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ON LONG-RANGE DEPENDENCE OF RANDOM MEASURES

DANIEL VASATA * Czech Technical University in Prague

Abstract

This paper deals with long-range dependence of random measures on R?. By examples,
it is demonstrated that one must be careful in order to define it consistently. Therefore,
we define long-range dependence by a rather specific second-order condition and provide
an equivalent formulation involving the asymptotic behaviour of the Bartlett spectrum
near the origin. Then it is shown that the defining condition may be formulated less
strictly when the additional isotropy assumption holds. Finally, we present an example
of a long-range dependent random measure based on the O-level excursion set of a
Gaussian random field for which the corresponding spectral density and its asymptotics
are explicitly derived.
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1. Introduction

Long-range dependence of one-dimensional stochastic processes is an important concept
observed in various physical, biological, geological, economic, and social systems; see, e.g. [2],
[15], and references therein. One possible formulation for a second-order stationary stochastic
process {X,, | n = 1,2, ...} 1is based on the comparison of the variance of the sample mean X,
with 1/n as n — oo. Here, X, is called long-range dependent if

Xn

ar(> 71 X
lim sup Al = lim sup M =00

n— 00 n n—00 n

]

i.e. if the decrease of the variance is slower than 1/n. This condition is strongly connected
with the summability of the covariance function and also with the asymptotic behaviour of the
spectral density near the origin.

Our aim in this paper is to deal with an extension of this concept to random measures on the
d-dimensional Euclidean space R?. When d = 1, long-range dependence of a second-order
stationary random measure ¢ on R was defined in [7] and [8] by the condition

lim sup var ¢ (0, t]/t = o0,

—0o0

which is the straightforward generalization of the previous condition for one-dimensional
stochastic processes. Again, there is a connection to the covariance and the spectrum of ¢
as was shown in [7, Lemma 12.7.III].
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A possible extension of this definition to R was proposed in [7] by requiring a second-order
stationary random measure ¢ to satisfy

) var ¢ (Ky)
limsup ——— =
n—oo  Vi(Kp)

(1.1

for some convex averaging sequence (K}, ), <N, Where vy is the d-dimensional Lebesgue measure
on R?. Recall that a convex averaging sequence (K,)neN is a sequence of convex compact
sets, nondecreasing in the sense of inclusion, such that r(K,) = sup{r > 0| B,(x) C
K, for some x} — oo as n — oo, where B, (x) is the closed ball with radius r centred at x.
However, as is shown in Example 3.1, this definition is inconsistent for d > 2, since the value of
the limit superior may in general depend on a particular choice of the convex averaging sequence.
This situation may occur when the correlation structure of ¢ is directionally dependent. In [8],
the criterion (1.1) was used requiring its validity for every convex averaging sequence which
yields a consistent definition. However, such a condition is difficult to verify and there are no
known equivalent formulations in terms of spectral properties.

In order to avoid those complications, we define long-range dependence (Definition 3.1)
more strictly by

var ¢ (aBY)

lim sup = 00, (1.2)

a—>00 Vd(aBd)

where B9 is the closed unit ball. It should be noted that such a formulation was already used in
[13] in connection to random closed sets, where germ—grain models with power-law grain sizes
were analysed. For this definition we derive an equivalent condition (Theorem 3.1) formulated
as an unboundedness of the Bartlett spectrum of ¢ in the vicinity of the origin and its several
consequences. After that, we deal with a question as to whether the closed ball B¢ in (1.2)
might be equivalently replaced by a different convex set, that is, whether one might equivalently
require that

. var { (aK)
lim sup ———— =

a—soo Va(aK) (1)

for some arbitrary bounded convex set K C R¢ with nonempty interior. However, as is shown
in Example 3.2, for d > 3 this is generally not possible and one can only show (Proposition 3.2)
that long-range dependence of ¢ implies (1.3) for every bounded convex set K with nonempty
interior.

Then, we focus on random measures with rotation invariant reduced covariance measure and
show in Proposition 3.3 that (1.3) is equivalent to long-range dependence of ¢ independently
of K as long as it is a bounded convex set with nonempty interior. It would be also desirable to
know whether the rotation invariance is sufficient for the independence of (1.1) on the choice of
the convex averaging sequence (K, ), but we have not been able to solve this fully. Hence, we
only show in Proposition 3.4 that ¢ is long-range dependent when (1.1) holds for some convex
averaging sequence.

Finally, in Section 4 important examples having both positive and negative values of the
exponent of power-law behaviour of the spectral density near the origin are introduced. We
especially emphasize a random measure based on the 0-level excursion set of a Gaussian random
field with Cauchy covariance function in Example 4.3 for which the spectral density is explicitly
derived.
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2. Random measures and the Bartlett spectrum

Here we briefly recapitulate relevant material from stochastic geometry. For more details,
we refer the reader to [6], [7], and [17]. Recall that a random measure on RY is a measurable
mapping from some probability space (£2, +, P) to a measurable space (M, M) of all locally
finite Borel measures on R?, where M is the smallest o-algebra for which all mappings
¢ € M > ¢(A), A c R? is Borel, are measurable. A random measure ¢ is second-
order stationary if both its intensity measure A = E ¢ and second-order moment measure
A =FE¢® =FE(¢ x ¢)are locally finite measures satisfying A(A+x) = A(A) and A2 ((A+
x) X (B+x)) = A2(A x B) forall Borel A, B C R? and all x € R?. In that case, the intensity
measure A is absolutely continuous with respect to the Lebesgue measure v; on RY with
constant density A called the intensity of ¢.

