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We show the incompressible Navier—Stokes—Maxwell system with solenoidal Ohm’s
law can be derived from the two-fluid incompressible Navier—Stokes—Maxwell system
when the momentum transfer coefficient tends to zero. The strategy is based on the
decay and dissipative properties of the electromagnetic field.
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1. Introduction
In this paper, we consider the asymptotic behaviour as ¢ tends to zero of the
solutions of the following two-fluid incompressible Navier—Stokes-Maxwell system:

1 1
Out +ut - Vut — pAut + 5 s(ut —u”) = =Vpt + =(cE+u' x B),
o€ €

1

_ _ _ _ _ 1 _
ou~ +u” - Vu~ — plAu —m(u*‘—u )=-Vp —g(cE—i—u x B),

1 1
z _ — —(uT —u
CatE V x B 2E(u u”),

1
EatB+VXE:0,

divut =0, divu~ =0, divE =0, divB =0
(NSM)
with the initial data

u(t, x)]i=0 = u™(2), u (t,2)|t=0 = v (),

E(t,z)|i—0 = E™(z), B(t,z)|i—0 = B™(z).
This system models the evolution of a charged plasma. The first two equations are
momentum equations. Here, ut, u™: R} x R3 — R3 are the velocities of the cations
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Convergence from 2-NSM to NSM-Ohm 1095

and anions, respectively. The scalar functions p™ and p~ represent pressures. The
constants u, ¢, and € > 0 represent the kinematic viscosity, speed of light, and
momentum transfer coefficient, respectively. The third equation is the Ampere—
Maxwell equation describing the evolution of the electric field E: R} x R3 — R3,
and the fourth equation is Faraday’s law for the magnetic field B: R x R? — R3.
For more details about the model, we refer to [1,6] and the references therein.

Defining u = (1/2)(ut +u~) and j = (1/2¢)(u™ —u™), the bulk velocity and
electrical current of the fluid, respectively, we rewrite system (NSM) in the following
equivalent form:

Outu-Vu+e®j - Vj— pAu=—Vp+jx B,

1
€20, + X (u-Vi+j-Vu) = 2plj+ —j = —Vp+cE+ux B,
1
EatE_v x B = —j, (1.1)

1
SOB+VxE=0,

divu =0, divj =0, divE =0, divB = 0.
It is easy to verify that system (1.1) obtains the following energy conservation law:

1d . . L.
5 gz lulze +€2l1Zz + 1ENZ= + 1BIZ2) + (I Vullze + [VillZ2) + llillzz = 0.

2dt
(1.2)

Hence, taking formally € — 0, one can obtain the following incompressible Navier—
Stokes—Maxwell system with solenoidal Ohm’s law:

Ou+u-Vu— pAu=—-Vp+j X B,

j=0(-Vp+cE+ux B),

1 .

1
~OB+V x E=0,

divy = 0, divj =0, divE =0, divB = 0.

The aim of this paper is to establish rigorously this asymptotic process and to show
that system (NSMO) can be derived from system (NSM).

Before stating our main results, let us recall some known results. For sys-
tem (NSM), Giga et al. [5] showed the existences of global weak solutions
for any initial data (v, u=® En BM) e (L2(R3))%. The authors also estab-
lished in [5] the local Kato-type solutions by using the fixed point argument
for (uti, u= Fn BM) ¢ HY/2(R?) x HY?(R?) x L*(R?) x L*(R?), and proved
these solutions to be global if the initial data are sufficiently small.
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For system (NSMO), though it enjoys the energy conservation law

1d

2 dt (
due to the hyperbolic nature of the Maxwell equations, how to pass the limit in
the nonlinear term j x B is unknown. Therefore, the global existence of Leray-
type weak solution remains a very challenging problem. As a consequence, the
convergence from system (NSM) to system (NSMO) as € tends to zero in the context
of weak solutions is also completely open. Nevertheless, if ¢ tends to zero and the
speed ¢ tends to infinity simultaneously by using the spectral properties of Maxwell’s
operator, Arsénio, Ibrahim and Masmoudi [1] established a rigorous asymptotic
result from the weak solutions of system (NSM) to the weak solutions of the viscous
incompressible magnetohydrodynamic system

ou+u-Vu— pAu=—-Vp+ (V x B) x B,

1,
[ullZ2 + B2 + 1BIZ2) + pllVaullz: + =517 =0,

8tB—lAB:V>< (u x B),
o
divu =0, divB = 0.

We find that there is another system, which is mathematically very much similar
to system (NSMO) and is also called an incompressible Navier—Stokes—Maxwell
system with solenoidal Ohm’s law in some literature. For its analytical studies, the
reader may refer to Masmoudi [9] for global strong solutions in two dimension,
Ibrahim and Keraani [7] for global mild solutions in two and three dimensions
with small initial data, and Greman, Ibrahim and Masmoudi [3] for a refined result
of globally small mild solutions. It is worthy to mention that the method used
in [3,7,9] can be directly applied to solve system (NSMO). Very recently, Jiang
and Luo [8] showed that system (NSMO) allows a unique global in time classical
solution for small initial data u'™ € H*(R?), E™, B ¢ H*"1(R?) with s > 2, by
employing the dissipation and decay properties of the electric field F and magnetic
field B.

