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Abstract. This paper analyzes the initial value problem for the Toda lattice with almost
periodic initial data: let J(¢; Jo) denote the family of Jacobi matrices which are solutions
of the Toda flow equation with initial condition J(0; Jo) = Jo, then, the given almost
periodic datum Jy is a discrete linear Schrodinger operator with almost periodic potential,
which plays a fundamental role in our considerations. We show that, under some given
hypotheses, the spectrum of the Schrodinger operator is pure absolute continuous and
homogeneous (measure-theoretically) by establishing exponential asymptotics on the size
of spectral gaps. These two conclusions enable us to show the boundedness and almost
periodicity in the time of solutions for Toda lattice equation with almost periodic initial
data. As a consequence, our result presents a positive answer to the discrete Deift’s
conjecture [Some open problems in random matrix theory and the theory of integrable
systems. Integrable Systems and Random Matrices (Contemporary Mathematics, 458).
American Mathematical Society, Providence, RI, 2008, pp. 419-430; Some open problems
in random matrix theory and the theory of integrable systems. II. SIGMA Symmetry
Integrability Geom. Methods Appl. 13 (2017), Paper no. 016].
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2 H. Zhao and H. Cheng

1. Introduction and main results

The study of the spectrum of an almost periodic Schrédinger operator has been sweeping
the world for many years, which, consequently, has been called an ‘almost periodic
flu’, see the introduction of [61] for details. Other almost periodic problems include,
without limitation, the existence of an almost periodic solution to Hamilton partial
differential equations, the existence of almost periodic traveling fronts for Fisher and
Kolmogorov—Petrovskii—Piskunov (KPP) lattice equations, and the almost periodic initial
value problem of a Korteweg—de Vries (KdV) equation. In [16-18] and [39, 40, 70],
Bourgain et al and Geng et al construct the almost periodic solution to infinite dimensional
partial differential equations. Moreover, in [49, 54], the authors construct almost periodic
traveling fronts for the discrete and continuous Fisher—KPP equations, respectively.

Deift’s conjecture, an open question posed by Deift [33, 34] asks whether for almost
periodic initial datum, the solutions to the KdV equation are almost periodic in time? The
progress about this conjecture are the papers [27, 68], where, under suitable hypotheses,
Tsugawa, and Damanik and Goldstein prove the local and global existences of unique
solutions to the KdV equation for a small quasi-periodic analytic initial datum. Moreover,
in [13], Binder et al show that in the same setting as [27], the solution is almost periodic
in time.

Notice that the KdV equation is continuous in space variables, so it is important to
know what will happen to the discrete Deift conjecture problem. We, in this work, study
the initial datum problem of the Toda lattice equation, which is the discrete version of the
KdV equation. To state our work, we give some basic definitions.

Set T :=R/Z as the cycle and T =[] jez T! with product topology. We say that
a function f :Z — R is Bochner almost periodic if {f(- + k) : k € Z} has a compact
closure in £°°(Z), where £°°(Z) denotes the space of all bounded functions defined on Z
with sup-norm. Set H(f) = { f(- + k) : k € Z}, which is the closure of { f (- + k) : k € Z}
in £°°(Z). We also call H(f) the hull of the almost periodic function f. Essentially, this
hull is a quotient group of T, so it can be represented by a continuously sampling function
on T [62]. Thus, any Bochner almost periodic function f has the representation, that is,
there is another continuous function F defined on T such that f(n) = F(nw), where
o € R is called the frequency of f. In particular, if T is replaced by T?, d € N, we say
f is quasi-periodic. See the discussions in [15, 62] for details.

Define the set

Vil {k e Z : |kly £ (j)"lkj| < oo},
jeN

where (j) = max{l, |j|}. Moreover, we say that « € T* is Diophantine, which we denote
as DC(y, 1), if there exist y > 0 and t > 1 such that

4
DCoo( ,t)é{aeToozll(k,a)||RZ> | | ———— forallk € Z° {0}},
=t L GO '

where, for k = (kj) jez € Z°, a0 = (j) jez € T,

(k,a) =Y kje; and |[(k,a)lr/z = ;2£{|<k, a) — pl}.
JEZ
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Time almost periodicity for Toda lattice 3

The set DC(y, T) of Diophantine frequencies was first developed by Bourgain [18]. It is
shown that there exists a constant c¢(t) > O(t > 1) such that

meas DCoo (Y, 7) = 1 —c(v)y,

see the discussions in [12, 18] for details. In this paper, we will always assume y > 0,
7 > 1. For a given Banach space X, introduce space H, (T, X):

Ho (T, X) = {f(x) = Y Fe* 0 fle 2 3 | Flk)lxe? ok <oo}.

keZg® keZP

1.1. Toda flow. The Toda lattice was proposed by Toda in 1967 [67] as a model
describing the positions and momenta of a chain, which is given by

d
270 (@) = an (@) (b1 (1) = b (1)),

n € 7. (1.1
d
Z7bn(® =203 —az_, (),
Identifying (a, (¢), b, (t)) as a doubly infinite dimensional Jacobi matrix J (¢) defined by

JOwp = an—1Oup_1 + by (Oup + ay()upg1. (1.2)

The study of Toda flow using equation (1.1) depends heavily on the Jacobi matrix
J(t) defined by (1.2). Teschl [66, Theorem 12.6] shows that any initial condition
(an(0), b, (0)) € £°(Z) x £°°(Z) will lead to a unique solution (a, b) € C®° (R, £*°(Z) x
£2°(Z)) to equation (1.1). Under some hypotheses on the spectrum of operator J(0),
in [14], Binder et al show the existence and uniqueness of almost periodic solutions to
equation (1.1) with almost periodic initial value (a, (0), b,(0)). Later, Leguil et al in [48],
by taking the initial value (a,(0), b,(0)) = (1, V(x + na)),n € Z with V € C*(T, R),
o € T, extend the conclusions above to Avila’s subcritical regime. (For any spectrum E of
Schrodinger operator Hy 4, defined by equation (1.3), the Schrodinger cocycle («, Sg)
is subcritical.) In particular, for the most important example of almost Mathieu operators
(AMO), that is, V (-) = 2X cos 2 (-), Leguil et al prove that there exist almost periodic
solutions for all 0 < A < 1. We will extend the conclusions in [48] from finite dimensional
frequencies to infinite dimensional frequencies.

THEOREM L.1. Let @ € DCoo(y, 7) and V € Hqy (T, R) with n > 1. We consider the

Toda flow in equation (1.1) with initial condition (a,(0), b,(0)) = (1, V(x + na)). Then,

there exists ex(y, T, 1, 00), such that if |V |4, < &4, we have:

(1) for any x € T, equation (1.1) admits a unique solution (a(t), b(t)) defined for all
teR;

(2) for every t, the Jacobi matrix J (t) defined by equation (1.2) is almost periodic with
constant spectrum Xy o;

(3) the solution (a(t), b(t)) is almost periodic in t in the sense that there exists
a continuous map M : TZ — L°(Z) x £°(Z), a point ¢ € TZ, and a direction
o € RZ, such that (a(t), b(1)) = M (¢ + wt).
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Initial datum problems for other systems are in [31, 32], where Damanik, Li, and Xu
show the existence and uniqueness of spatially quasi-periodic solutions to the generalized
KdV equation and Benjamin—-Bona—Mahony equation with quasi-periodic initial data on
the real line.

The proof of Theorem 1.1 depends on the discussions in [69], see Theorem 6.2. Given
almost periodic initial datum (a,(0), b,(0)) = (1, V(x + n)), two ingredients of the
hypotheses of Theorem 6.2 are that the spectrum set of Schrodinger operator Hy g x
defined by equation (1.3) is homogeneous and pure absolutely continuous (ac). Thus, to
apply this theorem, we, in §§1.2 and 1.3, will give our main results about the pure ac
spectrum and homogeneous spectrum.

1.2. Absolute continuous spectrum. In this subsection, we will give discussions about
the pure ac spectrum of the Schrodinger operator Hy  ,, which is defined by

(Hy gxt)n = upy1 +up—1 + V& +noju,, nel. (1.3)

A lot of research has been conducted by mathematicians and physicians about the almost
periodic operator Hy 4, that is, the potential V is almost periodic, see [10, 11, 46, 52]
for details. However, subsequently, much attention has been paid to the quasi-periodic and
limit periodic cases and less progress made in the almost periodic case.

We first consider the limit-periodic potential V, which lies in the closure of the space of
periodic potentials. That is, there exists {V, },en, Where V,,, n € N, are periodic functions,
such that

lim ||V = Vylleo = O. (1.4)
n—0o

Even though periodic operators always exhibit pure ac spectrum, in [2], Avila shows the
possibilities of new phenomena of the limit-periodic potentials, such as the genericity of
purely singular continuous spectrum [2, 25] and the denseness of pure point spectrum [30].
Instead of the V defined by equation (1.4), if we restrict the limit-periodic potentials in the
perturbative regime, that is, potentials V are with g,,-periodic approximants V,, such that

lim |V — V,|loo =0 forallb > 0, (1.5)
n—0o0o

then in [55, 56] Pastur and Tkachenko show that Hy 4  has pure ac spectrum, which serves
as the fundamental work of other related studies.

Now, we consider the quasi-periodic potential V. To study the spectral property of
Hy 4., we introduce the coupling constant A € R™ in front of the potential V. In the case
where A is sufficiently large, the Lyapuonv exponent of cocycle («, S}EV) is positive for
any E € R, see [19, 42, 44, 65] and the references therein. Thus, Kotani’s theory implies
there will be no ac spectrum in the spectrum set. If the coupling constant A is sufficiently
small, the frequency o has to be restricted to the Diophantine frequencies, which we
denote by DC for the set of these frequencies. (For any y > 0, T > d, the estimates
l{k, a)llr/z = y1k|7F forall 0 # k € 74 hold.) Under hypotheses that A is small enough
and « € DC, Dinaburg and Sinar [35] prove that the ac spectrum set is not empty, and in
[36], under the same hypotheses in [35], Eliasson shows that the spectrum is pure ac. In
the case where o € DC, Avila and Jitomirskaya, based on a non-perturbative Anderson
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localization result, prove that there exists A; independent on « such that the spectrum
set is pure ac for all A < A1, see [8] for details. For AMO with subcritical coupling, that
is, 0 < A < 1, Avila and Damanik, in [6], show that the spectrum is pure ac by proving
that the integrated density of states is absolutely continuous. Moreover, Avila, Fayad, and
Krikorian [7] and Hou and You [45] consider the discrete and continuous Schrodinger
operators, respectively. They construct non-standard Kolmogorov—Arnold—Moser (KAM)
iterations and show that the set of ac spectrum is not empty for all « € T \ Q and small
enough A, and Avila’s conclusions in [3, 5] are able to show that the spectrum set is pure
ac. The case that A is neither too large nor too small, which is the so-called global case,
is extremely complicated. However, in the one-frequency case, Avila gives the fascinating
global theory and shows that for typical analytic one-frequency Schrédinger operator, there
is no singular continuous spectrum, see [4] for details. Our pure ac spectrum result is the
following.

