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Abstract  Given two arbitrary sequences (A;)j>1 and (uj)j>1 of real numbers satisfying
A1l > (1l > |A2] > [ual > -+ > |Aj] > |uj| = 0,

we prove that there exists a unique sequence ¢ = (cp)yez, , real valued, such that the Hankel operators
I'c and I of symbols ¢ = (cp)n>0 and ¢ = (¢441)n>0, respectively, are selfadjoint compact operators on
[2(Z+) and have the sequences (Aj);>1 and (u))j>1, respectively, as non-zero eigenvalues. Moreover, we
give an explicit formula for ¢ and we describe the kernel of It and of I; in terms of the sequences
(Aj)j>1 and (u;)j>1. More generally, given two arbitrary sequences (p;)j>1 and (0j);>1 of positive numbers
satisfying

p1>01>p2>o2>--~>pj>oj—>0,

we describe the set of sequences ¢ = (cnnez, of complex numbers such that the Hankel operators I,

and [ are compact on ZQ(Z+) and have sequences (pj)j>1 and (0j);j>1, respectively, as non-zero singular
values.
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action—angle variables
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1. Introduction

1.1. Eigenvalues of selfadjoint Hankel operators on £2(Z,)

Let ¢ = (cn)n>0 be a sequence of complex numbers. The Hankel operator I, of symbol ¢
is formally defined on ¢2(Z..) by

00
2
Vx = (=0 € C(Zy), Te(®n= Y uspXp.
p=0
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These operators frequently appear in operator theory and in harmonic analysis, and
we refer to the books by Nikolskii [10] and Peller [13] for an introduction and their
basic properties. By a well-known theorem of Nehari [9], I, is well defined and bounded
on 52(Z+) if and only if there exists a function f € L°(T) such that, Vn > O,f‘(n) = cp,
or equivalently if the Fourier series u, = Zn>0 cne™ belongs to the space BMO(T) of
bounded mean oscillation functions. Moreover, by a well-known result of Hartman [4],
I'. is compact if and only if there exists a continuous function f on T such that,
Vn >0, f (n) = ¢y, or equivalently if u. belongs to the space VMO(T) of vanishing mean
oscillation functions. Assume moreover that the sequence c¢ is real valued. Then I is
selfadjoint and compact, so it admits a sequence of non-zero real eigenvalues (1;)j>1,
tending to zero. A natural inverse spectral problem is the following: given any sequence
of real numbers (Aj)j>1, tending to zero, does there exist a compact selfadjoint Hankel
operator I, having this sequence as non-zero eigenvalues, repeated according to their
multiplicity ?

A complete answer to this question can be found in the literature as a consequence of
a more general theorem by Megretskii et al. [8] characterizing selfadjoint operators which
are unitarily equivalent to bounded Hankel operators. Here, we state the part of their
result which concerns the compact operators.

Theorem 1 (Megretskii et al. [8]). Let I' be a compact selfadjoint operator on a
separable Hilbert space. Then I' is unitarily equivalent to a Hankel operator if and
only if the following conditions are satisfied.

(1) Fither ker(I") = {0} or dimker(I") = oo.
(2) For any A € R*, |dimker(I" — Al) — dimker(I" + AD)| < 1.

As a consequence of this theorem, any sequence of real numbers with distinct absolute
values and converging to 0 is the sequence of non-zero eigenvalues of some compact
selfadjoint Hankel operator.

In this paper, we are interested in finding additional constraints on the operator I
which give rise to the uniqueness of ¢. With this aim in view, we introduce the shifted
Hankel operator I, where ¢, := c,y1 for all n € Z . If we denote by ();>1 the sequence
of non-zero eigenvalues of I'. and by (u;)j>1 the sequence of non-zero eigenvalues of Iz,
one can check — see below — that

A1l = 1l = r2] 2 |p2l = -~ — 0.
Our result reads as follows.

Theorem 2. Let (A))j>1, (1j)j>1 be two sequences of real numbers tending to zero so
that

There exists a unique real valued sequence ¢ = (c¢,) such that I'. and Iz are compact
selfadjoint operators, the sequence of mon-zero eigenvalues of I, is (Aj)j>1, and the
sequence of non-zero eigenvalues of Iz is (1))j>1.
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Furthermore, the kernel of I, is reduced to zero if and only if the following conditions
hold:

0 u? 1 Nowu?
J ] A
E ( -3 = 00, bl]ifp 2 | | 2 = 00. (1)

j=1 J N+1 j=1 "
Moreover, in that case, the kernel of Iz is also reduced to 0.

In complement to the above statement, let us mention that an explicit formula for c is
available, as well as an explicit description of the kernel of I'; when it is non-trivial; see
Theorems 3 and 4 below.

1.2. Singular values of Hankel operators on the Hardy space

Theorem 2 is in fact a consequence of a more general result concerning the singular
values of non-necessarily selfadjoint compact Hankel operators. Recall that the singular
values of a bounded operator T on a Hilbert space H are given by the following min—max
formula. For every m > 1, denote by F;, the set of linear subspaces of H of dimension at
most m. The mth singular value of T is given by
sm(T) = Pl max 1T (2)

In this paper, we construct a homeomorphism between some set of symbols ¢ and the
singular values of I, and Iz up to the choice of an element in an infinite-dimensional
torus.

In order to state this general result we complexify and reformulate the problem in the
Hardy space.

1.2.1. The setting. We identify ¢2(Z,) with

L3(T) = {u fu=Y_am) ™,y lam)? < -I-oo} ,
n=0 n=0

and we denote by IT the orthogonal projector from L2(T) onto Lﬁ (T).

Here, and in the following, for any space of distributions E on T, the notation E
stands for the subspace of E consisting of those elements u of E such that &(n) =0 for
every n < 0, or equivalently which can be holomorphically extended to the unit disc. In
that case, we will still denote by u(z) the value of this holomorphic extension at the point
z of the unit disc.

We endow Li (T) with the scalar product

_dx
(ulv) :=/uv—
T 2

and with the associated symplectic form
w(u,v) = Im(ulv).
For u sufficiently smooth, we define a C-antilinear operator on L_2|_ by

7 2
Hy(h) = (uh), hel?.

https://doi.org/10.1017/51474748013000121 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748013000121

276 P. Gérard and S. Grellier
If u=u,,

HyW)(n) = Te@n, xp = h(p).

Because of this equality, H, is called the Hankel operator of symbol u. Similarly, I
corresponds to the operator K, = H,T,, where T, denotes multiplication by z. Note that,
by definition, H, = Hy(,). In the following, we always consider holomorphic symbols
u=1II(u).

