En([0, 119). If the
latter is positive and finite, we can define the probability measure

PO(A) =y, fz {6y € A, x € [0, 117}P(dw), A € A.

xen(w)

This Palm probability measure of n satisfies the refined Campbell formula

/ > fbrw. x)P(dw) = y,,f f (@, x) dxP)(dw) 2.1)

xen(w)

for all measurable f: Q x R? — [0, o), where dx refers to integration with respect to the
Lebesgue measure on R?. Using standard conventions we write this as

EY £ x) = y,E) / f(60. x)dx,

xen

where Eg denotes integration with respect to ]P’g. The measure IP% is concentrated on the
measurable set Qg of all w € 2 such that the origin O is in n(w). The Palm distribution
of 5 is the distribution ]P’O (n € -) of n under ]P’O It is concentrated on the measurable set of
all u € N(R?) such that 0 € u. The number IP’O (A) can be interpreted as the conditional
probability of A € 4 given that n has a point at the origin.
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Let 7 be a point process on R? and n € N. The nth factorial moment measure o™ of 7 is
the measure on (Rd)" defined by

a™ =E Z# H(x1, ..., xp) € -}, (2.2)
X1

where the superscript ‘#’ indicates summation over all ordered n-tuples of distinct elements
of 1 (a notation that is also used for multiindices). Assume now that 7 is an invariant point
process with a positive and finite intensity. Assume also that «® is locally finite (finite on
bounded Borel sets) and absolutely continuous with respect to the Lebesgue measure, that is
(using also stationarity),

@ d(x, y) =y, p(y — x)d(x, y)

for a locally integrable measurable p: R? — R. The latter is the pair correlation function of .
The two-point Palm probability measures of n is a family {]P’),;’y i x,y € R} of probability
measures on (2, #) such that (x, y) — IP’),;’y(A) is measurable for all A € 4 and

E Z# [0, x,y) =y, / E; f (0o, x, y)p(y —x)d(x, y) (2.3)

X,y€n

for all measurable f: Q x R? x R? — [0, c0), where E;” denotes expectation with respect
to P;”. The number P;” (A) can be interpreted as the probability of A € # given that 7 has
points at x and y. Under a Borel assumption on (€2, #), we will show, in Appendix A, that the
two-point Palm probability measures can be chosen so as to satisfy

E}YF =E " Fob_,, x,yeR?, (2.4)

for all measurable F: Q — [0, 00). More details on Palm calculus for stationary point
processes can, e.g. be found in [6], [16], and in Appendix A.

3. The OZE

In this section we establish (1.2) for general stationary cluster processes defined on a
probability space (€2, 4, P). We let  be an invariant (and, therefore, stationary) point process
on R¥ with finite intensity y, := En([0, 119). We also assume that P(n # @) = 1. To describe
the clusters, we consider a measurable mapping (@, x) — 7(w, x) from  x R4 into R? with
the covariance property

Ty, x —y) = T(w, x) — y, weQ, x,yeR. (3.1)

(For convenience we also assume that 7(x) = x, x € R¢, whenever n(Rd) = 0.) The points
of the random set

§:={r(x): x e n}

are interpreted as locations (or centers) of the clusters of 5. Note that t need not be a determin-
istic function of 7 like in the Gilbert graph, but might incorporate additional randomness; see
Section 4. The refined Campbell formula (2.1) and the covariance property (3.1) imply that

El§ N B| = y,2a(B)P)(x(0) € B),  Be 8%,
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where A4 is the Lebesgue measure on R¢ and ]P’?] is the Palm probability measure of 7.
In particular, E|§ N B| < oo for all bounded Borel sets B, so that it is no restriction of
generality to assume that £ is locally finite everywhere on 2. It follows that £ is an invariant
point process with finite intensity yg = y; ]P’S (t(0) € [0, 1]%). The clusters can formally be
defined as those points of n which have the same image under . Hence, x,y € n belong
to the same cluster if and only if t(x) = t(y) and the cluster of x € n(w) is given by
C(w,x) :={y en): t(w,y) = 7(w, x)} or, more succinctly,

Cx):={yen:t(y)=t(x)} x en. (3.2

(It is convenient to use this definition for all x € R?.) In the random connection model, for
instance, the mapping 7 is defined so as to ensure that (3.2) is consistent with the definition of
the clusters given in the introduction.

It follows from (3.1) that

C(Oyw,x) = C(w, x +y) -y, weQ, x,yeR. (3.3)

The distribution of C(0) under the Palm probability measure IE”% can be interpreted as the
distribution of the cluster containing the typical point of . We make the crucial assumption
that the size of this cluster has a finite expectation, that is,

EY|C(0)] < oo. (3.4)
The cluster with location z € £(w) is defined by D(w, z) := {x € n(w): t(w, x) = z} or
D):={xen:t(x) =2z}, z€E&.

(Again we use this notation for all z € R?.)

As we are interested in the second-order properties of 1, we need to assume that the second-
order factorial moment measure of 7 is locally finite and absolutely continuous. We then denote
by p the pair correlation function and by Py, x, y € R4, the two-point Palm distributions of 7;
see (2.3). Our interest in this paper focuses on the weighted pair-connectedness function

P(x,y) = plx — )P (y € C(x)), x,yeR’

In view of (2.4) and (3.3), we have P(x,y) = P(y — x) and we define the (even) function
P:RY >R by P(x) := P(0, x). Choosing f :=1{0 € C(x)} in (A.2) yields

ENCO)] =1+, / P(x)dx. 3.5)
Hence, (3.4) implies that P is in the space L' of all measurable functions f: R¢ — R with
£l == [1f()ldx < oo.
The convolution of f, g € L! is defined as

U*@uw=/fu—ymow» x e RY.

In the same way, we define the convolution for functions f € L! and g € L°°, where L™ is

the space of bounded functions equipped with the supremum norm || - ||». Both definitions
make sense due to the basic inequalities
If *8glloe < 1fI111I&lI0, fel' geL™, (3.6)
If *glh <l flllgh,  feL' geL™. 3.7)
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We can now formulate and prove the OZE (1.1) in the present very general stationary setting.
We need the regularity assumption

P%( PR o) >0,  weR’ (3.8)
xeC(0)

where wx is the Euclidean scalar product of x, w € R? and ‘i’ is the imaginary unit.

Theorem 3.1. Assume that (3.4) and (3.8) hold. Then there is a uniqgue Q € L' N L™ such
that
P=0Q+y,0x*P. (3.9

Remark 3.1. Assumption (3.8) is rather weak. It holds, for instance, if IP’(,;(|C @) =1)>=0.
Indeed, if |[C(0)] = 1 then the sum in (3.8) reduces to the single term 1. Another sufficient
condition can be formulated in terms of the factorial moment measures «™, n € N, of n
defined by (2.2). If these measures are locally finite and absolutely continuous then

]P’g(Z eiwx:O>:0, w e RY,
xeC(0)

so that (3.8) holds. To see this, we note that

o0
i 1 # .
IP%(E e‘wxzo)sEE — D7 e ™ fu(xa. . x) = 1)
n=2 X1

xeC(0)

=y %E/ W fu(x2, oy x) = ™ ™ d(xr, . .., x0)),
n=2""

where f,(x2, ..., x,) 1= Y p_ e,

We prepare the proof of Theorem 3.1 with some results of independent interest. We start
with providing the connection between the typical cluster and the cluster of a typical point.
This is an example of size biasing; see, e.g. [16, Chapter 9] and [6, Section 3.9] for the case of
volume biasing and debiasing. In the following, we interpret C (x) and D(x) as point processes
on R, that is, as measurable mappings from Q to N (R%).