THEOREM 1.2. Assume a € DCxo(y, T). Then there exists 0 < e,(y, T, n, 009) < 1 such
that if V € Hey(T®, R) with n >1 and |V|s, < &, the operator Hy 4 has pure
absolutely continuous spectrum.

By the discussions above, we know that the works mentioned above are all with limit
periodic or quasi-periodic potentials, and our Theorem 1.2 extends the results above to
almost periodic potential cases. Since we consider the infinite dimensional frequency,
a new technique is needed to overcome the difficulties brought by infinite dimensional
frequencies. See the discussions in §4 for details.

1.3. Homogeneous spectrum. In this subsection, we will prove the homogeneity of the
spectrum by using the exponential decay of the spectral gaps and Holder continuity of
the integrated density of states. Recall that in [21], the concept of an homogeneous set is
introduced by Carleson.

Definition 1.3. Given u > 0, a closed set S C R is called u-homogeneous if
ISN(E—¢,E+¢)|>pue forall E €S, forall0 < e < diam S.

It is known that the homogeneity of closed subsets of R is important in inverse spectral
theory, see the fundamental works of Sodin and Yuditskii [63, 64]. In particular, under the
hypotheses of finite total gap length along with a reflectionless condition, it is shown in
[64] that the homogeneity of the spectrum implies the almost periodicity of the associated
potentials and Gesztesy and Yuditskii [41], under the same hypotheses in [64], show that
the Schrodinger operators have pure ac spectra. Here, we want to mention that the result of
Remling and Poltoratski [57, Corollary 2.3] shows that if S is weakly homogeneous and J
is reflectionless on S, then S does not support a singular spectrum, see [57] for details.

In [38], Fillman and Lukic consider the Schrodinger operators with limit periodic
potential and show the existence of homogeneous spectra by assuming the potential obeys
the Pastur—Tkachenko condition, and Fillman [37] proves the spectra of discrete operators
with generic potential are homogeneous; here, generic potential is a dense subset of limit
periodic potential. Later, Damanik and Fillman in [23] also show the existence of an
homogeneous spectrum for the limit periodic potentials defined by (1.5).
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As for the quasi-periodic potential case, we refer to [28], where Damanik, Goldstein, and
Lukic consider continuous Schrodinger operators and show the existences of homogeneous
spectra with Diophantine frequency and small potential V. In [29], Damanik et al consider
the discrete Schrodinger operators and show homogeneous spectra under the conditions
that frequency is Diophantine and the Lyapunov exponent is positive. Moreover, to ensure
the existence of an homogeneous spectrum for supercritical AMO (A > 1), [29] shows
that the strong Diophantine frequency is needed. Later, Leguil er al [48] consider discrete
Schrodinger operators with some Liouvillean frequencies and prove that the spectrum is
homogeneous if V is small enough. Our result is as follow.

THEOREM 14. Let o € DCoo(y, 1) and set V € Hqy (T, R), n > 1. There exists
0 < ex(y,1,m,00) <1 such that if |Vle, < &4, then the spectrum set of Hy gy is
u-homogeneous for some u € (0, 1).

In Theorem 1.4, we extend the results above from limit periodic and quasi-periodic
potentials to almost periodic potentials. In [9], the authors construct the Schrodinger
operator with one frequency whose spectrum is not homogeneous. Thus, the hypotheses in
Theorem 1.4 are not restrictive.

2. Preliminary

In this section, we give some basic definitions and conclusions. Even though the
discussions are given in T¢ topology with d € N, the conclusions will also hold in our
T°° topology since we equip T°° with the product topology of T.

2.1. Jacobi operator and Schrodinger operator. For a = (ap)nez, b = (by)nez €
£°(Z, R), we define the Jacobi operator J associate with a, b by

(Ju)y = ap—1up—1 + byuty + anupy1. 2.1

The Jacobi operator J arises naturally in the context of the spectral theorem, which says
any bounded self-adjoint operator A with a cyclic vector is unitarily equivalent to a Jacobi
operator on a half-line. It is self-adjoint since we restrict a,, b, € R foralln € Z. We
restrict ourselves to the non-singular case, where a, > 0 for all n € Z.

Let X be the spectrum of the self-adjoint Jacobi matrices J defined by equation (2.1).
Given any z ¢ X, the Green’s function of J is the integral kernel of (J — 7)™ !

Gy(m,n;z) = (en, (J —2) Len). (2.2)

Definition 2.1. [13, 22, 64] Let X € R. A Jacobi operator J is said to be reflectionless on
Y if Re(G j(n, n; E 4+i0)) = 0 for all n € N and Lebesgue almost every (a.e.) E € X.

Given any z € H:= {z € C : Im z > 0}, the difference equation Ju = zu has two
solutions u#* (defined up to normalization) with u(j)E £ 0, which are in ¢2(Z%), respec-
tively. Let mj; = :F(uil/aou(j)[). Then, m‘; and m; are Herglotz functions, i.e., they
map H holomorphically into itself. For almost every E € R, the non-tangential limits
lim,_, o+ mﬂJE(E + ie) exist. Then, we have
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—1
adm¥ (@) +m7; @)

Consider the linear Schrodinger operator Hy 4, defined by

Gy(0,0;z2) = z € H. (2.3)

(HV,ot,xu)n =Upy1 +up—1 + V& +nou,, ne Z, 24)

where x € T¢ ,d € NU {oo}, is called the phase, « € T4 is called the frequency, and V is
called the potential.

The Schrodinger operator Hy , , defined by equation (2.4) will be self-adjoint if we
assume V is real-valued and it is a special case of Jacobi operator J (¢) defined by equation
(2.1) with a, = 1 for all n € Z. Moreover, since we assume @ € DCoo(y, 7), V(x + na)
is almost periodic in n € Z, and we call Hy 4, the almost periodic Schrodinger operator.

2.2. Cocycle. SetT := R/Z as the cycle (the base) and SL(2, R) as the set of 2 by 2 real
matrices with determinant 1 (the fiber). Thus, the smooth cocycles are diffeomorphisms
on the product T¢ x C? of the form

(a, A) : T¢ x C* > T¢ x C?,
x, y) = (x + o, A(x)y),

where @ € T¢ and A € C*®(T¢, SL(2, R)), d € NU {oo}.
Now, we turn back to Schrodinger operator Hy 4, defined by equation (2.4). Note any
formal solution u = (u)nez of Hy o xu = Eu can be rewritten as

(u"+]) = S}E/(x + na) ( tn ),
Up Un—1

where

We call («, S,‘E/ (x)) the Schrodinger cocycle. The iterations of (e, Sg(~)) are of the form
(c, 51‘5/('))" = (na, S}‘sl,n (+)), where S‘E/’n (+) is called the transfer matrix and defined by

Sevi+m—Da)---Sgv(+a)Sev(), n >0,

v —
SE,n(') T g1 -1 -1
E,v(' +na)SE’V(- +m+Da)--- SE,V(- —a), n<0,

then, we have

2.3. Integrated density of states and Lyapunov exponent. The integrated density of
states (IDS) Ny : R — [0, 1] of Hy 4 is defined as

Ny(E) = /Td my x (=00, E]dx,

where v is the spectral measure of Hy 4 .
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Define the finite Lyapunov exponent as
1
Lot SP = [ 1S, 0ol dx,
n Jrmd

then by Kingman’s subadditive ergodic theorem, the Lyapunov exponent of (c, S}E/) is
defined as

L, Sp) = lim Ly(a, Sg) = inf Ly(a, Sg) = 0. (2.5)

Note that in our case, d = oo. It turns out that if « € DC(y, T) (thus, « is uniquely
ergodic), then

1
L(a, S}) = lim_ - In Sy, @, aexeT>.

By the Thouless formula, the relation between the IDS and the Lyapunov exponent
defined by equation (2.5) is

L(a, Sy) = / In|E — E'| dNy(E").

2.4. Rotation number. Assumethat A € H, (Td , SL(2, R)) is homotopic to identity and
introduce the map:

A
F:T¢xS"—T¢xs!, (x,v)H<x+a, (v >

IACHI )

which admits a continuous lift ¥ : T¢ x R — T9 x R of the form F(x, y) = (x +a, y +

S (x,y))suchthat f(x,y+1) = f(x, y)and 7w (y + f(x, y)) = AX)7(y)/ A7)
We call that F is a lift for (a, A). Since x > x + « is uniquely ergodic on T¢, we can
invoke a theorem by Herman [44] and Johnson and Moser [46]: for every (x, y) € ']I‘d x R,
the limit

n—1

lim — Z FF @, y))

n—o00

exists, is independent of (x, y), and the convergence is uniform in (x, y); the class of this
number in T (which is independent of the chosen lift) is called the fibered rotation number
of (a, A), which is denoted by p(«, A). Moreover, the rotation number p s (a, A) relates
density of states Ny as follows:

Ny(E) =1—2p(a, A). (2.6)
For any C € SL(2, R), it is immediate from the definition that
o, A) = ple, O)] < [A@) = Cll G- 2.7)

In addition to the conclusion given by equation (2.7), we also have two conclusions
below.
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LEMMA 2.2. [47] The rotation number is invariant under the conjugation map which
is homotopic to the identity. More precisely, if A, B : T — SL(2, R) is continuous and
homotopic to the identity, then

p(a, B(-+a) "AC)B()) = p(a, A).

PROPOSITION 2.3. If A : T® — SL(2,R) is continuous and homotopic to the identity,
and E : 2T — SL(2, R) is defined by

E() = (cos(n(r, x)) —sin(m(r, x)))’

sin( (r, x)) cos(m(r, x))

then
—1 (r,a)
p (0, E)o(a, A) o (0, E™)) = p(a, A)+Tmod 1.

Proof. 1t is known that p((0, B) o (&, A) o (0, B™!)) = p(a, A)mod 1 if B : 2T —
SL(2, R) is homotopic to the identity. In this case, the lift of (¢, E(x + a)A(x)E “1x)

is given by
é(x,y): <x+a’y+f(x’y_ (r,x)> + (I",O())‘
2 2
Define
g(x,y) = f(X,y _ (’"’2)6)> n (V,zot)’
=1 -l
gk(x,y) = Z g(G (x,y), filx,y) = Z F(F (x, y)).
i=0 i—0

Using mathematical induction, then, gi(x, y) = fi(x, y — (r, x)/2) + k(r, a) /2. Note
the fact of the convergence of the Birkhoff means

0((0, E) o (a, A) 0 (0, E~Y)) = p(ar, A)+<r’2—“>mod1. O

3. Almost reducibility

In this section, we will establish our main KAM induction and then give the basic
quantitative estimates in the case of reducibility and almost reducibility. These estimates
will be applied to control the growth of corresponding Schrodinger cocycles.