In this paper, we provide an rigorous asymptotic result from the two-fluid system
(NSM) to system (NSMO) as € tends to zero in the context of strong solutions. The
trick in the proof is to derive enough uniform estimates with respect to € by applying
the decay and dissipation properties of the electromagnetic field. More specifically,
motivated by the work of Jiang and Luo [8], plugging the second equation into the
Ampere-Maxwell equation in system (1.1) yields

1

~-0iFE —V X B+ocE =0Vp—ouxB-+alJ,

c
with a decay term ocE, and here J = £20;j — e?ulj + e*(u - Vj + j - Vu). Taking
derivative with respect to t in the Faraday equation, one derives the following wave
equation:

1
—23“B—AB+U&,B:UV><(uxB)fUVXJ
c

with a damping term 00;B. We then establish uniform bounds with respect to e
for terms E, 0;B, VB, and especially £0,j.
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Now we state our main result as follows:

THEOREM 1.1 (Global well-posedness for (NSM)). Lets > 3 and 0 < € < 1. Assume
the initial data

(u ™ (2), uz™(2), BX(2), B(2)) € (H*(R))!
1s divergence-free. Furthermore, if the initial data satisfy
Huj’in”%s(ﬂ@) + ||U;’in||§is(R3) + HE;n”%-IS(H@) + ||Bén||izs(u§3) < Ko,

where ko > 0 is a small constant independent of €. Then system (NSM) allows a
unique global in time classical solution (uX (t,x), uZ (t,z), E-(t,x), Be(t,z)) such
that

ul, uZ € L®(R*Y; HS(R?) N L2(R*; H*H(R?)), and

E., B. € L>*(RT; H*(R?)).

Moreover, the energy inequality

u-‘r,in_’_u—,in 2 u+,in_u—,in
sup< e R R e RO AR F-X O]
t=0 Hs Hs
[e ] qu,in 4 u*,in 2 u+,in _ uf,in 2
_1’_/ (uHV52E(t) + 1 V%(ﬂ
0 Hs Hs
— 112
+ l u dt
o 2e 7
u+,irl+u—,irl 2 u+,in_u—,in 2 2 2
<= = e

holds.

REMARK 1.2. The main focus of theorem (1.1) is to obtain uniform H® energy
bounds with respect to €. The other properties of solutions such as long time
behaviour can be found in [4].

THEOREM 1.3 (Strong convergence from (NSM) to (NSMO)). Let s >3,0<e <1
and (ut, uz, E., B:) the global classical solution of the two-fluid system (NSM)
with initial data (uX(x), u="(x), E®(z), B®(z)) satisfies the assumptions in

theorem 1.1. Moreover, if

+,in —.,in
u, + u,
2

o Bé“> — (", B, B in (R, ase -0,

+,in _ ,,—,in
Ug U’

5 < O, for some constant C > 0 independent of e.
€

Hs=2(R3)
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Then, as e — 0,

U§r+ug_ . oo (Mp+. 17s—2 2m+. rrs—1
2 ) EE) BE %(U, E7 B) m (L (R 7H )mL (R 7H ))

+ -
UE 2 ug _)] Zn -[/2(]:R-'y-71¥'8—2)7
9

x (L®(RT Ho %),
where (u, E, B, j) is the global classical solution to system (NSMO) with initial data
(uin’ Ein7 B’L’n)

The organisation of this paper is as follows: in the next section, by utilising basic
energy estimates we establish the existence of global classical solutions to system
(NSM) with small initial data assumptions (see theorem 1.1). In § 3, as € tends
to zero, we prove the strong convergence of solutions (ue, j., Ee, Bc) of system
(NSM) to some (u, j, E, B), which is exactly the global classical solution to the limit
system (NSMO) (see theorem 1.3).

At the end of this section, we introduce some notations which will be frequently
used in the following text. We denote by | - ||z» the norm of the Lebesgue space
LP(R?) for simplicity, and denote by | - ||gs the norm of usual Sobolev spaces
H?*(R3) (s € N). We also define (,-) as the usual L2-inner product, and (-,-)y- as
the H*-inner product. The notation a = (ay, ag, az) € N? stands for a multi-index
with its length defined as |a| = Z?:l a;. Denote the multi-derivative operator V§ =
091022922, and we use the notation V* for |a| = k. We will use A < B to denote
the relation A < C'B for some positive constant C' > 0, which may be different on
different lines.

2. Proof of theorem 1.1

As mentioned in § 1, by defining the bulk velocity v = (u™ +u~)/2 and electrical
current j = (u™ — u7)/2¢, system (NSM) is equivalent to system (1.1). In the fol-
lowing text, we make estimates directly on system (1.1). For the sake of simplicity,
we drop the index ¢ of the solution (ue, je, Be, E:). The proof of theorem 1.1 can
be divided into three steps.