Proposition 3.1. For any measurable f: N(R?) — [0, 00),
v ED £(C(0) — (0) = 5 E2[D(0)| (D (0)). (3.10)
Proof. Using Proposition A.1 with (w, x) — f(D(w, 0))1{r(w, x) = 0}, we obtain

B D) f(D(0) = ye BL > f(DO)1{z(x) = 0}

xen

= 1B > (D (Ox, 0)1{z (0, —x) = 0}

xe&

= yE) > F(D(@. 0)1{z (6. 0) = x},

xeé

where we have used (3.1) to obtain the third identity. Using (3.1) again, it can be easily checked
that D(6;w, 0) = C(w, 0) — x whenever x € £(w) and 7(w, 0) = x. O
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Proposition 3.1 implies, in particular, that
veEQID(0)* = y,E)|C(0)], (3.11)
which is finite by (3.4). Another consequence of Proposition 3.1 is
_ 0 -1
ve = mEYICO) 7L

The number ]E(,); |C(0)|~! might be called the number of clusters per vertex in percolation theory;
see, e.g. [3].
We also need the following consequence of Proposition 3.1.

Lemma 3.1. The relationship (3.8) is equivalent to
Pg( Z el £ 0) >0, weR? (3.12)
xeD(0)
Proof. The relationship (3.12) holds if and only if

2 : eiwx

xeD(0)

E? # 0.

By (3.10), this is equivalent to

0 iwx | _ 0 |.—iwt(0) iwx | _ 0 iwx
P D S I D D B by
x€C(0)—1(0) xeC(0) xeC(0)
This implies the assertion. O

The Fourier transform of P is the function P:RY > C given by
Pw) := / P(x)e™* dx, w e RY.

This transform can be expressed in terms of the typical cluster as follows.

Proposition 3.2. For any w € R,

2
(3.13)

E elw)C

xeD(0)

Vo + v P(w) = ye B

Proof. First we apply (A.2) with f(w, x) := 1{x € C(w, 0)}e™ to obtain
Yo+ vy Pw) = v+, f PO (x € C(0))e™ p(x) dx =y, E) Y ™,
xeC(0)

where we recall the integrability assumption (3.4).
Since the clusters exhaust the points of 1, we obtain

Vo vy Pw) =B D" Y e (y) = x).
xe& yeC(0)
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Using the exchange formula (A.1) (to be justified below), we have
v+ V2P = B2 S e {r (0, y) = —x)
X€n yeC(6x,0)

=B D D 1y —x € C(O:, 0} 110y, y — x) = —x)
X€n yen

=rBEY 0 D0 e e T () =0},

xen yeC(x)

where we have used the invariance properties (3.1) and (3.3). For 0 € £ and x,y € n, the
relations y € C(x) and t(y) = 0 are equivalent to x, y € D(0). Hence,

Vo + vy P(w) = v Ef Z omiwn Z ey,
xeD(0) yeD(0)

implying (by Fubini’s theorem) the asserted formula (3.13). The use of both the exchange
formula and Fubini’s theorem is justified by ]Eg|D(0)|2 < 00, a consequence of (3.11) and
assumption (3.4). O

Proof of Theorem 3.1. We shall use a classical theorem by Wiener on the inversion of Fourier
transforms. Recall that a finite signed measure  on R is the difference of two finite measures.
The Fourier transform of such a u is defined by

a(w) = /eiwxu(dx), w e RY.
The convolution p * v of two finite signed measures p and v is the finite signed measure defined
by
wxv(B) = // 1{x + y € B}u(dx)v(dy), B e 8°.

Note that 1 % 89 = u, where 8o(B) := 1{0 € B}, B € B<. Also note that ft « v = /1. Each
f € L! defines a finite signed measure j ¢ = [1{x € -} f(x) dx. (Later we will abuse notation
and write f instead of ur.) For f, g € L' we have Hf* g = [Lfxg-

Let M denote the vector space of all finite signed measures of the form r8 + M f, where
reRand f € L'. The OZE (3.9) can be written as

WUp =1Q *V, (3.14)

where t := y, and v := t=180 + up € M. Proposition 3.2, (3.8), and Lemma 3.1 imply that
D(w) # 0 for all w € R?. A theorem of Wiener (see Theorem 13.2 of [5]) says that v can be
inverted within the convolution algebra M. This means that there is an f € L! such that

v (t80 4 12w p) = .
The function Q := P +tP % f isin L'. Moreover,
tLQ*V = tvx(p+tppsy) = vi(tup+12upxiis) = vipp*(t8o+t2is) = p*do = [ip,

as required by (3.14).
To show that Q is bounded, we apply (3.6) to obtain

1Qlloc = I1Plloc + ¥4l @ * Plloo < [Plloc + ¥yl Qll1[[Plloc < 00. O

https://doi.org/10.1017/apr.2017.41 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.41

1268 G. LAST AND S. ZIESCHE

The solution Q of the OZE (3.9) has good integrability properties and can be used to express
the mean size of the cluster containing a typical point.

Proposition 3.3. Under the assumption of Theorem 3.1, we have

0= [ owar <y’

and »
E9]|C(O)| = <1 - y,]/ 0(x) dx) . (3.15)

Proof. Equation (3.5) and the OZE (3.9) imply that
EY|C(0)] =1 +y,,/ Q(x)dx—}—)/,f/P(x)dx/Q(x)dx
=1+yn/Q(x)dx+y,7(IE2|C(O)|— 1)/Q(x)dx.

It follows that
ENlCO)| =1+ nEYCO) [ 0mar.

Since IE2|C (0)] = 1 we conclude that f Q(x)dx > 0. Moreover, since E2|C 0)] < oo we
have y,,fQ(x) dx < 1 and, hence, (3.15). O

4. The random connection model

In this section we consider a stationary Poisson process 7, on R? with intensity r > 0
together with a measurable function ¢ : R? — [0, 1] satisfying

o(x) = p(—x), x e R4, 4.1)

and

/(p(x) dx < oo.

Suppose that any two distinct points x, y € n; are adjacent with probability ¢(y — x) ind-
ependently of all other pairs and independently of 5;. This yields the RCM, an undirected
random graph § with vertex set ;. Each x € 5, belongs to a uniquely defined connected
component C’(x). The mapping T from Section 3 is defined as follows. If x € 5, and
|C’(x)| < oo then we let T(x) be the lexicographic minimum of C’(x). (For all other x € R4
welet 7(x) := x.) Hence, if all connected components of § are finite, the set of clusters consists
exactly of these connected components.