3.1. Decomposition along resonances. In this subsection, parameters p, €, N, will be
fixed. Define the resonant case as that where k. € ZJ° with 0 < |ky|,, < N, such that
120 — (ks @)llryz < '/12.

The vector k4 will be referred to as a ‘resonant site’.
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After here, the constant ¢ values are bounded uniformly but are different in different
places. Moreover, for any K > 0, define the truncating operators Tx on H, (T, X) as

TeH@ = > fle™*,

keZ, k|, <K

and projection operator Rk as

Rk Hx) = Z f(k)em”(k’x>.

keZP |kly>K

Decomposition of the space H, (T, su(1, 1)) is defined as follows: for any given
£>0, aeT®, AeSU(,1), we decompose B, = Hq (T, su(l, 1)) = BY(¢&) @
B¢ (&) in such a way that for any ¥ € B} ¢(§),

ATNY (x +a)A € BTE), |[ATIY(x+a)A =Y (X))o = E[Y (X))o (3.1
Let Pyre, Pre be the standard projections from B, onto B/ (&) and BL¢(§).

LEMMA 3.1. [20] Assume that ¢ < (4| A|)~*, & > 13||A||>c'/2. For any f € B, with
| flo < &, there exists Y € By, f"¢ € BL¢(§) such that

7 TFO (LS eV = ATy, <2 |7y < 2.

>

Referring to [20, Remark 3.1], Lemma 3.1 sets up the fact that B, is a Banach space.
Before giving the induction proposition, we introduce the following well-known results,
which control the estimate of the small divisor.

LEMMA 3.2. [51] Let u1, o = 1. We have the following estimate for N > 1:

sup [+ Ik 191 (j)2) < (14 N)Cmnm N1 (32)
keZE k=N oy

for some constant C(n, (1, uz) > 0.
For the given ¢, assume that D(c) is the smallest one such that
(In D(c))"” @4 > ¢ InIn D(c). (3.3)

PROPOSITION 3.3. Let @« € DCx(y,7), ¥y >0, 0 <o <1/10, T > 1, n>0. Con-
sider the cocycle (o, Aef ™)), where A € SU(1, 1) with eigenvalues {¢'>™P, e~>"P} and
f € Ho (T, su(l1, 1)) with the estimate

|fle <& < D)™ exp{—[(o — §)m]72EFM/ny, (3.4)

where § € (0, 0) and D(c) is the one defined by equation (3.3) with ¢ = c(y, T, n, || A|).
Then, there exists B € Hs (2T, SU(1, 1)), f4+ € Hs(T°, su(1, 1)),and Ay € SU(1, 1),
such that

B(x + a)(Ae/ )Bx) ™! = Ape/+™. (3.5)
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Moreover, let N = {(c — &)}V Ine~!, then we distinguish the conclusions into two
cases. Non-resonant case: if for any 0 < |k|, < N, k € Z3°,

120 — (k, @)llgjz > &"/'2, (3.6)
then
|B—1dls <&'?,  |fils <4e’, A} — All < 2e. (3.7)

Resonant case: if there exists ky, € Z3°, 0 < |k«|,, < N, such that

120 — (ks @) IRyz < €'/12,

then

olkeln g =1/480 Bl < e V0 £ ()]s 1,

ks, (3.8)
pla, Apet ™) = p(a, Ae/™) + '( *201_)’

|Bls < e

A//
and Ay = e+, ||ALL| < 4e!/12,

no_ ity vy
ar= (i
+ 1y
with |l‘+| < 481/12, |U+| < 281—1/2408—271“(*\,70.

Proof. Non-resonant case. Before giving the proof, we give the estimate of small divisor
in the following claim.

CLAIM 3.4. Forany a € DCx(y, T), and parameters N, n, T, € given above, the follow-
ing estimates hold:

Ik, @) lryz = y (14 N)“CODNTET - og1/240, (3.9)

Proof. The fact that @ € DCwo(y, 7) and equation (3.2) yield, for any 0 < [k|,, < N,

1
Mk adlzz =y || e = v (L )OO
/ H, (L4 1k [ ()

1/(1+m)

Now, we give the proof of the last inequality in equation (3.9). First, equation (3.4)
shows

Ine! > max{[(c — &) ] 2P/ [cInln e~ PIHD/my, (3.10)
where ¢ depends on the parameters 1, t, y. The inequality above yields

(In 8—1)77/(14-77) = (In 8_1)'7/(2(1+'7))(1n 8—1)77/(2(1+77)) > cl(o — 8)71]_1/(1+'7) Inlng= L.
3.11)

Then,
Ine™' > (ne™HY M e[(o — )]/ Inne!

3.12
>c{[(c =& " Ine YWD (n[(c = )7 ' +Inlne™h), 612
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where the first and second inequalities are from equations (3.11) and (3.10), respectively.
The last inequality in equation (3.12) and the fact N = {(o — ) T Ineg™! yield

Ing=! > eNVIFD In N,

which yields
g=1/240 S 00—l 4 N)c(r),r)Nl/“*”). 0
Define
Ay = {f € Ho (T, su(l, )| f) = Y f(k)eizﬂ(k’x>}. (3.13)

keZ 0<|k|, <N

By equations (3.6) and (3.9), a simple computation shows thatif Y € Ay, A € SU(1, 1),
then

IATTY(x + ) A — Y ()| 2 Y ()6

~

Thus, Ay C B¢(e!/4). Note ¢ < (4| A)~* and £'/* > 13||A||%¢!/2, then by Lemma 3.1
with &!/4 in place of &, we know that there exist ¥ € B,, f"¢ € B¢ (/%) such that

eV OFD (Al W)=Y () = fl™ (), (3.14)
where Y|, < €!/2,|f7¢|, < 2¢. Notice "¢ € 826(81/4), then by equation (3.13),
£ = F0) + Ry £, I1F )]l < 2e. (3.15)
Moreover, we also have

RN f )5 = Z | £7 () || €2 K1n?

keZ® |kl,>N

<|Iflls sup e 2FKIn(@=8) < ,=27N(©@=8))p < 9g3,
lkly>N

(3.16)

Set

eI = O W AL = AT O B(x) = YO,

Thus, the cocycle («, Ael ™) can be written as (e, Aye/+®) and (0, B) changes
(a, AeT™) to (o, Apef+™)). Notice that eAef = eATETD | where D is a sum of terms
of order at least 2 in A, E, then by equations (3.15) and (3.16), we get

If+(ls <46, AL — Al < |A|Id — e/ @) <2¢, |B—1d|s <e&!/?

Resonant case. Note that we only need to consider the case in which A € SU(1, 1) is
elliptic with eigenvalues {¢!27, e ~?2"P} for p € R \ {0}, because if p = ib, with b € R,
then equation (3.9) implies [|i2b — (ky, a)|lr/z > 261/240

CLAIM 3.5. Assume that ky is the resonant site with
0 < lkyly <N,

then there is no other resonant site k., with |k,| < N1+0/2),
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Proof. Assume that there exists Kkl #k, with [k.|, < N'*0/2 satisfying
120 — (kl, o) gz < e!/12 then by the Diophantine condition of «, we have

1
Y H (14 |kL; — k|7 (j)7) < Ik, o) — (ko @) IR/Z < 2e1/12
jeN *

Moreover, note |k} — k. Iy <2N 1+(1/2) | then by equation (3.2) and the inequalities above,

Yy _ . 1+(n/2)y1/(A+n)
S67 2 < [T+ Ik — kg I7G)T) = (1 2N T2 e N,
jeN

which, together with the fact N = {(¢ — 8)7}~! Ine~!, implies
(n e~ HMCE2D — ey, 7, (o — 8)m ]~ CHM/CH20 1p In ¢~ (3.17)

However, equation (3.10) implies [(o — 8)7 ]~ GTM/C+2) < (In ¢=1)yn/G+40) - which,
together with equation (3.17), implies

(n e~ HMG+H4m — ey, n) Inlne !,
The inequality above is contradictory to equations (3.4) and (3.3). O

Note that tr A = ¢/27P + =27 = 2 cos 2mp > —2, so there exists A’ € su(1, 1) such
that A = e? with spec (A") = {i2mp, —i27p}, p € (0, %). In this resonant case, the fact
that there exist k. with |ky|;, < N such that

120 = (ks @)y < /12
together with similar calculations above yield
ol = &'/22, (3.18)
Moreover, [45, Lemma 8.1] implies that there exists P € SU (1, 1) such that
PAP~! = diag(e!*™, e71?P) .= A,,
where

1P| < 2(J|A"[|[2mp| ) 1/? < ¢~ 17480, (3.19)

here, the second inequality is by equation (3.18). Furthermore, set 4(x) = Pf(x)P~!, then
the cocycle (o, Ae/ ™) is changed into («, A"y with

lhlg <e /240 . ¢ & ¢/, (3.20)

The estimate &!/1> > 13]|A,||%¢’!/? enables us to apply Lemma 3.1 to the cocycle
(a, A*eh()‘)) to remove all the non-resonant terms of A, that is, there exists Y € B,,
h'e e B{f(sl/lz) such that

eY(X-HX)(A*eh(X))e—Y(X) — A*eh"e(X)7

with |Y|, < &'V/2, |h"¢|, < 2¢’. Thus, we get the cocycle (o, A e ™).
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Now define
A1) = (k € 22 : |k, &) IRz = €'/12),
A" = (k € Z° : 12p — (k, &) IRyz > €'/12),

and define Bﬁ”(el/ 12) as in equation (3.1) with A being substituted by A,. Then, we can
compute that any ¥ € B¢ (¢'/12) takes the precise form:

Y () = (it(x) v(x))

v(x) —it(x)
_ itk) 0\ inre) 0 D(k)e'2m k)
= (0 —i?(k))e o2 Se—i2mikx) o)
ke (1/12) ke (e1/12)

where t (x) € R, v(x) € C.
Combining with the fact that « € DC(y, 7) and the Claim 3.5, we have

(Z\ Ay Nk € 22 k|, < N} = {0},
{(ZN\ A"y N {k € Z2° 1 |kly < N} = {ka),
where N’ £ 2N1+01/2) _ N Thus, h"(x) € B¢ (€'/12) can be rewritten as

h"¢(x) = hof (x) + A1 (x) + hy% (x)
Lo Ty i ks,
_ <lt(0) 0> L (Ao Dk, )et2m ! x>0) n Z e (e 2 k)