The covariance measure C; is defined by C2(A x B) = A2(A x B) — A(A)A(B) =
cov(¢(A), z(B)) for all Borel A, B C R?, whenever both A and A, are locally finite. The
covariance measure C, of a second-order stationary random measure ¢ is expressible as the
product of v, along the diagonal and the reduced covariance measure Ca, see, e. g.[7, Proposition
12.6.111], i.e. in the integral form

/ f(x1,%2)Ca(dxy x dxa) = / dx / fx,x + y)Ca(dy) (2.1)
RZd Rd Rd

for any bounded measurable function f on R2“ of bounded support. The reduced covariance
measure C» on RY (and also C> on R*) is a signed measure in the sense of distributions rather
than an ordinary Borel measure. This means that it is a continuous linear functional on the
space C.(R?) of continuous compactly supported complex-valued functions and that it has real
values on real functions from C.(R%). Thev upper vgriatiop Cv‘; and lgwer variation ?‘{ of 6‘2
are (ordinary) Borevl measures defined by Ci= (|Ca2| + sz)/2 and C; = (|C2| — Cz)/VZ, re-
spectively, where | C2 | is the total variation of C; defined by C2(f) = sup, el<f. gec.®d) 1C2(8)]
for every f € C.(R?). It might be shown (e.g. [6, Proposition 8.1.11]) that C, is symmetric,
translation bounded, and positive semidefinite, i.e. éz(A) = C‘z(—A) for all Borel A C RY,
for each bounded Borel B C R? there exists Kz < oo such that |C’2(x + B)| < Kp for all
x € R?, and, for every f € C.(RY),

/ (f * f5)(x)Ca(dx) > 0,
Rd

where f % f* is the convolution of f and the involution f* of f defined by f*(x) = f(—x)
for every x € RY.

The Bartlett spectrum I' of a second-order stationary random measure £ is defined as the
Fourier transform of C», i.e. it is a positive Borel measure satisfying

v v 2
/ (f # D) Ca(dx) = @) / f@®| ras 22)
R4 R4

for every bounded Borel f with bounded support (e.g. [6, Proposition 8.2.1]), where f is the
inverse Fourier transform (in the unitary sense) defined by

f@& = (Zn)‘d”/ ™% £(x)dx.

R4

Note that the Fourier transform exists for every positive semidefinite measure on R¢ and is
determined uniquely by condition (2.2) for all f € C.(RY), see [3, Theorem 4.7]. If C, is
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absolutely continuous with continuous density cov(x) then cov is called the covariance function
and it is a positive semidefinite function. Moreover, in this case, by Bochner’s theorem (e.g.
[14, Theorem IX.9]), I" is bounded and

cov(x) = (27)~4/? / ) ¥ (dg). (2.3)
R

3. Long-range dependence of random measures

Let ¢ be a second-order stationary random measure. Using the definition of C, and (2.2),
one may easily show that

var £ (A) _ (14 *1%)(x)
vg(A) R va(A)

114 (8)?
va(A)

for every Borel A C R4 such that 0 < vg(A) < oo, where 14 is the indicator function of A.
This relation is the key ingredient of our further analysis.

We begin with an assertion that allows one to combine different covariance behaviours of
random measures in different directions.

Ca(dx) = 2m)4/? / (d§) (3.1)
Rd

Lemma 3.1. Let k, m be positive integers. Let ¢ and {» be two independent second-order
stationary random measures on R* and R™, respectively, with intensities A1, Ay > % such
that 0 < ¢1(A) < v (A) almost surely for every Borel A C R and 0 < 2 (B) < vy (B)
almost surely for every Borel B C R™, where vy and v,, are Lebesgue measures on R and

R™, respectively. Then ¢ defined by
$(A x B) =$1(A)52(B) — 5i(A)NE ) (B) — (E 1) (A) 0 (B) + 2(E £1) (A)(E £2)(B)

for every bounded Borel A C R¥, B C R™ is a second-order stationary random measure on
R*™ and its reduced covariance measure is given by éz = 62;1 X 62;2, where éz;l and 62;2
are covariance measures of {1 and {3, respectively. Moreover, 0 < {(C) < 2A1A2Vk4m (C)
almost surely for every Borel C C RK™,

Proof. Let A C R, B c R™ be bounded Borel sets. If vg(A) = 0 or v, (B) = 0 then
(A x B) = 0. Thus, assuming that v (A) > 0 and v, (B) > 0, we obtain

FAXB) _ &(A) &(B) _/\251(14) vy $2(B)
V(A (B) vk (A) vy (B) Vi (A) v (B)
The range of possible values of (A x B) is therefore determined by the range of the function
flx,y; A, A2) = xy—2Axx —A1y+2A1A2 onthedomain 0 < x, y < 1. Since A1, Ay > %,then
0 < f(x,y; 1, 12) <21y forall 0 < x,y < 1. Hence, {(A x B) is always nonnegative
and therefore ¢ is a random measure on R¥*”. Moreover, A(A x B) = E¢(A x B) =
ELDAE)(B) = AA2vg(A)vm(B) = AA2ve4m(A x B). Thus, the intensity of ¢ is
A = A1 Ay. For the covariance measure, we further obtain
C2(C x D) = E((C) — AC)(£(D) — A(D))
=E1(A1) —E&i1(A1))(¢1(A2) —E¢1(A2))
“E(62(B1) — E62(B1))(62(B2) —E 2(B2))
= (2;1(A1 X A2)C22(By X Ba),

+ 21 1A3.

where C = A; x B;, D = Ay x By, and A1LA2 C RX, By, By C R™ are Borel sets. The
statement for the reduced covariance measure C, of ¢ follows from (2.1). O
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Now let us present an example showing the dependence of (1.1) on a particular choice of
the convex averaging sequence (K ),eN-

Example 3.1. Letd > 2 and K, = [—a,a] x bB?! for some a, b > 0, where B9~ ! is
the closed unit ball in R4, Clearly, K, 5, is a compact convex set in R4 and vag(Kap) =
2abd_lcd_1, where c;_1 is the (d — 1)-dimensional volume of the unit ball in R4-! The
inverse Fourier transform of its indicator function 1g_, is given by

a,b

ik,, &) = 1,5 (ED1pga1 (&) = algi(@ & Db gat (b 1521,

where & = (&1, &), and ||& || denotes the Euclidean norm of & = (&, ..., &) in R%~!. Note
that 1g:(r) = rn2y, s2(r) for every n € N and r > 0, where J, is the Bessel function of
the first kind of order n/2; see, e.g. [18, Section 3]. Thus, from (3.1), we have

var {(Kq.p) _ (Zﬂ)d/z / z(a 1&11) J(d 1)/2(b ”§2”)F
vi(Kap) — 2ca1 Jre I g2
Let us assume that ' is continuous with density fr (&) = |&1]° &' El(|$1|_l)€2(||§2||_1),

where s, t € (0, 1), and £1, £, are bounded continuous positive functions on [0, 00). Note that
such a ¢ exists by Lemma 3.1, Example 4.1, and Example 4.3. Hence, we obtain

(d§).

2.