2.1. Step 1: a priori estimates for smooth solutions

PROPOSITION 2.1. Assume that (u, j, E, B) is a sufficiently smooth solution to sys-
tem (1.1) on the time interval [0,T) for some T > 0. Denote the energy function
and energy dissipation function as follows:

F(t) = llullzs + ledllze + 113 + I1BlI3-, (2.1)
2 .12 L. 2
G(t) = ullVullz + plleVillzs + il (2.2)

Then there exists a positive constant C = C(s, u,c,0) > 0, such that

S SR + Gl < CF () GA0) (2:3)
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Proof. Substituting the H® (s > 3) inner product in system (1.1) with (u, j, E, B),
we obtain

Ll + IVl = (- V)i — 2 - Viou) e + G x Boudire,

2dt
1d 1, . ) o
2dtl\éJlle + ulleVillFs + ;IIJHHS =—e*(u-Vj,j)u
—2(j - Vu, i) e + (B, j)ms + (ux B, j) g,
1d
E|%. = B.E)y: —cli.E
2dt” ||H C<v X ) >H C<j, >H
2dtHB”H5 = —c(VxE,B)g

Combining the above inequalities and using the cancellations
(VX B,Eygs —c(V x E,B)gs =0, and ¢(E,j)gs — ¢(j, E)gs =0,

we conclude that

1d , ) 1.
e B+ e e + 1B + 1B + el Vol + el + il

= —(u-Vu,u)gs —2(j-Vjuygs + (j x B,u)g
—€2<U' VJ7J>HS _52<j : vuaJ>H” + <U X Baj>H5

6
> I (2.4)

For the term I;, due to the divergence-free property of velocity field u, the
Holder inequality, the Sobolev inequalities || f||z3®s) S |||l 51 3y, and || f]|Lors) S
IV fll 2 sy, we can obtain

L =- Z(Vk(u - Vu) — uVV¥*u, VFu)
k=0

:—i > (Vuv'Vu, VFu)

k=1a+b=k,a>1

s
<D0 > IVrulles | VOVl s [Vl 2
k=1a+b=k,a>1

S

SO D IVullelVullgo | Vull e

k=1a+b=k,a>1
IVull g2 IVull s + IVullgs [ Vull gs-2) [ Vel -

S
S IVull g1 [IVul g

quHS 1.
Similar arguments lead to

I S (IVull e IVl s + IV ull V5 o= 1 Vil -1,
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and
L+ 1Ty =—2> ((VF(j- Vj) = j- VV*), VFu) + (VF(j - Vu) — j - VVFu, VFj))
k=0

S Vil IVl IVl o + Vil e [Vl e[Vl me-1)-
The above Is and I are estimated together through the summation I + I5 because

of the simple cancellation (j - VV¥j, V*u) 4 (j - VVF*u, V¥5) = 0 (since divj = 0).
For the last two terms I3 and Ig, from the cancellations

(VFj x B,VFu) + (VFu x B,V¥j) =0, k=0,1,...,s

we obtain

Is+1Is =Y (V*(j x B) = V*j x B,V*u) + (V¥(u x B) = V*u x B,V*j)
k=0
=1L + 1.
Applying the Holder inequality and Sobolev embedding inequalities H HR3) —
L3(R?), HY(R?) — L°(R3), and H?(R?) — L*°(R?), we derive that

S

II = (V*(j x B) = V*j x B,V*u)

= > (V% x V'B,V*u) + j x (VFB, VFu)
k=1 \a+b=k,a,b>1

S

> > IVl IV Bl eIV ul 2 + 1]l V¥ Bl 22 | VFul| 2
k=1 \a+b=k,a,b>1

N

S Do UVillaes + Il ) IV Bl s |Vl gy
k=1

S illas VB s [ Vul -

Similarly, we have

I, =Y (V¥(u x B) — V*u x B, V¥j)
k=1
S
S D _UIVullgs—s + ull o) IV B gre—1 [ V| -1
k=1

By splitting u into lower and higher frequencies and using Bernstein’s lemma (see
[2], p. 308), we found that

[ullzoe S llullze + [Vullee S [Vulle + [[Vullae S [Vull a2, (2.5)
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from which it follows that

13 S (IVull s + [|ull =) IV Bl o |V o
k=1

S Vullge

Plugging all the above inequalities into (2.4), and recalling the definitions of energy
and energy dissipation functions F'(t) and G(t), we conclude that

%%F(t) +G(t) < CF(1)/*G(1).

This completes the proof of proposition. O

Bllm-

s

2.2. Step 2: global existence for small data
Define the cut-off mollifier
Jpf = f_l(IB(o,k)(f)f(f))

with F~! the usual Fourier inverse transform. We consider the approximate system
of (1.1)

OpuF + T (JpuF - Vb)) + 2 Jp (Jig* - VIei*) — pAJpu®
= —Vp* + Jp(Jpj* x J.B¥),
1
e20uj% + 2 Jp(Jpuh - VIig* + Jij® - VIuk) — 2uAJig* + = Jij*
g
= —Vp* + eI B + Ji(Jpu® x JiBF),

1
E&E’“ —V x JyB¥ = —J,j*,

1
SOBM +V x SR =0,

dive* =0, divj* =0, divE* =0, divB* =0,
(ukin’jkin7 Ekin’ Bkm) — (Jkuin’ kain7 JkEin, JkBin).