As stated before, by the Nehari theorem [9], H, is well defined and bounded on
L_2~_ (T) if and only if u belongs to IT(L*°(T)) or to BMO(T). Moreover, by the Hartman
theorem [4], it is a compact operator if and only if u is the projection of a continuous
function on the torus, or equivalently if and only if it belongs to VMOL(T) with
equivalent norms. Furthermore, note that this operator H, is selfadjoint as an antilinear
operator in the sense that, for any h1, ho € L_2H

(h1|Hy(h2)) = (h2|Hy(h1)). (3)
A crucial property of Hankel operators is that
H,T.=TH,. (4)

As a consequence,
Ky = H,T.T:H, = H,(I — (|1)H,,

hence

K2 =H; — (-|luu. (5)
Assume that u € VMO, (T) and denote by (pj)j>1 the sequence of singular values of
H, labelled according to the min-max formula (2). Notice that, by identity (3), the
sequence (,0]-2)/21 is the sequence of eigenvalues of HE. Since, via the Fourier transform,
Hg identifies to I'.I* with ¢ =1, (pj)j>1 is also the sequence of singular values of Ij.
Similarly, K, is compact, so it has a sequence (oj)j>1 of singular values tending to 0,
which are the singular values of Iz, since K3 identifies to IzI>". From equality (5) and
the min—max formula (2), one obtains

pr=zo01=2p2=2022---— 0.

1.2.2. Generic symbols. We denote by VMO, gen the set of u € VMO, (T) such that
H, and K,, admit only simple singular values with strict inequalities, or equivalently such
that H,f and K3 = H3 — (-lw)u admit only simple positive eigenvalues p% > ,022 > >
-~-—>0and(712>02>~-~>-~~—>OSothat

,0%>012>p§>022>-~-—>0.

For any integer N, we denote by V(2N) the set of symbols u such that the rank of H,
and the rank of K, are both equal to N. By a theorem of Kronecker (see [5]), V(2N) is a
complex manifold of dimension 2N consisting of rational functions. One can consider as
well the set V(2N — 1) of symbols u such that H, is of rank N and K, is of rank N — 1. It
defines a complex manifold of rational functions of complex dimension 2N — 1.
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By the arguments developed in [2], it is straightforward to verify that VMO, gen is
a dense Gs subset of VMO, (T). Indeed, let us consider the set Uy which consists of
functions u € VMO, (T) such that the N first eigenvalues of Hg and of KE are simple.
This set is obviously open in VMO, (T). Moreover, in Lemma 4 of [2], it is proved that
Uy NV(2N) := V(2N)gen is a dense open subset of V(2N). Now any element u in VMO,
may be approximated by an element in V(2N’), N’ > N, which can be itself approximated
by an element in V(2N")gen C Uy, since N’ > N. Eventually, VMO gen is the intersection
of the Uy which are open and dense; hence VMO, gen is a dense Gs set.

1.2.3. Spectral data for generic symbols. Let u € VMO, gen. Denote by (0))j>1
the singular values of H, and by (0));>1 the singular values of K,. Denote by (¢;) an
orthonormal family of corresponding eigenvectors,

2~ 2~
Hjej=pje;.
It is clear that H,é¢; is also an eigenvector of HE for the same eigenvalue ,oj2; hence, since

the eigenspace is assumed to be one dimensional due to the genericity assumption, we
infer that

Hyej = &ej,

with, by applying H, to both sides and using the antilinearity,
&1% = o7

Consequently, one can write, for some v; € T,

5= pelli.
We now replace our orthonormal family (¢;) by (e;) defined by

ej =eVil%g;,
so that

H,(ej) = pjej, j=1. (6)

Notice that this orthonormal family is determined by u up to a change of sign on some
of the e;. We claim that (1]ej) # 0. Indeed, if (1|e;) =0, then (ule;) = pj(ej|1) =0 and,
in view of (5), pj2 would be an eigenvalue of Kg, which contradicts the assumption.
Therefore we can define the angles

@j(u) :=2arg(lle)), j=1. (7)

We do the same analysis with the operator K, = H,T,. As before, by the antilinearity of
K, there exists an orthonormal family (f;);>1 of the range of K, such that

K.(fp) =045, j=1, (8)

and the family is determined by u up to a change of sign on some of the f;. One has also
(ulf;) # 0 because of the assumption on the p; and the o;. We set

0;j(u) :=2arg(ulf}), j=>1. (9)
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1.2.4. The main result. We define

g :={()=1 € C™, 01| > 2] > |g3] > |&al > -+ — 0O},

endowed with the topology induced by the Banach space cq(Z) of sequences of complex
numbers tending to 0.

Theorem 3. The mapping
X U € VMO gen — ¢ = ((§2j-1 = pje " ¥)jz1, (Coj = oje ") j21)

is a homeomorphism onto E. Moreover, one has an explicit formula for the inverse
mapping. Namely, if ¢ is given in &, then the Fourier coefficients of u are given by

i(n) =X - A"Y, (10)

where A = (Aj)j k=1 18 the bounded operator on 02 defined by

S 2
ViVidok—1K 7, 52m .
Ay = / 2 . Jk2>1, 11
5= 2 ey o (o P2 1~ ()
with
2 2 2
o pf —o
v = <1 - é) 11 (’2 ’5) : (12)
Bi ) ki \Pi" T Pi
2_ 2
o —p
o = (,031—(7,,21) 1 (Grg—og) 1
e#m \%m — 9t
X =f-1)j=1, Y=)j>1, (14)
and

o
VW= vy if V=1 W= )1
j=1
Theorem 3 calls for several comments. First, it is not difficult to see that the first
part of Theorem 2 is a direct consequence of Theorem 3 (see the end of §3 below).
More generally, as an immediate corollary of Theorem 3, one shows that, for any given
sequences (p;)j>1 and (0j);j>1 satisfying

p1>01>p2>09>---— 0,

there exists an infinite-dimensional torus of symbols ¢ such that the (p;)j>1 are the
non-zero singular values of I, and the (o;);>1 are the non-zero singular values of I'z.
Next, we make the connection with previous results. In a previous article [3], we have
obtained an analogue of Theorem 3 in the more restricted context of Hilbert—Schmidt
Hankel operators. This result arises in [3] as a by-product of the study of the dynamics
of some completely integrable Hamiltonian system called the cubic Szeg6 equation
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(see [2,3]). In this setting, the phase space of this Hamiltonian system is the Sobolev
space

HY? = {ueLi(T) Z(1+k)|u(k)|2<oo} (15)

k=0

which is the space of symbols of Hilbert—Schmidt Hankel operators, and the restriction
of the mapping x to the phase space can be interpreted as an action—angle map. In the
present paper, we extend this result to compact Hankel operators, which is the natural
setting for an inverse spectral problem.

Finally, we would like to comment on the explicit formula above giving #(n). The
boundedness of the operator A defined by (11) is not trivial. In fact, it is a consequence
of the proof of the theorem. However, it is possible to give a direct proof of this
boundedness; see appendix B. Furthermore, from the complicated structure of formula
(10), it seems difficult to check directly that the corresponding Hankel operators have
the right sequences of singular values, namely that the map yx is onto. Our proof is in
fact completely different and is based on some compactness argument, while, as in [3],
the explicit formula is only used to establish the injectivity of x.

1.2.5. Description of the kernel. We now state our last result, which describes the
kernel of H, in terms of the ¢ = x (u).