The Gilbert graph (briefly discussed in the introduction) based on 7n; and a gauge body
B C R, that is, a compact and connected set containing the origin 0 € R, is a special case of
the RCM. It is obtained by choosing

¢(x) = 1{(B +x) N B # o},

In contrast to the RCM, the Gilbert graph contains no additional randomness. Two points
X,y € n, are adjacent if the shifted gauge bodies B + x and B + y overlap.

https://doi.org/10.1017/apr.2017.41 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.41

The Ornstein—Zernike equation 1269

In the next sections we shall study the properties of the pair-connectedness function P; of
the RCM and the solution Q; of the associated OZE. In particular, we shall show that P; and Q;
are analytic and relate the coefficients of their series representation at 0. To do this properly
we need to introduce the model in a more formal way. If the intensity ¢ is positive then 1, can
be (almost surely) represented as

n={X;:i € N},

where the X;, i € N, are almost sure distinct random elements in RY. Fort = 0, the Poisson
process 7; has (almost surely) no points. Let RI>4] denote the space of all sets e C R? containing
exactly two elements. Any e € R[??! is a potential edge of the RCM. When equipped with the
Hausdorff metric (see [15]) this space is a Borel subset of a complete separable metric space.
Let ‘<’ denote the strict lexicographic ordering on R?. Introduce independent random variables
Ui j, i, j € N, uniformly distributed on the unit interval [0, 1] such that the double sequence
(Ui, ) is independent of n,. For ¢ > 0,

xe ={({Xi, X;}, Uij): Xi < Xj,i,j €N} (4.2)

is a point process on RI[24] % [0, 1]. Fort = 0, we let X: equal the zero measure. Note that 7,
can be recovered from x;. For ¢t > 0, we can define the RCM as a deterministic functional
of x; by taking, for i # j and X; < X, the set {X;, X;} as an edge of § if and only if
Uij < o(Xi — Xj).

Justified by assumption (4.1), we can introduce a measurable function ¢*: R4 — [0, 1]
by

@*(e) == o(y — x), e = {x,y} € R

If ¥ is a point process on R[>4] x [0, 1], we can define a graph §(X) := 4(X) = (V(X), E(X))
as follows. The vertex set is given by

V() :=fe ,et:ec R Y(e} x [0, 1]) = 1},

where e~ and e* are the points of ¢ € RI??1. A set e € RI??] belongs to the edge set E (%)
of this graph if and only if X ({(e,u)}) = 1 for some u € [0, 1] with u < ¢*(e). In this
notation our RCM is given as G(x;). (For t = 0 this is the empty graph.) For x € V()X), we
denote the cluster of x (the connected component of §(X)) by C(x, X). (For convenience we
set C(x, ¥) := {x} for all other x € R?.)

In the remaining part of this section we state a few fundamental results on the RCM that
will be needed later but cannot be found in the literature. We extend the (double) sequence
U; j)l i1 featuring in (4.2) to a sequence (U; j), =0 of independent random variables uni-
formly dlstrlbuted on [0, 1], independent of the P01sson process n;. For t > 0, we then define
a point process X on R4 x [0, 1] by

X[O ={({Xi, X;},Uij): Xi < Xj, i, j €N}, 4.3)

where Ny := N U {0} and X := 0. The graph §( xlo) can be interpreted as the RCM as seen
from a typical vertex positioned at the origin. For x € R?, we define

=X, X}, Uij): Xi < Xj, i, j € N_j}, 4.4)

where N_| := No U {—1}, X_| := «x, and (U; ,)l y— has similar properties as (U; ;)7 =0
In the t = 0O case, the point processes x, and x; ~ are defined to be the empty set.
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For k € N, we let [k] := {1,2,...,k}. Forany x1,...,x; € R4, we introduce a random
graph I"(x1, ..., x¢) with vertex set {x, ..., x¢} by taking independent random variables U; ;,
i, j € [k], with the uniform distribution on [0, 1] and by taking {x;, x;} as an edge if x; < x;
and U; j < @(x; — x;). This is just the RCM with a finite deterministic vertex set. The next
result is a version of Proposition 6.2 of [9]. For the convenience of the reader we give a short
proof.

Proposition 4.1. Let n € Ny and set xg := 0. Then
P(CO, x| =n+1)

tn
= / P (xo, ..., x,) is connected)
n!

X exp|:—tf<l — 1_[(1 —o(y — xi))> dy] d(xg, ..., xn). 4.5)
i=0

In the n = 0 case, the right-hand side has to be read as exp(—t [¢(y) dy).

Proof. We assume that n > 1. (The n = 0 case is trivial.) We have |C(0, XzO)| =
n + 1 if and only if there are n distinct points xi,...,x, € n; such that 9,()(;)) restricted
to those points is connected and none of the x; is connected to a point in 7, \ {x1, ..., x,}.
Given 7, these two events are (conditionally) independent and have respective probabilities
P(I"(xo, ..., x,) is connected) and

[T TJ0-et—x.

yen\{x1,....xn} i=0

After conditioning, we obtain, from the multivariate Mecke equation (A.3),

P(C(O0, x| =n+ 1)

= ;:/IE”(F()CO, ... xy) is connected)E [ [ [ (1 = (v — x)) d(x1. ... xa).

Yen: i=0

Using the well-known formula for the characteristic functional of n; (see, e.g. [8, Chapter 3]),
we obtain the asserted formula (4.5). O

Next we need to discuss a Margulis—Russo-type formula for X,O **. This formula provides
a power series expansion of expectations of functions of X,O ¥, Adding just two points 0, x is
enough for our purposes. It would be no problem to extend the result to a random connection
model with any fixed number of points added. Letn € NandN_,,_; :=NU{0, —-1,..., —n—
1}. Extend the (double) sequence (Ui,j)iofj=1 featuring in (3.2) to a sequence (U; ;)i jeN_,_,
of independent random variables uniformly distributed on [0, 1], independent of the Poisson
process n;. Let xg, xp41 € R? and x = X1, ...,xp) € (Rd)”. For J C [n], we define
xy := (x;)ies and

X O = (X, XY Us ) vX < X, 0, j e Ny, (4.6)

where Ny := NU{0,—n — 1} U {—i:i € J} and (Xo, ..., X—p—1) := (X0,..., Xn+1)-
In the + = O case, the indices i, j are restricted to {—i: i € J}. Similarly, we define the
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point process x;*’. For J = @, we set x;° := x; 7. For x,41 := x and J = @, the point

process X,O’xz’x has the same distribution as X,O'x given by (4.4). Let f: N(R[M] x[0,1) —- R
be measurable and fix some x € RY. Define F; := f( X,O ) and

ALF = Y (=DM EP ), x e R “.7)
JcCln]

We say that f: N(R[4 x [0,1]) — R is determined by a compact subset W  R? if
f(w) = f(uw) forall u e N(RP24 x [0, 1), where

uw ={(e,u) e u: e C W}, 4.8)

that is, if the value of f only depends on the edges with endpoints in W.

Theorem 4.1. Let f: N(R2 % [0, 1]) = R be measurable and let x € RY. Assume that f
is determined by a compact set W C R? with {0,x} C W. Lets > 0and t > —s be such that
E|Fs41| < 00, where F; := FX). Then

o0
tn
EF,., = EF, + Z p / EA” F dx. 4.9)
n—l . n

Proof. First we recall the Poisson process analogue of the Margulis—Russo formula to be
found in [10] and for a general phase space and more general integrability assumptions in [7]
and [8]. Let f: N(RY) — R be measurable, n € N, and x = (x, ..., x,) € (R?)". Then we
define a measurable function D} f: N (R?) — R by

Dif(wy =Y (=" VIf(uuix;: je .