Kup)  (Qr)i" Ja el (b 1&21)
el TR el Ul BN fanp 1D,

va(Kap) — 2ci-1 & ]S [E3Y R

By introducing spherical coordinates, integrating over angles, and proper substitutions, we
obtain

2 2
var { (K4 p) an _ /-oo a J]/z(x) /oo b J(d_l)/z(Y)
4% = 2m)4*(d - Da~*b Li| — ) ———d | — | ———d
va(Ka,p) G a o \x) T PG v

By the Lebesgue dominated convergence theorem,

00 J
/ el< ) ‘/2( )dx~€1(a)/ ‘/2( dx = £,(@)C;  asa — oo,
0 X

Tl ) - (y)
/0 @( ) o — b ~z2(b)/ X M2y < s ash o,

where 0 < Cp, C; < oo are the values of the respective (Weber—Schatheitlin-type) integrals;
see, e.g. [20, Section 13.41] for precise formulae. Let us take the convex averaging sequence

(Kp)nen with K, = K, p, for all n € N, where a, = n'/* and b, = n. By previous
considerations,

ar { (K .

varg(Kn) n'22m)2(d — 1)C1C21(n!/*) e (n)  asn — oco.

va(Kp)
Since ¢ > 0, it follows that nt/zfl(n’/zs)ﬂz(n) — 00 as n — oo and, hence,

. var £ (K,)
limsup ——— =
n—oco  Vda(Kn)
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On the other hand, taking K, = K, p, with a, = n and b, = n*/* for all n € N yields

var£(Ky)

. n=122m)2(d — 1)C1C2t1 () (n**)  asn — oo
va(Kp)

and, since n /20, (n)l>(n*/?") — 0 as n — oo, we obtain

: var ¢ (K,,)
limsup ——— =

n—oo  vg(Kp)
Therefore, the limit superior depends on a particular choice of the convex averaging sequence.

The previous example shows that when d > 2, the fulfilment of (1.1) for some convex aver-
aging sequence (K, ),eN cannot be used for a consistent definition of long-range dependence.
In order to avoid any inconsistencies and further complications we recommend the following
more strict definition.

Definition 3.1. A second-order stationary random measure ¢ on R? is long-range dependent
if
var £ (aB?
lim sup Ld) = 00. 3.2)
a—oo Vi(aB?)

The following proposition connects long-range dependence of ¢ to its reduced covariance

measure Cz For random measures on R!, it was shown in [7, Lemma 12.7.111].

Proposition 3.1. Let { be a second-order stationary random measure and C, be its reduced
covariance measure. Further, let C2 and C2 be the upper and lower variations, respectively,
osz IfC2 is totally finite then ¢ is long-range dependent if and only sz2 is not totally finite.

Proof. Let f,(x) = (1,p4 *IZBd)(x)/a dy,(BY). Since
(1, pa * IZB”’)(x) = ad(le * l’gd)(x/a) and (1pa * 1“;[,)(0) = vy(BY),

fa(0) =1, and f,(x) converges pointwise monotonically to 1 as a — co. Hence,

/d fa(x)C (dx) — CF (RY)  and /d fa(x)C5 (dx) — C; (RY) asa — oo.
R R

Thus, if C; (RY) < oo then lim,—, o var {(aB?)/vq(aB?) = CF (R?Y) — C5 (R?) and the
statement follows. O

A very useful characterization of long-range dependence can be formulated using the Bartlett
spectrum.

Theorem 3.1. Let ¢ be a second-order stationary random measure with Bartlett spectrum T’
and K C R? be an arbitrary bounded convex set containing the origin 0 in its interior. Then
¢ is long-range dependent if and only if

I'oK)
lim sup
b—0, Vd(bK )

(3.3)
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Proof. First we show the equivalence when K = B?. Let us assume that ¢ is a long-range
dependent random measure. By (3.1),

var ¢ (a B?) B 2
“vgaBd)y (2m) /Rd Japa(§)I'(dE)
with notation f,, ga (&) = |1, a (£)|2]/va(aB?). Since 1,3 (€) = a?1ga(ak), we have

fapd(®) = a® fpa(a&) and  f,54(0) = 2n) Yacy,

where ¢; = vg(B9). It is easy to show (see, e.g. [18, Section 3]) that in & = in(II‘;'II) =
IE1797% Ja/2(II€N) for all & # 0, where Jy is the Bessel function of the first kind of
order d/2. Thus, f,pa (g) (@/cq)(a |lEN) 2T 2(a [€]). The Bessel function may be
bounded (see [12]) as Jd ,(x) < C/x forall x > f, where £ = (d + 1)(d +3) and C =
167/73 (/7 — 1), Hence, faps ® = (Clea)(1/a) ]I @+D whenever a |I§]| > /7.
Furthermore, if [|§] = /ra~"“*D) > /fa~!, we obtain f,zi(§) < (C/ca)(1//it). The
integration of f, ga over R¢ may be therefore separated into three parts, ||&] > ﬂa‘l/ @+,

Jia~ < &l < JEa~V @D and [§]) < ma~". Thatis,

f fapa )T (&) =1 + I + I3,
Rd

where
C
n= | Fupt(§)T(8) < — / LT,
I€1l>/7e/al/@+D I&1>i/al/ @+ a |||l
C 1
b= fuw®T@)) = = @),
VE/a<|gll<m/al/@+D Cd J yija<|l§l<yrfall@+D a || &

I = / fapt T @E) < @m)“a’cql (/pa™' BY).
&ll<m/a=!

The integrand of I; is always bounded by C/(cq. /i) and for every £ it decreases as a in-
creases. Let g,(&§) = min{a~! |||~ (d+1) , w@th/2y for everya >0, & € R?. The translation
boundedness (see, e.g. [3, Proposition 4.9]) of I" implies that g, € LY (R4, T) forall a > 0.
Moreover, since g, (&) < g1(&) forall @ > 1, there exists K| < oo such that

n<< 2a(®T(dE) < 5/ $a(®)T(d8) < Ky foralla > 1.
\|£||>ﬁa_l/(d+l) Cd JR4

Arguing by contradiction, let us assume that there exists M < oo such that ['(bB?) <
Mvg(bB?) for all b < 1, which yields I3 < (czud/z/(Zn)d)M For I, let us assume that
a > 1 and for arbitrary n € N introduce yg < --- < y, by yo = f/a”“”” yn = J/1/a,
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and y; = yo(yn/y0)! = i/aV/@HDUAFd/n) forevery i = 1,...,n — 1. We obtain

1
———TI'(d§)
fyn<|z|5y0 allg)et!

n

1
=Y — T Gi1B) - T(iBY)

i=1 i

IA

1 " 1 1
——T (0B + (— - —)F(yin>
ayi™! ; i "

- Mcy 1 | 1 ad/n(a’+1)(ad/n D)
= /i \a@@na—a@in/m T\~ L@ gdind+n 1 )

Taking n = [a], the integer part of a, yields that the first term converges to 0 as a — oo. The
second term converges to d + 1. Thus, I, is also bounded, which is a contradiction because
limsup,_, o, I1 + I2 4+ I3 = oo by the long-range dependence of ¢.

