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Complex linear differential equations with
solutions in weighted Dirichlet spaces and
derivative Hardy spaces

Qingze Lin® and Huayou Xie

Abstract. In this article, by the use of nth derivative characterization, we obtain several some sufficient
conditions for all solutions of the complex linear differential equation

F 4 A1 (2) O 4+ A2 f + Ao(2) f = Au(2)

to lie in weighted Dirichlet spaces and derivative Hardy spaces, respectively, where A;(z)(i =
0,1,...,n) are analytic functions defined in the unit disc. This work continues the lines of the
investigations by Heittokangas, et al. for growth estimates about the solutions of the above equation.

1 Introduction

Denote by D) the open unit disc in the complex plane and by 0D = {z : |z| = 1} the unit
circle. Define H(ID) as the space of all analytic functions on .
In 1982, the complex second-order equation

f"+A(z)f =0,

where A(z) € H(D), was investigated by Pommerenke [37]. By means of Carleson
measures, he showed some sufficient conditions on the analytic function A(z) such
that all solutions of the above equation lie in Hardy spaces. Later on, complex linear
differential equations of second and even higher orders on the unit disc attracted the
attention of many scholars. In 2000, Heittokangas [19] investigated the growth of the
solutions of the equation

(11) F 4 A, 1(2) O 4+ A(2) [+ Ag(2) f = An(2)

where n > 2. He wished to find some sufficient conditions for the coefficients
Ai(2)(i=0,1,...,n) such that all solutions of the (1.1) lie in some function
spaces (i.e., weighted Hardy spaces, Bloch type spaces and general function spaces
F(p,q,s)). In [25], two sufficient conditions for all solutions of (1.1) to lie in growth
spaces Hy” were presented by Huusko et al. Recall that for 0 < & < oo, Hy® is the space
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2 Q. Lin and H. Xie

consisting of all functions f € H(ID) such that
| £l = sup |f(2)|(1 - [2*)* < co.
zeD

Recently, (1.1) had been extensively studied in some other function spaces, such as
weighted Fock spaces [24], Morrey spaces [39] and Dirichlet-Morrey spaces [40].
In particular, for the case of A, (z) = 0, a lot of works had been done by a number
of researchers. For instance, by means of sharp estimates of logarithmic derivatives,
Gundersen-Steinbart-Wang [17] showed that every solution f of the linear differen-
tial equation

FP 4 pua@f "D w4 pi(D) f + po(2)f =0

where p;(z) are polynomials and p, # 0, is entire of finite rational order. The related
problems in the unit disc were later considered by Chyzhykov et al. [5]. Indeed, they
investigated the impact of the increasing in coefficients on the growth of solutions of
the equation

(12) FM 4 A, (2) fD 4+ A(2) f + Ao(2)f = 0.

Later on, Korhonen and Réttya [26] continued the work of Chyzhykov et al. to show
a precise estimate for the growth of solutions of the (1.2). In [21], Heittokangas et al.
studied the growth relation between the coeflicients and the solutions of the (1.2) in
weighted Bergman or Hardy spaces. Indeed, they show that when the coefficients
in the (1.2) belong to weighted Bergman or Hardy spaces, then all solutions are of
some finite orders of growth, measured according to the Nevanlinna characteristic.
For more related results, we refer the readers to [4, 15, 20, 27, 28, 42].

In this article, motivated by the above works, we are interested in studying the
sufficient conditions for all solutions of the (1.1) to lie in derivative Hardy spaces and
weighted Dirichlet spaces. Now, let’s recall their definitions.

Definition 1.1.  Let 0 < p < oo. The derivative Hardy space S? is a proper subspace
of Hardy space H* and consists of f € H(D) satisfying

o ‘ 1/p
f |f’(re’6)|1’d0) < o0,
0

In particular, for any f(z) = Yyey asz”" € H(D), it holds that | f[3, = |f(0)[* +
> n*la,|*. In 1978, Roan [38] started on the investigations for the boundedness
of composition operators on derivative Hardy spaces. Related problems were also
investigated by MacCluer [35]. After their works, Contreras and Hernandez-Diaz [6]
made a systematic work on the boundedness, compactness, complete continuity, and
weak compactness of weighted composition operators on derivative Hardy spaces.
Recently, Lin, et al. [32] showed the boundedness of Volterra type operators on
derivative Hardy spaces. Other intriguing issues about derivative Hardy spaces have
been studied, including linear isometries [36], invariant subspace problems [7, 8, 29,
32], order boundedness of weighted composition operators [31, 33] and so forth. For

[£lse = (LI + £ 1) = ('f(O)I" + sup

1
0<r<1 2T
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more results about the derivative Hardy spaces, we refer the readers to 2, 9, 16, 18, 22,
23] and the references therein.