T = —i277 (kg ,x)
0 it(0) viky)e Ko
with
W€l < I0lle <26, j=0,1,2. (3.21)
Define Q : 2T*° — SU(1, 1) as
e*in<k*,x> 0
Q(x) = <0 eiﬂ(k*’x> )7
so we have
1Q(x)|s < e™lhsln < g=8/(0=0), (3.22)

where the last inequality is from [ky|, < N = {(0c — 8)w} ! Ine~!. One can also show
O(x + a) (A" ) Q) ™! = AL ™),

where
, 1 127 (p—(kxt) /2) 0
A, =0(x +a)A, 0(x)” = (0 ei2n(p(k*,a)/2)>’

and

2
W) = Q) Q)™ =D QR (x)Qx) ™.

J=0
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Moreover,
re - re re - 0 vk
Oy ()QW) ™" =hi' (1), QAT W) Q)™ = (?(k*)v( 3>
i _ (cos ks, x) —sinm(ky, x)
M7 Ox)M = (sinrr(k*,x) cos 7t {ky, x) )
Denote

L= Qhy(x)Qx) ™ + Q@A (x)0x) ™",
F=Qhy(x)0x)~,
B=0x)e"®p:2T® - su,1).
Then, by the discussions above, we have
B(x + a)(Ae/ ) B(x) ™ = AL = A oS+,
where

"
Ap = Alel =Mt

el g 70) Dk
= (0 e—i27r(,0—(k*,ot>/2)> exp <f)‘(k*) _ i’f(O))’ (3.23)
S+ — 7L ") _ =L L+F

Now, we give the estimates of B and the cocycle («, A+ef+(x)). First, Proposition 2.3
shows

ke
p(@, Aol ) = p(a, 4l W) 4 Lo *za),

and the estimates in equations (3.19)—(3.22) yield
|B|5 S eﬂslk*|n€—1/480’ ”B” S 8_1/480,
7 < 2¢', [Olky)| <26’e” *ln
[F0)] < 26/, [D(ky)| < 26’270kl
|F|8 < 8*25/(0*5)”1;6'8 < 8725/(075)87271N/(075)|h£e|0

— n/2 _ —
5281 1/24084N e 20 /(0 —§) < 810.

The estimates above imply that the B, f and Ai defined by equation (3.23) are those we
need. O

3.2. Reducibility of almost-periodic cocycle. Given any o € (0, 0p), define

oy — 0O

i1 =0 ————, j>1, 3.24
O‘]"Fl OJ 12(] + 1)2 J = ( )
then,
+00
500 + o
Ooo=00—Z(0i—0i+1) z—c >0
i=0
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Let
g0 < & 1= D(0)”" exp{—{[12(N* + 1)*][(o0 — o) ] 12D/, (3.25)
where D(c) is the one in equation (3.4) and
N* = (3M/4C+m _ =1, (3.26)
Moreover, we also define

Ejy1 = 48;, N; ={(oj — Gj+1)7l’}_l Ine!

Loz (3.27)

Remark 3.6. Assume we arrive at the (j 4 1)th step’s cocycle (o, A jeff') satisfying the
hypotheses of Proposition 3.3 with o, § and A, f being replaced by o, 011 and A, f;,
then we can apply Proposition 3.3 and get a new cocycle (a, A1 efi+1). The conclusions
of Proposition 3.3 show that | f;41 |U]. +1 < &j41 for both the resonant and non-resonant
cases. The choice of ¢, defined by equation (3.25) with N* being given by equation (3.26)
ensures that

gj+1 = D(©) " exp{=[(0)11 — 0j42)7] T2/}, (3.28)

That is, (o, Aj+1eff'+1) satisfies the hypotheses of Proposition 3.3 with ¢, § and A, f
being replaced by 041,042 and A1, fj+1. That is, we can apply Proposition 3.3 to
(c, Ajeff) forall j > 0.

PROPOSITION 3.7. Leta € DCoo(y,7), v > 0,0 <09 < (1/10), T > 1,17 >0,

K; ={E € X | there exists kj_1 € 2", with0 < |kj_1], < Nj_

* 0
such that |2p(A;—1) — (kj—1, gz < &7 =1 (329)
Suppose that Ay € SL(2,R), fo € Hoy (T, sl(2,R)), and |f|s, < €0. Then, the fol-

lowing conclusions hold. (1) The system (a, Agef°™)) is almost reducible in the strip
|3x| < 0. Moreover, there exists Bj_1 € Hy; (2T, SL(2, R)), such that

Bi_1(x +a)Age® B, _1(x)7 = A;eli®, j>1 (3.30)
with estimates
~ —1/320 .
IBjo1ll < €272, 1file; <& J = 1. (3.3)

Assume the (jy + 1)th KAM step is the £th resonant step with £ = i,i + 1, then

444 443
N](',v i kjisiln = Njiy, - (3.32)
(2) There exist unitary matrices U; € SL(2, C) such that
i27p; .

_1 el ¢ .

UjAjUj = (0 e—i2ﬂp]j> forall j € N (3.33)
and

IBj-111* - Icjl < 8ll Aol forall j €N, (3.34)
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where qu is the one in equation (3.30). Moreover, if E € K, then

pla, Ajeli™) = pla, Aj_1e/i1®) 427k, a),

(3.35)
lcjl < 481/12
In this case, set Aj = eA/J{, then
mMaAT M = (Y (3.36)
J ﬁj — itj ’
with
1 < 46V oyl = 26l 70Ty <4620 (33

(3) If there exists k € Z3° \ {0}, such that
pa, Ape”™) =27k, o), (3.38)

and (a, Age® ™)) is not uniformly hyperbolic, then the resonant case defined in
Proposition 3.3 only happens finite times. Moreover, there exists B € Hy, (2T, SL(2, R))
such that

B(x + @) Age® @ B(x)! = ((1> i)

with estimate || < 281 1/120 - 25/16)7 o K1, and|B(x)|g <dej, —1/320,®/ D lkly yyhere
Jn is the index of last resonant site k j,

Proof. We give the conclusions in part (1) by induction.

First step. The estimate of gy defined by equation (3.25) enables us to apply
Proposition 3.3 to («, Ape0™)) and obtain the following. There exists Eo € Hey 2T,
SL(2, R)) such that

Bo(x + a)(Age /) By(x) ™! = At

with the following estimates:

= —1/320
filoy <61, IBoll < &5 7.
That is, we get a new cocycle (, Aje/1™)) with estimates (3.30) and (3.31) with j = 1.
Moreover, if there exists kg € Z3°, 0 < |kol, < No, such that [|2p — (ko, o) ||r/z < 8(1)/12,
then
k >
p(@, A1e/1®) = p(a, Age) + & 02 o,

By Remark 3.6, we know that equation (3.28) holds with j = 0. That is, (e, Ajef1)
satisfies the hypotheses of Proposition 3.3 with o, § and A, f being replaced by o1, 07 and
Ay, fi1, respectively.

Inductive step. Assume that we have completed the /th step and are at the (/ 4+ 1)th
KAM step with [ > 1, that is, we already construct El,l € He (2T, SL(2, R)) such that
the estimates in equations (3.30) and (3.31) hold with j =1,...,/. Now we consider
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the (I + 1)th step. By Remark 3.6, we know that equation (3.28) holds with j =1 — 1.
Then, by applying Proposition 3.3, we know that there exists B; € H,,,, 2T, SL(2, R)),
Ajp1 € SL(2,R), and fi11 € Hoy,, (T, s1(2, R)) such that

Bi(x + ) (A" ) B () 7! = Apyrelin ),

If 120 — (k, a)llr/z = 81/ holds for any k € Z2° with 0 < |k|, < N, then the
conclusions of the non-resonant case in Proposition 3.3 show

1/2
B —1dloy,, <&/ Vfivtloy, <460 =41, A — Al <26 (339)

However, if there exists k; € Z3° with 0 < |k;|,, < N; such that

1201 — (kt, @) Iryz < &%, (3.40)

then the conclusions of the resonant case in Proposition 3.3 show

_ —1/480
|Biloy,, < e™rilhilng ~1480 gy < ¢, /40, [fi+1) oy < €141, (3.41)
plat, Ap1ef 1) = p(a, e + L2,
2

and

Arpr = e, LAY Il < 48, (3.42)

_ 41 Vi+1
MA! M =] . (3.43)
[+ (vl+1 —ltz+1)

with

1] < 4e) % o] < 2] 7202kl (3.44)

Let Ez =B 5171. Then, we get equation (3.30) with j =/ + 1. Moreover, the estimates
in equation (3.31) with j = [ and equations (3.39), (3.41), yield

—1 320
1B < 1B Bi—1(0)] < e /
That is the estimates in equation (3.31) hold with j =1+ 1.
Inductively, we have proved that estimates in equations (3.30) and (3.31) hold for all
j € N, which imply that («, Apef0®) is almost reducible in the strip |Sx| < 0 (000 > 0).
Now, we will verify equation (3.32). We give the lower bound of pj, , first. Suppose

there are two resonance sites kj,, kj,,, which happen at the KAM steps (j; + 1),

(Ji+1 + 1), respectively. Thus, |20, — (kj,,,» @) IRz < £; / , which yields
1/1
20j > Ikjiy @Rz — e 2
1 C(VI T)\k ‘l/(H—n) (345)
> 27 (ki y s @) IRz > 5(1 +1kj o lp) i

where the last two inequalities above are given by equations (3.9) and (3.2).
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We consider the upper bound of pj,, . According to Proposition 3.3, after the (j; + 1)th

KAM step, we get cocycle (o, A J[._Hef ji+1), then Shur theorem implies that there exists a
unitary matrix U, ;| such that

i2mpia1
Uji+1A/j{i+1Uj,-}-l 0 g 2 Jitl 4
—LLTTPji+1

which, together with equation (3.42) yields (see the details to obtain equation (3.47))

112
27pj 41l < IAT 1l < 4e;/
Moreover, equations (2.7) and (3.39) imply
Ji+1—1 1
i — Pittl = D Ame1 — Anll'? < ce3, (3.46)
m=ji+1
The inequalities (3.9), (3.45), and (3.46) yield
- bt /12 _ Y _1/24 —10c(n, )N /D
_(1 + |k]z+1|7]) cmO)lkj; Iy <Py < 28j,-/ < 4 j/ (1 +N],) c(n,T) P .

Then, we have N;?Hn)/ @3 _ |kj;,, |y, and equation (3.32) is proved.

Now, we will verify the conclusions in (2). Obviously, equation (3.33) holds. Now, we
assume E € K, then the estimates in equations (3.42)—(3.44) with [ = j — 1 yield the
conclusions in equations (3.36) and (3.37). Moreover, for the unitary matrix U in equation

(3.33), we get
_ 270 !
viAtuT = (PG,
I 0 —i2np,

Thus, the estimates in equation (3.42) with/ = j — 1 yield

I 127p5] < AT < 4e /L. (3.47)
Thus,
_1 U_A/{U_—l ei27rpj C:
UjAjUj — ¢VidjYj :(O e—i2np]j ,
where ¢; = Y 20(1/(2n + 1)')0”(127er)2” Then, |c;| < |c”| < 481/1 That is, we get

the estimate about c; in equation (3 35). The equality about the rotatlon number in equation
(3.35) holds obviously, we omit the details.