For the opposite implication let us assume that (3.3) holds for K = B9. Since fpa 18
continuous at the origin with fz4(0) = (2m) %4, there exists ro > 0 such that Sfapa(§) =
a® fpa(a&) > a@2m)~cy/2 for all & € (ro/a) BY. Therefore,

d d .2
alcq F(r—OBd) rics T'((ro/a)BY)

220 \a -

I'd I'd =
fR Fun®T (@) = /lsnfm/a fupe(©)T(AE) > P R o

and the statement follows.
Finally, let K1, K» C R? be two bounded convex sets containing the origin in their interior.
Indeed, there exist ¢ > 0 such that cK; C K» and, thus,

I'bK>) - I'(bcKy) _ I'(bcK1) vi(cKy)
vi(bK2) = va(bK2)  va(beKy) va(Ka)

Therefore, (3.3) for K = K implies (3.3) for K = K>. Since K, K> were arbitrary, the value
of the limit superior is independent of K, which completes the proof. (]

Remark 3.1. By choosing K = U¢, the open ball in R?, the condition in the previous theorem
may be formulated as: the upper derivative of I with respect to the Lebesgue measure vy at
the origin is infinite.

Remark 3.2. It is interesting to note that the dual condition (3.3) for long-range dependence
is formulated in a less restrictive way than condition (3.2). As follows from the proof of
Theorem 3.1, the key ingredient is the estimate fgs(§) < C/ ||§ ||d+1, whenever ||&]| is greater
than some constant. Hence, any convex set satisfying this estimate may be equivalently used
in (3.2) instead of BY. We refer the reader to [11] for a deeper discussion showing that
such a convex set should be bounded with sufficiently smooth boundary having everywhere
nonvanishing Gaussian curvature.

There are several obvious consequences of the previous theorem.
Corollary 3.1. IfT'({0}) > O then ¢ is long-range dependent.

Corollary 3.2. Let I" be absolutely continuous with spectral density fr.
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(1) If fr is vq almost everywhere bounded in some neighbourhood of 0 then ¢ is not long-
range dependent.

(ii) If, for every ¢ > O, there exists a neighbourhood U, of 0 such that fr(x) > c for vq
almost all x € U, then ¢ is long-range dependent.

Let us continue with Remark 3.2 and inspect whether the closed ball B¢ in (3.2) may be
equivalently replaced by other bounded convex sets with nonempty interior and without any
further restrictions, which yields condition (1.3). As our next example shows, the general
replacement is not possible in dimension greater than two.

Example 3.2. Let d > 3 and let ¢ be a second-order stationary random measure on R¢ with
Bartlett spectrum I given by

(2n)d/2
= 2d Z cns(nlil,...,ndid)~
neNd iy,.. ige{—1,1}

For the construction of ¢, see Example 4.2. Let # € SOy be a rotation in R? such that
\/_0(1 0,0,...)=(,..., 1. Lethethecube[ 1, l]drotatedbye ie. C—G([ 1,119 ).
Forthe 1nverseFour1ertransf0rm IC(E ) of the indicator of C, we obtain lc(§ ) = 1 NG 1g).
Since 1[ L (@) =29@2m)~ d/2H _, sin(|;|)/ |w;|, we have
Hac®P o & sin*@@'6))
d ~ d 2
(2a) ] a2 |(9—1§)i|

Hence, we obtain

2 d .- —1 . .
@2yl /Rd Hac(®)] Lac @ 1 46y = Z . l—[ sin“(a(0~" (nyiy, ..., ngia))k)

aC 2 -1 . . 2
va(aC) nENd,h ..... ige{—1,1} k=1 a \(9 (nllls~--’ndld))k|

gl li[ sin2(@(0~'(1, ..., 1)),;)
o1 a2 @11, . D)

d—2 sin(a~/d)
—Y

By (3.1), this yields
. var ¢ (aC)
limsup —— =
a—oo  Vq(aC)
On the other side, taking [—1, l]d leads directly to

(zn)d/2/ Iia[—l,l]d(§)|zr(d§) _ Z cn ﬁ sin(a |nkik|)
R

— d 2 F 2
¢ vg(a[—1,1]%) neNd. ig ide{_l ) ket @ Ikl
2
. d sin“(any)

=’ ) e H .

neNd k

. Z 1—[ Slnz(ank)

neNd
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Hence,
var ¢ ([—a, a]?)
m —— =
a=oo vg([—a,al’)
Thus, the limit superior depends on the particular choice of K.

Remark 3.3. The random measure ¢ from Example 3.2 is not long-range dependent as easily
follows from Theorem 3.1 since F(%Bd) =0.

Even though the closed ball B¢ cannot be replaced by a general convex set in Definition 3.1,
it is possible to show the following implication.

Proposition 3.2. Let ¢ be a long-range dependent second-order stationary random measure.

Then
. var { (aK)
limsup ———— =
a—soo  Va(aK)

or every bounded convex set K C R? with nonempty interior.
ry p

Proof. Let fux (§) = [Lak (§)1*/va(@K). Since 1,k (€) = a?ik (a§), we obtain f,x (§) =
a? fx (a&). Hence, as in the proof of Theorem 3.1, there exists ry > 0 such that f,x (§) =
a? fx (a&) = a?2n)~4vy(K)/2 for all € € (ro/a)B?. Therefore, by (3.1),

var ¢ (aK)

G Py @K) = A;ad Sfax ()I'(dE)
> / Fax E)T(d8)
I&ll<ro/a

~ rdva(K)va(BY) T'((ro/a)BY)
— 22m?  wal(ro/a)BY)

and the statement follows by Theorem 3.1. ]

In what follows we focus on the case when ¢ has rotation invariant reduced covariance
measure C», i.e. éz(OA) =C (A) for any bounded Borel A C R? and any rotation 8 € SO,.
We start by showing the equivalence with the rotation invariance of the Bartlett spectrum I"
of ¢, which then has a specific form.