Since ker Hy, is invariant by the shift, the Beurling theorem — see e.g. [14] — provides
the existence of an inner function ¢ so that ker H, = <pL_2~_. We use the notation of
Theorem 3 to describe ¢. Denote by R the range of H,.

Theorem 4. We keep the notation of Theorem 5. Let u € VMO gen. The kernel of H,
and the kernel of K, are reduced to zero if and only if 1 € R\ R or if and only if the
following conditions hold.

00 02 N O'
Z(l—g):oo, sup —— H%—oo (16)
=1 pj N Pt =15

When these conditions are not satisfied, then ker H, = gz)L_Q|r with ¢ inner satisfying the
following.

(1) If 1 does not belong to the closure of the range of Hyi.e.1 € R, then

@(z) = (1 - Z 1{/2)_1/2 1-— Zanz” ,

n=0
where
a, =Y -A"Y. (17)

Furthermore, ker K, = ker H, = goL_Z{_.
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(2) If 1 belongs to the range of Hy, i.e. 1 € R, then ¢(z) = 2y (z) with

~1/2
oo l)-2
V(@) = Z;’z > B,
j=1" n=0
where
Bo=W-A"Y, W=(o-10] )j>1- (18)

Furthermore, ker K,, = ker H,, @ (CH;I(l) = (pL?F & Cyr.

1.3. Organization of the paper

We end this introduction by describing the organization of this paper. In §2, we
start the proof of Theorem 3. We first recall from [3] a finite-dimensional analogue
to Theorem 3. Then we generalize from [3] an important trace formula to arbitrary
compact Hankel operators. We then use this formula and the Adamyan—Arov—Krein
theorem to derive a crucial compactness lemma about Hankel operators. Using this
compactness lemma, we prove Theorem 3 in § 3, and we infer the first part of Theorem 2.
§4 is devoted to the proof of Theorem 4, from which the second part of Theorem 2
easily follows. Finally, for the convenience of the reader, we have gathered in appendix A
the main steps of the proof of the finite-dimensional analogue of Theorem 3, while
appendix B is devoted to a direct proof of the boundedness of operator A involved in
Theorem 3.

2. Preliminary results

The proof of Theorem 3 is based on a finite rank approximation of H,. We first recall the
notation and a similar result obtained on finite rank operators in [3].

2.1. The finite rank result

By a theorem due to Kronecker [5], the Hankel operator H, is of finite rank if and
only if u is a rational function, holomorphic in the unit disc. As in subsection 1.2.2, we
consider V(2N) the set of rational functions u, holomorphic in the unit disc, so that H,
and K, are of finite rank N. It is elementary to check that V(2N) is a 2N-dimensional
complex submanifold of L2 (we refer to [2] for a complete description of this set and
for an elementary proof of Kronecker’s Theorem). We denote by V(2N)gen the set of
functions u € V(2N) such that Hg and K,f have simple distinct eigenvalues (,0j2)1<;<N and
(O’rg)lgmgl\/, respectively, with

2

2 2 2
pl >(71 >p2>"',0

>0]3>0.

As in the introduction, we can define new variables on V(2N)gen and a corresponding
mapping xy. The following result has been proven in [3].

Theorem 5. The mapping

AN iU € V(2N)gen > ¢ = (§2j-1 = pje ¥, {oj = oje ) 1 <jcn
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is a symplectic diffeomorphism onto

Eni=1{¢ eC™ |01] > |g2] > |g3] > 184l > -+ > |gan—1] > [{on| > O}
in the sense that the image of the symplectic form w by xn satisfies
1 _
s = o > dg ady. (19)
LGN

There is also an explicit formula for the inverse xn analogous to the one given in
Theorem 3, except that the sums in formulae (10) run over the integers 1, ..., N.

In order to prove the extension of Theorem 5 to VMO, gen, we have to extend some
tools introduced in [3].

2.2. The functional J(x)

Let H be a compact selfadjoint antilinear operator on a Hilbert space H. Let A = H? and
e € H so that |le|]| = 1. Notice that A is selfadjoint, positive, and compact. We define the
generating function of H for |x| small by

J@@A) =1+ "y,

n=1

where J, = J,(A) = (A"(e)|e). Consider the operator
B:=A—(-|H(e)H(e),

which is also selfadjoint, positive, and compact. Denote by (a));>1 (respectively, (b))j>1)
the non-zero eigenvalues of A (respectively, of B) labelled according to the min-max
principle:

apzbrzayz---.
Notice that
J@A) = (U —xA) " ©)e),
which shows that J extends as an entire meromorphic function, with poles at

x:ljkl.

.9
g

Proposition 1.

o1 1—b; 1
s =[[==. x¢{a,j>1}. (20)
j=1 ] J

Proof. Assume first that A and B are in the trace class. In that case, we can compute
the trace of the rank 1 operator (I — xA)~1 — (I — xB)~L. We first write

[ —xA)"" — (1 —xB)L)(f) = Jf—x)(ﬂ(l —xA)LH(e)) - (I — xA) L H(e).
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Consequently, taking the trace, we get

ﬂW—wW*—a—wrﬁzfiMbﬂm4H@W.
(x)

Since, on the one hand,
1t — xA) L H(e)|1? = (I — xA) 2A(e)]e) = T (x),
and on the other hand

Tr[( — xA) ™! — (I — xB) '] = xTx[A( — xA) ™' — BU — xB) 1]

a; b;

§ : J J
=x _ ,
i 1(1—ajx 1—bjx)

we get

(4 b \_JW LR
Z(l—ajx 1—bjx)_J(x)’ x¢{aj’bj’]>1}' @)

j=1
From this equation, one gets easily formula (20) for A and B in the trace class. To extend
it to compact operators, we first recall that
aj = bj 2 ajy1.

Hence, Zj(aj — bj) converges when A is compact since 0 < aj — b; < a; — aj1 and a; tends
to zero by compactness of A. Hence, the infinite product in formula (20) converges, and
the above computation makes sense for compact operators. O

Lemma 1. Let e € H with |le| = 1. Let (Hp) be a sequence of compact selfadjoint
antilinear operators on a Hilbert space H which converges strongly to H, namely

VheH, Hyh—> Hh. (22)
p—>00

We assume that H is compact. Let A, = Hg, B, =A, — (-|Hy(e))Hy(e), and A = H?,
B=A — (:|H(e))H(e) be their strong limits. For every j > 1, denote by F; the set of linear
subspaces of H of dimension at most j, and set

P .
a;’ = min max (A,(h)|h),
7 FeFaheF k=1 "

@) :
b’ = min max (B,(h)|h).
I FeFia heFL,nhu:l( »(W1h)

Assume that there exist (a;) and (Ej) such that

sup |aj(-p) —aj| —— 0, sup |b;p) — Ej| — 0,
i1 p—>00 =1 p—>00

and that the non-zero a;, b, are pairwise distinct. Then the positive eigenvalues of A are
simple and are ezactly the a;; similarly, the positive eigenvalues of B=A — (-|H(e))H(e)
are simple and are exactly the by,.
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Proof. Notice that, by the uniform boundedness principle, the norm of H, is uniformly
bounded, and (22) holds uniformly for & in every compact subset of H. Consequently, for
every h € H, we have