The theory of ordinary differential equation ensures that there a maximal T% >
0 such that the approximate system has a unique solution (u*,j*, E* B¥) ¢
C([0,T%); H*)*. Observe that JZ=Jy. Then (Jyu®, Jpj*, JxE*, JyB*) also
solves this approximate system. Hence, uniqueness guarantees (u*,j* E* BF) =
(JpuF, Jpi®, JLE*, T, B*) and (u*, j*, E*, B¥) also solves

O + Jp(uF - Vuk) + 2T (5% - Vi) — pAuk = —Vp* + Ji.(j* x BF),

1
e20y5% + 2T (uF - VjF + jF - Vuk) — e2pAgh + =k
g
= —Vp* + cEF + J(uF x B),

1
SO -V x B =,

1
-0,B* +V x EF =0.
C
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Following exactly the lines of reasoning which led to the a priori energy estimate
(2.3), we find similar energy estimates for the above approximate system

%é%F*@)+—Gka)g(?Fk@)VQGk@L

where
EF(t) = luF)lFre + lled™ 1 Fe + 1 E" 13 + 1B* (|

. 1, .
DX () = pl| V't [5r + plleVi* il + 15" I

If the initial energy F(0) is small enough, for sufficient large k, we claim that
(u*, j*, E* B¥) exists globally in time. In fact, assume that CF(0)*/? < 1/8. The
relation limy o || Jk - [|gs = || - || g+ implies that there exists sufficiently large ko,
such that for all k > ko, CF*(0)'/2 < 1/4. Define

X 1
T, =supit>0; sup C’Fk(ﬁ)l/2 <=5
7€(0,t] 2
If Ty, is finite, then for all ¢ € [0, Tk],
Speey 1 ety <o
dt X )
from which it follows:
T
sup FR(t) + GF(t)dt < F*(0).
t€[0,T] 0
This means
1
sup CF*(1)Y/2 < CF*(0)Y/? < 7

te]0,T%]
By the continuity of F*(t), there exists a t**, such that

1
sup  CFF)Y2 < <,
T€[0, Tk +t%*]

[\)

which contradicts the definition of 7). Hence, we derive that T} = oo. This implies

sup F*(t) + /OO G*(t)dt < F(0).
0

t>0

This uniform bound together with standard compactness arguments then finds the
existence of a global solution (u, j) € L= (R*; H*(R?)) N L?(R*; H*TY(R?)), (E, B) €
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L*°(R*; H*(R3)) to system (1.1) satisfying

sup (lullrs + ledllre + 1Bl + 1Bl

> , L.
[ vl + eVl + )
0

<™z + led™ s + 1E™ e + 1B | e (2.6)

Using system (1.1), we show that (us, ji, By, By) € L?*(R?, H*~1(R3)). Consequently,
we deduce that for all T' > 0, (u, j, E, B) € C([0,T]; H*~1(R?)).

2.3. Step 3: uniqueness

Suppose that (u;, ji, By, B;) (i = 1,2)
(uiy jis Bi, Bi) € L0, T); H*(R*)) N C([0, T]; H* 1 (R?)) (2.7)

are two solutions of system (1.1) with the same initial data. It is obvious that the
difference (uy — ug,j1 — jo, F1 — E2, By — Bs) satisfies

at(ul — UQ) +ug - V(u1 - UQ) + (Ul - U2) - Vs
+&2(j1- V(1 — j2) + (1 — j2) - Via2) — pA(ug — ug)
= —V(p1 —p2) +j1 X (B1 — B2) + (j1 — j2) X Ba,
€20, (j1 — j2) + €%(ur - V(j1 — j2) + (u1 — u2) - Vjo 4 j1 - V(ug — us)
+(j1 — jo) - u2) — €2 pA(j1 — j2) + L(j1 — ja)
= —V(p1 — D2) + c¢(Er — E2) +uy x (B1 — Ba2) + (w1 — u2) X Ba, (2.8)
1 . .
;3t(E1 — Ey) =V x (By — B2) = —(j1 — j2)»

1
Eat(Bl — By) +V x (Ey — E») =0,

div(u1 — ’ZLQ) = le(]l - ]2) = le(El - EQ) = le(Bl - Bg) =0.
Define

F(t) = ll(ur —u2)llf2 + le(ir — g2)lIZ2 + [|(Br — B2)[[72 + |(By — B2)l 72,

= . . .
G(t) = pllV(w —uo)l72 + plleV (51 = o) 172 + ~llir = j2ll7-
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Substituting the L? inner product in system (2.8) with (u; — ug,j1 — jo, By —
EQ, B1 - Bg), we derive

1d -

§&F(t) +G(t)

=—{(uy - V(ug —u2),u; —ug)r2 — ((ug —usg) - Vug,ug — ug) e
—&2(j1- V(j1 — ja), ur — ug) 2 — €%((j2 — j1) - Vo, ur — ug) e
+ (j1 x (B1 — Ba),u1 — ug)r2 + ((j1 — j2) X B2, us —ua)p>
— X (ur - V(i1 = jo)s i = Ja) 2 — €2 {(ur — uz2) - Vja), i — j2) 12
—&2(j1 - V(ur — u2), j1 — ja) 2 — €((j1 — j2) - Vua, j1 — ja) 12
+ (w1 x (B1 — Ba), j1 — j2)r2 + ((u1 — u2) X Ba,j1 — jo)r2
12