Lemma 3.2. A second-order stationary random measure ¢ has rotation invariant reduced
covariance measure Cy if and only if its Bartlett spectrum I is rotation invariant. Moreover,
in that case, I can be factorized such that

/Rd F(ET(dE) = fOIr {0} +/0 ['(do) [gd—l f(ow)oq-1(dw)

for any bounded measurable function f of bounded support, where 64—y is the spherical
measure (d — 1 Hausdorff measure) on the unit sphere S*=' in R? and T is a positive measure
on (0, 0o) satisfying the following boundedness condition:

sup/ 0 T (do) < (3.4)
B+s

s>1

for any bounded Borel set B C (0, 00).
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Proof. To prove the equivalence of rotation invariances let 6 € SO, and f € C, (R9) be
arbitrary. Let fy € Cc(Rd) be defined by fo(x)=f O 'x) forall x € RY. Itis easy to show
that (fp * f') = (f * f*)g and fy = (f)g. Hence,

v 2 o
e [ [f@f ras = [ e
R4 R4
=/ (f * f*)(x)Ca(Adx)
Rd
= / (f * 5 (»)Ca(dy)
R4
= [ (o= i atay)
R4
. 2
=0 [ i) rew)
R4
- (zn)dﬂf ‘f(@‘lw)‘zl“(dw)
R4

v 2
= en'” [ |f®)| rea
R4

and the invariance follows from the uniqueness of I', see [3, Theorem 4.7]. Now the factorization
lemma (see [6, Lemma A2.7.1T]) implies that I' = I"'({0})d¢ + ' x o4_1, where 8 is the Dirac
measure at the origin, I is some positive measure on (0, 00), and o4_1 is the spherical measure
(d — 1 Hausdorff measure) on the unit sphere $9~! in R, i.e. in the integral form

/ fEIdE) = fOIr{o}) +/ 1Nﬂ((ié?)f few)oy-1(dw)
R¢ 0 sd-1

for any bounded measurable function f of bounded support, see [6, Proposition A2.7.1I1] and
also [6, Example A2.7(b)]. The translation boundedness of I (see, e.g. [3, Proposition 4.9])
implies the boundedness (3.4) of I". For the proof take an arbitrary point @y € S¢~! and for
any o < m define the spherical cap P, = {w € gd=1 dgi-1(w, wo) < o}, where dgi—1 is the
distance function on the sphere gd-1, Clearly, o41(Pp) = Qd_lad_l (Sd_l) = Qd_ldcd. Let
B C (0, c0) be a bounded Borel set. For s > 1, we define Ag.y = {ow € R | o —s €
B, w € Pyj,}. By construction of P,, there exists a bounded Borel set A C R9 such that
Apy+s C A+ swg for every s > 1. Thus, we obtain

e 1 =
0 [(do) = T 04-1(P1/0)T'(do)
B+s Cd JB+s
1 ©
= r 1 ~1(d
e fo (do) fs - s flow)oy—1 (dw)

1
=—T(A
dCd ( B+s)

1
—T (A + swg)
dcy

IA

and the translation boundedness of I" yields the result. |

Remark 3.4. The conditions of the previous lemma are satisfied by any second-order stationary
isotropic random measure.
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In the following assertion we show that the implication in Proposition 3.2 turns into an
equivalence for rotation invariant covariance measures.

Proposition 3.3. Let ¢ be a second-order stationary random measure with rotation invariant
reduced covariance measure Co and K C RY be an arbitrary bounded convex set with nonempty
interior. Then ¢ is long-range dependent if and only if

. var ¢ (aK)
limsup —— =
a—oo Va(aK)

Proof. 1f ¢ is long-range dependent then the statement follows from Proposition 3.2. For
the remaining implication let K C R satisfy the assumptions. By Lemma 3.2,

var ¢ (aK)

= 2m) 2 fx (O ({0}) + 2m)4/? / '(do) / fak (0)04—1(dw),
vi(aK) 0 a1

where fux(§) = |iaK(§)| /va(aK). If I'({0}) > O then ¢ is long-range dependent by
Corollary 3.1. Thus, let us assume that I'({0}) = 0. The L?*(8471, 64_1)-norm of lK(Qw)
decreases with increasing o as o —@d+D gee [4, Theorem 1.1], i.e. there exists C > 0 such that

C
/ ‘11((@(0)‘ o4-1(dw) < ey for every o > 0.
gd—1
For fux (§) = a? fx (a&) this yields

C
/ fak (ow)og—1(dw) < —T forevery 0 > 0, a > 0.
gd—1 ao

Thus, similarly as in the proof of Theorem 3.1, we may split the integration in the radial
coordinate o into three parts, 0 > a~ /@D 471 < o <a=1/@+D and 0 < o < a™!; that s,

/ F'(do) / Fuk (r@)0a_1(d@) = I + I + I,
0 sd-1

where
o0 - o0 l
n= [ F@o [ fieooiide <c [ o).
l/al/(d+l) gd—1 1/a1/(d+1) ao
1/al/@+D ~ 1/al/@+D 3
L= Fo) [ furtewiou ) < C [ o),
1/a §d—1 1/a ag
l/a _ Cldvd(K) nd
I3 = I'(do) fax (@®)oq—1(dw) < ————=T'(a” BY),
0 gd—1 decg(2m)

since fo F(dg) = (l/dcd)l"(rBd) for all » > 0 as follows from the previous lemma, from
'{0}) =0, and from o, 18971 = dey. The integrand of I1 is always bounded by C and for
every o it decreases as a increases. Let g,(0) = min{fa—!o~@+D , 1} foreverya > 0, 0 > 0.
The translation boundedness (3.4) of I implies that g, € L L(RT, F) for every a > 0. Hence,
there exists K; < oo such that

o0 1 o -
I < C// s an+1F(dg) < C/ ga(0)T'(do) < K| foralla > 1.
a
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Now let us argue by contradiction and assume that ¢ is not long-range dependent. By The-
orem 3.1, there exists M < oo such that F(de) < Mvd(de) for all b < 1, which yields
I < (va(K)/dQm)HM. Similarly as in the proof of Theorem 3.1,

1/a"/@+D y
—T'(do)
/;/a an+l
M 1 1 ad/nd+1) gd/n _ 1)
=< 7<ad/<d+1)(1(d+1)/n) + <1 - ad/(d+1)> ad/nd+1) _q >
for every n € N. Taking n = [a] yields the boundedness of I, which is a contradiction. (]

Finally, we show that the rotation invariance of the reduced covariance measure enables us
to relate long-range dependence with condition (1.1).