Now, we come to the inequality in equation (3.34). Since the steps between j; + 1,
Ji+1 + 1 are all non-resonant steps, then equation (3.31) with j; = j — 1, equation (3.42)
with / = j;, and equation (3.39) yield, for all j; + 1 < j < ji+1 + 1,

j—1
AT < AT+ D7 N Amsr — Anll'? < 565/,
m=j;+1 (3.48)

|Bj_1(x)lo < 26,1
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The inequality above, together with equation (3.33), yields

1/12

lejl <56/ i1 <j <+l (3.49)

The estimates (3.31), (3.35), (3.48), and (3.49) enable us to get the following conclu-
sions.
(I)  After each resonant step j, equations (3.31) and (3.35) yield

37/480

1B 1) 17lej| < 467" < 8l Agll.

(II)  After each non-resonant step j, we are able to use the estimates of the last resonant
step j; + 1 if it exists. Moreover, equations (3.48) and (3.49) imply

37/480

I1Bj1(0)IPle;] < 2063 < 8]l Agl.

(III) It is possible that no resonant steps happened within the first j steps. In this case,
each step is non-resonant and thus we can use the estimate ||§ i—1ll < 2. Then,
lej1 < 1A 1l < 2]l Aol which implies ||B;_1[1%|c;| < 8] Ao]l.

The discussions in conclusions (I)—(III) yield equation (3.34).
Finally, we come to part (3). Assume that the resonance occurs at j; + 1th step’s cocycle

(a, Aj,effl), [ € N. For the k in equation (3.38), if there exists p € N such that

Nj,—1 < Ikl < N; (3.50)

P

then, in the following, we will prove that there is no j,.
Assume there exists such jp41 with 0 < |k; |, < oo satisfying

1/12
<K)o) =205, IR/Z < €t

In this case, the estimates in equation (3.47) with j = j,41 + 1 and equation (2.7) show

1/12
|10(a’ Ajp+1+l)| < €jp+l
and
i 1/2
[2p(a, Ajp+1+1ef’1’““) —2p(a, Aj, 1+ < 28jp/+1+1,
respectively. The two inequalities above yield
; 1/12
20, Ay, e ) < 4e)/ 2. (3.51)

However, the two inequalities in equation (3.32) imply, for 1 <m < p 4+ 1,

m m—1 m—1 ) 31
D Weily = 3 INjly Kby = D W [P < Sk 1. (352)
=1 I=1 i=0

Setk := k + 3" k;,, then equations (3.52), (3.50), and (3.32) yield

14
2 Kjppily =3Nj, > -=N;

3.53
0 15 (3:53)

p
kjp+l + k + Z k]l
=1

N

16 ~
1_5ij+l = |k|'7 =
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Moreover, the estimates in equationsa (3.38) and (3.35) yield

p+1

2p(c, Ajp+1+1ef’f’+1+‘) = <k + Z ki, a> = (k, a),
=1

which, together with equations (3.53) and (3.9), yields

fpersin] _ 117 e
20p(a, Aj, w1e7’rt)| = |k, @) lr/z = y (1 +2Nj,,,) P>
The inequality above, together with equation (3.51), implies
1/120 i, 1/12
Ejpr < 2p(a, Ajy, 1€ Ity < 48jp+l’

which is a contradiction, so there is no j,. Thus, 2p(a, A Jv _,’_]gf/'p'*'l) = 0, otherwise,
there exists the (p + 1)th resonance.

The discussions above mean that the resonant case occurs only finitely many times in
the above almost reducibility procedure. By the estimates of B; in equation (3.39) and the
sequence (o) jeN given in equation (3.24), we see that the product ]_[lj:O B; converges to
some B € Hy (2T, SL(2, R)) such that B(x + o) Age/0® B(x)~! = Ay, with

P, Ass) = plat, Aj,41el7071) = 0. (3.54)
Assuming that there are actually »n times resonant steps, associated with integers vectors
kj € ZF with0 < |kjl, < Nj,l=1,...,n,

then, k =kj, +---+kj,. In view of inequality (3.52), equation (3.32) with similar
calculation of equation (3.53), we get

14 16
E|kjn|n < lkly < Elk,-nln. (3.55)

Now we estimate the constant matrix A . The fact that we have assumed that the initial
cocycle (or, Agef0™) is not hyperbolic and equation (3.54) imply A is a parabolic matrix.
As Ao € SL(2, R), we have Ay = e% with Al € sl(2,R) and detA), = 0. Assume
that A%, = (‘e _ai?), then there exists ¢ € T such that Ry A R_y = (8 =@ Let
B =RyB, and ¢ = ajp — ay|, We can see that the cocycle (o, AoefO(’“)) is conjugated to
Aso = (; §)by B().

To estimate ||, let us focus on (a, A}, +1elint19) which is obtained by the last
resonant step. In the following, we will estimate the constant matrix A,. Obviously,

Ao = % = M~ ex (—iﬂ“ /.312>M,
Oo P B —iBn
where B1; € R, 812 € C. Since by equations (3.36) and (3.37) with j, + 1 in place of j,
and Proposition 3.3, it follows that

Bl = |(M(AL, — A} , DM D+ (MA) M~

1-1/240 _— ;
< 1663 +2e, /H0e72mkinly

n

Ojn < 81'—1/1206—2n|kjn |'7‘7.fn .
— Jn
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1-1/120 _
/ e 27k

Then, we have |B11]| < g inln%n since detAgo = 0. Thus, by equation (3.55),

n

1-1/120_ 27 [k), |0
g1 = laiz —ax| < |Bul+ B2l < 2¢; /120 g =271 K sy

n

< 28;51/1206—(25/16>mo\k\" < 2—17

n

where the third inequality is by |k|,, < 16/15]k}, |, in equation (3.55) and 0 > 50¢/6. In
view of Proposition 3.7, there exists B;, € ’ngn " (2T*°, SL(2, R)), such that

Bj, (x + @) AP B; (x)7! = A, 41,

By equation (3.8) and Proposition 3.7 with 0, > o, we get

n
1B, 0l < 2] 1B 0)le < 2¢5, 713206 ®/D70lk,,
i=1

Thus, |B(x)|, < 4g;,~/320e®/Dalkly O

4. Pure absolutely continuous spectrum

In this section, we give the proof of Theorem 1.2, whose conclusions show that the operator
Hy 4 x has purely ac spectrum under some suitable hypotheses. The proof is based on the
conclusions in Proposition 3.7.

4.1. Auxiliary lemmas. Before giving the proof of Theorem 1.2, we give some auxiliary
lemmas to get some necessary estimates such as the growth of cocycle, the estimates of
integrated density of states, Lyapunov exponent, and rotation number. Moreover, we will
apply Lemmas 4.6—4.8 without proof in our topology since we equip T with the product
topology of T, which is similar to the topology in [1]. Here and subsequently, we denote
Yy « by the spectrum of Hy , » and we acquiesce in the equality S}E/ (x) = Apeo).

LEMMA 4.1. Let K;, j € N be the sets defined by equation (3.29) and set E € K. Then,
there exists m € Z3° with the estimate 0 < |m|, < 2N;_; such that

1/12
120(ct, Age ) — (m, )z < &} @)
Moreover,
—1/160
sup ISy, 1l < ce; 1. 4.2)
0<n<ce;“v_1/|12

Proof. Forl e N, we assume that the /th resonance occurs at the (j; + 1)th step of KAM
iteration. For a given j, there exists p € N such that j, 4+ 1 = j. We just consider the case
p > 2since in the case p = 1, we just take m = kj,.
Now, we assume p > 2. Setm = kjp — Zfz_ll kj, and note
p—1
2p(a, Aj,e!n™) = 2p(a, Age™) + " (kjp. ).
I=1
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Moreover, equations (2.7), (3.7), and (3.29) yield

j 2
120(e, Ajpefjp(x)) —(k; allr/z < 28}1.]{1 )

Jp>
The inequalities above imply

1/12

120 (er, Age0) — (m, o)lgyz < 2¢))

Moreover, for the m defined above, equation (3.32) yields

P p-1 A
443n)/(d+4n))
mly < 3 Jkjly < 3 NEEEEDT <o
=1 i=0

Now we come to equation (4.2). First, equation (3.30) shows that
Ape™ =B, 1(x + &) 'A;efIOB;_(x).

Moreover, equation (3.37) implies ||Ajeff(x)|| < 1+8]1~/_112.

together with equation (3.31), yield

The discussions above,

—1/12 B
1/12)%!._1 g7 1/160 . —1/160

sup[ISE I < (I +e;7) i <eeh 0

LEMMA 4.2. The integrated density of states is %-Hblder for every 0 < e < 8(1)/4.
Moreover, if E € Ty 4, then

L(a, Sy) =0. (4.3)
Proof. We prove equation (4.3) first, which can be derived from the inequality
ISE,ll <nf, n>1, Ee€Zy,, “.4)

where c is a positive constant. We distinguish the proof of equation (4.4) into two cases.
Case 1. If («, Age/0™) is reducible, then there exists B € H, (2T, SL(2, R)) such
that

B(x +a)Age®™@Bx)! = Ag.

Since E € Xy 4, the cocycle (c, Apef0®) is not uniformly hyperbolic [46], and hence

A ei2ﬂp ¢
oo — 0 e*ian

with p € R. Then, ||AZ || < nc + 1, which implies that
ISE LN < IAZIIB@®)* < (nc+ 1)C < Cn foralln > 1.

Thus, equation (4.3) holds.
Case 2. If (a, Ape/0®) is not reducible but almost reducible, we need the following
lemma to describe the growth of the cocycle.
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LEMMA 4.3. Suppose E € Xy 4, then forall j > 1, there exists E}_l, such that

=, e 1 ei2np-
B (x +a)Age®™B)_ ()" = (0 iz, ) + Fj(x), (4.5)

where pj € R, with

=~ 1/4 —1/320 >
Il <el/t 1B @l <7 1B, )lPle;l <84l (46)

Proof. The conclusions in part (1) of Proposition 3.7 show that there exists B -1 €
Ho,; (2T, SL(2, R)), such that equation (3.30) holds with equation (3.31). Then, there
exists unitary matrices U; such that

271 .
. _1 e' TP c
UjAjefJ(X)Uj = (0 6—52ﬂp1j> + Fj(x),

where pj € RUIR with [Fj(x)|s; < ¢; and the estimates in equations (3.31) and (3.34)
hold.
Case I: pj € R. Let B}_l(x) =U;Bj_1(x), Fj = Fj, then

et @A ol = (€T 4 F
-1 0 Jj—1 —\o e~ i27pj Jj)-

Moreover, the estimates in equation (4.6) are also satisfied.
Case 2: p; € iR. We first assume [p;| > 8]1./4. Let

where g; = ||§j_1 ||£;/4. Then, we have

1211,0 i2mp; 0
QJ [( 127{,0,) + Fj (x)i| Q]_l = <Oe ei271p.,~> + Fj/'(x)’

where
0
Fi(x) = (0 qu) + O, F; (x)Q‘

Moreover, equation (3.34) yields
> 1/2 1/2 1/2
lejla? = IcjlIBj-11%e;> < 8l Aolle®, 10;F; 07 <),

then we have ||F/|| <cg; 172
hyperbolic.

