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In this paper, a bilayer model is derived to simulate the evolution of a thin film flow over
water. This model is derived from the incompressible Navier—Stokes equations together with
suitable boundary conditions including friction and capillary effects. The derivation is based
on the different properties of the fluids; thus, we perform a multiscale analysis in space and
time, and a different asymptotic analysis to derive a system coupling two different models:
the Reynolds lubrication equation for the upper layer and the shallow water model for the
lower one. We prove that the model verifies a dissipative entropy inequality up to a second-
order term. Moreover, we propose a correction of the model — by taking into account the
second-order extension for the pressure — that admits an exact dissipative entropy inequality.
Two numerical tests are presented. In the first test, we compare the numerical results with
the viscous bilayer shallow water model proposed in Narbona-Reina et al. (Comput. Model.
Eng. Sci., 2009, Vol. 43, pp. 27-71). In the second test, the objective is to show some of the
characteristic situations that can be studied with the proposed model. We simulate a problem
of pollutant dispersion near the coast. For this test, the influence of the friction coefficient on
the coastal area affected by the pollutant is studied.
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1 Introduction

In this paper, we derive a bilayer model of two immiscible fluids where the upper layer
can be represented by a Reynolds lubrication model and the lower layer by a shallow
water model. This model can be used to simulate the evolution of a pollutant viscous
fluid over water.

Our purpose is to study the evolution of a system that consists of two layers of
Newtonian viscous fluids with different properties. For the upper layer, we consider a thin
liquid film of slow flow — Reynolds number of unity order — and for the lower one, we
assume a fluid-like water — high Reynolds number. Under these assumptions, it is not
possible to choose the same type of equations to model each layer.
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Thus, for the upper layer, we follow the Reynolds’ theory of lubrication to deduce
the equation that defines its behaviour. In this equation, the pressure plays the main
role. The Reynolds lubrication equation is classically used to model a fluid between two
very close surfaces or a very thin film. This equation was first derived in [24], where
several hypotheses are used in order to describe the pressure of the film. In fact, in this
derivation, inertial, gravitational, viscosity variation, slip condition at the bottom, surface
roughness and thermal effects are neglected. In addition, the author restricts his analysis
to an isoviscous, incompressible fluid. Later, much research related to the derivation of
the generalized Reynolds lubrication equation has been made in order to get a better
modelling of a thin film (see for example [7,8,11,12,19,28,30]).

In [21], a review of the long-scale evolution of thin liquid films is presented. A
general mathematical theory of Reynolds lubrication equations is introduced. In their
analysis, the authors use the slip condition at the bottom and take into account surface
tension effects at the free surface. A general nonlinear evolution equation or equa-
tions are then derived and several particular cases are considered. The condition on
the free surface with surface tension effects revealed the presence of a term of the
form 6x(06§h), where ¢ is the surface tension coefficient and h is the height of the
thin layer. This term appears at the leading order due to the scaling used for this
purpose.

In another way, the shallow water system, which is considered to model the lower
layer, is applied to study a large number of geophysical and engineering applications
such as ocean circulation, coastal areas, rivers, etc. Many derivations of this model had
been made in order to model shallow flows (see for example [1,4,13,20,23,33]). The
pioneering work [14] has been considered as a basis to develop the deduction of the
shallow water layer of the model proposed in this paper. This derivation takes into
account laminar friction at the bottom and viscous effects. Viscous and capillary effects
are useful to obtain an existence result of global weak solutions in [34]. In [18], a viscous
two-dimensional one-layer shallow water system, taking into account surface tension,
capillary effects and quadratic friction terms, has been derived. In [20], the authors
derived a bilayer shallow water model where friction and surface tension at the interface
and free surface are introduced with a second-order approximation.

In the model considered in this work, coupling Reynolds lubrication and shallow water
equations, the shallow-flow assumption is taken, that is, the height (H) of the layer is
much smaller than its length (L). Thus, for the derivation of the model, all the variables
are written in terms of this aspect ratio ¢ = H/L, assumed small. As mentioned above,
the obtention of the model is inspired from the simulation of the transport of a pollutant
over water. Therefore, following this idea, we consider that this smallness ratio ¢ is not
the same for the two layers. This means that the order of all the characteristic variables,
namely, velocities, pressures, viscosities, space and time, is different for each layer. Due to
these hypotheses, the idea of the present work is to make a multiscale analysis in space
and time for the incompressible bilayer Navier—Stokes equations and obtain a simplified
system of three equations.

In the literature, one can find several papers related to the multiscale analysis in time
in order to model the evolution of the topography in oceans submitted to tidal effects, see
for example [9,15,25,27].
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The novelty of this work rests on two features, which, to the best of our knowledge,
have not been tackled before in the modelling of multilayer systems. The first is the
coupling of two different equations on a bilayer model and the second is the multiscale
analysis — in space and time — developed in the two layers. Both also provide the main
difficulties in deriving the proposed model.

This paper is organized as follows. Section 2 is devoted to the derivation of the model.
First, we write the equations in non-dimensional variables, taking into account a different
scale for each layer. Next, to deduce the shallow water equation, we first perform the
hydrostatic approximation and use an asymptotic analysis to deduce the shallow water
system. We also use an asymptotic analysis to deduce a Reynolds lubrication equation
for the upper layer. In Section 3, we present the obtained model and in Section 3.1 we
study the energy of the model. Finally, in Section 4, we describe a numerical scheme to
discretize the proposed model and two numerical tests.

2 The thin film — shallow water model

In this section, we give a formal derivation of the model. To deduce the model, we
start from the incompressible Navier—Stokes equations for both layers and follow the
following steps: first, we non-dimensionalize equations, then we take into account the
asymptotic regime for the physical parameters and finally we integrate the equations to
get the averaged model.

Following the goal of this work, we search for a bilayer model where each one of the
fluids has different properties. Therefore, we consider that they have not only different
physical properties but also a different flow behaviour.

As mentioned before, we use this model to simulate the evolution of a pollutant over
water, so we also consider different thickness for each layer.

All these considerations imply some difficulties to develop the derivation of the model.
First, due to the different flow behaviour, we must follow different ways to obtain the
equations that model each layer. For the lower layer, we derive a shallow water model
and a Reynolds lubrication equation is used for the upper layer. The fact of considering
different thicknesses leads us to take different characteristic space variables. Moreover, in
order to take into account the ‘slow flow’ property for the fluid on the upper layer we also
consider different characteristic velocities. Thus, we must develop a two-scale analysis of
the problem in space and time.