Proposition 3.4. Let ¢ be a second-order stationary random measure with rotation invariant
reduced covariance measure Co. If

. var £ (Ky)
limsup ———— =
n—soco  Va(Kn)

for some convex averaging sequence (Kp),eN then ¢ is long-range dependent.

Proof. Assume thatI"({0}) = Osince, otherwise, ¢ is long-range dependent by Corollary 3.1.
By the same arguments as in the proof of Proposition 3.3, for every n € N, there exist C,, > 0
such that

. 2 C
/ ’1Kn (Qw)‘ od—1(dw) < d—"l forall o > 0.
§d—1 o +

Moreover, following the proof of [4, Theorem 1.1], one may show that C,, < C(S(K, n))3, where
S(K,) is the surface area ((d — 1)-dimensional Hausdorff measure) of K,, and C is independent
of K. Let (an),en be the sequence of nonnegative real numbers such that S(K,) = ad I ie.
S(a_lK ) = 1. Since K, C K, for all n € N, it follows that a, < a,4+; foralln € N.
Moreover, a, — 00 as n — oo since r(K,) = sup{r > 0 | B.(x) C K, for some x} — oo
as n — oo by the convex averaging property of (K,). For fk, (§), we thus obtain fx, (§) =

Fanknjan©) = a fx, a, (an&) and, therefore,
C
/ fx,(ow)oy—1(dw) < — foreveryn e N, o > 0.
§d-1 an@ +

Again, we may write

f F(do) / Fi, (r@)0u_1d@) = I + I + I,
0 Sdfl

where

o ~ 1) 1
/ s I'(do) fS , JK(ew)og—1(dw) = C / ——T(do),

1/ay 1/d+1) g n0
1/(d+1) 1/(d+1)

1/a, 1/a, 1 5
b= feo [ feewaade sc [ T —i)

1/an 1/ay an0

va(Ky) _134)'

1/an
I :/O F(dg)/ Sk, (e®)oy_1(dw) < deq2n)d I'(a,
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Let g,(0) = min{a, Q_(d+1) 1} for every n € N, ¢ > 0. The translation boundedness (3.4)
of I implies that g, € L (R, F) for every n € N. Let ngp € N be such that a, > a; for
n > ng. Then, there exists C1 < oo such that

o 1 oo -
L < C'/l/ s Qd+lF(dQ) < C/ gn(@)T'(do) < C; foralln > ngp.

We again argue by contradiction and assume that ¢ is not long-range dependent. Hence, by
Theorem 3.1, there exists M < oo such that T'(bB4) < Mvy(bB?) for all b < 1, which yields

vy (Ky) 1 pd
———TI B
= deqmyd @ B
< M vy(Ky)
= d@m)d  af
M va(Kp)
— dQn)? a,S(K)
M 1
<
~dQ2m)d dd/(d—l)C;/(d—l)

foralln e N

since a set that maximizes its volume for the fixed surface area S(K,) is the ball of radius
YS(K,)/(dcy) as follows from the isoperimetric inequality; see, e.g. [16, Section 7.1].
Therefore, I3 is bounded. To deal with I, let for any n such thata, > 1 and any k € Nintroduce
Yo < - < yeby yo = 1/a, "D,y = 1/ay, and yi = yor/yo)' = ay TV gor
everyi = 1,...,k — 1. Similar arguments as in the proof of Theorem 3.1 yield

[0 < 2 (s + (1 e ) i =0
o) < = _ _ _
b angH] d \ @@ I=@no Q@D )T TR

k

Setting k = [ay,], the integer part of a,,, implies the boundedness of I, as n — oo which is a
contradiction. This completes the proof. ]

Remark 3.5. Itis an open question as to whether the implication from the previous proposition
may be reversed, i.e. if ¢ is long-range dependent second-order stationary random measure with
rotation invariant reduced covariance measure, whether (1.1) is valid for every convex averaging
sequence. However, for this situation we were not able to either prove the statement or to find
a counterexample.

4. Several examples

In this section we construct several specific random measures that were needed in the previous
examples.

Example 4.1. Suppose that @ > 0. We construct a random measure on R with spectral density
T (w) that behaves like |w|* as w — 0. Let A be a nonnegative continuous random variable
with bounded probability density function f, and let U, be for every a > 0 a random variable
uniformly distributed on [0, 277 /a], i.e. U, ~ Uniform[0, 27t /a]. Let X, be a stationary random
closed set (see, e.g. [17, Chapter 2] or [5, Chapter 6]) given as the union of equidistant closed
intervals shifted by U, i.e.

T T
X, = U [(4;1 - 1)5, (4n + DZ] + U,.

nez
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The volume fraction P(x € X,) is equal to % for every a > 0. The covariance function
covg(x) = P(0,x € X,) — JT is a triangle function, cov,(x) = (1/2m) arcsin(cos(ax)) for
every x € R, a > 0. As an odd function it may be expanded into the following cosine series:

]

covy(x) = Z ﬁ cos((2k + Dax).
= 2k + 1)*m

Let X be a doubly stochastic random closed set obtained form A and {X,},~0 as X = Xg4.
The volume fraction of X is P(x € X) = % and the covariance of X is cov(x) = E4 cov4(x),
where [E 4 is the expectation with respect to A. Hence,

e ¢]

2
cov(x) = Z T E 4 cos((2k + 1)Ax).
k=0

A random measure ¢ on R with desired properties is given by the so-called volume measure
of X, i.e. arandom measure defined by ¢ (B) = vi(X N B) for every Borel set B C R, where v;
is the Lebesgue measure on R. By construction, ¢ is second-order stationary with intensity
A= % and covariance function cov(x). Let us now determine the Bartlett spectrum I" of ¢.
The expectation of cosines may be interpreted as the inverse Fourier transform of g,, where
8a(a) = fu(lal) foralla € R,

00 JT .
E Ax) = w(@)da = —=g, .
A cos(nAx) /0 cos(nxa) fy(a)da ﬁg (nx)

Since cov(x) is integrable, I' is absolutely continuous with spectral density fr given by the
Fourier transform of the covariance function,

fr(w) = cov(w) = % [ Z e ¥ cov(x)dx.