More precisely, given a non-zero vector () € R2with |a| > |b], let

/ i27pj 0 i27pj
)= (67 a8 -] ()= (Z20) o0 )

. We will show that this implies that the system is uniformly
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Without loss of generality, assume i27rp; > 0, then
|d'| = (PP —2||FfIDlal, [b'] <e ™ |b|+2||F]]lal.

Therefore, [a/| — |b| > (i47p; — 4ce}/*)|a] > 0, which, together with the cone field
criterion (compare, e.g., [71]), implies (, Age/0) is uniformly hyperbolic. This conflicts
with our assumption that £ € Xy 4. So we have [p;| < £; . We put it into the perturbation
to obtain the following:

~ ~ _ 1 ¢ ~
B}_l(x +a)Aoef°(x)B}_1(x) I = <0 {) + Fj(x)

with ||F | < £ b . Thus, we get the new cocycle with p; = 0 and the perturbation being
given above. So we have p € R. O

To control the growth of the cocycle, we need the following lemma proved by Avila,
Fayad, and Krikorian [7].

LEMMA 4.4. We have that
MiGd+ &) - - - MoGid + &) = MP(id + £,
where MO = M; - - - Mo and
1ED | < eXheo IMOP I8N _

Now, we come back to the proof of Case 2 of Lemma 4.2. Let
ei 2rp; cj

-1
U]A U ( 0 e*i2npj

), & =UjAT U Fj(x + ka).
Apply Lemma 4.4 to the M}, given above and equation (4.5), so that we obtain

Sk () =B\ (x + (n + DU, AU (d+ E")B)_ (x + ),

n k=12
Where ”%‘(ﬂ)” < ezk=1 ”U/A.U. It 1 Since 10] c R’ we haVe ”UjAlchj—ln 5 1+

1/4

k|c;|, which, together with |F | < £; , yields

~ 174
1SE, 1 < 1By I2(1 + nle;l) - Xm0 TP e De;

1/4
8/

~ 3
< IB_ 1> +nlejle" 5.

The inequality above, together with equation (4.6), implies

-1 /160

sup ISy, I < 208117 (1 + nlejl) < 2621 + 16n. %))

Since we are at the almost reducible situation, for any fixed large n € N, there exists i

such thatn € [g;_ -l 36, &_ -l 12] then equation (4.7) shows that

sup  [ISE, Il <2n°%0 4+ 16n < 17n.
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The above equation yields
.1 v o1
lim —In||Sg, ()| < lim —In(177) = 0.
n—oo n ’ n—oon

So we get equation (4.3) for E € Zy 4.
Next, we will prove the conclusion of Lemma 4.2 about the integrated density of states.

To this end, let /; £ (8}/4, 8}/_115), j = 1. Then, for any small 0 < ¢ < 8(1)/15, there exists j

such that ¢ € I;. Moreover, we also need the lemma below.
LEMMA 4.5. There exists W € Hys (2T, GL(2, C)) such that

0(x) = Wx +a)Age®O W), (4.8)
with

Wl <e™ 10 <1+ 4.9)
Proof. Let I;/]._l and 171- be those in Lemma 4.3, so

Y fox) 37 ~1 e ¢ P
Bi_j(x +a)Ape!™B;_;(x)" = (O eizjrpj) + Fj(x).

Let D = diag{d, d~'}, W(x) = D§}7] with d = e‘/4||§},1 ||. Then, we have

Jox) -1 e!¥ri 0 fal
W(x +a)Age® W)™ = 0 e-i2m; + Fi(x),

where

- 0 |IB. . |%"2c; ~
Fj(x)=< o T ) pEDT

Since ¢ € I}, we have d < 1, which implies [|W] < e~1/4. Moreover, equation (4.6) and

the fact that ¢ € I imply ||F} )|l < ce'/? and pj € R. Let
Q) = W(x + a)Age W)™,
then | Q| < 1+ ce!/2. O
Now, we prove conclusions about the integrated density of states. Notice
1
VN _ 1 - 14
Lia, SF) = lim —In |ISE, (0.

Abbreviate L(c, Sg) to L(E, V) and by the Thouless formula, we obtain

2

. [ € /
L(E +ie, V) — L(E, V)_/Rzln (1+(E/_—E)2>dN(E)

E+e
> / (1 In 2) dN(E"), (4.10)
E—¢ 2

> % In2(N(E + &) = N(E — &),

So it is enough to show that for 0 < ¢ < 85/4, L(E +icg) < Csl/2,
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Notice that
E+ic—V(ix -1 ie 0
Spiis(®) = ( | ) 0 ) = Sp(x)+ <0 0)

and there exists /; such that ¢ € I}, then by equations (4.8) and (4.9), we get
1% -1 ie 0 -1
Wi +a)Sp i ;(OWK)™ =0x)+ Wk +a) 0 0 W)™,
e §(x).
The Lyapunov exponent is clearly invariant under conjugacies, so we have
L(E+ie, V)= L(c, S}‘E/Hs) = L(a, S). Thus,
IS < 1+ce? e 72 =1+ ce'/?,

which implies

~ 1 ~ 1< ~
L, )= lim —In||S,(x)|| < lim — § In|IS(x + (i — Da)|| < ce'/?,
n—oo n n—-oo n pry
which, together with equation (4.10), implies that integrated density of states is %— Holder

continuous. O]

LEMMA 4.6. [1] We have u(E — ie, E +ig) < Ce Supy—py<ce-1 ISE 1% where C > 0
is a universal constant.

LEMMA 4.7. [1] IfE € Sy 4, thenfor0 < & < s/*, N(E + &) — N(E — &) > cs¥/2.

Let B’ be the set of E € Xy 4 such that («, Sg (x)) is bounded, and R’ be the set of
E € Xy 4 such that («, S}E/ (x)) is reducible. Then, we have two lemmas below, which are
the basis of the proof of Theorem 1.2.

LEMMA 4.8. [1] Let B’ be the set of E € R such that the cocycle («, Sg) is bounded.
Then, v o x|B' is absolutely continuous for all x € R.

LEMMA 4.9. IfE € R'\ B, then there exists a unique k € Z5° such that 2p (c, S,‘S/ (x)) =
(k, @)mod 1.

Proof. If E € R/, then there exist at most finitely many resonance sites k jos - - - » kj;. Since
there exists B € H, (2T, SL(2, R)) such that

B(x + a)Age® D Bx)"! = Aq,

—1/320

with | B|| < 28jl , then by equation (3.35) and E ¢ B, we have

I
ki,o
pla, Ave) = pla, A0 + 3 0 g
i=0

which yields 2p(«, 51‘5/ (x)) = (k, @)mod 1 for some k € Z2°. ]
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4.2. Proof of Theorem 1.2. Once we get the conclusions in §4.1, we are ready to
prove Theorem 1.2. First, Lemma 4.8 shows that to prove Theorem 1.2, it is enough
to prove u(Zy 4 \ B') = 0. Moreover, Lemma 4.9 shows that R’ \ B’ is countable. The
definition of R’ implies that if E € R’, any non-zero solution Hy o u = Eu satisfies
inf,ez{|un|?> + |uns1|?} > 0. Thus, if, furthermore, E € R’ \ B/, then u ¢ ¢>(Z). That is,
there are no eigenvalues in R’ \ B’ and u(R’'\ B’) = 0. So it is enough to prove that
W(Eya \R) =0.

Actually, E € Ty 4 \ R’ and u(Zy 4 \ R') = 0 are equivalent to E € lim SUp;_, o0 K
and p(limsup;_, ., K;) =0, respectively. Moreover, by the Borel-Cantelli lemma,
p(imsup;_, ., Kj) = 0is equivalent to Zj ,u(K_j) < 00. So, the last thing is to show

Z w(K;) < oo. 4.11)
J
We will devote ourselves to proving equation (4.11) in the rest of this section.
Let J;(E) = (E — cej./_lf, E + cs}/_lf), j > 1.Lemma4.6 and E € K yield
1/18 31/720
w((E) < el sup |ISY, I < ce T (4.12)
O<n<ce _]{18 '

Thus, K_] C Ulr:() Jj(E;) since K_] is compact, where E; € K;,1 =0, ..., r. Refine this

subcover if necessary, then we can assume that any x € R is contained in at most two
different J;(E;). Thus, N(K ;) C Ui_y N(J;(E)).
We see that N(E) =1 —2p(«, Sg) and equation (4.1) yield

IN(E) — (m, a)lg/z <&/'} forall E € K. 4.13)

For m(l) € ZJ° satisfying equation (4.13), set

1/12 1/12

T = (m(@). o) — "}, (m@). a) +¢}/'D). (4.14)
For the fixed 7; defined above, we have
1T = 2511./_‘12 =27 JHE)P? < 2¢7 N(J(E))| forall E € K;, (4.15)

where the last inequality is by Lemma 4.7. For the constant ¢ in equation (4.15),
set N, = [4(071 + 1)] + 1, where [-] denotes the integer part. Then, for the fixed 7,
select {El,s}évél C Kjsuchthat N(J;(Ejs)), s =1, ..., Ne, intersects T; with J; (Ej) €
{J;(E)};_y- Thus,

r N N¢
NEK) c|JNUjE) c | NG E, (4.16)
i=0 1=0 s=1
where N is the number of such m(l) satisfying equation (4.13).

Note for fixed E; € K, there exists / € N such that N(E;) € T;, and thus N(J;(E;))
intersects 7;, which, together with the selection of {E[’s};vél above, yields the second
relation in equation (4.16).