JC|[n]

Assume now that there is a compact set W C R? such that f (i) depends for each u € N (RY)
only on the restriction of x to W. Then we have, for all s > 0 and r > —s,

Ef s = B )+ Y = fW (EDf (1)) dx, 4.10)
o n

provided that E| f (ns4,)| < 00.
Forpu € N(RY andxy, ..., x; € RY k € N, wedefine u* % := puU{xy, ..., x¢}. There
is a probability kernel K from N (R9) to N(RI[24] x [0, 1]) such that, for all r > 0,

By 1) € ) = E/ U ¥) € ) K. dy), @.11)
and, for any xg € RY n>0,andx = (xq, ..., x,) € (R,
P((n"", ") e ) =E / ", ) € YK, dy). (4.12)

Define a measurable function f*: N RY > R by

() = f F@) K@, dy).
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By the triangle inequality and (4.12) for n = 0,

E| f*(rs+)| < E f |F O K. dv) = E[Fyq] < oo

The properties of the kernel K imply that
FHuw) = / FEwWK Gy, dy)
= f FAwK @™, dy)

= / FAK @, dy)
= (.
We can now apply (4.10) with f* to obtain

Ef*(ns4+:) =Ef*(ny) + Z % /W ]ED;lf*(ns)dx-
n=1 . n

By (4.12), we have E f*(54¢) = EF;4; and E f*(ns) = EF;. Furthermore,

EDpf*(n) = Y (=" MEf*(ns U {xj: j € J})

JC[n]
= 2 VI [ ) KO Uty € ) a)
JC[n]
= 2 CUTVIEF ).
JC[n]
In view of definition (4.7), we obtain the assertion. O

We also need the following version of Proposition 4.1. The proof is omitted.

Proposition 4.2. Let n € Ny and x € R?. Then

P(x € CO, x™), ICO, x)™) =n +2)

t" .
= / P(T(xq, ..., Xp+1) is connected)
n!

n+1
X expl:_t/<l - 1_[(1 _Qﬂ()’ _-xi))> d)’:| d(xlv "'7xn)’

i=0
where xo := 0 and x, 41 := x.

5. The OZE for the random connection model

In this section we consider Poisson processes 1, with intensity + > 0 and the associated
RCM 4 (x;) as introduced in the previous section. We assume that

0 <my < o0,

where m,, ;= [¢(x)dx.
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The critical intensity is given by
1o :=sup{t > 0: P(|C(0, x*)| < 00) = 0}.

For the Gilbert graph (in fact for general Boolean models) it was proved in [4] that 0 < ¢, < oo.
The same is true for the more general RCM; see [9, Theorem 6.1]. By [9, Theorem 6.2], we
have

te = sup{t > 0: E|C(0, x°)| < oc}. .1)

We need to consider another critical intensity, namely
ty :=sup{t > 0: Eexp(z|C(0, X[O)|) < oo for some z > 0}.

Clearly, we have t, < t.. For the Gilbert graph it is well known that #,, = #.. (While an early
proof for fixed convex and symmetric gauge bodies can be found in [14], [19] covers the case
of a random but deterministically bounded gauge body.) We are not aware of a similar result

for the RCM. However, one can show that

te=my".
This is due to the fact that, for t < m;l , the number of points in the cluster of the origin can be
dominated by the total progeny of a subcritical Galton—Watson process with a Poisson offspring
distribution with mean tm, < 1; see the proof of Theorem 6.1 of [9]. It is well known that this
progeny has exponential moments; see [12].
By (A.3), the pair correlation function p; of 1, satisfies p; = 1, so that the two-point Palm
probability measures P;;y of n, are well defined. They are given by the following lemma.
Recall the definition (4.3) of x. and the definition (4.6) of x; .

Lemma 5.1. We have IP’%I (xr €)= IP’(XtO € -). Moreover, the Palm probability Pf,;y can be
chosen such that
PLlu€)=P(x""€),  x.yeR” (5.2)

Proof. We prove the second formula. Let f: N(R[?4 x [0, 1]) x R? x R? — [0, 0o) be
measurable. Then, from (4.11) and the Mecke equation (A.3), we obtain

EY fornxn=EY" f £ x. ) K (r, d)

X, YEn: X, YEN

—E / Fx DKGE ., dp)d(x, y)
:tzE/f(xf’y,x,y)d(x,Y),

where we have used (4.12) to obtain the final identity. Comparing this with (2.3) (and using
the fact that the pair correlation function p; of n; satisfies p; = 1), shows that (5.2) holds for
almost every (x, y) (with respect to Lebesgue measure on R? x R?). ]

By Lemma 5.1, the pair-connectedness function P, of the RCM G (x;) is given by P;(x, y) =
P;(y — x), where
Pi(x) :=P(x € C(0, x"™)).
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Theorem 5.1. Lett < t.. Then there is a unique Q; € L' N L such that
Pt = Q; +10; * Py

Proof. We wish to apply Theorem 3.1. For any x € RY, we define 7(x) := x if x is not a
member of a finite cluster in §.(x;). Otherwise, we define 7 (x) as the lexicographic minimum of
the cluster C (x, x;). Then we have, almost surely, C (x) = C(x, x;) forall x € n;, where C(x)
is given by (3.2). Since t < ft., the integrability assumption (3.4) follows from (5.1). Since
the factorial moment measures of 7, coincide with Lebesgue measure (see (A.3)), assumption
(3.8) follows from Remark 3.1. O

Proposition 5.1. We have

05fQ,(x)dx<t—1, 0<t<t.,

and .
E|C(0, Xto)| = (1 —t/ Q,(x)dx) . (5.3)

Proof. The two assertions follow from Proposition 3.3 and Lemma 5.1. ]

Remark 5.1. It is a fair conjecture that lim,4,, E|C(0, Xt°)| = 00, but we have not found this
in the literature. Under this hypothesis, (5.3) would show that

t. lim /Qt(x)dle.
t—>to—

In what follows, we consider a measurable function g: N(RY) — R and fix some x € R?.
We study the function # — Eg(C(0, Xto’x)). The results will imply that # — P;(x) and
t — Q:(x) are analytic functions on [0, z,). We assume that, for all ¢ > 0, there is an
n1 = ni(¢e) € N such that

lg()] < exp(e max{u(R?), n}). (5.4)

Theorem 5.2. Suppose that g: N(R?) — R satisfies (5.4) and let x € RY. Then the function
t — Eg(C(0, X,O’x)) is analytic on [0, t). The expansion at s € [0, t,) is given by (4.9) with

F, = g(C(0, x*)).

For the proof of Theorem 5.2, we derive some preliminary results that might be of indepen-
dent interest. Let ¢ € [0, *) and define

G(x, 1) :=Eg(C(0, %))
We take a compact set W C R? with {0, x} € W and approximate the function G with
Gw(x, 1) := Bg(C(O0, ),

where Xt()’v)i(/ = ()(to’x)w; see (4.8). Note that u© — g(C(0, uw)) is determined by W. Let
z > 0 be such that E exp(2z|C (0, X,O)|) < 00. Since

1CO. %) < 1CO, x| +1Cx, %) (5.5)
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and C(x, X;‘)gC(O, Xto) + x, we have
Eexp(z|C(0, x,™)]) < oo.
Choosing ¢ = z in assumption (5.4), we obtain
Elg(C(0, x 3w < Eexp(zmax{|C(0, x3)]. n1}) < Eexp(z max{|C(0, "), n1}) < oc.