First, we introduce the domain of study and set out the incompressible Navier—Stokes
equations together with appropriate boundary conditions. In particular, the interaction
between the two fluids is held in the interface boundary conditions through the friction
and capillary effects. We also take into account capillary effects at the free surface and
friction force at the bottom.

We consider the two-dimensional domain Q(t) = Q(1)UQx(1) UL, U1 2(t)UTs(t), where

Qi(t) = {(x,z2) ER? : x € w, b(x) < z < I(x,1)},
Q) = {(x,z2) eR* : x € w, F(x,1) <z <n(x,1)},
Ta@t) = {(x,z eR?: X € w,z=J9(x1)},

)
( )
Iit) = {(x,z) eR*: x € w, z = y(x, 1)},
Iy ={(x,z2) eR>: x €, z = b(x)),
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FIGURE 1. Schematic representation of the two layers over the solid boundary b, with the free
surface denoted by I, the interface between the two fluids, I'1,, and heights labelled h; and h,.

and w is a bounded domain in R. We denote by .# the interface level, #(x,t) =
b(x) + hi(x,t), and by 5 the free surface, n(x,t) = b(x) + hi(x,t) + ha(x, t) (see Figure 1).
We consider the incompressible Navier—Stokes equations for each layer:

pi(@cu; + uidxu; + wid u;) = —xp; + pivi(O3u; + Oluy),
pi(@wi + uidwi + wid.w;) = —0.p; + pivi(Drw; + O2w;) — pig, i=12 (21)
axui + azWi = Oa

where we denote by v; = (u;, w;) the velocity field for each layer, p; the density, v; is the
kinematic viscosity and p; the pressure, for i = 1,2; g is the constant gravity. As a general
notation rule, the subscript 1 corresponds to the lower layer and the subscript 2 to the
upper layer. We also introduce the ratio of densities

P2
r=—
P1

Vo4Vl
2

and the stress tensors a; = 2p;v;D(v;) — p;Id, where D(v;) = and Id denotes the

identity matrix.
To complete the problem, we impose the following boundary conditions:

e At the free surface, z = 5(x,t):

— The normal stress balance:
(02 - ng) = —0 Kny, (2.2)

where 6 is the surface tension coefficient, x = —divn, is the mean curvature and n,
the unitary outward normal vector to the free surface, ny = ﬁ(—axr/, 1).
N

— The kinematic condition:
Ol + tr Oyl = wo. (23)
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e At the interface, z = J(x,1):
— The kinematic conditions for each velocity:

Ohi +uy 0. = wy,
Oiht +u; 0, = wy. (24)

— The normal stress balance:

(Gl : n])n - (02 : n])n = (57 Kﬂnf)na (25)

with 0, the interfacial tension coefficient, x, = —div,n, is the mean curvature of

the interface and n, = m(—axf , 1), the unitary normal vector to the interface

pointing from layer 1 to layer 2. The subscript n denotes the normal component of
the vector.

— The friction condition (Navier-slip boundary condition):
(0i-nys)e =—cpa(vy —v2), fori=12. (2.6)

The positive friction coefficient is denoted by c¢. The subscript T denotes the tangential
component of the vector.

e At the bottom, z = b(x):
We consider the Navier-slip boundary conditions:

— The no-penetration condition:

vy ~np =0, (2.7)
_ 1 _
where n, = \/W( Oxb, 1).
— The friction condition:
(o1 np)e = o(uy)e, (2.8)

where o is the positive friction coefficient.

Remark 2.1 A linear friction term between the two layers is considered here. It coincides
with the friction law used in [20] that is of the form c¢(v; — v;). In [6], this type of a
friction term is used to study a system of 3D Navier—Stokes equations in a two-layer thin
domain with an interface condition of the form (v,@zu} — k(u]l- — u?)) =0,i,j=12.

2.1 Dimensionless equations

To derive the model, it is suitable to write the system (2.1)—~(2.8) in dimensionless form.
First, let us divide the conservation equations by densities p; to get

Ogui + uOxu; + wi0.u; = — %axpf + vi(Q%u; + Ouy),
Owi + ui0w; + w0, w; = — iazpi + vi(@3w; + 02w) — g, (2.9)
Oxu; +0,w; = 0.
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Now we set the dimensionless variables, where we must take into account the different
properties of the fluids in two layers, so we make it separately. Nevertheless, the
characteristic variables of both layers must be related because we study the coupled
system. We must indicate that the Reynolds layer is not only thin and slow, but thinner
and slower than the shallow water layer. Thus, we will make an assumption relating the
aspect ratios of the two layers.

Non-dimensionalization for layer 1

First, we establish the dimensionless variables for the lower layer following a shallow
water non-dimensionalization (see [14]). We denote by H, L and U the characteristic
height, length and velocity, respectively. Thus, the characteristic time is T = L/U.
To impose the shallow flow condition, we assume that the aspect ratio between the
characteristic height and length is small, as commonly we denote it by ¢ = H/L. We
denote with the superscript asterisk (*) the dimensionless variables:

x = Lx", zy = Hzj, hy = Hh;,
uy = Uuj, wy = eUwy, t=Ttj,

UL
Re1 =,

v
JeH’ v

where we denoted by Fry the Froude number and by Re; the Reynolds number.

pi=p1U%p}, Fri=

Non-dimensionalization for layer 2

For the upper layer, we take a non-dimensionalization suitable for a Reynolds lubrication
equation following [21]. It mainly affects the characteristic pressure, which is larger due
to the lubrication effect. Now we denote by H,, U, and T, = L/U, the characteristic
height, velocity and time for this layer, respectively. Thus, we also have a different ratio
height-length, namely, ¢;, = H,/L. The dimensionless variables in this case are

X = LX*, Zy = HQZ;, h2 = th;,
Uy = Uzuz, Wy = & UQWE, t= th;,
pav2Us U, U,L
2= s Fry = s Rey = —.
p 82H2 b A /gH V2

Since we study the coupled system, we must take into account that layer 2 is thinner and
slower than layer 1. These related aspects lead us to search for a relationship between the
characteristic height and velocity of the two layers that express these properties. Thus, we
assume that

H, = ¢H, U, =¢&°U,

consequently, & = ¢” and T, = L T.
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We write the dimensionless variables of layer 2 in terms of H, U and e&:

x = Lx", 7 = ¢Hzj, hy, = eHh3,
* 5 1 *
Uy = szUuz, Wy = 84UW2, t= —2Tt2,
e
poa U £U eUH
= , Fry = , Re; = .
D2 oH %) 2 gl 2 =

Remark 2.2 We give some remarks about the dimensionless procedure. First, to justify
our hypothesis on the aspect ratio &; = &%, we focus on the oceanic circulation case.
In accordance with [18], the average thickness H of the oceans in the coastal domain
is nearly 100 m, whereas their horizontal characteristic value is about 100 km. So, the
aspect ratio ¢ = H/L is about 1073, Thus, we are in the case that the pollutant layer has
an aspect ratio of e; ~ 107% and a thickness 10~ times smaller than layer 1, which is
equivalent to a thickness of H, = ¢H ~ 10cm, which seems reasonable. Second, we clarify
the existence of two dimensionless times ¢ and ¢. It just comes from considering two
characteristic velocities which automatically give two different characteristic times T and
T, = S%T. Therefore, the times do not have the same order, that is why we also consider
two dimensionless times.