We, in the lemma below, give the upper bound of N , which is the number of such m (1)
satisfying equation (4.13).
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LEMMA 4.10. N satisfies the following inequality:

~ —1/40

N < €1 “4.17)

Proof. For E € K, Lemma 4.1 implies that there exists m € ZZ° such that equation (4.1)
holds (thus, this m satisfies equation (4.13) since N(E) = 1 — 2p(«, Sg)) with

Iml|, = Z(s)n|ms| <2Nj_i. (4.18)

Moreover, we assume j is large enough such that 1 < n < ,/1 +1log, Nj_1 — 1.
For the m satisfying equation (4.18), denote M,, by the number of its non-zero

components. Then, we have the following estimates:

M
2Nj1 = |mly = Z (ij)"mi;| = Z(l == T+1 P
j=1

j=1

and thus,
My < @n+2)0 N VO < 20N I < Nyt (4.19)

where the last inequality is by n < /1 +1log, Nj_; — 1. The second inequality above
shows that 2(2N _Y 4 s the uniform bound of the M,, for all m given by equation
(4.13). Set C,,, n > j, to be the notation of combination, which denotes the prescribed size
of taking j numbers from the given set {1, 2, . . ., n}.

Now, we are ready for proving the inequality in equation (4.17). First, equa-
tion (4.18) shows that my; =0 for s > (2Nj_1)1/”. Thus, we are restricted to the
(2N;j_1)!/7-dimensional tori, which, for the fixed j € N, is finite dimensional. Moreover,
equation (4.19) shows that the uniform bound of the number of non-zero components of
m satisfying equation (4.13) is 2(2Nj_1)1/(1+”). That is, there are at least (2Nj_1)1/" —
22N j_l)l/ (41 many components being zero. So for these m satisfying equation (4.13),
we just need to consider its 2(2N j_l)l/ (41 many components, which are allowed to be
non-zero. Second, equation (4.18) also yields |mg| < 2N;_1|s|™", s > 1. Thus, for fixed
s < (2Nj,1)1/’7, my can take any of the values below:

{£[2N;—1ls|7"], £(2Nj—1ls|7"1 = 1), ..., £2,£1,0}.
Set

{n1,n2,..., ”2(2Nj_1)1/<1+'7)}- (4.20)

We consider these m values, which satisfy equation (4.13) and whose indexes set
of 22N j_l)l/ (41 many components, which may not be zero, is set above. By the
discussions above, we know that the number of these m is less than

2(2Nj,1)1/<1+’7)

[T @Niim) ™+ ).

s=1
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Note the elements of the index set defined in equation (4.20) are taken from the set

{0,1,...,(2N;_1)"/"}, and thus we have the estimate
202N;_l/a+m
~ 20N,/ A+ -
N < C(zlel)ll/n l_[ (@Nj_1(ng)" "+ 1)

s=1
2(2Nj,1)'/“+’7)

2(2N_-_,)1/(I+n) B 140
= C(zNj,/l)l/n l_[ @Nj—1(s)™"+ 1) <&,y
s=0

where the second inequality is by the fact that (n;) ™7 < (s)~" and the last inequality is by
the second inequality in equation (3.9). O

Now, we continue the estimation of /,L(K_j). First, equation (4.16) shows that there are at
most NN intervals J;(E;). Then equations (4.16) and (4.17) yield
r
- —1/40 31/720 13/720
WK <3 nUH(ED) < Nee 1% cel/P0 < ce T2,
i=0

where the second inequality is by equation (4.12).

5. Homogeneous spectrum
In this section, we will prove our main result about the homogeneous spectrum, that is,
Theorem 1.4.

5.1. Gap estimate. The proof of Theorem 1.4 is based on the gap estimates via the
Moser—Poschel argument, see Theorem 5.1. Thus, we will give a brief introduction about
the gap estimate and the conclusion in our setting.

In [53], Moser and Poschel consider a continuous quasi-periodic Schrodinger operator
with small analytic potential V and show that |G (V)| is exponentially small with |k|
for large enough |k|. Later, in [36, 59], Eliasson and Puig follow the work in [53] and
show G, (V) is at least sub-exponentially small with respect to m under some hypotheses.
In [43, 60], Hadj-Amor, and Shi and Yuan consider the discrete Schrodinger operator
and the extended Harper model, showing the sub-exponential smallness with respect to
m of G,,(V). Damanik and Goldstein, in [26], give a sharper upper bound 2ge~"0l"I/2
of |G (V)|. Leguil et al, in [48], give the upper bound of |G (V)| with the Liouvillean
frequency, and, in the Diophantine frequency case, the authors extend the result in [26] by
giving a sharper upper bound £%/3¢=2*"1"l for all r € (0, ro). In [24, 50], Damanik, and
Liu and Yuan prove the gap labeling theorem for ergodic Schrédinger operators and give
the estimate of spectral gaps of AMO in the exponential regime. Our result is the following.

THEOREM 5.1. Let o € DCoo(y, 7) and V € Hoy (T, R) with n > 0. There exists
0 < eo(y, T, 1n,00) < 1suchthatif |V|s, < €0, then for the discrete Schrédinger operator
Hy o x, we have |G (V)] < 88/467(5/4)”"0“"”.

For any rg > 0, under the Diophantine frequency case, the estimate of gap in [48] is
g23e¢=2mrml for all r € (0, ro). However, the weight in our Theorem 5.1 is %rmo. The
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main reason that we lose much more analytic radius is that, with the infinite dimensional
frequency, the estimate of the resonant site given by equation (3.32) is much worse than
that in [48]. Consequently, we can only get much worse estimates about ¢ and B in part
(3) of Proposition 3.7.

5.2. Proof of Theorem 1.4. We will apply the estimate in Theorem 5.1 to prove Theorem
1.4. Set

E=minXy, E=maxXZy, GoV)=(—00, E)U(E,+00).
Moreover, given any E € Xy 4 and any € > 0, set
M=M(E, &) 2 {meZP\{0} | Gu(V)N(E — ¢, E +¢) # 3},
and let mp € M be such that |mg|, = min,,e a1 [m|;. Since E € Xy 4, it is obvious that

IGmo(V)N(E —¢, E+¢)| <e,
[(—o0, EYN(E —¢, E+¢)| <e,
I(E, +00) N (E — &, E +8)| < e.

Moreover, by the definition of M, we know that
dist(Gu(V), G,pr(V)) <2e forallm, m’ € M. (GRY)

Now, we assume 0 < ¢ < g and separate the discussions into the following three cases.
Case 1: Go(V)N(E — ¢, E+¢) =o. Consider two different gaps G, (V) and
G, (V). Without loss of generality, we assume that E ,*n‘ < E, . Hence,

dist(G(V), G (V) = E,, — E}}.
Thus, by Lemma 4.2, the equality above with equation (5.1), we have
IN(E,,) — N(E}D)| < c(E,, — E})'2,

where ¢ is independent of E. Since o € DC(y, 7), according to equation (2.6) and
Lemma 4.9, gap labeling [46], we have

1/(14n)

IN(E, ) = N(E})| = [m' — m, &)llryz = y (1 + |m’ — m],)= <m0 m=ml)

The three inequalities above show, for all m" # m € Z3° \ {0},

2
26 > dist(Gp(V), Gy (V) > 7/_2(1 im — m|n)—2c(n,r)(|m —mlrz)l/(l+r7). (5.2)
c
By equation (5.2) we get, for all m € M \ {mo},
]/2 2¢ b 1/(141)
26 2 dist(G(V), Ging(V)) 2 =5 (1 + [2m]y) =20, (5.3)
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which, together with 0 < ¢ < &, yields |m|, > c1 In(1/¢) with ¢; = c¢1(n, T, ). More-

over, Theorem 5.1 shows |G, (V)| < 8(3)/ 4e’(5/ Droolmly  Thus, with direct calculations,
we get
Y G WMNE— E+e)l< Y |Gu(V)]
meM\{mo} meM\{mo}
3/4 —(5/9)moglmly ~ &
< & "< =,
- Z o € -4

|m|y>cy In(1/¢e)

where the last inequality is by ¢ < gy and with the similar calculations in the proof of
Lemma 4.10, we omit the details. Then we have, for any 0 < ¢ < ¢y,

[ZvoeN(E—¢€ E+e)| =2 —|Gpy(V)N(E —¢, E+¢)|
3
= X 1GWN(E ¢ Ete)l > Te
meM\{mg}
Case 2: (—oo, EYN (E — ¢, E + €) # &. In this case, for any m € M,
|E,, — E| < 2e. (5.4)

Using the same way to get equation (5.3), we also get

2
gy = El 2 (1 + ]y =20ty 1040, 55
Cc

Then, equations (5.4) and (5.5) imply |m[, > 2c; In(1/¢). Similarly, we have

Z |Gm(V) n (E —¢, E +8)| < Z 8(3)/46—(5/4)770'0|m|'7 < Z,

meM |m|y>2cq In(1/¢)
provided ¢ < gg. So we have, for any 0 < ¢ < g,

Xy N(E—¢, E+¢e)| >2e—|(—00, E)yN(E —¢, E+¢)l
3
— Y 1Gu(V)N(E -6, E+8)| = e
meM

Case 3: (E, +00) N (E —¢, E +¢) # @. The proof is similar to that of Case 2, so we
omit the details.
Finally, we get

Xy N(E—¢, E+¢)| > %8 forall0 < e <gg, forall £ € Xy ,.

As for the case ¢ € (g9, diamXZy o), we have

RI=

3
YyoN(E—¢ FE >Zgg> —— ¢
Zva N(E =& Ete)lz ge0 2 AdiamSy o

Choose u = min{3/4, 3¢9/4diamXy ,} and this concludes the proof.

5.3. Proof of Theorem 5.1. In this subsection, we give the proof of Theorem 5.1. To this
end, we give the lemma below.
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LEMMA 5.2. Let a € DCx(y, 1),k € (0, 4—11), and 'V € Hoy (T, R), n >0, be a
non-constant function. Assume that E,': is a right edge point of the spectral gap G (V),
and there are ¢ € (0, %) and B € H,(2T*>, SL(2, R)) such that

B(x + a)_lSZ;,(x)B(x) =X:= (é i) (5.6)

If

1BIS¢* < (5.7)

16C2’
then |G (V)] < ¢'7%.
We postpone the proof of Lemma 5.2 to Appendix and now we apply Lemma 5.2 to

prove Theorem 5.1. First, according to the conclusions in part (3) of Proposition 3.7, we
have

_ 1/5-1/600 —
|B|g0/24§1/5 546(81_1) 3/160 ,(48/ 7)1 (00 /24) Kl .41/58/.[/ /600 ,~(5/16)woplkl,

< 46+(1/5)8?}/25—49/24006_(3/llz)ﬂaolkln < (45)_2.

Thus, we can apply the conclusion of Lemma 5.2 and get

IGL (V)| < {4/5 < 44/58;}1/5745/506_(5/4)7100|k|,, < 88/46—(5/4)n00|k|,,'

6. Deift’s conjecture—proof of Theorem 1.1
To prove Theorem 1.1, we describe the spectral conditions of Jacobi operator induced by
the Toda lattice in equation (1.1) based on the discussions in [63, 64, 69].