For 0 < p < oo and —1 < a < oo, the weighted Bergman space A%, consists of all f €
H(D) such that

71y = [ 1F )P daa(w) < oo

where dA(w) = (1/m)dxdy is the normalized Lebesgue area measure on D and
dAs(w) = (1+a)(1-|w*)*dA(w) is the weighted Lebesgue measure (See [10] or
[43] for more information about Bergman spaces).

Definition 1.2. For 0 < p < oo and —1< & < oo, the weighted Dirichlet space D}
consists of all f € H(ID) such that

1/
g = (VO + [ 1 on)Pdaam) <o

It is obvious that for any f € H(D), f € D ifand only if f' € AL. When p < & +1,
the weighted Dirichlet space D% coincides with the weighted Bergman space Af_ »

with equivalent norms. If p > a + 2, the weighted Dirichlet space DP is contained in
the essentially bounded space H* (see [41, Theorem 4.2]).

In 1999, Wu [41] gave the Carleson measure characterization for the weighted
Dirichlet space D when p > a + 1. In addition, he provided a sufficient and necessary
condition, in terms of Carleson measures, for boundedness of multiplication opera-
tors on such weighted Dirichlet spaces. Related studies also appeared in the work of
Arcozzi-Rochberg-Sawyer [3]. Continuing their researches, Girela and Peldez [12]
obtained complete characterizations, in terms of Carleson measures, of conditions
that enable the weighted Dirichlet spaces D% to be embedded into the Lebesgue
spaces L1(dy) for g > p > 0, where dy is a positive Borel measure on . Later, the
characterizations of boundedness and compactness of multiplication operators and
some integration operators on weighted Dirichlet spaces were obtained in [11, 30].
See [13] and [14] for related studies about weighted Dirichlet spaces.

Now, we state our main results. Theorems 1.1 and 1.2 show two sufficient conditions
for all solutions of the (1.1) to lie in weighted Dirichlet spaces. Theorems 1.3 and 1.4
show two sufficient conditions for all solutions of the (1.1) to lie in derivative Hardy
spaces.

Theorem 1.1.  Let 0 < p < co and a > —1. Let n be a positive integer and A; € H(D),
i=0,1,...,n Assume that the following statements hold:

& En z

Ci =

n(&nr)dény .. dé dA(Z)<°°

P

n-1 Alm—k
[ > f /& /“'Zk;_mijﬁ' it a5 ar)
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and
P
f]D) (/oz /ofl : "fo " Mﬂr‘lﬁ’dfnfl ces dfl) dAq(2),
Fp<a+a; (1-[&n-1[?)
P
Cs = ]]D) (foz jofl . fo n—2 |A0(5n 1)| (logl €. ) dfn 1- fl) dAa(Z),
ifp=a+2;
Jo (J5 S35 S Ao (Gl - dE ) dda(2),
ifp>a+2.

are two positive constants satisfying C, + C3 < 1/d, where d > 0 is sufficiently large and
is only related to n, p. Then all solutions of the (1.1) lie in DE.

Theorem 1.2. Let 0 < p < co and a > —1. Let n be a positive integer and A; € H(D),
i=0,1,...,n Assume that the following statements hold:

Kit= [1A@P (- |R)" P dA(2) < oo,

JplAo(2)P(1=[2[*)P" 472 d Au(2), ifp<a+2
-1
K=y [olao(@P (- [z ? (log 2p ) dAa(2), ifp=a+2
JolAc(@)P (1= |2])P"PdAy(2), ifp>a+2,
and
n—1
Ksi= 3 [Ailfe
i=1

are two positive constants satisfying K, + Kz < 1/c, where ¢ > 0 is sufficiently large and
is only related to n, p. Then all solutions of the (1.1) lie in DY,

Theorem 1.3. Let 0 < p<oo. Let n be a positive integer and A; € H(D), i=
0,1,...,n. Assume that thefollowing statements hold:
p

2n &
C] = sup 7[ / f f n(fn_l)dfn_l...dé‘]’ do < 0,
0<r<1 270
p

27 [ n-1 & Enar | ke A(m g (Em)‘
C, _083215[ [ [ f k11_|fm| )l/p dé,,...d& | d6

and
re'? Ao ()| g
sup0<r<1 271[ ( 0 fol' fo i $d5n 1- zI‘l) d8>
(1-Ea?) P
Cs = sz<p<1
sup0<r<1 27-[ 0 > (fre fo l . 'foEn_z |A0(5n—1)|p d'fn—l ) d'fl) d@
if1< p < oo.
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are two positive constants satisfying C, + C3 < 1/d, where d > 0 is sufficiently large and
is only related to n, p. Then all solutions of the (1.1) lie in S?.