Regarding the friction coefficients, we take
o=Udx", c=Uc,
and the Capillary numbers — at the free surface (C) and the interface (C,) — as

.2U U
€ ,02V27 C, = P11

C=— : S,

We assume H as the characteristic height for the bottom, so b = Hb".

Due to the different characteristic heights, we must pay attention to the ranges for
the dimensionless vertical component. Thus, for layer 1, since z; € [b,b + hy], we obtain
directly that zy € [b",b" 4 hj]. For layer 2, the rank of the dimensional variable is
2y € [b+ hy,b+ hy + hy], so we deduce that z; € [%(b* + h}), %(b* + h}) + h3]. In what
follows — for the second layer — we denote 5, = %(b* + hi) + I as the free surface level
and ., = %(b* + hy) the interface level. Next, we write the equations and the boundary
conditions in dimensionless form, and omit the superscript (*) in the notation for the sake
of clarity.

e Layer 1

1 1

O ut + wOsuy + wid,uy — el (af,ul + Sza§u1> +0,p1 =0, (2.10)
1 (., 1, 1 11

Oy wi + uOxwy + w0, wi — Riel Owwr + ?azwl + ?azpl = _?Fir%’ (2.11)

Oyu; + O,w; =0. (2.12)
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e Layer 2

¢*Rex(0r,un + urdstty + W20, u2) = — 0xpa + 02 up + *03u,
&* Rex (D, w2 + 120w + wadz, wa)= — 0.,py — 484 T+ (02, wy +&*0Twa),  (2.13)
Oxtiy + 0,wy = 0.

e Conditions at the free surface
Oy, (b +hy) + 30,y + 2up 0x(b + hy) + Eduydhy = 3wy, (2.14)

(z,uz + €' 0, w2)(1 — &2 (Bx(b + by + h2))*) — 46701 D (b + hy + £hy) = O,

(2.15a)
—ps + 20wy — 336 (b + Iy + ehy)(0,un + *0owy)
—1a2
_ 0x(b + hy + ehy) (2.15b)
1+ 82(6 (b + hy + ehy))?)3/2
e Conditions at the interface
azl(b—i—hl)—i—s wr Ox(b 4+ hy) = wy, (2.16)
O (b + h1) +ug Ox(b + hy) = wy, (2.17)
L, 2 1 2
—2p1—— (70w +0-u1)0x(b + hy) + &7py (Z—GXM — p1)6x(b + hy)
Re; Re
+p1 (2i62w1 ) = —2p2ie (s Oxwy + 0, uz) Ox(b+ hy)
Re1 2 ?
1
+ 82@92(284@142 p2)x(b + hy)* + P Ras (28 0wz — p2)
2
—1
+epy f a 2(b + hy)(1 + £20.(b + 1)), (2.18)
1 1 1 5 5
—4——0,u10x(b + h1) + ——(@xw1 + —0.u1)(1 — &70x(b + h1)”)
R€1 R€1 &
= —cluy — &y + 8w — w2)0u(b + ) (2.19)
4 1 1 4 2 2
—4e" ——0ur0x(b 4 hy) + e=—("0xwa + 0, u2)(1 — &°0x(b + h1)7)
Re; Re,
= —%c(ul — &y + (Wi — Ew2)0x(b + hy)). (2.20)
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e Conditions at the bottom

—u1 0,b+w; =0, (2.21)

1
—pl—a ula b+,017 (6 W1+ 6 ul)

1
—& P15

Re (a Wit a u1> (04b)? = gul( 1 4+ &2(04b)?). (2.22)

In the next subsections, we develop the derivation of the equations for both layers. We
begin with the shallow water layer following [14,20] and then deduce the Reynolds
lubrication layer following [21]. In order to get the viscous effect and the influence of the
pressure of the thin film flow on the system, we derive a second-order approximation, that
is, we keep the terms of order ¢ and ¢ in the system.

2.2 Layer 1: shallow water flow

To obtain the shallow water model, we first take the hydrostatic approximation and then
develop the asymptotic analysis of (2.10).

2.2.1 Hydrostatic approximation

To obtain the averaged model, we integrate each equation into [b,b + hy].
We first integrate (2.10) to get

b+h] b+h1 b+h] 1 b+}11
oy, (/ uldz> + 0, </ u%dz> +/ Oxprdz — —0y (/ Gxuldz)
b b b Rey b

—uq), (O by +u0x(b + hy) — wy), —ug,wy, + M%\h Oxb
1

1 1
— 6xu1|b6 b+ a Ml‘ya (b+hl) R

11
Re —0 UL, + ?Eazul‘b =0. (223)

Now, we simplify this equation by using the conditions at the bottom and at the interface.
In particular, we use equations (2.17), (2.19), (2.21) and (2.22) at order ¢>. Then we write
(2.23) up to second order as

b+hl b+h] b+h1 1 b+’1|
oy, (/ u1dz> + 0, (/ u%dz) +/ Oyp1dz — —0, (/ axuldz)
b b b Re; b

1 1

+ E(axwl - 3axulax(b + hl))\,y - T&(axwl - 3axulaxb)|h
1 1

+ Erc(uu, —&up), +&*wy), 0x(b+ hy)) + ﬁau”h =0. (2.24)
i 1

To find py, we use the equation of the vertical velocity. From equation (2.12), we can write

1, 1
- - 0
Re1 6Zw1 +62p1 Fr 2 + (/( ) (2.25)
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Now, we integrate this equation from z to (b + hy) and use the divergence-free condition
(2.12) to get up to second order:

1 1
pi(z) = p1, — Tq(axul — Oxthi,) = 5(z — (b +h)). (2.26)
1

2.2.2 Asymptotic analysis

We assume the following asymptotic regime for the data:
vi=0@), a=0@), c=0@, o6,=0c"),

so for simplicity we write
i —¢ _ _ C*l _ 72C71
= glp), O =¢&dy, C = &Co, , =¢ Cy. (2.27)
Req ’

Since we look for a second-order approximation, we develop the unknowns at order 1
and define

=0 +ehl, f=ul+eul, pr=pd+epl,

which are the unknowns of the problem for layer 1.
Taking into account (2.27), we write from (2.10), (2.19) and (2.22) that

o2u; = O(e),
Ozuy, = O(e),
Ozu), = 0O(e).