=Y II. (2.9)

i=1

Due to the divergence-free property of u and j, we obtain I1y = [I; = 1I3+ [1g =
0. Tt is easy to check that Il + 115 = 0. Applying the Holder inequality, we derive

Lo + Iy + g + o S ([[Vusllze + [[eVi2ll o) (lur — ugl|72 + le(in — G2)lI72)
S ([Vuz|[pe + eVl <) F(t),
115 S gl 1By = Ball 2 [lur — wallz2 S |l1llp=F(t),
Iy S [lual[ze || By = Ba|lz2]ld1 — jallre

S |l F(1)2G ()2,
Applying the Young inequality to control G(¢)*/? by G(t), we conclude that
d _ _
S0 +G() S Mi2(t)F(t)
with

My (t) = || Vuglle + eViallzee + |71l + [luallFoe-

Assumption (2.7) guarantees that Mis € L'[0,T](recall s > 3, H*~! < L*). By
applying Gronwall’s lemma, we derive

T
sup F(T)+ [ G(r)dr < F(0)elo M — ¢,
o<t<T 0

As a consequence, we obtain the uniqueness.
Going back to the relation v = (u™ +u7)/2 and j = (ut —u~)/2e, completes
the whole proof of theorem 1.1.

3. Proof of theorem 1.3

The proof of theorem 1.3 can be divided into three steps.
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3.1. Step 1: uniform bounds

First, according to the above section, under the initial assumption of theorem
1.3, for every 0 <e <1, system (1.1) allows a unique global classical solution
(te, Je, E-, Be), uniformly bounded with respect to € as in (2.6). In the following,
we obtain more uniform estimates.

3.1.1. Further bounds for electric and magnetic fields The divergence-free condition
of the magnetic field B yields

V x (V x B)=—-AB.
we then derive from system (1.1) that

1
-OFE -V X B+ocE =0Vp—ouxDB+olJ,
c

1
SOB+V xE=0, (3.1)
c
1
78ttB—AB+UatB:UV X (U X B) — oV x J.
c
with J = 20,5 — e2ulj + e%(u - Vj + j - Vu). Substituting the H*~! inner product

in the first and second equations of system (3.1) with (E, B) and the H*~2 product
in the third equation with 9;B, we obtain

35t (SIB s+ LU+ 1051
+ ||VB|%152) + oc||E|3e-1 + 0]|0:B|3.-2

=o0(—(uxB)+ J,E)gs—1 +0(V X (ux B) =V X J,0,B) js—2

< O x B o + 1) + 50el Blpos + 5010 B3 (32)

Next, substituting the H*~2-inner product with B in the third equation of (3.1)

yields
d 1 1 od
767<atB7B>H5*2 - 0*2||3tB||stf2 +[IVBI3.— + §£||B||i1sf2
=0(VXx(uxB)=V xJ B)ys—2
=o0((ux B)—J,V X B)pgs-—2
2 2 1 2
S Clux Bligrs— + 1 13e-1) + 51IVBFa—- (3-3)
Notice that
1
(OB, B) s = 5 (108 + B3 s — 0B s — B3 ). (34)
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The right-hand term ||u x B||gs-1 can be controlled as follows:

s—1

lux Bl <Y > IV ux VB2 + |lu x VFB]| 2
k=0 \a+b=k,a>1

s—1

<21 > IVeulle | VPBlls + llull = | V* Bl 2

k=0 \a+b=k,a>1

S IVullge-1 1Bl -1, (3-5)

where we have used the Sobolev inequalities || f|| s ms) S ||f]|#1 (r3) and I fllLemsy S
IV fllz2(msy, and the inequality (2.5) with s —12>2. Since H*~' is a Banach
algebra, the right-hand term ||J||gs—1 is estimated by

120011 1o + 121l e + 162w - V5 + 5 - V) s
€204l o1 + Ce(leVillae + e €V sro-
+ledllgs=1 | Vul gs-1). (3.6)

For some constant § > 0, by plugging the relation (3.4) and inequalities (3.5) and
(3.6) into (3.2)+6x%(3.3), we have

d|1 1-—
| 1B s 218 8 (0= ) IBcs + 5 IOuB

)
+ IVB||3.-2 + C—2||8tB + Blquz]
9 20
+ 0| Eles + (0 = 25 ) 10:B1ye-s + 81 VBl
Cl 240 .12
< IH& 01j 7751 + Cha(2), (3.7)
where C is a constant depending only on s, ¢, o, and pu, the function

hi(t) = (elleVillas + ellull e 1Vl + elleill - [Vl e
+[IVull g1 || Bl pre-1)?

is uniformly bounded in L!(RT) according to the energy bound (2.6). We can choose
6> 0 small enough such that 0<§ < & min{oc?/2,¢,1} € (0,1) to guarantee
coefficients in (3.7) are positive.