Vn 21, A;(h) —— A"(h).
p—>00

In particular, for every n > 1,

Ju(Ap) = (A"(E)Ie) (A"(é’)le) = Ju(A),
and there exists C > 0 such that
Vn>1, supJ,(4p) <C"
p

Choose 8 > 0 such that §C < 1. Then, for every real number x such that |x| < §, we have,
by dominated convergence,

J)(Ay) =1+ Zx"]n(A,,) —— 1+ Zx"]n(A) = J(x)(A).
n=1 n=1
On the other hand, in view of the assumption about the convergence of (a}p))/;l and

(b;p))];l and the convergence of the product in formula (20), we also have, for |x| < §,

S \ _oo 1_b(P) 00 1—])6 ”3
@@ =] - [HOOH(I_W) (23)

j=1 “J j=1

Hence, we obtain

J()(A) = ﬁ (1 - b{x) . (24)

j=1

By assumption, the non-zero a;, b,, are pairwise distinct, so no cancellation can occur
in the right-hand side of (20), and the poles are all distinct.
On the other hand, denote by (a;) the family of eigenvalues of A and by (b;) that of B.

By a classical result (see e.g. Lemma 1, § 2.2 of [3]),
{g,j=1yCl@,j=1}, {b,j=1}C{bj=1},

and the multiplicity of positive eigenvalues is 1. Consequently, there is no cancellation in
the expression of J(x)(A), and all the poles are simple. We conclude that a; =a;, b; = Ej
for every j > 1. O

2.3. A compactness result

From now on, we choose H = L_Qi_ and e = 1. As a first application of Proposition 1, we
obtain the following.
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Lemma 2. For any u € VMO, (T), we have, for x & { L } ,
=1

o7 ()
0 1—)60'-2(”) i pQ(M) v?
J@) :=JoHH=[——L—= . 2
(x) (xX)(H}) H l—x,oj2(u) x;l_x/)f(”) (25)

Here, vj := |(1lej)|. In particular,

2 2 2
V2 = (1_‘5‘)1—[(”]’ _“k>
J 2 2 _ 2"
Pj ket P — P

The first equality in (25) is just a consequence of (20). For the second equality in (25),
we use the formula

J@) = (I = xHH D)) =1 4 x(U — xH2) "L (w)|w), (26)
and we expand u according to the decomposition
(kerHu)J‘ = @j>1(Cej.

Finally, the expression of vj2 is obtained by multiplying both expressions of J(x) in (25)
by (1 — x,oj2 (u)), and by letting x go to 1/,0]2(14).

From Lemma 1, we infer the following compactness result, which can be interpreted as
a compensated compactness result.

Proposition 2. Let (u,) be a sequence of VMO, (T) weakly convergent to u in
VMO (T). We assume that, for some sequences (p;) and (),

su i(u,) — o;| —— 0, suploj(u,) —aoj| —— 0,

jﬁ)lpj( p) )Oj| oo j}?l ]( p) j| oo
and the following simplicity assumption: all the non-zero pj, o, are pairwise distinct.
Then, for every j =1, pj(u) = pj, 0j(u) =0}, and up converges to u holds for the norm
convergence in VMO (T).

Remark 1. Let us emphasize that this result specifically uses the structure of Hankel
operators. It is false in general for compact operators assumed to converge only strongly.
One also has to remark that the simplicity of the eigenvalues is a crucial hypothesis, as
the following example shows. Denote by (u,), |p| <1, p real, the sequence of functions
defined by

4
1—pz

up(z) =

Then, the selfadjoint Hankel operators H,, and K, have eigenvalues 11 = u1 =1 and
Ao =—1, and pm = Apg1 =0 for m > 2, independently of p. As p goes to 1, p <1, u,
tends weakly to the constant function —1; hence the convergence is not in the VMO
norm, or equivalently not in the operator norm for the corresponding Hankel operator.
Indeed, H_1 is the rank 1 operator given by H_1(h) = —(1]h); hence H%l is a rank 1
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projector while ng is a rank 2 projector. Therefore,
||H3p —H?*[|>1 since Raanp N ker H2 | # {0}.

Proof. We now start the proof of Proposition 2. Let wus first recall the
Adamyan—Arov-Krein (AAK) theorem on approximation of Hankel operators by finite
rank Hankel operators.

Theorem 6 (Adamyan-Arov-—Krein [1]). Let I' be a bounded Hankel operator on L2 (T).
Let (s (I'))m=1 be the family of singular values of I' labelled according to the min-max
principle. Then, for any m > 1, there exists a Hankel operator I, of rank m — 1 such that

Sm(I) = |1I" = Iyl

In other words, the AAK theorem states that the mth singular value of a Hankel
operator, as the distance of this operator to operators of rank m — 1, is exactly achieved
by some Hankel operator of rank m — 1, and hence, by some Hankel operator with a
rational symbol.

This result is crucial in order to obtain our compactness result. We want to apply
Lemma 1 with A =Hu2, B =K3, and e =1. One has to prove that, for any h € L_%_,

ng (h) — HZ (h). By the AAK theorem, for any p and any j > 1, there exists a function
upj € V(2j) UV(2j — 1) so that
”Hup - Hu,,,j” = pj+1(up).
In particular, we get
lup — upjllp2 < pj+1(up).
On the other hand, one has
1

T H2_ 1/2>
(TG, )

1
where H} has been defined in (15). Hence, for fixed j, the sequence (upj), is bounded

1
1Huy, ;I > E”up,j”hd/?y

in H}F/ 2 We are going to prove that the sequence {up}, is precompact in L_%_. We
show that, for any ¢ > 0, there exists a finite sequence vy € L_%_, 1< k<M, so that
{up}p C Uﬁ’lleLi(vk, ¢). Let j be fixed so that sup, pj+1(up) < €/2. Since the sequence
(up,j)p is uniformly bounded in Hi/ 2, there is a subsequence which converges weakly in
Hi/ 2 In particular, it is precompact in Li; hence, there exists vi € Li, 1 <k <M so that

{up jlp C UB2 (vi, £/2). Then, for every p, there exists a k such that

lup = villrz < pj1(up) + llupj — viell 2 <e.

Therefore {u,} is precompact in Li and, since L2 is complete, some subsequence of
(up) has a strong limit in Li. Since u, converges weakly to u, this limit has to be u,
and we conclude that the whole sequence (u,) is strongly convergent to u in Li. Since
| Huy, |l = lupllBmo is bounded, we infer the strong convergence of operators:

Vheli, H,(h) —> Hy(h).
p—>0o0o
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By Lemma 1, for every k we have pg(u) = p;, and oy (1) = 5. We now want to prove that
”Hup —Hy|| — 0.