Then, u; does not depend on z at first order, so u(x,z,t) = u(x, ). From (2.12), we can
write the mass equation for h?:

0, h) 40, (M) = 0. (2.28)

To obtain the momentum equation, we first simplify (2.26). We get

1
P = ph), — e — b+ H)) (2:29)

1 . N
so pl(b) = p?‘] + ﬁh?' Thus, we calculate the integral appearing in (2.24),

b+h

! 1

[ ez = s}, )+ oo+ )
b 1
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If we substitute this expression into (2.24) and consider only principal order terms, we
obtain

11

an (hlul) + a‘((h(l)(u(l))z) + h(l)a‘((p(l)\,) 2 Fr 2

1
—0,(h%)? + 7 no.b

1

1
+reou,, + anu?‘h =0. (2.30)

As we can see, this equation does not contain the viscous effect, so next we derive the
second-order approximation. For this aim, we must take into account the terms of order
¢ ignored before and perform a parabolic correction of the velocity following [14] and [20].

Second-order approximation

b+hy
First, we define the average of the velocity u; as o1y = ™ / uy dz, and we come back
1

0 (2.24), which is written as follows:

b+hy
Quy (i) + B (i) + O, / prdz — puy 8x(b + i) + p1, s
b

1

b+hy 1
_ Rieléx (/b axu1d2> + R—q(axwl — 36xu16x(b + hl))‘y

1
- E(axwl - 3axulaxb)\h

1 1
+ grc(u”] — ezuzm + S2W1|] 0x(b+ hy)) + ﬁfxum =0, (2.31)
: 1

where we have used u1 =2 + O(c?) (see [33]).
From (2.12), we can now write the mass equation for the height h; :

3 by + Ox(hyiiy) = O(?). (2.32)

Now, we use the asymptotic hypothesis and previous calculations to simplify (2.31). Using
the pressure expression (2.26), we obtain that

b+hy
o, / prdz — iy, 0ulb+ hi) + pi, 0.

11 1
—— 0k} + =3 + hdu(py),). (2.33)
T 2FAMt R :

We use condition (2.18) to write
r
h0x(p1),) = 26p010.hy uf + Rf@hlax(pz\,x) — 2641010(h10uY)
— i1 C003 (b + Iy). (2.34)

Finally, we insert (2.33) and (2.34) into (2.31) and simplify the terms on the bottom and
on the interface .#(x,t) = b(x) + hy(x,t) using again the divergence-free condition. Thus,
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we write the second-order approximation of the momentum equation for layer 1:

1

_ _ 11
8y, (hiy) + 0y (had) + 7

EFT%M% + ——=h10xb — 4epp1 0« (h10xily)

r 1
+ Rihlax(pzm) — hy o1 C;éai(b + hy) + reouy), + —oaouy), = 0. (2.35)
(%) ' P1

To calculate u;|,, we make the parabolic correction of the velocity following [14]. So we
come back to (2.10) and look again at the momentum equation to write

1 1 1
por =07uy = Dy uf + ufdul +8,p) = — (reouf|, — —ooul, ) + O(e),
e hy s o1 I

where we have used (2.30) and the divergence-free equation. We use u; = uf + 0(¢) and
integrate this equation to obtain

1 1 1 1
Ho1 =0;up = — (Vcouu,, — *060141\,,)(2 —b) + po1 =0z uy ), + O(e).
€ hy p1 &

Next, by using the bottom friction condition (2.22) and integrating again, we obtain an
expression of ii; up to second order:

L % _z—b reouty, L 02
u1—u1b(1+£p]ﬂ0](2 b)(l W >)+82,u01h1(z b)Y + O(s2).

Thus, its average is

op h rcoh
iy =y, <1+s 0 1) Fe 2Ly, +0(&)
pipor 3 6uo
Finally, we get the value of the velocity at the bottom:
ere
uyy, = y(hi)iy — 3 Cyp(h)hiuy), (2.36)
Ho1

with

—1
etod

1) = (14 521
P1Ho1

To complete (2.35), it remains to find 0x(py|, ) and uy,, which depend on layer 2. They
will be calculated in the next section, where we develop the study of the second layer.

2.3 Layer 2: thin film flow

As for the first layer, we look for a second-order approximation, so we develop each
unknown at first order. We define

hy = hg + ehé, i, = ug + su;, P2 = pg + sp;.

The asymptotic regime for layer 2 affects the viscosity and capillary constants. When
surface tension effects are strong, it is essential to have them at the leading order [21], so
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we assume

Vo =0(e), o =0(E>). (2.37)
Thus, we have that Re; = ©H = ¢(1) and C~' = ﬁ = (%) and for simplicity we
write C~1 = ¢3Cy L.

Now, we study the velocity equations in (2.13), which can be written as follows:
2 - - 4
—azzuz + 0yp2 = O(&"), (2.38)
Re
~ a4 fes 4
0,02 = —¢ Fir% + O(&"). (2.39)

.o, . Iz 2 .
From the definition of Re, and Fr,, we have 84% =g’ gUI"’,Z = ((¢), since v, = O(¢). Thus,
2

we define ffy = 83(Re2/Fr§). Po is of order 1, so the equation for the pressure reads

0.,p2 = —&fo + (). (2.40)
The mass equation for the second layer comes from the integration of the divergence-free
equation. It is necessary to know the velocity u, that we calculate from (2.38). In order to
establish the integrations limits, recall that for the non-dimensional variables, z, € [, 7]

(see Section 2.1).
We integrate the incompressibility equation to get

e
ax/ 1]2 d22 — ﬁz‘m@xm + im,gaxfs + W2|vln — \/~V2|h = 0,
I,
that is
e 5 1 . ~ - ~ 1 - ~ ~ ~
Oy fiydzy — guz‘m@x(b + hy) — iy ‘m;axhz + ;uz‘h@x(b + hy) + Wa, — W, = 0.
Ie

Taking into account the kinematic conditions on the free surface and on the interface
(2.16) and (2.14), we write

1 ~ ~ 1 ~ ~
—Eﬁz\,,sax(b + ) — i), Oxhy + Wy, = garl(b + hy) + 0, ho

and
1. ~ 5 1 ~
S, Oxlb + ) = W2, = =504 (b + ).