Next, in order to bound the term €20, substituting the H*~'-inner product of
the second and third equations in system (1.1) with €295 and €2, respectively, we
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deduce that

dt
= _<52(u : v] +.7 : vu),szatj>HS_1 + <U X Bagzatj>H5_1v (39)

d (p . 1. . . .
G (BI85 + e ledlBns ) = (B0} s + 120 (9

and
—{cHE, e%j) o1 = —c2(V x B,%j) g1 + *||7|36-1- (3.10)
We derive H*™! (s —1 > 2) is a Banach algebra such that
—(e2(u-Vj+j-Vu),e®dj) g

S @l =2 Vil mre-s + €23l a1 [ Vullzo-1) €00 | 11+

< CEullfys - leVillzre—s +lleglzre— I Vullfres) + i\\fr”)atjlﬁ{s—»
The inequality (3.5) yields

(B2 rr < OVl |BlFyms + 71200 e

For the right-hand term of (3.10), direct computations yield

s—1

—*e*(V X B, j) a1 = —0252< (VEB,V*V x j) +(V x B,j)>

k=1
s—1
< (AP Blus 1949 il + 19 x Bloslils:
k=1

S VB2 (195l + 1l
) . .
< e IVBl-a + C eV s + Ol

Combining all the above inequalities yields

d [ . 1, . . 1 .
G (B12V3B0ms + oledlcs = (B i ) + 500 B

0
< — 2. .
abTe |IVB|7:—2 + Cha(t), (3.11)

where

ha(t) = €2 [lullFra- €V ill3r—r + 2 llejllram [Vl Fram + [Vl Frama [|BlI
+e[eVill G + (€ + )il 7

is uniformly bounded in L*(R") according to the energy bound (2.6).
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Finally, (3.7)4(3.11)xC} enables us to obtain

20

d 0
( )+0‘C||E||Hé 1+ < 2> ||atB||§{572 + §HVBH§1572

dt
+ Zlus?atjnzs,l < Chy(t) + Cha(t), (3.12)

with

1
H(0) = MBI+ 1B 1+6(a—) B »
1-0 2 2 2
+ 221083 s + VB + 5108 + Bl

1 . Ci, . )
+ ST+ el — ol )|

If € is small enough, —Cy(cE,e?j)ys-1 can be controlled by (1/c)|E|%.-. +
(C1/20)|lej||3 .-, this implies H(t) is a positive function. Integrating (3.12) in
time, using system (1.1) and using the energy bound (2.6) again, we conclude that

/0 B s + 9Bl + IV Bl + 200 .- )dt

</ T t) + ho(t)) dt + H(O)

Cllu™llare, led™ s, |1 E™ =, | B™ | ) (3.13)

3.1.2. Uniform estimates for the time derivative of current Note that

1 1
<j —cE —u x B,@tj>
o o

1 1
<chu><B,8tjc@tEatuxBuxatB>
o o

HS—2

Hs—2

1
+<j—cE—uxB,c@tE+8tuxB+u><8tB>
o Hs—2

2
—j—cE—-—uxB

i s

1
+<j—cE—uxB,c@tE+8tuxB+u><3tB>
o Hs—2
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Substituting the H*~2?-inner product in the second equation in system (1.1) with
(1/0)0:j, and using the above equality, we deduce that

2

1d (p 12 1.
e vt ||2j—cE—uxB
2dt(g”erHH 2+Haj c U X

1 .
) + ;||€5tj||%1572

HS—Z

1
=- <62(u )+ V), Uatj>

Hs—2

1
<jchxB,cﬁtE+5‘tuxB+uX5tB>
o Hs—2

We now estimate the right-hand side terms by using the energy bounds (2.6) and
(3.13). First, using again H*® as an algebra yields

L 1, . ) ) 1 )
— (52(u -Vj+7-Vu), ;at]>Hs—2 <|(u-eVji+ej- VU)HHS—2H;€&5]HHS_2

< C(flullF

eVillEe + lledllz

1 .
Vulle) + o 0 s
1 .
£ Oh31(t) + %"5875.7“12115*2
with h31(t) € L'(R*). By virtue of (3.5), we obtain

1. .
HJ—CE—uxBH Sldllgs—2 + || Bl gs-2
ag Hs—2

+ [Vl Bl 2 hoat) € L*(RY),

For || fgl| grs—2, we calculate as follows:

s—2 s—2
gl <D D IVux VB2 <) IV eul| <[ V* B 2
k=0 a+b=k k=0 a+b=k

s—2
<Y IVl gl S Il

k=0 a+b=k

9ll gz (3.14)

Consequently, we derive that
||CatE + atu x B +u X atB”Hs—Q S ||atE||Hs—2 + ||at/LLHHs—2||BHHs
+ [[ul| g+ | 0¢ Bl gra—2 £ has(t).
Note that

10cE |2 SV X Bllga-2 + ljll -2 S VBl a2 + ||l

10l o2 S Ml [Vl ae + lledll e leVillas + [ Vullas + {71 1Bl e
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It follows that hs33(t) € L?(RT). Finally, we conclude that

2

d [p 112 L.
% (U”EVJHHS2+HU]—CE—U><B

1
e .
>+ ~eBug s

HS—2
< hs1(t) + haa(t)hss ()
with hgy () + haa2(t)hs3(t) uniformly bounded in L!(RT). Hence, integrating in time

yields

[0t S [ a0 + haa(o)hss (1)
0 0
-in (|2 1 -in in in in(2
(VG s 125 = eB™ — ul® x B

< C(llu™ =, [E™ e, 1B e 1™ re-2)- - (3.15)

leg™ [+

Hence, under the initial assumption for the electric current

X +,in _ ,,—,in
G | L
2e Hs—2(R3)

(for some constant C' > 0 independent of €) in theorem 1.3, [ [ledj 3. is also
uniformly bounded.