Therefore, we can apply Theorem 4.1 to obtain

oo
Gw(x, 1) =Bg(CO, x,3) + D _(t = 5)'gwalx,s), st <ts, (5.6)
n=1
where
1 _
gwal.s) == — [ E| Y (1" Mlg(C, x5 ") | dx,
n! wn ’
JC[n]
and x,'w" = (X" )w. We use this definition for all Borel sets W C R.
To bound the coefficients gw,,(x, t), we use the following integral inequality. Recall that
r,xp,...,x,) denotes an RCM with vertex set {0, x1, ..., x,}.

Lemma 5.2. Letn € N. Then

/P(F(O, X1y ..., Xy) is connected) d(xy, ..., x,) < n! mge”"'l.

Furthermore, we have, for any x € R¢,

/]P’(F(O, X1y ..., Xn, X) is connected) d(x1, ..., xy) < n!mZe”H.
Proof. We prove the second inequality only. For all ag, ..., a,+1 € [0, 1], we have the
inequality
n+1 n+1

I-Tla-a) <) ai
i=0 i=0

Taking ¢t > 0 and defining x¢ := 0, we therefore obtain, from Proposition 4.2,

n+1

tn
1> — / P(I(xg, ..., Xy, x) is connected) exp(—t Z / oy — xi) dy) d(x1, ..., x5)
n!
i=0

t}’l
z — P (xo, ..., Xu, x) is connected) exp(—1(n + 2)my) d(x1, ..., Xp).
n:

Choosing 1 = m,, !yields the asserted inequality. ]

There is a qualitative difference between the study of analyticity of G at s = 0 and s > 0.
In fact, condition (5.4) can be relaxed slightly for s = 0.

https://doi.org/10.1017/apr.2017.41 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.41

1276 G. LAST AND S. ZIESCHE

Lemma 5.3. Let n € N and assume that there is a constant ¢ > 1 such that
gl <Y pe NRY,  u@®Y) <n+1. (5.7
Let x € R? and W C R? be a Borel set such that {0, x} C W. Then

lgw,n (0, )] < cc+ D +e)((1 + c)mge)”.

Proof. Letxg :=0and x4+ := x. Take x = (xq, ..., x,) € W". We recall that, for s = 0,
the point process 7; is the zero measure and I' (xg, . . ., X,41) = G( Xgo’x’x”“) is the RCM with
vertex set {xg, ..., x,4+1}. Leti € [n] be such that xo and x; are not connected by a path in

I'(xg, ..., Xxn+1). Then we have, for any J C [n] \ {i},
(_l)n—|J‘g(C(0’ X(/;’O,xj,xn+l)) + (_l)n—|JU{l}|g(C(0’ X())CO,xJU{i}’X)H»l)) — O,

since the cluster of 0 is the same in both summands. If, on the other hand, x¢ and x; are

connected in I'(xg, ..., x,41) for each i € [n], then either I"(xy, ..., x;,) is connected (and x
is not connected to any of the points x, ..., x,) or I'(xq, ..., X,+1) is connected. Hence, we
have

1
w001 = 2B [ Bt xS 18(C0O0 )] d.
’ JCl[n]

where
h(x1,...,xn, x) = {T(x0,...,x,) is connected} + 1{I"(xo, ..., x,41) is connected}.

Our assumption (5.7) and the binomial formula imply that

clc+ 1"
lgwn (0, %)] < T/h(xl,...,xn,nd(xl,...,x,,).

An application of Lemma 5.2 concludes the proof. ]

In the following itis convenient to introduce a function cy : [0, co) — [0, oo) withcy (1) > 0
for ¢t < t, satisfying

P(CO, x> =n) <e™ V" neN xeR? 1<t (5.8)
By the definition of #, and (5.5), such a function exists. Next, we bound g, (¢, W) for ¢ > 0.

Lemma 5.4. Lert € (0, 1) and x € RY. Assume that (5.4) holds. Then there is an ni(t) € N
such that, for all n > ni(t) and all Borel sets W C R? with {0,x}Cc W,

e—cv(n/2 De—cv(n/2 n
lgwn(x, )] < oy (t(l — er(t)/Z))

Proof. As before, we set xo := 0 and x,,41 := x. Let n € N. With the same argument as in
the proof of Lemma 5.3, we conclude that

1
lgw.n(x, )| < —,/ E|:1{xi € C(0, x, % ") for all i € [n]}
n n ’

x Y 1g(C, x:f"v*;‘"""“))q dx. (5.9)
JCl[n]
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Setting € := cy (¢)/2 and using (5.4), we find an n; € N such that

X7 cy (1) XX
D 1O T < Y exp( 5— maxiny, [C(O, x;f‘;v’”“')n)

JCl[n] JCln]

t
<2" exp(cho max{ny, |C (0, x,’f(:;f**"“)n).
Inserting this in (5.9) and using (4.12) yields

lgw.n(x,t)| < i—’:E // 1{x; € C(0, yw) foralli € [n]}

eXP<CV2(Z) max{np, |C(0, ww)l}) K@%, dy)dx.

The Mecke equation (A.3) yields

2" # .
lgwn(x, 1) < t”n!E Z fl{xi € C(0, yrw) forall i € [n]}
X1yeees X €My
cy (1) 0
X X\ -max{ny, |CO, yw)|} | K@, ", dy)
2’ 7 0,x .
= tnn!]E Z 1{x; € C(0, x, ) foralli € [n]}

cy (1)
X exp( 5 max{n1, |C(0, X,(?’v)f/”}),
where we have used (4.12) to achieve the final identity. Therefore,

p R cy (1)
a2 EHICO. ") = k) exp(VT max(n1, |C (0, x,?’;;m)
k=1

lgw.n(x, D] = =

X Z# 1{x; € C(0, x>*) forall i € [n]}.

On the event {|C (0, Xto’x)| = k}, the above integral simplifies to (k — 1) - - - (k — n). Hence,

n

lgw.n(x, 1) <

3 exp(CVT(’) max{n. k})(k — 1) (k= mP(C(O, %) = k).

t"n!
k=n+1

Finally, we apply (5.8) and use the well-known formula for the factorial moment of the geometric
distribution to obtain, for n > nj,

e8]

law (. 1)) < on Z exp(_cv(t)k)(k_1)...(k_n)

t"n! 2
k=n+1

e—cv(D/2 de—cv(®/2  \”
Tl eov®2 (t(l Z e—Cv(t)/Z)) ’

as asserted. O
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Proof of Theorem 5.2. Let Wy, k € N, be a sequence of compact sets with union R?. Since
P(IC(0. )| < 00) = 1, we have

lim g(C(0, x*5 ) = g(C(0, x>*)),  P-almost surely.
k—o00 Wk
By (5.4),

18(C 0. x5 DI < expley (1) max{|C(0, x )1, n1)) expley (1) max{[C (O, %" )], n1}).

From (5.8), it follows that
Eexp(ey (1)|C(0, x™)) < oo.

Dominated convergence implies that
lim Gy, (x,1) = lim Eg(C(0, x,y,) = Eg(C(O, 1)) = G(x, 1).
k— 00 k— 00 ’
Similarly, dominated convergence implies that, for any n € N,
lim gw, n(x,s) = gra ,(x,s).
k—o00

Now we use the series representation (5.6) for W = Wj. Using Lemmas 5.3 and 5.4, we can
apply dominated convergence to show that

Jim Gw, (1) = G(s) + 3t = )" i gw, n(x,5) = Gs) + Y (1 = 5)"ga (¥, 5)

n=1 n=1
holds for all # in some open neighborhood of s € [0, #.). This completes the proof. O

Note that, due to the relaxed growth bound of Lemma 5.3 in comparison to (5.4), any
functional that grows exponentially in the size of the cluster of the origin is analytic at least in
s = 0. Lemmas 5.3 and 5.4 also yield a lower bound on the radius of convergence of the series
representation of G (¢), which is rather small though.