So, finally the mass equation for the second layer reads
~ r’(i
O, hy + ax/ iy dz, = 0. (2.41)
I

We will use (2.38) to obtain an expression for the velocity i, but first we need to know
0.P» appearing in this equation. We integrate (2.40) from z to #, to obtain

Pa(z2) = P2y, — &Polz2 — ne),
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we use the boundary condition at the free surface (2.15b) to write
P2y, = ¢Cq 0. (2.42)
Thus, pa(z2) = eCy'03n. — eBo(z2 — n,) and
OuP2 =& (Cy'03n: + Bodsne) (2.43)

does not depend on z.
Now, we integrate (2.38) from z to #, to find

62217[2 = azzﬂz\qs +0xP2 (22 — 1) = 0xPa (22 — 1) + (9(82)’

where we have observed that (2.15a) gives 0,,iiy|, = 0O(&2).
We integrate again to get ii;, now from .#, to zj, so

1 -
iy =iz, + 5032 (22— = 13). (244)

The value of i, can be found in terms of the pressure p,. In fact, note that from
previous equation 0,k |, = —fzzéxﬁz. On the other hand, using the boundary condition
at the interface (2.20), we have

~ 1, .
622142\,,;; = —cORezg (u”‘, — szuz‘h) s (2.45)
then
~ 1_ |
T, = G~ soRe, 0P (2.46)
Thus, the velocity i, is
R 3 h 1 2 7
iy = i), +0xP2 (_scoRe2 t5 ((Zz — 1) — hz) : (2:47)

Finally, we write the equation for h, by using (2.41) and (2.47):

N 1. _ . 1 1o\~
Ouyhy + 0y <82h2u1> +0, <h§ (— - 3h2)6xp2) =0, (2.48)

ecoRes

where the pressure term is given by (2.43).

Completion of the equation for layer 1
Recall that in (2.35) we must replace the values of 0x(py), ) and uy),. We find the value of
the velocity at the interface by using the boundary conditions; from (2.46) we write

h
|, = —28.py + O(), (2.49)
C()Rez
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but taking into account (2.43), we can write that

8h2

1), =~ (C1aUb + ) + fod(b + b)) + €(&2)

C()Rez

Then, we get from (2.36)

-1
ur), = p(hy)ug + @(82) with (b)) = <1 + &0 h1>

3p1tio1

and the final equation for layer 1 reads

1
0y, (hity) + 0y (hid) +

,
+ o (co—‘a;i(b +hy + ehy) + ﬁoax(shz)) — o1 L3 (b + hy)

1

1
2Fr? Fr?

2
Oxht + 2

h10<b — 4epin10x(h10xiir)

I
oot (G5 103b + ) + Bodu(b + hn) ) + (I )iy =0,
Re, P1

3 Final model

817

(2.50)

(2.51)

(2.52)

In this section, we expose and discuss the final model obtained in the previous section as
a formal second-order approximation of the initial problem defined by (2.1)—(2.8). First,
we will write this system in dimensional variables and then study the energy balance of

the model.

The final deduced model is given in non-dimensional variables by (2.32), (2.43), (2.48)
and (2.52). Note that the model contains three equations, mass and momentum for the
shallow water flow and the mass equation for the thin film flow.
Next, we present the system in dimensional variables:

(My)

Othy + Ox(hyuy) =0,
1
Qulhn) + dx(hun?) + 3 dchi + ghideh — 4vidy(md.an)

5 5,

I (S-03b + Iy + o)+ rgdih ) — iy 03D + hn)
P1 P1
5

+h (—ai(b +hy) + rgdy(b + hl)) + X =0,
P1 p1

1 /1 1
athz + ax(hzl/t]) + ax (—hzz — <* + 7”12) prz> = 0,
pa\c = 3v;
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with

o

-1
W h1> . (32

Oxpr = 003 (b4 hy + hy) + prgdy(b+ hy + hy) and  y(hy) = <1 +

Remark 3.1 The continuity of the tangential stress is usually considered for the interface
separating two immiscible viscous fluids and it may correspond to the most realistic case
for fluid—fluid interfaces. In our case — due to the different properties of the fluids involved
in our system — we found it more appropriate to impose a Navier-slip condition. This
condition incorporates the possibility of fluid slip at the interface with the thin lubrication
layer [2,26,32]. Nevertheless, we would like to know what is the influence of this change
into the model. To introduce this condition into the model, we must replace the friction
condition (2.6) by the following one:

(01 : n.?’)‘c =—(02- n/)r, (33)

where by n, we denote the unitary normal vector to the interface pointing from layer 1
to layer 2. However, we also need an additional condition. When the continuity of the
tangential stress is considered, the continuity of velocities at the interface is also usually
imposed [17,29,31],

Uy =up; atz=9(x,t). (3.4)

By imposing this condition, we obtain the model (M) without the term ax(—hgé%a,\.pz)

in the third equation of (3.1). Note that formally it corresponds to impose an
infinity friction coefficient, which implies the continuity of the velocity at the
interface.

3.1 Energy of the model

In this subsection, we prove that the model (M) admits a dissipative energy inequality
up to a second-order term. Then, we propose a variation of this model, called (M;). The
objective is to obtain a model provided with an exact energy balance, as we expose later
in Proposition 3.1. The idea of the modification is to change the value of the velocity of
layer 1 at the interface written in terms of the pressure p,.

In order to complete the equation for layer 1, the last step on the derivation has been
to replace in the integrated momentum equation the values of u;, and uy, according
to (2.50) and (2.51). As a variation of the model, we propose to change the value of
uy, to also consider the terms of order ¢ coming from Oyp,. Thus, from (2.43) we
write

0xpa = Cy'3(b + hy + eha) + Bodx(b + hy + ehy).
Then, from (2.49) we deduce the value for the velocity uy, :

Shz

), =~ (GG + b + o)+ Bodolb + I + eha) ).
coRey
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The final system obtained in this case reads as follows:

Othy + Ox(hyuy) =0,
1
Qulhn) + dx(hun?) + 30t + ghidb — 4vi0y(mdyn)

5 5
+hy (Eai(b by + )+ g0z - hlp—‘fai(b +hy)

M) = (3.5)
0 .3 o
+h2(—ax(b Ty 4+ h) + rgdu(b 4 hy + hz)) + L =0,

p1 P1

111
Qs+ 8,hun) + 0 (I - (4 + 5w ) =0
p2\c 3
with

—1
0xp2 = 003(b+ hy + hy) + pagdu(b+ hy + hy) and  y(hy) = (1 + ﬁh) . (36)
1

We have the following result:

Proposition 3.1 The models (M) and (M>) defined by (3.1) and (3.5), respectively, admit
an entropy inequality :

2
uy hl hz
6[ (2 + ghl(b + ?) + Vghz (b + hl + 2))
o 1
-5 o ((m + h2)O3(b + hy + ha) + 3@y + h2>>2)
1
Oy 2 1 2
+— 0y | l0(b+ hy) + =(0xhy)
P 2

2
+0, (h1u1 (“71 +oa(h + b)) + rahouy (b + 2hy + hz))
2
_ uiy , ol 1 1.5
6x(4v1h16x( . ) I (C + 3v2h2)6x(2(56x(b+h1 +hy)

+pag(b + hy + hz))2))

0
= 0c((h 4 hpus2b -+ I+ ) = (b + )@t + )

Oy
+ 22 0 (@b + ) — i (@h)
P1
<R (3.7)

For model (M), we have an exact dissipative entropy inequality, with

11 2 g
R =Ry = —dvihy (u;) — rgzhg(E 4 3—th> (6x(b +hy hz)) - Ey(hl)u%.
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For model (M), we have an approximated dissipative entropy inequality, with

B)
R =R, +rgudx (h3) + ;ulhzai (h2).
1

Proof. First, we multiply the momentum equation by u; and use the mass conservation
equation of the first layer for simplification. Then, we obtain

2 2 2
ui h ui _ ui
a[( : +gh1<b+ : )> +6X(h1u1( 2+ gl +b))) ax<4v1h16x( . ))

0 Ly, 0
@b by ho) = Sy + ) + o836 + by + )
1 1 1

0 0
+ ;athzaﬁ(b + hy + hy) + p—@x(hzul)éi(b + hy + hy)
1 1
+rghiugd.(hy) + rghaud(b + hy + & ) = —4vihy (D.u1)* — piy(hl)u%, (38)
1
where the coefficient £ = 0 for model (M;) and & = 1 for model (M;).

Second, we multiply the equation for the thin film flow by 56§(b+h1+h2)+p2g(b+h1+h2)
to obtain

h
O (rg (b + ;)) + rghi0:hy +rg(b + hy + hy)0x(hauy)
+ 0,1y O2(b + hy + hy) + 6 3. (hou))2(b + hy + )

1 /1 1 1
_ 2 - (2 o - 2 2
N (hz P (c + 3 hz) 0y (2(5ax(b + hy + hy) + pag(b + hy + hy)) ))

111 )
I e b 3
_ thz(c + 3v2h2) (5036 + by + ha) + pagOulb+ by + 1)) (39)

We use the mass conservation equation to write
uph10xhy + hd:hy = 0x(rguihihy) — 0x(hiur)hy + hi0hy = Ox(rguihiha) + 0,(hihy), (3.10)

and to develop the following product affecting the terms with J:

0.2y = —0,(nO%hy) + k0 02hy) = ~0,(33hy) + Oulhidduhy) — 30((@chy)?).
(3.11)
We make similar calculations for the term with 6.
Finally, by adding (3.8) and (3.9), and taking into account (3.10) and (3.11), we obtain

the entropy inequality (3.7).
O

Remark 3.2 For model (M;), we obtain a dissipative entropy inequality, up to the term

rg uioch3 + piulhzai, (hy).
1
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It is of the order of & because we assumed h, to be of the order of e.
O

4 Numerical tests

We present in this section two academic tests (Sections 4.2 and 4.3). In the first test,
a comparison with the numerical results obtained by the viscous bilayer shallow water
model proposed in [20] is presented. In the second test, the objective is to show some of
the characteristic situations that can be studied with the proposed model. Concretely, we
simulate the problem of a pollutant dispersion near the coast. We study the influence of
the friction coefficient in order to determine the coastal area affected by the pollutant. As

previously, in Subsection 4.1, we present a numerical scheme to discretize the proposed
model (3.1)—(3.2).

4.1 Numerical scheme

Before describing the numerical scheme, we observe that the proposed model (3.1)—(3.2)
can be written as follows:
O W + 0xF(W) = S1(W)0xb + 0x(D(W)0xS2(W)) + S5.1(W) + Sso(W) + Sp(W),  (4.1)

where if we denote q; = uihy, then

qi
hy 2 0
q 1 rg
W= la|, F=|j taghitrehh+oom | s w)= | —g(h+rh) |,
hy 0
a
L h2h1 |
0 O 0 0
pwy=| Ot O s = .
h2 74_72 1
00 g2<c 3vz) b+ hi +hy
0
Ssi (W)= | —or ((hl + m)3Y(b + hy) + (hy + & hz)ai(hz)) + 0, md b+ M) |,
0
0 0
Sso(W)=| . 0 . Sp(W) = —Vl(hl)% ,
5ax<h§(+2)a§(b+h1+hz)> 0
¢ 3n
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and

3av o 8 Oz

b= gt 520 5,2
n(h) itam’ T P2 "
Here, the coefficient ¢ = 0 corresponds to model (M) and ¢ = 1 to model (M3).
The Jacobian matrix of F(W) is

0 1 0

A (W) = —ui 4 g(h1 +rhy) 2uy gr(hy +Ehy) | (4.2)
S
U h i

Note that when h; = 0, we set u; = ¢q;/h; = 0. Then, the third component of the flux,
(h2 q1/hy), 1s zero and consequently their derivatives are also zero. That is, in the case that
hy = 0, the third row of .&/(W) is set to zero. The eigenvalues of /(W) are

j'lzul_(ga j~2:u1: ;L3zul+(gy

with

hy\2 h3
€ = \/gh1(1 —7) +rgh1<1 + h%) +rgh—f(é —1).

Remark 4.1 Let us remark that for the characteristic variables, we have that h, = ¢hy. If
we denote ¢ = hy/hy, then

€ =/ghi(1 —r) +rgh(l + e +rghie?(é — 1).

Thus, when ¢ tends to zero, we have that € tends to ,/gh;. That is, the eigenvalues coincide
with those of the transport matrix for the shallow water equations with a passive scalar
transport equation.

O

For the discretization of the system, we use a finite volume method. Computing cells
I; = [Xi_1/2, Xi31/2] are considered. For simplicity, we suppose that these cells have constant
size Ax. Let us define Xiy1 = iAx and x; = (i — 1/2)Ax, the centre of the cell I;. Let At be
the time step and define t"*! = t" + At, being ° = 0.