In summary, under the assumption of theorem 1.3, for sufficiently small e, system
(1.1) allows a unique global classical solution (u., je, Ee, B:), which is uniformly
bounded with respect to € in the following sense, by combining inequalities (2.6),
(3.13), and (3.15):

sup (lueliZrs + llegellzrs + I1BelZre + 1 Belle)

e}
. 1.
+/0 (I VuellZr: + pleVieltr + el + 1 Bellfe-s + 10:Bel3e-

+IVBe|fre-2 + 1€200e -1 + ll€dije |72 ) dt
< Cllug e, Nlegd e, 1EE e 1B e, 152 | rre-2)- (3.16)

3.2. Step 2: convergence of the sequence

According to the uniform bound (3.16) obtained in Step 1, we have the following
proposition.

PROPOSITION 3.1. Under the assumption of theorem 1.8, as e — 0, (uc, je, Fe, Be)
is a Cauchy sequence (by extracting a subsequence arbitrarily) in the spaces

(L®°(RY; H=2) N LA(RY; H571)) x L2(RT; H72) x (L®°(R*; H*72))2.
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Proof. In fact, for 0 < e,n < 1, the difference between the two solutions (us —
U, Je — Jn, Ee — Ey, B — By) satisfies

O¢(ue — uy) — pA(ue — uy) + (ue — uy) - Ve + tyy - V(ue — uy)
= —V(pg _pn) + (Je — Jn) X Be + jy X (B: — Bn) - 52,78 -Vje + ngn Vi,

1, . . _ -
—(Je = Jn) = =V (Pe — Py) + c(Ee — Ey) + (ue —uy) x B

+uy X (B = By) — Jo + Jy,

1 . .
Eat(EE - En) -V x (Bs - Bn) = *(]s 7.]7])7

1
Eat(BE - B,)+V x(E.—-E,) =0,

div(ue —uy) =0, div(je — jy) =0, div(E. — E;)) =0, div(B. — B,) =0,

where J; = i20,j; — i2ulj; + i (u; - Vi; + ji - V), i =¢e,1.
Substituting the H* %-inner product with (u. — uy, je — jn, B — Ey, B — By),
we have
—[lue — un||%ls,2 + |V (ue — un)”%{k?
= —((ue —up) - Vue + uy - V(ue — up), ue — up) grs—2 + ((Je — Jn) ¥ Be
+j77 X (Bs - Bn)aue - Un>HS*2 + <_52j€ -Vje + 772j77 : vjm“e - un>HS*27
and
1d 1, . .
*E(HEE - EnH%{s*Z + ”Bs - BnH%{S*Z) + ;HJE - ]77”315*2
= ((ue — uy) X Be +uy X (Be — By), je — Jn)ms—2 + (—Je + Iy, Je — Jn) -2

where we have used cancellations

C<Es - Enyjs - jn>HS*2 - C<js - j777 E, — En>H5*2 =0,
<V X (BE — Bﬂ)? E. — En>Hsfz — <V X (EE — En), B, — Bn>Hs—2 =0.

Next, we bind the right-hand side terms. By applying the Holder inequality and
Sobolev inequalities H!(R3) — L3(R3) and H'(R3) — L5(R3), we have

— ((ue — up) - Ve, ue — Uyp) gs—2

s—2
<D0 D IV e = ug)lles [V (Vi) [ 23] V* (e = )| 2

k=0 a+b=k

<Z Y IV (e = wy) e [ Vel o [V (e = wg)l22
k=0 a+b=Fk

SV (ue — un)”HS*2 Vel gro-1 |lue — unHHS*2

1
< Ol Vel fe-illue = w32 + EMHV(UE — )| Fe-z-
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Similarly, we obtain

<j77 X (Be - Bn),ua - un)HS*Z
s—2

<D0 D IVl (Be = By) e lIVF (e — wy) 1o
k=0 a+b=k

< Wil 1Bz = Bylge- 19 — )12

< Clljal 2B = By) s + 10l Vo — ) e,
(—€%je - Vi, ue — up) pre—2

S ellicllie 1169 el o2 19t — ) 1252

< O elle Ve gema + 75 IV e = ) e,
(0% - Vi, e = wn) o>

< O3y Il 35 19 ot = ) 3o

Recall the equality (2.5) with s — 1 > 2. By direct computations, we then derive
that

(unx(Be — By), je — jn)ms—2 = (uy X (B: — By), (Je — jn))

s—2
+ < > Vou, x VU(B. = B,) +uy x V¥(B: = By), V¥ (je —j,,)>
k=1 \a+b=k,b#k

< gl 2o [(Be = Byl sl (e — gn)ll 2
5—2
30 D IViulles VO (Be = Bo)lls + lugll oo V(B = By)|l 12
k=1 \a+b=1,bk
X IV (e = Gin) |2
S IVunllgs=1|Be = Byllrs-2lle = Jnllrs-2
< Ol Vuyll3ro1Be = Byl + Zllde = dullfye—s-
Similar arguments lead to
(g - V(e — Up), Ue — Uy) pra—2
SVl a1V (ue = up) | a2 [ue — upll -2
< Ol 3ot = s + 55V e = ) e
Next, from the cancellation
(V*(je — Jn) % B., V*(u. — up))
+ (VF(ue —up) x Bo,V*(je — jy)) =0,k =0,1...,m — 1,
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we derive that
((Je *jn) X Be,u, — un>H5*2 + ((ue — Un) X Be, je *jn>HS*2