By previous considerations, the Fourier transform of E4 cos(nAr) is

E4 cos(nAr)(w) = %f('%)

Thus,

& = o
fri@) = k; 2k + 1)3n2f°‘<2k+ 1)’

which is a uniformly convergent series. Taking fo(x) = (1/I'(1 + a))x%e™ for x > 0, i.e.
the gamma distribution determined by shape parameter 1 + « and scale parameter 1, we finally

obtain
o0
V2n 1 e—lol/@k+1)
720 (1 4 ) & (2k + D3+

fr(w) = lol*

k

Hence, the spectral density behaves as |@|* as @ — 0. Note that by Corollary 3.2 (a), ¢ is not
long-range dependent.
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Example 4.2. Here, we introduce a random measure with purely discrete spectrum separated
by a positive distance form the origin 0. It is based on a multidimensional extension of
the construction from the previous example. Let p be such that % <p<ladU ~
Uniform[0, 27r]. We define a stationary random closed set X in R by

X = U[—pn + 2nm, pr +2nw] + U.
nez

Its volume fraction is clearly P(x € X) = p and the covariance function is an even continuous
piecewise linear 27 periodic function given on [0, 277 ] by

p— p2 — é for x € [0, 27 (1 — p)],
cov(x) = {2p — 1 - p? for x € (27 (1 — p), 2pm],

p—1—p>+ L forx € 2pm, 2r].
2

It can be expanded into the Fourier cosine series,

cov(x) = cos(nx),

>, 2sin?(npr)
; n2m2
where the absolute term is 0 since f() cov(x)dx = 0. A straightforward multidimensional
extension of this construction to a random closed set X in R? is given by X = X x --- x Xg,
where X1, ..., X4 areindependent and identically distributed random closed sets of the previous
type. The covariance function of X is then

d
cov(x) = Hcov(x,) = l_[ Z 2sin” (n pn) cos(n;x;) = Z Cn Hcos(n,-xi),

i=1n;=1 neNd i=1

wheren = (n1,...,ng)and ¢, = (Zd/nZd) ]_[ =1 51n2(n,pn)/n Let ¢ be arandom measure
on R? defined as the volume measure of X, ¢{(B) = vg(X N B) for every Borel set B C R4,
Clearly, its intensity is A = p and covariance function is cov(x). The Bartlett spectrum I" of ¢
can be determined from (2.3) as

(271)”’/2
= —d > Cn8ouiy,.naia)-
neN? iy,..ige{—1,1}

Note that ¢ is not long-range dependent as follows from Theorem 3.1 since F(%Bd) =0.

Example 4.3. Finally, we construct a random measure determined by a parameter o € (0, d)
which has absolutely continuous Bartlett spectrum with density fr (&) that behaves like ||& ||d_°‘
asé — 0.

Let us start with the O-level excursion set X of a stationary isotropic Gaussian random field Z
in R? determined by the mean E Z = 0 and covariance function

covz(r) = (1 + [r[» ™2,
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where o > 0 is a parameter; see, e.g. [1]. A stationary isotropic random field Z with such a
covariance function is known as the Cauchy model and it is a part of the so-called Cauchy class;
see [10]. The 0-level excursion set X of Z is defined by X = {x € R? | Z(x) > 0} and itis a
stationary random closed set; see, e.g. [5, Section 6.6.3]. It is easy to check (e.g. with the help
of [5, Equations (6.157) and (6.159)]) that P(x € X) = § and cov(x) = P(0,x € X) — 1 =
(1/27) arcsin(covz(||x1])).

A random measure ¢ with the desired properties is given by the volume measure of X,
¢(B) = vg(X N B) for every Borel set B C R?. It follows immediately that ¢ is isotropic and
second-order stationary with intensity A = % and covariance function

1 . 1
COV(X) = E arcsin W.

First, we inspect the connection between « and the long-range dependence of ¢. By (3.1),

d 1 1*
w _ / Mcov(x)dx.
Rd

vg(aB9) adcey

A simple calculation shows that (1, ga * IZBd)(x) =a%vy(BY N (B¢ — x/a)) and

d+1 1
Vd(Bd N (Bd —y) = Cd11_|\y\|2/4 —Q =
2 2
whenever || y|| < 2, and vg(B¢ N (B? — y)) = 0 otherwise, where

7d/2

ca = va(BY) = T2+ D

and I, (p, q), p, q > 0, is the regularized incomplete beta function; see, e.g. [19, Section 11.3]
for its definition and basic properties. Therefore, we may use spherical coordinates and integrate
over angles to obtain

var¢(aB?)  deq [* 4, d+1 1 , 1
—_— = o 242 —5—, 5 | arcsin ﬁdr.
va(aB?) 27 Jo 2 2 (14 r2)/

For « > d, the integral is bounded since I (p, g) € [0, 1], arcsin((1 + r2)=e/2) ~ p= g5
r — oo, and r¢~ 17 is integrable at co. Therefore, ¢ is not long-range dependent. Regarding
o < d, it is useful to substitute u = r/(2a) in order to obtain

varZ(aBY)  dcg d/l do1 d+1 1 , 1
——=—2 I _ = ————du.
e @B o 2a) A u 1—u2 73 arcsin (0 422y u

Since arcsinx ~ x as x — 04 and (2a)*(1 + 4a%u®)~%/? increases to u™*

Lebesgue dominated and monotone convergence theorems imply that

B4 d ! d+1 1
varf@Bl) ﬂ(261)’1_0‘/ wi=t=ep o L, —)du asa — oo.
vg(aB9) 27 0 2’2

as a — oo,

For a € (0, d), the integral is convergent to some positive value and (2a)4% - coasa — 0.
Hence, ¢ is long-range dependent. For « = d, we may bound arcsin x from below by x and

https://doi.org/10.1017/apr.2016.72 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.72

1252 D. VASATA

use the similar monotone convergence argument to conclude that the limit is again oo since the
integral is now divergent. Therefore, ¢ is long-range dependent.