Let us distinguish two cases.
First case: for every j > 1, p; > 0. We come back to the AAK situation above. For every
J» we select up j € V(2j)) UV(2j — 1) so that

”Hup - Hup,j” = pj+1Up).

Since the operator norm is lower semicontinuous for the strong convergence of operators,
. P L~ . 2 .
we infer that any limit point #; of up j in L5 as p — oo satisfies

I1Hy — Hyll < Pjy1-

In particular, |0 — 0;(i4))| < pj41; hence oj(it;) > 0, and thus #; € V(2j). Using the
following elementary lemma, the proof is then completed by the triangle inequality.

Lemma 3. Let N be a positive integer and w, € V(2N) U V(2N — 1) such that w, —— w
p—0o0
m L%_. Assume that w € V2N) UV(@2N — 1). Then ||Hy,, — Hy| —— 0.
p—>0o0

Let us postpone the proof of Lemma 3 to the end of the argument.
Second case: there exists k > 1 such that p,=0. We denote by j the greatest k > 1 such
that p; > 0. Of course we may assume that there exists such a j, otherwise this would
mean that ||H,, || tends to 0, a trivial case. For such a j, we again write

”Hup - Hu,,,j” = pj—&-l(up)a

and, passing to the limit, we conclude that u,; is strongly convergent to u in L_2~_.
Using again Lemma 3, we conclude that [|H,,; — Hyll tends to 0, and the proof is again
completed by the triangle inequality.

Finally, let us prove Lemma 3. Recall the explicit description of V(d); see e.g. [2].
Elements of V(2N) are rational functions of the following form,
A2)
B(x)’
where A, B have no common factors, B has no zeros in the closed unit disc, B(0) = 1, and
deg(A) < N — 1, deg(B) = N. Elements of V(2N — 1) have the same form, except that the
last part is replaced by deg(A) =N — 1, deg(B) < N — 1.

Write similarly

w(z) =

Ap(2)
B D (@) '

By the Cauchy formula, we have, for every z in the unit disc,

wp(2) =

Wp(2) = w(z).

Since

N
By@) = [0 = bep2)

k=1
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with |b p| < 1, we may assume that, up to extracting a subsequence,
N
B,(x) > B() = [[(1 - bxa),
k=1

with |bx] < 1. Multiplying by B,(z) and passing to the limit, we get, for every z in the
unit disc,

Ay(2) —> B(z)@ = A(2).
g B(2)
Since BA is divisible by B, B is divisible by B. On the other hand, we claim that
deg(B) < deg(B). Indeed, either w € V(2N), and deg(B) = N > deg(B), or w € V(2N — 1),
and deg(A) =N —12> deg(;l). In both cases, we conclude that B = B, which means
that the numbers by, stay away from the unit circle. Consequently, the convergence of
wp(z) to w(z) holds uniformly on a disc D(0, r) for some r > 1; thus, say, w, — w in
H*(T) for every s > 0. Choosing s = %, we conclude that H,, converges to H, in the
Hilbert—Schmidt norm, and hence in the operator norm. |

3. Proof of Theorem 3 and of the first part of Theorem 2

3.1. The surjectivity of x

Let (¢p)p>1 be an element in &. We want to prove the existence of u € VMO gen so that
x () = (&p)p>1. We are going to use the finite rank result. By Theorem 5, for every N we
construct uy € V(2N) via the diffeomorphism yp by letting

XN (un) = (§p)1<p<an-

The sequence (uy) satisfies ||H,yll = p1(un) = [¢1]; hence it is bounded in VMO, and
therefore has a subsequence, still denoted by (uy), which is weakly convergent to u in
VMO,. We can then apply Proposition 2; hence u is the limit of (uy) in the VMO, (T)
norm, so that

pj(u) = 1¢2j-11 == pj,  0j(u) = |82 :== 0.

In particular, u € VMO gen. It remains to consider the convergence of the angles and
hence of the eigenvectors. Let j be fixed. For N > j, denote by e;y the normalized
eigenvector of H,%N related to the simple eigenvalue ,0]-2 so that H,y(ejn) = pjejn. Since
(ej,n) is a sequence of unitary vectors, it has a weakly convergent subsequence to some
vector ¢;. We now show that the convergence is in fact strong. Let us consider the
operator

-1 4
i’

Pj,N=/ (ZI—HEN)
G

where C; is a small circle around ,oj2. If C; is sufficiently small, then

Pjn(h) = (hlejn)ejn.
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By the convergence of H,, to H,, we have, for any h € L2,
Pjn(h) — Pj(h),

where P; is the projector onto the eigenspace of Hg corresponding to ,0/2. Denoting by e;
a unitary vector of this eigenline, we get that, for any h € L?,

(hlejn)ejn — (hleje;.

Since (hlejy) converges to (hle;) by weak convergence, and on the other hand

|Pjn(ejn)| = |(h|'ej‘N)| tends to ||P;(h)|| = |(hlej)|, we get that [(h|e;)| = |(h|e;)| for any & in
L?; hence e = e“pej is unitary. We conclude that the convergence of ¢; v to ¢; is strong,

since the convergence is weak and the vectors are unitary. Hence H,y(ejn) = pjnejn
converges to H,(¢;) = p;é;, and the angles arg(1|ej,N)2 converge to arg(lléj)2. The same
holds for the eigenvectors of K,,. We conclude that there exists u € VMO, gen with
x (@) = (&p)p=1. The mapping x is onto.

The second step is to prove that x is one-to-one. It comes from an explicit formula
giving u in terms of x ().

3.2. An explicit formula via the compressed shift operator

We are going to use the well-known link between the shift operator and the Hankel
operators. Namely, if 7, denotes the shift operator, recall formula (4):

H,T,=T'H,.
With the notation introduced in the introduction, it reads
K,=T:H,,
which, as we already observed in the introduction, leads to formula (5). We introduce
the compressed shift operator [10, 11, 13]
S:=P,T,
where P, denotes the orthogonal projector onto the closure of the range of H,. By
property (4), ker H, = ker P, is stable by T,; hence
S=P,T,P,,
so that S is an operator from the closure of the range of H, into itself, and
S"=P,TIP,. (27)

In what follows, we shall always denote by S the induced operator on the closure of the
range of Hy,, and by §* the adjoint of this operator.
Now observe that the operator S arises in the Fourier series decomposition of u,
namely
o
u@ =Yy am?z",

n=0
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where, using (27),
i(n) = (ul") = W|T (1)) = u|S"Pu(1)). (28)
As a consequence, we have, for |z] < 1,
u(2) = (ul —28) "' Pu(D), (29)

which makes sense since ||S]| < 1. By studying the spectral properties of K3 , one obtains

the following lemma.