= ((V(Je = dn) X V°Be, V¥ (ue = up))

+ IV (e =yl 22 IV Be |l 26 V" (e = dn)llz2)

S [ (ue — un)HHS—2||VBE||HS—2||jE _jnHHS—2

O/ .
< CIVBe3e-lue = unllfro—2 + Zl1Ge = dn)l7rs—2-

Finally, the Holder inequality leads to the fact that

) . o .
(=Je + Iy de = Doz < CUEllromz + [Ty lFge2) + Gl =l

Direct calculations yield

| Tl rs—2 = [|i204s — 2 udNj; + i (w; - Vi + fi - Vi) o2
< Ci([li0gillge—2 + 11V il s + [Jwill ms

iV e
+ ligillms [Vuillgs), i=e,n.

Combining all the above inequalities, we obtain

d
a(”us - un||%{s,2 + || Ee — EnH%IS*2 + || B: — Bn”%{ﬂﬂ)

+ IV (e = ) e+ e = Gl
< Cor(0)([lue — ulfyes + (B = By)lya2) + Caa),
where
91(8) = Ve gams Ll + 1903 + IV Bel s,

92(6) = D il [iV5illFe-2 + 100eill -2 + 11Vl 77

i=e,m

+ Nl Fr 1655 17 + Nigall7e | Vsl 7o)

According to the uniform bounds (3.16), we show that

| otar<c ad [ god<cE )
0 0
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The Gronwall inequality then yields

sup((fue — tplfge—s + 1B = Eyl3yes + [|Be = Byll3-»)

o0
1. .
[ 9 e = s+ 2l = s
< C(luf = upFreme + | EP = Bl e + IBE = By ll3e—2 + % + %),
This completes the proof of proposition 3.1. g

3.3. Step 3: passing to the limit
Let (u, j, B, E) be the limit of Cauchy sequence (ue, je, Be, E.) in space

(L®(RY; H ) N LA(RY; HY) x LR H72) x (LR H2))2.

In system (1.1), we show terms with coefficient £? converging to zero in some sense.
In fact, as € — 0, according to uniform estimate (3.16)
e \lje - Viellrz@sme—1) S elljell Leesra—1)lleViel oo et mra-1)
S elljell 2w+ o) ll€dell Lo e+ 5y — 0,

€2||atj6||L2(]R+;HS*2) ‘C:HsatjEHLQ(RJr;HS*?) — ()7

NN

|| pAde || L2t sme-1y < eplleViell L2 @esmey — 0,

e |lue - ViellL2@e iy S elltiell Lo mesmo) 1€ Vie |l L2t iaey) — 0,

EQHjE : VU€||L2(]R+;HS) S 5|U5||L°°(]R+;Hs) 5VU5||L2(R+;HS) — 0.

Next, in order to pass the limit in system (1.1) for the other nonlinear terms, we
establish the following product law:

s—3 s—3
IFgllzre—s <D D7 IViux VBl < Y IV ullz2| VBl s

k=0 a+b=Fk k=0 a+b=Fk
s—3

< S IV s IVl S e gl e (318)
k=0 a+b=k

Together with the convergence result—proposition 3.1, we derive

lje X Be — j X Bllr2m+;m-3)
< | Ge = J) X Bellpeme;me—3) + 17 X (Be — B)l| L2 m+;m55-3)
S e = dllz @ me—2) | Bell oo ;15 -2) + 1]l 2+ mo-2) | Be — BllLoo (r+;15-2)
S e = dllez @+ me—2) | Bell oo w15y + Gl L2+ i) | Be — Bl oo (vt 1r5-2)

— 0,as ¢ — 0.
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Similarly

H’U,E X BE —u X BHLOC(R+;H573)

S e = wll oo msms—2) | Bell oo (mt 50 -2)

+ ||u||Loo(R+;Hs—2) ||BE — B||L00(R+;Hs—2)

S lue — ull oo mt; ms-2) [| Be || oo (Rt m5) + |l oo (et 19) [| Be — Bl oo (5 -2)

— 0,as € — 0,

|te - Vue —u - Vul p2mt;me-1)

S e = ull poo mtsms—2) Juell L2 w12y

+ ||/U/||LOQ(R+;H572)||VUAE — VUHLz(RJr;Hsfz)

< ue — u||Loo(R+;Hs—2)||u€||L2(]R+;Hs) + ||u||Loo(R+;Hs) |Vu, — VUHLZ(R+;HS—2)

— 0,as ¢ — 0.

Finally, on passing the limit in system (1.1), we conclude (u, j, B, E) is indeed a
solution to (NSMO). This completes the whole proof of theorem 1.3.
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