Theorem 1.4. Let 0<p<oo. Let n be a positive integer and A; e HD), i=
0,1,...,n. Assume that the following statements hold:

K [ ([ A@Ra- 0@ dm( < oo

Ko Jow (Jse A0 (2)P(1 - |z|2)2<"-1-%>dA(z))P/ Ydm(E), if0<p<l;
Joo (Joo 1A0@ P =Py 1dA(2)) " am(®),  if1<p<oo,

and

n-1 i 1 p/2
ko= S {1adfe, [ ( [ m@Pa- PP Paa) anco)
P wi” Jap \Js(#)
are two positive constants satisfying K, + Kz < 1/c, where ¢ > 0 is sufficiently large and
is only related to n, p. Then all solutions of the (1.1) lie in S?.

The structure of this article is organized as follows.

In Section 2, we collect some preliminary lemmas that will be used throughout the
article. In Section 3, we prove our main results.

Throughout this article, for any two positive functions f(x) and g(x), we write
f 5 gif f < cgholds, where ¢ is a positive constant independent of the variable x. We

« »

write f ~ g whenever f < ¢ < f. Moreover, the value of “c” may vary from line to line
but will remain independent of the main variables.

2 Preliminaries

First, we need the following two lemmas, which will be used frequently later.

Lemma 2.1. [9] Suppose that N is a positive integer and b, >0 for n=1,2,...,N.
Then

N PN
(an) <Y bh 0<p<l1
n=1 n=1

and
N r N
(Zb,,) SNP_I(Zbﬁ),1§p<oo.
n=1 n=1
Lemma 2.2. [43, Theorem 4.28]  Suppose p >0, « > -1, n > 0, and f € H(D). Then

e > ZIFO@P + [P0 ) dau(o).

Moreover, we need to use the following equivalent norms of H?:
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Lemma 2.3. [1,p.125]  Suppose 0 < p < oo and f € HP. Then
n-1 p/2
P @ (0)|? (1) (\[12(1 _ |,]2)\2n—2
e SUOOF [ ([ VO @PA- 1) 2aA)) dm(@)

Next, the growth estimates of elements in S” and DY, are given in the following two
lemmas, respectively.

Lemma 2.4. (see [32, 33]) If1< p < oo, then for any f € SP, it holds that |f(z)| <
7| fllse, zeD.IfO < p <1, then for any f € SP,

I fse
< s
If(2)| s (EEDIEE VzeD.
Lemma 2.5.[41]] LetO<p<ooanda>-1If f e DE . then

11 5
O |f(2)s 72%271,, whenever p < a +2;
—|z]2
)"

@ 1f(2)] s (logiZz) " Iflng whenever p=a+2;
B) 1f(@)|< | fllpe, whenever p> o +2.

In addition, we have to use the following growth estimates for the n-th order
derivative function.

Lemma 2.6. Let0 < p < co,a > —1and n be a positive integer. If f € D%, then

70 (zy) s — S Lot

(1= fof2) 7o
Proof. Forany z € D, by [34, Lemma 2.1], we know

Jouo) [fW)IPAAC(W) [y |f(w)[PdAa(w)

(n-1) P <
|f (Z)| ~ (1 _ ‘Z|2)2+a+(n—1)p ~ (1 _ |z|2)2+¢x+(n—1)p'

Letting f = g’ yields

1€ (2)[P < Jolg' W)IPdAs(w)
g ~ (1 _ |Z|2)2+a+(n—1)p >

which is the desired result. [ |

By Lemma 2.3, it is not difficult to obtain the following result.
Lemma 2.7. Let 0 < p < co and n be a non-negative integer. If f € SP, then

» Il
@S o 2<D-
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3 The proof of the main results