Lemma 4. The sequence (gj)j>1 defined by gj = (H3 — ajl)_l(u) is an orthogonal basis of
the closed range of K, on which the compressed shift operator acts as

S(g) =0, b= (H — D) Py(1).
Proof. For o > 0, we solve the eigenvalue equation
Kig=0"g
by appealing to formula (5), which we reproduce here for the convenience of the reader:
K?=H? — (-luu.
This yields
(Hy —0”Dg = (gluu,

and

g=@lwH, —o’n~u.
The condition on o is

(H? = o2D Yulu) =1, (30)
which, in view of formula (26), is equivalent to

1(5z) =0
o2

where J was defined in (25). This means that o has to be one of the ¢j. The eigenvector
of Kg is therefore given by

g = H2 — o)~ (u).

As j varies, it gives rise to an orthogonal basis of the closed range of K,f, which is also

the closed range of K,. By the genericity assumption, g; is proportional to the unit
eigenvector f; introduced in § 1.2.3; see formula (8). This reads

g = llgjlleVif;.
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Notice that, from (30),

(ulgj) = 1.
In view of (9), this implies that
0; = 24,
and
Ku(g) = Igjlle ™ Ku(f) = lgjlle™oyf; = oje g,
Since
g =Hy(hj), hj=(H; —o?D7'P,(1) € (ker H,)",
and K, = H,S, and since H, is one-to-one on (ker H,)*, this completes the proof. O

To obtain an explicit formula from formula (29), it is sufficient to express the action of S
on a basis of the closure R of the range of H,,.

Hence, when the closure of the range of H, and the closure of the range of K, coincide,
one can conclude from this lemma, Lemma 2, and equation (29) to obtain the explicit
formula writing everything in the basis (¢)j>1 of R, where

éj = ei“’f/Q ej. (31)

More precisely, in the basis (¢;), one easily checks that the components of u are (v;{2;—1),
the components of P,(1) are (v), and the matrix of S is A.

If the range of K, is strictly included in the range of H,, there exists g in the range
of Hy, so that K,g =0 =T;H,g, and hence H,g is a non-zero constant; in particular,
1 belongs to the range of H,. Let us write 1 = H,gg. In this case, an orthogonal
basis of the closure of the range of H, is given by the sequence (gn)m>0 and, since
K, (go) =0=H,S(go), S(go) = 0. So we obtain the same explicit formula for u in terms of
x (u). This proves that the mapping x is one-to-one.

To prove that x is a homeomorphism, it remains to prove that x ™" is continuous on
Z. One has to prove that, if x(u,) tends to x(u), then (u,) tends to u in VMO. It is
straightforward from Proposition 2 that (u,) has a subsequence which converges to v in

1

the VMO norm. Since x is continuous and one-to-one, we get v = u.

3.3. The case of real Fourier coefficients

Finally, let us infer the first part of Theorem 2 from Theorem 3. First, we claim that
the elements of VMO, gen with real Fourier coefficients correspond via the map x to
elements ¢ € & which are real valued. Indeed, if ¢ is real valued, the explicit formula
(10) clearly implies that #(n) is real for every n. Conversely, if u € VMO gen has real
Fourier coefficients, then H, and K, are compact selfadjoint operators on the closed
real subspace of Li consisting of functions with real Fourier coefficients. Consequently,
they admit orthonormal bases of eigenvectors in this space. Therefore we can
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write
Hy &) =%7&, r==%pj, Kulfn) = tmfms  Hm = £0m,

where ¢; and fm are unitary vectors with real Fourier coefficients. Since ,oj2 and on% are
simple eigenvalues of H,% and K3 , respectively, we conclude that é; is collinear to e;, and
similarly that f;, is collinear to f;,,. More precisely, since H, and K, are antilinear,

:l:ej if )\.j = ,Oj ~ :i:fm if MUm = Om

& = =

+ie; if Aj=—pj; +ify, if wm = —on.
Since (1]¢;) and (u[fm) are real, we conclude that

0 ifkapj 0 ifﬂmZO'm
b= . m= .
m if A= —pj; T if = —op.

Therefore, ¢9;—1 = A; and &3; = u;. This completes the proof.
4. Proof of Theorem 4

Proof. We already observed that ker H, C ker K,, and that the inclusion is strict if and
only if 1 € R, and, in that case, ker K,, = ker H,, & (CHu_l(l). Hence, in the following, we
focus on the kernel of H,,.

We first prove that ker H, = {0} if and only if 1 € R\ R.

Since ker H, = {0} is equivalent to R = LE_, ker H, = {0} implies that 1 € R. If 1 € R,
then there exists w € L_%_ so that 1 = H,(w). If we introduce the function ¢ = zw, then
H,(y) =TH,(w) = T} (1) = 0. This implies that v belongs to ker H, and that i # 0.
Hence, ker H, = {0} implies that 1 € R\ R.

Let us prove the converse. Assume that ker H, # {0} and that 1 € R. Let us show that
1 € R. By the Beurling theorem, we have ker H, = goL_%_ for some inner function ¢. Since
1 belongs to R, it is orthogonal to ker H,; hence (1|¢) = 0. This implies that ¢ = zw for
some w and, since H,(p) =0 = T}H,(w), we get that H,(w) is a non-zero constant (if
H,(w) =0, w should be divisible by ¢, which is impossible, since ¢ = zw). Eventually, we
get that the constants are in R, and so is 1. Hence we proved that ker H, # {0} if and
only if either 1 belongs to R or 1 does not belong to R.

It remains to prove that the property 1 € R \ R is equivalent to formulae (16) that we
recall here:

00 02 N 52
(1% )= ot 1% -
=1 o N '0N+1 —1 P

First, 1 € R if and only if Z;il vj2 =1, where vj = |(1|ej)|2;, see Lemma 2. Letting x tend
to —oo in formula (25), and using the monotone convergence theorem,

o? 2
7% —1- 32,
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This gives the first condition. We claim that 1 belongs to R if and only if

[ee] le2
—_— < Q.

2

=1 P

Indeed, it is a necessary and sufficient condition to be able to define

oo
Vi
w:E L2, (32)
=1 F

where the ¢; were defined in (7), so that H,(w) = 1.

We now show that this condition is equivalent to
Let us denote by py the quantity

and let us show that supy py < o0o. Indeed, the sequence (py) is increasing, and

= v? . . l+yo ,
2—2:— lim xJ(x) = lim F(y), F(®) —yH (33)
‘ Jor X—>00 y—>00 14y ,0
j=1 Y 7
2
Here we used Lemma 2 and the equality E =1 so that J(x) = Zj’il %. Let
j
us define
N 2 N 2
Fy(y) = y H 1+ yo; y L+ yo;
- 2 2= 2
1+ypN+1j:11+ypj 1+y,olj 11+y/0j+1

Then, this quantity is increasing with respect to N and to y; hence
sup py = sup sup Fy(y) = supsup Fy(y) =sup F(y) < oo.
N N Yy y N y

Now, we prove the formulae (17) and (18), which give the generators of the kernels.