W! denotes the approximation of the cell averages of the exact solution provided by
the numerical scheme:

' Ax

The source term S(W)0,b(x) is discretized following the ideas introduced in [5] and [22].
The discretization of B(W )0, W first requires us to interpret this term as a Borel measure
(see [10]), depending on the choice of a family of paths linking two given states. Here,
the family of segments are considered as in [22]. We also consider a semi-discretization
in time of the friction term between the fluid and the bottom.

Let us suppose that the values W;* are known. In order to advance in time, we proceed
as follows:

n 1 /2 n
W= / Wi(x,t")dx. (4.3)
Xi—1/2
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e First step. We define W = [hy; g7, h3;]"

* n A a1,
Wi =W = (27, + DT ), (4.4)
where @’f:q/z =97 l+1/2(W” W) is the generalized Roe flux difference computed

using the family of segments:

1
99'7:;1/2(”’:‘, Wi+1):2<F(Wi+1)_F(W) St(Wit12)(biy1 — b')_Sé,l,H—l/zAx)

S2(Wig1) — S2(W5)
Ax

1
+ (55,2,i+1/2 + §|&/i+1/2\AJ W, +DWiii)) , (4.5)

where |.<7;1 12| is the absolute value of the Roe matrix o7,

b; hyix1 —bi — hy;
Wi+ Wi ¥ Bae i

Wi+1/2 = S T Ay VV\;‘+1/2 = qri+1 —dq1i s
hyiv1 — ho;
0
Ss it = | —or ((h2,1'+1/2 + hiiv1/2)@iv12(b + hi) + (v + € hz,i+1/2)¢i+1/2(h2)>
0
0
+ | Oshiiv12 Piv12(b+ M) |,
0
0
0
Ss2,ir1/2 = ,
0,2, 1 h
5h21+1/2 ( + 23l+1/2) Giv1/2(b+ hy + hy)
and

1
Giy12(w) = Af)&(wwz —3wiy1 + 30; — wi_y).

e Second step. Semi-discretization in time of the friction term. We define

Wn+1 [hll qul-zb_1 h;,i]Ta

where
anrl ql,i )
Li 1+ Atyi(h7)/h}
The scheme is L*-stable, for small values of ¢, under the Courant-Friedrich-Levy (CFL)
condition

At i
Ay max <Zl | +vghii + |D(Wi)|Lx/AX> <1
i 1i
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4.2 Test 1: comparison with a viscous bilayer shallow water model

In this first test, we compare the numerical results of the model proposed in this paper
with the two-layer viscous shallow water model proposed in [20]. The objective of this
test is to show the difference between the proposed model and the two-layer shallow
water equations. To deduce this bilayer shallow water model, two immiscible flows with
different physical properties have been considered. It includes viscosity and friction effects
on the bottom and at the interface level. It is obtained from an asymptotic analysis of non-
dimensional and incompressible Navier-Stokes equations with hydrostatic approximation.
In order to obtain the viscous effect into the model, a second-order approximation is also
considered. The model proposed in [20] reads as

0thy + 0x(hjuy) = 0,

1
Oulhyu) + Ou(hiw?) + 50k + ghidub +rghidyhy

ah -
=—yler <ﬁzvlul + (ug — Mz)) + 0,03 (b + hy)
1

_ —1 ohy
—pa <“1 +7 V6T1(M1 — uz)) + 4v10x(h10xuy), (4.6)

0thay + 0x(hauy) = 0,

1
Qullott2) +Bx(hota?) + 580313 + ghads(b + hn)

o )
=y c(ﬁ A+ (g — u2)> + 40 (adxuz) + Shad3 (b + hy + ho),

6V1
where
_ -1 )
5c=£, p= l—i—ihl , y=1—i—S rh—l—ﬁ .
P1 3y 3 Vi V2

Recall that c is the coefficient linked to the friction term between both layers (see equation
(2.6)), o defines the friction coefficient between the first layer and the bottom (see equation
(2.8)), 6 = 6/p> and 6, = 6,/p1, with 6 and J, the surface and interfacial tension
coefficients, respectively.

In order to make a comparison of the numerical results of both models, we consider a
very simple test. The domain is set to [0,25] and is discretized with 200 points. The final
time is t = 2.5 s. A flat bottom is considered, b(x) = 0, and the initial conditions are (see
Figure 2): q1(x,0) = ¢2(x,0) =0,

0.04 if x € [12,13],
h =1, h = .
10 =1 hx0) { 0  otherwise.
No flux boundary conditions are considered, i.e. 0.h; = 0, O,(hu;) = 0 for i = 1,2. From
a numerical point of view, they are imposed by considering a ghost cell where the value
of the unknowns coincides with the value at the boundary cell. Let us remark that at the
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FIGURE 2. (Colour online) Test 1. Initial conditions for test 1 with flat solid surface, a local
perturbation in h, and null fluxes for both fluids.

contact points between the pollutant drop and the liquid, it is not necessary to use any
special numerical treatment since a Navier slip is incorporated in (3.1)—(3.2).

For this test, the friction coefficients are set to ¢ = 1 and & = 1073. We set p; = 1,027,
corresponding to the sea water, and p, = 920, 6 = 0.033, corresponding to the density
and tension surface coefficient of a marine residual fuel. The interfacial tension coefficient
is set to 0, = 0.027, corresponding to an oil/sea-water interface (see [16]). In the areas
where h, = 0, we set 6, = 0.072, corresponding to the sea-water surface tension.

Then, we have

- 0 e Y 0.2629 x 10~* if h, >0
=0. d=—=03587x10"% o,=-"= . ©47
r= 08938, 02 03587 x 1077, oy 01 {0.7010 x 107* if hy = 0. (47)
The water viscosity and the pollutant viscosity are set to
vi=107% v, =59783 x 107 (4.8)

In Figure 3, the evolution of the layers for the proposed model, coupling Saint Venant
and Reynolds lubrication equations (SVR in what follows), is compared with the viscous
bilayer shallow water system (2SW in what follows). We can observe that the evolution
of the upper layer is completely different for these two models. The layer on the top is
supposed to be a thin film flow, so the velocity of this layer must be lower than the
velocity of the water fluid considered on the shallow water layer. These hypotheses on the
relative velocities and thicknesses of the layers have been taken into account to deduce
the SVR model. It corresponds to the behaviour that we observe in this test, where
the pollutant drop remains enclosed over the water layer (see Figure 3, left column). In
Figure 4, a zoom of the evolution of the free surface near the pollutant is presented. On
the contrary, if we look at the 2SW model solutions (Figure 3, right column), we can see
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FIGURE 3. (Colour online) Test 1. Evolution of water and pollutant layers at time ¢ € {0.5, 1, 2.5}
s. Left: proposed model (SVR). Right: viscous bilayer shallow water system (2SW).

that the velocity of the pollutant layer is very similar to the velocity of the water layer,
which makes the pollutant to spread all over the water layer. From the physical point
of view, this is the situation that one finds when the two fluids have similar thicknesses
but not for the case studied here. Let us remark that to derive the 2SW model, the same
shallow water assumptions as for both layers, with different density and viscosity, have
been considered.