Proof of Theorem 1.1~ Assume that f is a solution of (1.1), then
3.1) M (2) + ZB (2)fP(2) = Bu(2), ze D,

where f,(z) = f(rz), Bj(z) =Bj(z,r)=r""7A;(rz), j=0,...,n-1, B,(z)=
A, (rz),0<r <L
By using the equation

f@= [ r@©des )

n —1times, we get

f(z) = f f f frn) £ Vb d, +r122fr(]+l)(0) }

j=0 ]

ffffg( (Enmt) — ZB (&n- l)fm(enl))dsnl...dgl

O} )
o

Combining this with Lemma 2.1, we obtain

1fel15,e = /H; [f (2)PdAa(2) + £ (0)IF

sl.. OE"’Z (Bn(fn—l)_gBj(fn—l)fr(j)(fn—l))dfn_l...dfl
j=0
n—2 (j+1)
R 4ol + £ 0
& En- z
n(&n-1)dEnor ... dE dA (2)
&
+‘/]D) f f / ZB (fn l)frj)(fn l)dgn 1- 1 dA (Z)
+_[]n> ,/ ffl f Bo(&n-1)fr(§n-1)d&n-1 ... d&s dA (2)

n-2 .
A» TZ]

j=0

dAa(Z) +f:(0)

:Il+Iz+I3+I4+15.
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Let us first discuss I,. From [25, Lemma 12], we have

b= [ [ S (B g g

j=11i=0
x dA.(z)

As

Eure(joict)y [ Enm(jmie fna i\
/0 -G 1>f0 v ”...fo (fr’.BY))(J (§n-1)d&n-1 .. dy_(join

Evor ity En it S AN b)) ()02
:.[0 fo fo [(fr'Bj ) (‘E"—Z)'(ff'Bi ) (0)]

><d£n2 n(]:l)

t
il n-1-(j—i-1)>

a2 (B ) (0)
(Enl(le))fr(fnl(]ll))— Z i

then

Iz—

;i )

f f B [ 2 Eaere i) Earieion)
N
t!

p

12 ()
S (B f dAq(z).

t:O

nl(jyl):|d£n1(]11) dl

We relabel the indices as follows:
j=n—-k, i=m-k.
It follows that

s [ S L L B (0 e
: bl (5°1)" ©
% £} (En) & .. dE - JI;”ZO( 1)( )m
<, fogff[i B (6n) ]fr'(fm)dfm.--dfl
s to .

P
Dm0 (n—j+i+t)!

»
dAy(2)

n—j+i+t

»
dA,(z)

dA,(z)

:IZI + 122.
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By Lemma 2.6, we have

v (S0 L
n-1 : o ) ("’ k) - P
slfrléggf(Zf ff fs |Zk1_|£ |)E§2 )| £m...d£1) Ao (2)

SU1,Co.

On the other hand, we have

P
B (E,) |f:(€m>|dfm...dfl) dA,(2)

p
EasON |

j=0 ]

Iy + 1, = sup
zeD

i ()
i S Z(B fr) ( )zn—j+i+t
(

n—j+i+t)!

SCf<OO.

Using Lemma 2.5 again, we have

S/D([OZ/OEI‘“/OE“ |BO(£n1)||f7(£n1)|d€n1...d€1)PdAa(z)

p HfrH‘;g Cs,

where
§ Bo (én-1)| ’
Jo (fo IR M ﬁd@—l --.dfl) dA«(2),
ifp<a+2; "
P
C:=1 [p (fozfol. S 1Bo(€nnr)] (10g1 e ) dfn 1- fl) dA.(z),
ifp=a+2;
z 1 n-2 p
Jo (JE S5 S5 Bo(Gun)l dEun . d8) dAu(2)
ifp>a+2.
Consequently,
C1+122+I4+15
I, s St <o
which gives that f € D} as r — 17. This completes the proof. [ ]

Proof of Theorem 1.2 Assume that f is a solution of (1.1), then we have
() + z Bj(2) £ (2) = Bu(2), z€ D,

where f,(2) = f(rz), Bj(z) =Bj(z,r) =r"7A;(rz), j=0,...,n-1, B,(z)=
r"A,(rz),0<r<1.
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By Lemmas 2.1 and 2.2, we have

5, ~ [ @ -l (Z)+Z|f(k) o)l

-,

<[ (|Bn(z>| + |Bo(2)f(2)] + Z B(2)f <z>|) (1= |2 P d A (2)

B,(2) - ZB(zW(z) (1-|2?)P"PdA, <z>+z|f"‘> ()

i ARIO
s [ 1B (- [2P)"Paau(e) + [ Bo()f (@)l (- )" PdA(2)
5 [B@f0 @[ a-lepyraad Z|f<"><o>|f’
j=1

:Il+12+13+14.