We first consider the case when 1 ¢ R. Since 1 — P, (1) belongs to ker H,, 1 — P,(1) = ¢f
for some f € L_%_. Let us remark that, for any & € ker H,, (1 — P,(1))h is holomorphic.
Indeed, for any k > 1, one has

(T=Pu(D)AIZ") = (Z*Al1 = P,(1)) =0 — (Z*A|P,(1)) =0

the last equality coming from the fact that z°h € ker H,. In particular, picking & = ¢ in
ker H,,, the modulus of which is 1 almost everywhere, this implies that f is holomorphic;
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hence it is a constant. We get that ¢ = Hl_P“(D One can write, as in formula (28),

1-P, (DI

1=P,(1)=1=Y (Pu(D)IS"P,(1))2".
In order to get the explicit formula for ¢, we write this equality in the orthonormal basis
(¢j) defined by (31), keeping in mind that

o0
1= PP =1—[PDI*=1=) v’
j=1
the components of P, (1) are (v;), and the matrix of S is A.

It remains to consider the case 1 € R. Then, one can choose w € R so that H,(w) = 1.
In particular, H,(zw) = T} H,(w) = 0 so that zw = ¢f for some f in Li. As before, one can
prove that, for any & € ker H,,, zZwh is holomorphic; hence f is holomorphic, and hence is
constant. Eventually, in this case, we obtain ¢ = zﬁ. The explicit formula follows from
direct computation as before, since

w(n) = (w|S"Py(1)),

and since, by equation (32), the components of w in the basis (¢;) are (vaj_l/,on). O

Appendix A. The finite rank case

In this appendix, we give a sketch of the proof of Theorem 5, referring to [3] for details.
The mapping xy is of course well defined and smooth on V(2N)gen. The explicit formula
of u in terms of xy(u) is obtained as before thanks to the compressed shift operator, and
it proves that xu is one-to-one.

A.1. A local diffeomorphism

To prove that yy is a local diffeomorphism, we establish some identities on the Poisson
brackets. This set of identities implies that the differential of yx is of maximal rank so
that xy is a local diffeomorphism. As a consequence, it is an open mapping.

Let us first recall some basic definitions on Hamiltonian formalism. Given a
smooth real-valued function F on a finite-dimensional symplectic manifold (M, w), the
Hamiltonian vector field of F is the vector field XF on M defined by

Yme M,Yhe T,M, dF(m)-h=wh,Xp(m)).
Given two smooth real valued functions F, G, the Poisson bracket of F and G is
{F, G} =dG.Xr = w(XF, Xg).

The above identity is generalized to complex valued functions F, G by C-bilinearity.
To obtain that the image of the symplectic form @ by xu is given by formula (19), one
has to prove equivalently that

()@ =Y pjdp; A dgj + ojdoj A 6,
J

which includes the following identities.
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Proposition 3. Forany j, ke {1, ..., N}, one has

{0}, o} ={pj, ok} =1{oj, o} =0
{or o1} = 0 ik, {0y, ex} =0,
{0j,0} =0, {oj, 0} = 0“,-_15jk-

In order to compute for instance {oj, 6}, one has for instance to differentiate 6
along the direction of X,;. Since the expression of X, is fairly complicated, we use
the ‘Szegd hierarchy’ studied in [2]. More precisely, we use the generating function
Jx) = - ng)_1(1)|1) =1+ Z;i1 x"J9,. In what follows, we shall restrict ourselves to
real values of x, so that J(x) is a real-valued function.

We proved in [2] that the Hamiltonian flow associated to J(x) as a function of u admits
a Lax pair involving the Hankel operator H,. From this Lax pair, one can deduce easily a
second one involving the operator Kj,.

Theorem 7 (The Szegdé hierarchy, [2], Theorem 8.1 and Corollary 8). Let s > %
The map u+> J(x) is smooth on HY. Moreover, the equation o = Xju)(u) implies
that 0,H, = [B},, H,], or 0K, = [C;, K,], where B} and C; are skew-adjoint if x is

real.

Remark 2. As a direct consequence, the spectrum of H, as well as the spectrum of K,
is conserved by the Hamiltonian flow of J(x). We infer that the Poisson brackets of J(x)
with p; or o; are zero, which implies, in view of Lemma 2, that the brackets of o or oy
with p; or 0y, are zero; hence this gives the first set of commutation properties stated in
Proposition 3.

Using the Szeg6 hierarchy, we can also compute the Poisson brackets of J(x) with the
angles.

Lemma 5.

1 xJ(x) V@, 0 = _1 xJ (x)

{J(x),(pj}: 21_7‘7]'215.

21— ,ojzx

Using again the expression of J(x), these commutation properties allow to obtain by
identification of the polar parts the last commutation properties of Proposition 3.

To conclude that the image of the symplectic form w is given by formula (19), we need
to establish the following remaining commutation properties:

{@j, o} =), O} =16, 6k} = 0.

In [3], these identities are obtained as consequences of further calculations. Here we give
a simpler argument. By Lemma 3, one can write

()= =Y _ pidp; A dgj + ojdo; A db; + &,
J
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where @ is a closed form depending only on variables pj, 0,,. Consider the following real
submanifold of V(2N)gen:
AN={ueV(@N)gen: 91 =--=pn=01=--- =0y =0}.

By formula (10), every element u of Ay has real Fourier coefficients. Consequently, @ =0
on Ay. On the other hand, (xy)«@w = @ on xy(An), and the pj, 0, are coordinates on
Apn. We conclude that o = 0.

A.2. Surjectivity: a compactness result

Since Zy is connected, it suffices to prove that xy is proper. Let us take a sequence
(g@)p in Ey which converges to ¢ € &y, and such that, for every p, there exists
up € V(2N)gen with
N Gup) = ¢ 7).
Since
_ _ ®)y _ »)
lupllvao = 1 Hy, | = 1%%(/0,- )= lrg%v(ligj_ll),

(up) is a bounded sequence in VMO, (T). Up to extracting a subsequence, we may
assume that (up)pez, converges weakly to some u in VMO, (T). At this stage we can
appeal to Proposition 2 and conclude that the convergence of u, to u holds for the VMO
norm, and that

pi(w) = 152i-1l, oj(w) =15, j=1,....,N
with p;j(u) =0, oj(u) =0 if j > N. Therefore u € V(2N)gen. This completes the proof of the
surjectivity of xu.

Appendix B. The boundedness of the operator A

In this appendix, we prove the boundedness of the operator A defined by (11) in
Theorem 3. Of course, this boundedness follows from the theorem itself, since it implies
that A is conjugated to the compressed shift operator. However, we found interesting to
give a self-contained proof of this fact. We need the following two lemmas.

Lemma 6. Let (p))j>1 and (0j)j>1 be two sequences such that
p%>012>p§>-~-—>0.
Then, the following quantities are well defined and coincide respectively outside {p%}j}l
J

1
J

ool—xa
H7—1+xz (34)
i l—xpj —x,o]
1 _ xp? o k2
J J
—==1—-x|C+ — 1, 35
.]'_‘[1—va Zl—xa-Q (35)
Jj=1 J Jj=1 J
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where
o
0 if Z vj2 <1
j=1
C= -1

o

2 -2
Z Vi pj
j=1

Here, the vj2 are given by formula (12) and the /cj2 by formula (13).

o0
=1 and Z vj2pj_2 =00
j=1

o0

or Z ng
=1
o0

if Z Vj2
=1

o0
2 -2
1 and Zvj,oj < Q.
j=1

Remark 3. Notice that formulae (34) and (35) can be interpreted in light of
Theorem 3, as we did in Lemma 2. More precisely, formula (34) gives the value of
J(x)=( - xHE)’1(1)|1) =1+x(U - xH3)71u|u), while formula (35) gives the value of
1/Jx)=1—x(( — xKg)’lulu). This provides an interpretation of the constant C, as the
contribution of ker(K,) N RanH,,) in the expansion.