With this numerical test, we point out that the 2SW model is not well adapted to study
the evolution of a thin pollutant layer over water. It is necessary to consider a Reynolds
lubrication theory to model the evolution of the thin film flow.
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FIGURE 4. (Colour online) Test 1. Details of the dynamics of the free surface centred around the
pollutant, on the region 11 < x < 14, for water and pollutant layers for the (SVR) model at time

t€{0.1,02, 03,05, 1,25} s.

4.3 Test 2: pollutant dispersion near the coast

The aim of this test is to show some of the characteristic situations in which the proposed
model can be used. Concretely, we study the dispersion of a pollutant near the coast, for
an academic case. The domain is [0, 12] and it is discretized with 200 points. The bottom

is defined by the following function:

—(x—S)z
10

b(x) =

—(x—20)2

l+e o

if x <8,

-2 .
—e ™ if x > 8.
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FIGURE 5. (Colour online) Test 2. Initial condition for test 2 with bottom surface simulating a
coast profile, two pollutant sticks over water and null fluxes for both fluids.

As an initial condition, we set a horizontal free surface and two pollutant slicks (see
Figure 5). Concretely,

q1(x,0) = ¢2(x,0) =0, hy(x,0) = max(0.78 — b(x),0) — hy(x,0),

_ {1072 max(sin(n x),0) if x € [2,5],
ha(x,0) = { 0 otherwise.

As a boundary condition, the velocity on x = 0 is imposed:

1w (0,1) = 0.4 sin(?). (4.9)

The evolution of the water surface and the pollutant slick is computed for ¢ € [0, 8] s. As
in the first test, the values of r, v, v2, 6 and J, are defined by (4.7) and (4.8). We also
set the friction coefficient between the fluid and the bottom as & = 1073. In this test, we
study the influence of ¢ — the friction coefficient between the pollutant and the water —
on the spread of the pollutant over the coast. We consider several values of ¢ in [1073,1].

For the numerical simulation, we apply the wet/dry numerical treatment proposed
in [3].

In Figure 6, the fluid and pollutant evolution are presented for ¢t € { 2,3,4,5,7,8} s
with ¢ = 10~!. This period includes one period wave of the fluid induced by the boundary
condition imposed for u; (equation (4.9)).

In Figures 6(a) and (b), we can observe how first the pollutant slicks are transported
separately. Note that at these times we are simulating that the tide rises, so the velocity of
the water layer is higher at the left of the domain than at the right. Consequently, the first
oil slick moves with a higher velocity than the second one. This leads both oil slicks to
connect some time later, as we can observe in Figures 6(c) and (d). The maximum imposed
velocity at the boundary condition is reached at t = 2.5s. Att = 5 s, the imposing velocity
turns negative. Then, in Figures 6(¢) and (f), we observe that the water comes back, as
well as the transport of the oil pollutant, which has been spread near the coastline.
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FIGURE 6. (Colour online) Test 2. Evolution of water and pollutant layers at time
t€1{2,3,4,5,7,8} s for the proposed model.

In Figure 7, the simulation at t = 8 s for ¢ € {1073, 1072, 1071, 1} is presented. We
check the influence of the friction coefficient on the range of the pollutant spread. We can
observe that the spread of the pollutant layer is not linearly dependent on the friction
coefficient ¢. Moreover, when the value of ¢ is smaller, the pollutant is nearest to the
shoreline.

In order to study the influence of ¢, we present in Figure 8 the values of Xp,x, the
maximum value of x such that hy(x,t) > 0, for ¢ € {j x 1073, j x 1072, j x 1071, 1},
with j = 1,...,9. We can observe that when ¢ € [0.1,1], xyax is almost constant. When
¢ € [1072, 107'], the value of xy.x begins to increase. And for ¢ < 1072, the value of
Xmax increases with a large slope. We can conclude that the spread of the pollutant layer,
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() t=8s, c=107"2 (d) t=8s, c=10"3

FIGURE 7. (Colour online) Test 2. Water and pollutant profiles for fixed time ¢t = 8 and for several
values of the friction coefficient ¢ € {1, 10!, 1072, 107*} for the proposed model.

max

85 T

7.5 T

FIGURE 8. Test 2. Maximum value of x such that h,(x,t) > 0 (denoted by x.x) in terms of the
friction coefficient ¢ € {j x 1073, j x 1072, j x 107, 1} for j=1,...,9.
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as a function of ¢, can be approximated by a function with a vertical and a horizontal
asymptote.

Moreover, since the model has been deduced by supposing that hy/hy = O(e) (if hy > 0),
we have checked if this condition is verified in the numerical simulations, with e = 10,
We obtain that hy/h; = O(e€) in the zones where h; > 0 for ¢ > 3 x 1073, For ¢ < 3 x 1073,
it is not verified near the shoreline.

Note that even if the numerical simulation for ¢ = 1073 and ¢ = 2 x 10~ does not
verify that hy/h; = O(e) in all the points of the domain, we observe in Figure 8 that the
values of xy.x are reasonable in comparison with the behaviour observed for the values
of Xmayx corresponding to ¢ = 3 x 1072,

5 Conclusions

A new bilayer model is presented in this paper to simulate the transport of a viscous thin
layer of fluid over water. For this aim, two kinds of equations have been considered for
each layer: the Reynolds lubrication equation to model the upper layer and a shallow
water model to describe the evolution of the water layer. An analysis of two different scales
in space and time is carried out in the derivation of the coupling model. The model can
be applied to simulate a transport of a viscous pollutant over water. We have proved that
the model verifies, up to a second-order term, a dissipative entropy inequality. Moreover,
we have proposed a correction of the model that takes into account the second-order
extension for the pressure law. This version of the model verifies an exact dissipative
entropy inequality. Finally, some academic numerical tests are presented. The objective
of the first test is to show the difference between the proposed model and the bilayer
shallow water equations. We have observed that the bilayer shallow water model is not
well adapted to study the evolution of a thin pollutant layer over water. It is necessary
to consider a Reynolds lubrication theory to model the evolution of the thin film flow,
as we consider in the proposed model. In the second test, we simulate the problem of
a pollutant dispersion near the coast. In this test, we have studied the influence of the
friction coefficient on the amplitude of the coastal area affected by the pollutant.
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