Set

(P@Owy = —ap—1(Oup—1 + an(@)up+1, (6.1)
and cite J(¢) defined by equation (1.2),
(J@Ou)y = ap—1(t)up—1 + by ()u, + an(t)un+1- 6.2)

Then, equation (1.1) can be rewritten as a Lax pair:
d
EJU) =P@®)J(@)— J(@®)P@). (6.3)

Consider the self-adjoint almost periodic Jacobi matrix J defined by equation (6.2) and
denote by Jo = J(0) the Jacobi operator corresponding to the initial data (a,, b,)(0) =
(1, V(x + na)). The spectrum X := o (Jp) is compact, and thus, can be denoted as
Y =[inf X, sup 2]\ Uiez Gr(V).

We assume X is homogeneous, and let Jx and 771 (C \ X) be the class of reflectionless
Jacobi matrices with spectrum ¥ and the fundamental group of C \ X, respectively. By
+(C \ X), we denote the group of unimodular characters of 1 (C \ ) endowed with the
topology induced by the metric

d(w, &) =Y min{lo; —;],1G;l}, ®,&€m(C\X%),
Jjel
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where |G| = E /+ — E; Furthermore, we will use the additive form of notation for the
compact abelian group 7, (C \ X):

7 (C\Z)={K:m(C\X) - T,
K(y1y2) = K(yD)K(y2), vj e m(C\ X), j=1,2}

Note 71(C \ X) is a free group admitting a set of generators {ci}recz, Where ¢ is a
counterclockwise simple loop intersecting R at inf & — 1 and 2! (E,j' + E; ). Moreover,
any K € m,(C\ X) is uniquely determined by its action on loops ¢, so it can be written
as K = (K (cx))kez = (¢ Kt)1cz. See the discussions in [14, 48, 63, 64] for details.

THEOREM 6.1. [63] There is a continuous one-to-one correspondence between almost
periodic Jacobi matrices J € Jx, and characters K € m,(C\ X).

Now, we consider the Jacobi matrix J given in equation (6.2) with (a, b) € £>°(Z) x
£°(Z), then Theorem 6.1 implies that there exists a continuous map H : T — £>°(Z) x
£%°(Z) such that one can find a unique K € 7, (C \ X) with

(a,b) = H((K (ct)kez) = H((e 7 Fe)ez). (6.4)

We will consider a more general Lax pair rather than equation (6.3). More concretely,
for ¥ C X and any g € L°°(X, R), we define the infinite dimensional matrix g(J) in
the sense of standard functional calculus and decompose it into g*(J) + g~ (J), where
gt (J)(g~(J)) is an upper triangular matrix (a lower triangular matrix). Moreover, set
My(J) = g7 (J) — g~ (J). Thus, for any almost periodic Jacobi matrix Jy C Jx, we can
define the Lax pair

d
777 () =M (@) J (1) = J ()M (1)), J(0) = Jo. (6.5)

THEOREM 6.2. [69] Assume that X is homogeneous and the almost periodic Jacobi matrix
Jo € Jx has pure absolutely continuous spectrum. Given g € L (X, R) with X € X, the
following hold.

(1)  There exists a unique solution J = J(t) of equation (6.5), well defined for all
t € R. Moreover, for every t, J(t) is an almost periodic Jacobi matrix with constant
spectrum X.

(2) ForteR, let K' e, (C\ X) be the character corresponding to J(t). There
exists a homomorphism & : w1 (C\ ) — R, depending on g, such that K'(cy) =
ICO(Ck)e_iZTHS(Ck).

Now, we give the proof of Theorem 1.1. By setting g(x) = x and assuming that all
the diagonal elements of M, (J) vanish, we get the Lax pair in equation (6.3) or, with
further discussions, the Toda flow in equation (1.1). Set 0 < ¢, < g, where ¢¢ is defined

by equation (3.25). Thus, the conclusions of Proposition 3.7 hold. Consequently, the
conclusions of Theorems 1.2 and 1.4 hold. That is, the spectrum set Xy, of operator
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Hy 4 x is homogeneous and purely absolute continuity. Moreover, Ly ,(E) = 0, which
implies

my, =g, (6.6)

Later, in [1, Theorem 2.2], Avila shows that the equality in equation (6.6) holds for all
x € T, which, together with equation (2.3), implies that Hy 4  is reflectionless for every
x € T°. (In [1], the base point x € T. However, the proof of [1, Theorem 2.2] is based
on Kotani theory, which also holds in the T setting. So, the conclusions in Theorem 2.2
will also hold in T°°). Thus, Theorems 6.1 and 6.2 are applied. The assertion of part (1) of
Theorem 6.2 yields the conclusions (1) and (2) of Theorem 1.1. Moreover, the conclusion
of part (2) of Theorem 6.2 and equation (6.4) also yield

(@(t), b(1)) = H((e ¥ Kiyiez) = H((e 2 KIHECON), . (6.7)

which implies the time almost periodicity of solutions of equation (1.1). Thus, the
conclusion (3) of Theorem 1.1 is shown with M = H.
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Appendix. Proof of Lemma 5.2
In this section, we will give the proof of Lemma 5.2. We start from (c, SZ* (x)) and
k

conclusion (3) of Proposition 3.7 shows that the cocycle («, Sg;) is reducible, that is,

there are B € H, (2T, SL(2, R)) for some 0 < 0 < o¢ and a constant matrix X, such
that equation (5.6) holds with0 < ¢ < % Moreover, { = 0 if and only if the corresponding
gap is collapsed (see [S8] for details). We will show that the size of the gap is determined
by B and ¢.

To prove the inequality |G (V)| < ¢'~*, we first make some technical preparations. For
any 0 < 6 < 1, a direct calculation and equation (5.6) yield

B(x + a)*lsg;_a(x)B(x) =X —8P(x) (A1)
with
P(x) = (Bn(x)Blz(x) — B0~ IBu) B0 + 3122()5))'
— B, (x) — Bij1(x)Ba(x)
Obviously,

|Plr < (1+0)|B% <2|B)> forallr” € (0,0]. (A.2)

In fact, moving the energy E from the right end of the gap E,:r to E,j —§, we can
determine the other edge point of the spectral gap according to the variation of the rotation
number p(a, B(x —i—ot)’lS]‘E/+ a(x)B(x)). Note, the rotation number of the constant

+_
cocycle (o, X) vanishes since X is parabolic, then we know that if the rotation number
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of (a, B(x + O()_IS;:/*—(S

k
Gy (V), and thus |G (V)| < §1. We give some auxiliary lemmas first.

(x)B(x)) is positive, then E,j — &1 is beyond the left edge of

LEMMA A.l. Given o € DCx(y,T) With 0 <o <oy, if 0 < 4§ < (1/25)|B|;2, Cc2
C(o,n,t,y) = ((c(o,n, 1)/40y>3) + 1), then there exist B € Ho2(2T, SL(2, R)) and
Py € Hop2 (T, gl(2, R)) such that

B(x+a) " (X —8P(x))B(x) = ? %1 4 82 P (x) (A.3)
with
|B —1d|,/2 <2C8|BI2, |P1(x)lo2 < 2C*|BI + (48)7'¢%|BI2, (A4)

where

0 ¢ (BBl - SIBY] — ¢[B1 Bl + (B
bo = (0 0), b

B3] [BuBil+ %[Bﬁ]

The construction of B in equation (A.3) and calculations to get the estimates in equation
(A.4) are similar to [48, the proof of Lemma 6.1], we omit the details. Moreover, B in
equation (A.3) is homotopic to identity by its construction, then we have

pla, X — 8P (x)) = pla, 071 + 52 Py (x)). (A5)
LEMMA A.2. Forany B € H, (2T, SL(2,R)), [B}] < (2|B|1~)"2%
The proof of this lemma is similar the proof of [48, Lemma 6.2], we omit the details.

LEMMA A.3.[48] Forany« € (0, }), if

|Blog¥/* < 1.
then the following hold:
B? 1
0<— 2[ ! s <507 (A.6)
[Bll][BIZ] — [Bu1Bi2] 2
[B},1[B3,] — [BuBio]* > 8¢%. (A7)

Now, we give the proof |G (V)| < ¢'7* in Lemma 5.2. Set
202

d(8) := det(by — 8by) + 87[3121]2. (A.8)

As we will show, d () is the key quantity in determining the gaps. Moreover, fix k € (0, ‘1—‘)
and let 8 = ¢!7%. Here, 1 —k € (%, 1), s0 {17 < ¢ If ¢ > 0 satisfies equation (5.7),
then it is obvious that
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§1=0"" < < 2C)7 B (A.9)

Hence, we can apply Lemma A.l and conjugate (o, X —&1P(x)) to the cocycle
(a, ePo=31b1 8%P1 (x)) (that is equation (A.3)) with estimates given in equation (A.4).
Recall equation (A.8),

d(81) = —81[B31¢ + 82(1B}1[BS) — [B11 Bio]?)

[B},1¢ )

= 81([B},1[B},] — [Bu Bl (5 -
1([B1;11B1, nBl9{ 4 [B1[B%,] — [B11 B12]?

To prove |Gi(V)| <41, it is sufficient to show that p(c, ebo—dibr 4 8%P1(x)) > 0. By
equation (5.7), one has |B|,¢*/? < zlp then Lemma A.3 is applied and yields

[B3,1¢
[B}1[B,] — [B11 B12]?

<15
_21-

The two inequalities yield
d@r) = ¢ 8¢ 27T = 4g? (A.10)
and
det(bg — 81b1) > 4¢% —4718222B2 > 3¢% > 0. (A.11)

Following the expressions of by and b; in Lemma A.1, we have
2 3 1—k 2 Al12
lbo = 81611 = & + 811+ OIBl; = 5¢ "Bl (A.12)

In view of [45, Lemma 8.1], if det(bg — 81b1) > 0, then there exists P € SL(2, R) with

_ 172
|P| < 2<—|b0 Sibil ) (A.13)
/det(bg — 61b1)

such that

P cos +/det(by — 61b1) sin «/det(by — 81b1)
— sin +/det(bg — 81b1) cos «/det(bg — 81b1) /)

Combining equations (A.11)-(A.13), we have
by — 81b
4,] |P|2 < | 0 1 l|
/det(by — 81b1)
The two inequalities above, and equations (A.4) and (2.7), yield
|p (a1 4 67 Py (x)) — /det(bo — 8161)]
< |P NP0 L 52 Py (x)} P — PPtk p
= [P718{PI)P| < 8| Prlo| PI* < 16C°¢ | B,

< (7¥|BIZ.

Under the assumption (5.7), combining with equation (A.10), we have

16C2¢ '3 BIS < 1,
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which, together with the inequality above and equation (A.5), implies that

pla, X —8P(x)) > +/det(bg —81b1) — ¢ > 0.

Thus, we finish the proof of the upper bound estimate.
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