Proof. We first consider finite sequences (p;)1<j<v and (0j)1<jgny such that p% > 012 >

,o% > > 01\2, > 0. We claim that, for x ¢ {p%}j21’
J

N 2 N N)y2 2
1 — xo; ;") ps
Hileﬂzfipf, (36)
1—xp? 1 —xp?
=1 pj =1 Pj

where

2 2 2
N 9j Pj — Oy
") = <1_]2> 11 o
Pi ) i PP T Pk
<k<
Indeed, both functions have the same poles and the same residue; hence their difference
is a polynomial. Moreover, this polynomial function tends to a constant at infinity, and
hence is a constant. Since both terms coincide at x = 0, they coincide everywhere. It

remains to let N — oo. The left-hand side in (36) tends to

o0 2

Hl—xaj
2’

o1 L xp;

since this product converges in view of the assumption on the sequences (p;) and (7).
Let us consider the limit of the right-hand side in equality (36). Let x tend to —oo in
equality (36). We get

N 02 N
] N
== ™
=1P j=1

In particular, Zsz 1(vj(N) )2 is bounded by 1, so Zj'il vj2 converges by Fatou’s lemma. For

x <0,
N
oM
Z 1 2 <10M»
NjzM - TP
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M)y2
and hence the series >y~ -4 'OJIL is uniformly summable on R™, and we infer that
(N)y2 o 2.9
v; “:
ZM%Z PN <o,
= 1 —xpj = 1-— xp;

This gives the first equality (34) for x < 0 and for x ¢ { 7 }j>1 by analytic continuation.

For equality (35), we do almost the same analy51s As before, as N tends to oo,

N
1-— xp 1
3 .
i1 - %)=
On the other hand, for x & {0—2}];1,
j
N 2 N (N2
=2,
2 2’
i1 1 — X0; = 1 — X0;
where
2 2
«M2=@2-o? [[ 2 ~ Pk
j =W =0 L 52,2
ity
Let Hy be the function defined by
N N)\2
Hy =S ) 2 1<j<N 37
N(x)—z 3 x7é0] R WA (37)
~— 1 — x07;
j=1 J
The preceding equality reads
N 2
1 1 —xp;
Hy() = ~ 1—Hﬁ . (38)
j=1 j

Using formula (38), and the expansion of the infinite product at x =0, we get that
Hy(0) = L1 (p? — 0?). Since, by formula (37),

N
Hy(©0) =Y ()2,
j=1
we obtain
N N
S =307 o)
j=1 J=1

and this last sum is bounded independently of N, namely

N N
2 2 2 2 2
> (0f =Py <D (0F = ph) < pi-
j=1 j=1
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Hence the sum ZKJ-Q converges, by Fatou’s lemma. We use this property to justify the
convergence of Hy (x). Indeed, for x # O'j_2, 1<j<N,
N N)y2 2
k)20
Hy( =Y —L—

v 2)2°
= 1)

So, a proof analogous to the one used before allows us to show that

00 k252
H,’V(x) — E ] ) 3
_ 2
=1 (1 = xo;")
Furthermore, the convergence holds uniformly for x < 0. Therefore, on the one hand, as
N tends to oo,
N 2 00 2
1 1 —xp; 1 1 —xp;
Hyx)y=-|1- — Ll s |1- —L
v&) X Hl—x02 X Hl—x02
j=1 J j=1 J

and on the other hand, since

Hy(x) = / Hy(t)dt + Hy(y),
Yy

we get that, at the limit as N goes to 0o, for x < 0, and hence everywhere by analytic

continuation,
1 1 xp? o k2
—_ 1— H _ = Z S — + C
2 2
X i1 1 — xo; = 1 — xo;
It remains to compute C by taking the limit as x goes to —oo.
13 1—xp? 1
C=—-— lim H ]2 =— ,
X—>—00 szl 1— x0; x——o00 xJ(x)
where
1 xo?
J(x) == .
1;[ 1- x,oj2

o0 oo 2
vj2=1 and Z%<oo,
j=1 j=1 Pj
and is equal to
[} 1)2 -1
Z e
=1 P
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This calculation easily extends to the other cases, writing, for x < 0,

2 p?
J@y—1+x§: e
— xp?
=1 J
o) 9 00 1)j2
ST ) E pEs -
=17 = Pj
Corollary 1. For any m > 1, we have
2.2
5 =1 (39)
j P O
K- C
Dot g=1 (40)
2.2
Z 2 l;jUjQ 2 2%5”’1’ (41)
F (pj — 0, )(pj _Up) K
2.2
oK} 1
J N
= — 0 — L. (42)
zj: (0f —p2) (0 —p2) Vi

Proof. The first two equalities (39) and (40) are obtained by making x = 1 and x = 35,
P2

respectively, in formula (34) and formula (35). For equality (41) in the case when m = D,
we first make the change of variable y = 1/x in formula (34), then differentiate both sides
with respect to y, and make y = an%. Equality (42) in the case when m = p follows by
differentiating equation (35) and making x = —5. Both equalities in the case when m # p

follow directly, respectively, from equality (39) and equality (40). O

Lemma 7. Let m be a fized positive integer. Let (¢;) and (0,,) be two sequences of
elements of T. Denote by A™ the rank 1 operator of matriz

Vi vpre” -

J 2 0,

A(m) = < Omk,,© om .
Jk

p}—o2 pf — o}
Then A=}, A defines a bounded operator on €% with AA* < I.

Proof. First we notice that A satisfies [|[A®™]| < 1. This follows from the
Cauchy—Schwarz inequality, formula (41), and from the estimate

v2 1 1 p2v?
?@um"¢¥¢-m R G -
_ 1 <ZJ v - 1 >
o T
1
b

https://doi.org/10.1017/51474748013000121 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748013000121

300

P. Gérard and S. Grellier

so that, in view of formula (41),

Vkpk 2 4
1A < Z }: T
2)2 2)2

J
<1

Let us consider the well-defined operator A” (A®)*. An elementary calculation gives

(A(m)(A(P))*)jk — ZA(m)A(P)
[
Vivk 2,.2
= 0K Omp-
0 = oD =) "

Taking the sum of both sides over m and p, we get by (42) that the sum converges and
equals §jx—vjvr. Consequently, the sum of A™ (AP))* defines a bounded positive operator
estimated by I and coincides with the operator AA*. This gives the boundedness of A and

completes the proof. O
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