Theorem 5.2 shows that the pair-connectedness function and the expected cluster size are
analytic functions on the whole interval [0, z,). In particular, given x € R4, every s € [0, t,)
has a neighborhood U (s) such that

o0
Pix) =) (t=8)"palx,s),  1€U),
n=0
where po(x, s) := Pg(x) and, forn € N,
1
pu(x, ) := 7/1[*1 Z (=" Mx € €0, x0*)} dx. (5.10)
n JCln]
We summarize the integrability properties of the coefficients p,, in the following corollary.

Corollary 5.1. Foranyn € Ng and t € [0, t,), there are constants c|(t), c2(t) such that

[Pn (. Dlloo < c1®e2a®”, Npal, DI < c1(Oea(®)".
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Moreover, for any s € [0, t,), there is a neighborhood U (s) such that

Pi() =) (t=5)"paC,0),  1€Us), (5.11)

n=0
where the convergence holds in L' and L.

Proof. In the proofs of Lemma 5.3 and 5.4, we observed that the bounds on g, only depend
on the growth bound (5.4), which immediately yields the bound of || p,, (-, )| co-
From the arguments in the proof of Lemma 5.3, we have

2)1
/d | pn(x,0)dx < Pl 1{I"'©O, x1, ..., x,, x} is connected} d(xy, ..., X, X),
R . (R )n

which can be bounded using Lemma 5.2. The bound on || p, (-, t)||; with # > O can be derived
in a similar way. It is clear that these bounds imply the L' and L> convergence of the sum in
(5.11) for ¢ in a neighborhood U (s) of s. O

With a good understanding of the analyticity of P;, we are now able to show similar results
for the solution Q; of the OZE. We will write f*" for an n-fold convolution of the function f
with itself, that is, f*@+D .= £« f forn € Nand f*! := f. In the same spirit, we define
*zza fr = fp* (*Z;}Z fi) and x¢_ fi := fy fora < b € Z and functions f,, ..., fp.

Proposition 5.2. Ift > 0 is such that E|C (0, Xto)| < 2 then

o]

Qi =Y (-y" P}tV (5.12)

n=0

in L' and L>®. Moreover, for any s € [0, 1), there is a neighborhood U (s) and functions

qn (-, ty) such that
00

Q)= (t—5)"qu(,), 1€Uls) (5.13)

n=0

in L' and L™. The coefficients can be recursively determined by the solvable equations
qo(-, ) +spo(-, ) % qo(-, ) = po(-, 8), (5.14)

(> 8) 4 5Gn (-, 8) % po(-> ) = P 8) = Y quk (> 8) % (pr-1(, $) + spi(-,5)). (5.15)
k=1

Proof. From E|C (0, X,O)| < 2and (3.5), we obtain 7| P¢||; < 1. By (3.6) and (3.7), we have

k1 k k1 k+1
1P oo < IR I P lloc, Kk €N, 1P < IR IYT, ke,

and, hence, the convergence of the right-hand side of (5.12)in L' and L. A simple calculation
shows that (5.12) solves the OZE.

To prove the second part of the claim, we start by solving (5.14) and (5.15) for go(:, s) and
qn(-, s), respectively. From the proof of Theorem 3.1, we know that there is a function f € L!
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such that (59 + spo(-, 8)) * (8o + sf) = §o. Hence, (5.14) and (5.15) are equivalent to
qo(-, ) = (8o + sf) * po(:, 5),

qn (-, 8) = (8o +5f) * (Pn(-, $) = Y ankC8) % (Peo1 (5 ) + spi, S)))- (5.16)

k=1

This implies that the g,, can be recursively determined.

In the next step, we show that the series in (5.13) converges. We fix s and write p, for
pn(-, s) and g, for g, (-, s). We choose p, ¢ € R such that max{||p,|l1, || prlloc} < p" for all
n € N as well as max{]|| poll1, lgoll1, |60 + sf]l1} < c. This is possible due to Corollary 5.1
and Theorem 3.1. Moreover, we choose ¢g such that

2c sc S
q >, q > c(p+c*+scp), < +—+L+—p+ P )51.
q 9(q—p) 9 q—p

By (3.7) and (5.16), we have
ligilly = 11680 + s£) * (1 — qo * po — 5q0 * p) 1 < c(p +¢* +scp) < q.

By induction over n, we obtain

n+1
Igns1ll1 = H(60+sf)*<pn+1 Zpk*qn k—sZpk*an k)

_ n+1 n+1
p"q — pq" Lty P47 Pd )
P—q P—q

(05 (0 C)
) <3>>>

5q"+1c<£+2—c+L+ .

SC(pn+1 +pnC+an +

< qn+l‘
If we use (3.6) instead of (3.7), we obtain the same bound on ||gy|lc0, Which implies the

convergence of the sum in (5.13).
It remains to show that the sum in (5.13) solves the OZE. This is achieved by rewriting the

OZE in the form
Pr=0Q;+@—s5)Px Q; +sP x 0.

Substituting for P; and Q;, the series expansion at s yields that the equation holds if, for all

n € Ny,
n n
Pn =¢qn+ Zpk—l *qn—k + 8 Zpk * qn—k,
k=1 k=0
which is equivalent to (5.14) and (5.15). O
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6. Combinatorics for small intensities

The coefficients p, in (5.11) (given by (5.10)) are quite complex probabilistic objects.
In the expansion of P;(x) around s = 0, however, n, vanishes and the only random objects that
remain are the random connections between the points 0, x1, . . ., x,, x. This leads to an almost
combinatorial interpretation of the p, (x, 0). (In the Gilbert graph with a fixed gauge body all
randomness disappears.) Moreover, this interpretation provides a simple combinatorial way to
determine the coefficients g, (x, 0) in (5.13).

For n € Ny, let G, be the set of connected graphs with n + 2 vertices {0, ..., n + 1}. Fora
graph G = (V(G), E(G)) € G, with vertex set V(G) and edge set E(G), we call O the start
vertex and n + 1 the end vertex. For i, j € V(G) and I C [n], we write ‘i <> jin G | I’ if
there is a path from i to j in G that uses only vertices in / U {i, j}. For n € Ny, we define the
combinatorial functionals , : G, — Z by

m0(G) = (=" 11{0 < n+ 1in G|1}.
1Cln]
By a slight abuse of notation, we write G = §( Xg """"
equal after changing the labels in G from i to x;.
It was shown in Lemma 5.3 that the integrand in (5.10) vanishes if §( X(“)m’x’x”“) is not
connected. Hence, (5.10) is equivalent to

11y for G € G, if the two graphs are

Palx, s) = / DY € €0, xg T UG (g = Gldx

GeG, JC[n]

] X moEgee -

GeG,

— Z 71,(G) 1, (G, x), 6.1)

G eG,

where I,: G, x RY — [0, 00) is defined by

1(G. x) = / PGGOT) = G) dx

E [ tx.x}e EGp”™ ™)

{i,/}€E(G)
<[] Wxi.x) ¢ EGp™ ™) dx
{i,/}¢E(G)
= JI eGi-xp [] (d—e@-—x)dx,....x),
{i,j1€E(G) {i, /Y¢E(G)

where again xo := 0 and x,4+1 := x. By (6.1) we have found a representation of p,(x) as a
sum over the graphs in G, where each summand consists of a purely combinatorial factor and
an integral-geometric factor. This representation looks rather natural, but is not well suited for
the convolution. Therefore, we will derive a second representation that convolutes in a very
simple way. This will also enable us to give a very simple representation of the g, (x).
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Let J,: G, x R? — [0, co) be defined by
nGw=[ T et xpde.x.
@iy

i.j}€E(G)

By multiplying the integrand with a 1 = ¢(x; — x;) + (1 — ¢(x; — x;)) for each edge {i, j}
which is not contained in E(G), we obtain

Ju(G, x) = > 1,(H, x).