Applying Lemma 2.5 leads to

I f+ IIQ’Dg Jo|Bo(2)[F (1= [2]*)P"~*2d A (2), ifp<a+2;
p-1
s 150, fo Bo(2)P (- 1) (log 25) dAu(2), ifp=a+2;
If ||‘;’Dg Jo 1Bo(2)[P(1-|2*)P"PdA.(2) ifp>a+2.
On the other hand,

n-1 ) '
13SZ(SuplBj(Z)I"(l—IZIZ)”(”"'))f|fr(”(z)\p(1—|z|2)PJ-PdAa(z)

j=1 \ zeD D

n-1

<X 1Bl 1Ay

Consequently, I S Ks||f; H% »- It follows from the assumption that

il 5 T <
N T s o N (X)’
r Dp — C(Kz + K3)
for 0 < r < 1. Letting r — 1~ gives that f € D%. This completes the proof. |

Remark 3.1.  Although the sufficient condition in Theorems 1.1 and 1.2 is more
complicated, in fact, we can illustrate the feasibility of that sufficient condition by
some examples. Let us consider the complex second-order equation

f"+A(z)f =0.
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Fix a constant-valued function A(z) = k(k € R) satisfying the condition

L1Au@r (- l2)pdanz) < =

If k < 0, we can easily find that the solution to the equation f” + kf = 0 has a solution
base { f1, f>}, where

filz) = ¢V and fa(z) = eV ke,
If k > 0, then the equation f” + kf = 0 has a solution base { fi, f>}, where
f3(2) = cos(kz) and f4(z) = sin(kz).

It can be seen that f, f,, f3 and f; belongs to the weighted Dirichlet spaces D (p >
a+2).
On the other hand, if we consider the equation f(") = 0, then it is easy to know

that all solutions of this equation are
_ 2 3 n-1
f(z2)=ap+mz+axz" +asz” +...+a,2" .

Obviously, f € DE.

Proof of Theorem 1.3 The proof can be accomplished by using Lemmas 2.1, 2.4,
and 2.7, and the similar proof of Theorem L.1. [ ]

Proof of Theorem 1.4  The proof can be accomplished by using Lemmas 2.3, 2.4
and 2.7, and the similar proof of Theorem 1.2. [ ]

The following two corollaries provide some stronger sufficient conditions making
the solutions of the 1.1 lie in weighted Dirichlet spaces.
The first one is a variant of Theorem 1.1.

Corollary 3.2.  Let 0 < p < oo and a > —1. Let n be a positive integer and A; € H(ID),
i=0,1,...,n. Assume that the following statements hold:

&

, P
A (Eu)dEuy .. dE| dAL(z) < oo,

n-1 rz rf Em— Zkl (m k)( )‘ !
czzsz mzlff / T A&y ...d& | dAq(2),

and

Os :f(f /5 fE“ |T§ i| ;)Jm,, dﬁnl...dsl)pdAa(z)

are two positive constants satisfying C; + O3 < 1/d, where d > 0 is sufficiently large and
is only related to n, p and the growth of functions in the weighted Dirichlet spaces. Then
all solutions of the (1.1) lie in DE.
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The second one is a variant of Theorem 1.2.

Corollary 3.3.  Let0< p < oo and a > —1. Let n be a positive integer and A; € H(D),
i=0,1,...,n. Assume that the following statements hold:

K= [ 1A (- 22" PdA(2) < oo,
Q= [ AP (- )P dAu(2),
and

n—1
Q=Y [14@P0- )0 Cnda, )
i=1

are two positive constants satisfying Q, + Qs < 1/c, where ¢ > 0 is sufficiently large and
is only related to n, p. Then all solutions of the (1.1) lie in D,

Remark 3.4.  Actually, in the proof of Theorem 1.2, by Lemma 2.6, we have
n-1
p n—j)— o
Ls|flP, > fD 1B;(2)|" (1= [P D=9 d A, (2) < s £,
« J=1 o

It is worth noting that the condition Q3 in the above corollary is stronger than the
condition K3 in Theorem 1.2, which can be obtained by applying [43, Proposition
4.13]

F@I= P 5 [ FnIP (=)D da, ()
for any f € H(D).
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