HeG,, E(H)DE(G)

For example,

(07D B[ )

By a Mobius inversion (see, e.g. [13]), we have

(G, x) = Y. DEWIEEQGILH ), G eG,.
HeG,, E(H)DE(G)

This leads to the announced second representation for p, (x), namely

1
pn@) = — 3 wn(G)In(G, )

" GeG,
=l. Yo Y UEMH) D E@G)m(G)(=DFIITEDL, (7, x)

" GeG, HeG,,
=l, Z Jn(H, x) Z 1{E(G) C E(H)}m,(G)(—1)/EHDIZIEG]

" HeG, GeG,
In particular,
1
pax) = — 3 kn(H)Ju(H,x),  neN, (6.2)

" HeG,

where
kn(H) ==Y HE(G) C E(H)}my(G)(~1) EUDIZIE@,
GeG,

A vertex i € [n] of a graph G € G, is called pivotal if any path from O to n + 1 contains i.
The subset Gg C G, of graphs which contain no pivotal vertex plays a significant role for
determining the coefficients g, (x) from p, (x) as the next theorem shows.

Theorem 6.1. The coefficients q,,(x) := q,(x, 0) of the series representation of Q; at tg = 0
satisfy

1

@) =~ Y a(H)Ju(H,2), xR’
n!
HeGY
This means that g, (x) differs from p,(x) only by the sum over the graphs with pivotal

vertices. The proof of Theorem 6.1 is based on the following three lemmas.
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At first we define the concatenation of two graphs. Forn, m € Ng,letG; € G, and G, € G,,.
The concatenation G| © G2 € Gy 4,y+1 of G| and G is constructed in the following way.

e Relabel all nodes in G, with labels {n + 1, ..., n + m + 2} without changing the order.
e Define V(G| © Gy) :=V(G1) UV(G)).
e Define E(G1 ®© Gy) := E(G1) U E(G»).

For example,

oD@
& o@‘e‘.@ :

In other words, we only combine the end vertex of G and the start vertex of G to a new vertex
and adjust the labels.

Lemma 6.1. Forn,m € Ng and G € G,, G, € G,,, we have
TTn+m+1 (G1 © G2) =y (G (G2).

Proof. The vertex with label n+1 is by construction pivotal. If0 <> n+m+2in (G1©G2)|I
thenn + 1 € I. Hence,

Tum+1(G1OG) = Y (=IO &t m +2in (G1OG) | 1)
IC[n4+m+1]
Z Z (=) Tm=II=I21 100 & n + 110 (G © Gy) | I}
I C[n] LhC[m]+n+1
xlfn+1<on+m+2in (GO G2) | L)

Z Z (=D tm=li=1Ll 10 » n4+1in Gy | I}
I, C[n] C[m]

x1{0 < m+1in Gy | I}
= 10 (G1) 7w (G2). O

Lemma 6.2. Forn,m € Ngand G| € G,,, G, € G,;,, we have
kn+m+1(G1 © G2) = kn(G 1)k (G2).

Proof. Inevery graph H € G441 With E(H) C E(G1 © G3) the vertex n + 1 is pivotal.
Hence, there are uniquely determined graphs H; € G, and H, € G,, suchthat H = H| © H;.
The graph H; consists of 0, n 4 1 and all vertices lying ‘in front’ of n + 1, whereas H» is a
relabeled version of the subgraph of H which consists of n + 1, n + m + 2, and all vertices
lying ‘behind’ n + 1. Hence, by Lemma 6.1,

kntmt1(G1OG) = Y HE(H) C E(G1 © G)}yimr1(H)(—1)FEITIEGIOG)]
HeGym+1

= Y > YE(H 0 H) C EG) 0 G)yimii(H © Hy)
He€G,, HeG,,
% (_1)‘E(H1®H2)|*|E(Gl®G2)‘
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> Y. YEH) C E(GN}HE(H)) C E(G))
H\e€G,, HeG,,
X 700 (Hy ) (Ha) (— 1) EGIDIHEH) = | EG )= EG2)]

= kn(G DKk (G2). u
Lemma 6.3. Forn,m € Nyand G| € G,,, G, € G,;,, we have
In(G1) * In(G2) = Jugm+1(G1 © G2).
Proof. Forall x € R, we have

(Jn(G1) * I (G2))(x) = / / @(xi —x;)d(x1, ..., xp)

®)yr u}eE(Gn
de [T e0i=y)dor ... ym) dxup,
RO 13, )Y€ E(Ga)

where xg := 0and yp := 0, y;4+1 := x —x,4+1. By translation invariance, nothing changes if we
redefine yp := x,4+1 and y, 41 := x. If we apply Fubinis theorem and rename the integration
variables in the same way as we renamed the vertex labels in the definition of ‘concatenation’,

we obtain
(Jn(G1) * Jn(G2))(x) = /d./ d / d H i = xp) At - xn)
REJSRYT JRD™ 1 MeE(G10Ga)
X d(xn42, - ooy Xngm+1) dXn41
— Joms1(G1 © G)(x). H

We are now in a position to prove Theorem 6.1.

Proof of Theorem 6.1. For ty = 0, (5.14) and (5.15) simplify to go = po and
n

Gni1 = Pus1— Y dnk*pr.  n€No. (6.3)
k=0

We will use this for an induction over n. First, we observe that trivially Gy = Gg as the
graph Gy that connects 0 and 1 with a single bond is the only element of Go. Hence,

= Z x0(G)Jo(G, x) = Jo(Go, x) = po = qo.
GEGO

For the induction step, we define G>0 Gy \ GO From (6.2), it follows that

1 1
e > kn1(G)dns1(G) + o I > k1) i1 (G).
GeGy GeG

Hence, by (6.3), it is enough to show

1

rEaT Y 1 (G a1 (G) =Y Pk * Gni (6.4)
(n+1) —

>0
GnJrl
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We use the induction hypothesis, (6.2), and Lemmas 6.2 and 6.3 to obtain

1 1
Zpk*qn k—Z(k > xk(GoJk(Gl))*(m > Kn_k<Gz)Jn_k(Gz>>

k=0 G1€Gy G Gg «

- Z B Z Z kn+1(G1 © G2)Jn41(G1 O G2). (6.5)

k!'(n —k)!
( ) G1eGy GzEGn "

Finally, we have a look at the left-hand side of (6.4). Let G € Gn il Each path from O ton 42
runs through the pivotal vertices of G in the same order. Let v € [n 4 1] be the last of these
pivotal vertices. We define the set of graphs Hy € G2, |, k € {0, ..., n}, with the following
properties.

n+1°

e Each H € H contains at least one pivotal vertex.

e The vertex with label k + 1 is the last pivotal vertex in each H € H;.
e The k vertices {1, ..., k} lie in front of the vertex k + 1.

e The n — k vertices {k + 2, ..., n + 1} lie behind the vertex k + 1.

We partition the set [n + 1] of vertices in each G € GS 41 into three sets M, M, and M3.
The set M contains all vertices that lie in front of the last pivotal vertex of G. The set M3
contains only the last pivotal vertex and M3 contains the remaining vertices. Now we relabel
the vertices in G to obtain a graph G in the following way: the vertices in M are labeled with
the numbers 1, . .., |M}| without changing the order. The vertex in M5 is labeled |M| + 1 and
the vertices in M3 are labeled with the numbers [M;| + 2, ..., n + 1, again without changing
the order. By construction, we have G e Hjp, but (G) = K(G) and J,11(G) = J,4+1(G).

There are exactly
n+1
k,n—k,1

graphs in Gn 41> Which become the same G by this relabeling procedure. Hence, we have, for
the left-hand side of (6.4),

1 n+1
— > kr1(G)s1(G) = , Z > ( - )KH] (H)J1(H)
(n+ 1! Gea?, ( +1)kOH]HI k, 1
= Z DBy ( ens 1 () S (H),
k=0 HeHy
which is equal to (6.5) due to the definition of the concatenation. O

Appendix A. Palm distributions

In this appendix we work in the setting of Section 2. The following result (Neveu’s exchange
formula; see, e.g. [6]) is a versatile tool of Palm theory.
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Proposition A.1. Letn, n’ be two invariant point processes with finite intensities and let f : X
R — [0, 00) be measurable. Then

B S £ B0, x) = yyEL Y f(Be, —x). A1)

xen’ xXen

This remains true for any measurable f: Q x R — R with E(r)] ern,|f(90, x)| < oo.

Let 1 be an invariant point process with a positive and finite intensity and assume that its
second factorial moment measure o) is locally finite and absolutely continuous. We explain
one possible construction of the two-point Palm probability measures of . An easy calculation
shows that, for any B € B4,

E) Z 1{x € B} = ynzfl{x € B}p(x)dx.

xen\{0}

We now assume that (€2, #A) is a Borel space. This very weak assumption can be made without
restricting generality. By a standard disintegration technique, we can then find a (measurable)
family {]P’g'x . x € R} of probability measures on (€2, +4) such that

mff%wmam=mﬂwm+m/ﬁ%ﬂ%mmmm (A2)

for all measurable f: © x RY — [0, 00). We can then define
PrY(A) =P2 7Y (0,4),  x,yeR! Ac A,

so that (2.4) holds. Using the refined Campbell theorem (2.1) and (A.2), it is then not difficult to
check that (2.3) holds. Itis also easy to see that Pf,’y (x,y en)=1for @ -almost everywhere,
(x,y) e R? x R4,

Let us now assume that n = 7, is a stationary Poisson process of intensity ¢ > 0. The
multivariate Mecke equation (see, e.g. [15, Corollary 3.2.3] or [8, Theorem 4.4]) states that, for
any n € N and any measurable function f: N(R%) x (R9)" — [0, 00),

E Z;é f(n,,xl,...,xn)=t"/Ef(ntU{x1,...,xn},xl,...,xn)d(xl,...,xn). (A.3)

Xlyeeny Xp €N

The n = 1 case easily implies (together with stationarity of ;) that the Palm distribution of 7,
is given by
P) (i € ) =P(n U {0} € ).

For n = 2, we obtain from (A.3) that the pair correlation function p; of 1, satisfies p; = 1 and
that, moreover,
Py (€ ) =P Ulx, y} €)

for almost every (x, y) with respect to Lebesgue measure on (R)?.

In this paper we work also with point processes on a metric space X different from R?.
These are random elements of the space N (X) of all integer-valued locally finite measures y on
X equipped with the smallest o -field making the mappings u — @ (B) measurable for all B in
the Borel o-field on X. For more details on point processes we refer the reader to [8] and [15].
A survey of Palm theory can be found in [6].

https://doi.org/10.1017/apr.2017.41 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.41

The Ornstein—Zernike equation 1287

Acknowledgements

We wish to thank Salvatore Torquato for drawing our attention to the Ornstein—Zernike
equation and its relevance for percolation theory. This work was supported by the German
Research Foundation (DFG) through the research unit ‘Geometry and Physics of Spatial
Random System’ under the grant LA 965/7-2.

(1]
(2]

(3]
(4]
[5]
(6]

(71
(8]
(91
[10]

(1]

[12]
[13]

[14]
[15]
[16]
(17]
[18]

[19]

References

BAXTER, R. J. (1970). Ornstein—Zernike relation and Percus—Yevick approximation for fluid mixtures. J. Chem.
Phys. 52,4559-4562.

ConNIGLIO, A., DE ANGELIS, U. AND FORLANI, A. (1977). Pair connectedness and cluster size. J. Phys. A 10,
1123-1139.

GRIMMETT, G. (1999). Percolation, 2nd edn. Springer, Berlin.

HaLL, P. (1988). Introduction to the Theory of Coverage Processes. John Wiley, New York.

JORGENS, K. (1970). Lineare Integraloperatoren. Teubner, Stuttgart.

LasT, G. (2010). Modern random measures: Palm theory and related models. In New Perspectives in Stochastic
Geometry, Oxford University Press, pp. 77-110.

LAsT, G. (2014). Perturbation analysis of Poisson processes. Bernoulli 20, 486-513.

LAST, G. AND PENROSE, M. (2017). Lectures on the Poisson Process. Cambridge University Press.

MEESTER, R. AND Roy, R. (1996). Continuum Percolation. Cambridge University Press.

MOLCHANOV, I. AND ZUYEY, S. (2000). Variational analysis of functionals of Poisson processes. Math. Operat.
Res. 25, 485-508.

ORNSTEIN, L. S. AND ZERNIKE, F. (1914). Accidental deviations of density and opalescence at the critical point
of a single substance. In Proc. R. Netherlands Acad. Arts Sci., Vol. 17, pp. 793-806.

OTTER, R. (1949). The multiplicative process. Ann. Math. Statist. 20, 206-224.

PEeccaT, G. AND TAQQU, M. S. (2011). Wiener Chaos: Moments, Cumulants and Diagrams: A Survey with
Computer Implementation. Springer, Milan.

PENROSE, M. (2003). Random Geometric Graphs. Oxford University Press.

SCHNEIDER, R. AND WEIL, W. (2008). Stochastic and Integral Geometry. Springer, Berlin.

THORISSON, H. (2000). Coupling, Stationarity, and Regeneration. Springer, New York.

TORQUATO, S. (2002). Random Heterogeneous Materials: Microstructure and Macroscopic Properties. Springer,
New York.

TORQUATO, S. (2012). Effect of dimensionality on the continuum percolation of overlapping hyperspheres and
hypercubes. J. Chem. Phys. 136, 054106.

ZIESCHE, S. (2016). Sharpness of the phase transition and lower bounds for the critical intensity in continuum
percolation on RY. To appear in Ann. Inst. H. Poincaré Prob. Statist.

https://doi.org/10.1017/apr.2017.41 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.41

	1 Introduction
	2 Preliminaries on stationary point processes
	3 The OZE
	4 The random connection model
	5 The OZE for the random connection model
	6 Combinatorics for small intensities
	A Palm distributions
	Acknowledgements
	References