Now, let us focus on the behaviour of the Bartlett spectrum I". We proceed similarly as in
[9, Section 56]. The covariance function cov(x) can be regarded as a tempered distribution,
i.e. the continuous liner functional on the Schwartz space 4§ of rapidly decreasing functions on
R?, for all complex values of . Moreover, it may be regarded analytic in @ when Rea > 0,
which means that for every test function ¢ € 4, the complex-valued function « — cov(y)
is analytic in « when Re« > 0. This analytic quality extends the usual concept in a natural
way including the analytic continuation; see [9, Section 24]. The Fourier transform of the
covariance in the distributional sense is equal to the Bartlett spectrum I' of ¢ and it is again
a tempered distribution analytic in « when Re o > 0. We may determine its explicit form by
analytic continuation from larger values of «, where the covariance is integrable and its Fourier
transform is given by the ordinary integral formula. For Re o« > d, the covariance function is
integrable and, hence, I' is absolutely continuous with continuous density fr given by

1
(27‘[)"'/2

1
—————dx.
(1 + [lx|2ye/2

—i¥€ arcsin

fré) =

/ e % cov(x)dx = e
R4

1
(27T)d/2+1 /Rd

Expressing arcsin by its Taylor series and interchanging the sum and integral due to the Lebesgue
monotone convergence theorem yields

o
: 1
= C e ixE dx,
> k/n;d (1+ 2D/

where C;, = (Zkk) / 4k(2k+1) fork = 0, 1, . .. are coefficients of the Taylor expansion of arcsin.
Then we use
1 1 *©
g = / efsz"ef"uﬁ*1 du,
1+s2H)f TP Jo

where I'(-) denotes the gamma function, valid for any real s and any 8 with positive real part,
in order to obtain

0]

B 1 Ck % ixk o —lxPu—u, ak+1)/2-1
I8 = Gyt L Faak 4 D7) /Rd/o e e dur

By interchanging the order of integration, the Fourier transform of each term may be computed
explicitly since it is just the transform of the Gaussian. Thus, finally,

~1181%/4u g —u @ k+1)/2—d /214,

fr§ = (27)242 ]; [(a(2k + 1)/2) /o )

For any ||&|| > 0 and any Re« > 0, the right-hand side is given by the convergent series and it
is an analytic function of «. Hence, the analytic continuation of the Bartlett spectrum I" in the
distributional sense is absolutely continuous with density fr given by the previous expression.
To see the convergence and analyticity it is useful to split the sum into two parts determined
by ko chosen such that Rea(2kg + 1)/2 — d/2 < 0 and Rea(2k + 1)/2 — d/2 > 0 for all
k > ko. The first part then contains a finite number of convergent integrals and the second part
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may be bounded by a convergent series,

e¢]

Z Cx /OO o NEIP /Au g —u @@kt 1) /2-d 21 g,
M FaRk+1)/2) Jy
=ko+1

> M(ak+1)/2—d)2)
= 2. G F@k +1)/2)

k=ko+1
since
* 2/4 2k+1)/2—d/2—1 * 2k+1)/2—d/2—1 o d
/ e I8I7/du g muy 2@kt 1)/2=d/2=1 4, 5/ e Uy CkEDN/2=d2=1 gy, — F<§(2k+l)—§>.
0 0

Let us now focus on the asymptotic behaviour of fr(§) asé — 0. For0 < o < d, we again
split the sum into two parts determined by the index ko chosen such that o (2kg+1)/2—d /2 <0
and «(2k +1)/2 —d/2 > O for all k > ko. The first part is, after the substitution u = ||& & /t,

given by
1 ko Ck o] )
G 2 TGk 1 1)/2)/ O i
k=0
ko
= 151 @ )lzd/z > T'( (2kci 1)/2) [ /OO e~/ 4e— €I/t~ @kt 1)/2+d/2-1 4,
k=0

By the additional assumption o (2ko+ 1) /2 —d /2 < 0, the integrals converge as a consequence
of the Lebesgue monotone convergence theorem to

14, —a@kt1)/24d)2—1 d—a(2k+1) d «a
/ e H/AmaQkAD)/24d/2=1 g, — pd—a r 5—5(2k+1).
0

Only the first term k& = 0 is not diminished by the ||& ||°‘2k factor and we obtain

1 ko C o]
3 k / oI Ay @ ket 1)/2-d /21 g,
()29 & Tk + 1)/2) Jy
r(d —a)/2
~ gt DR o,

(277)2¢~4/2T (2 /2)

The equality case «(2ko + 1)/2 — d/2 = 0 leads to the same result but one must show the
boundedness of the last term in the sum differently by the same method as is used later for
o = d. For the second part, one can use the Lebesgue monotone convergence theorem directly

and obtain
_ i _ S% /oo o I12/4u g—u @ 2k+1)/2-d/2-14,,
(2m)24/2 4= T(ak+1)/2) Jo
=ko+1
1 > Mk +1)/2 —d/2)
~ G &
(27)24/2 Tk +1)/2)

k=ko+1
<oo asé — 0.
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Hence, in total, for 0 < @ < d, we obtain

red—-a)/2)
(27)2¢~4/2T (a/2)

fr & = |&|1*™ (1+R(I&1D),

where A (]|€]]) is a continuous function of & that converges to O with || &]|. As a consequence of
Corollary 3.2(ii), ¢ is long-range dependent, which we already know from the previous analysis
of the covariance function.

When o = d, we take separately only the first term of the sum in fr. Here, after the
substitution u = ||& 12 /t, we obtain

1 o o

Wmd/z)/ o 1/4elIEIR /1=,
0

HE

For ||§|| < 1, the integral may be split into three parts [,°" + fl Il‘;‘l\z + fIOO. It is easy to see
that the first and last integrals are bounded independently on ||&||. For the middle integral, using
the mean value theorem we obtain

1 1
/ 2e*'/4e*“5"2/'f1dt=e*“s/4*”4’“2/"s/ 2t71dt=e7”5/47”5”2/”3 log (€12,
&l 11

whereug € [||€], 1]dependson ||§]]. Thefactore’“‘f/“’”‘s”z/”i isalwaysin [e_l_”5”2/4,e_”§”],
which converges to [e™!, 1] as £ — 0. The remaining terms of the sum in fr- again converge,
now to the constant
 QE— T(dk
S <o LG
(2m)24/2 P I'dk+d/2)

Therefore, for o = d,

fr(&) ~ log(lI€172) (1 —h(I&]) as& — 0,

(27)24/2T(d)2)

where A (]|&]) is asymptotically contained in the interval [0, 1 — e 1. Again, Corollary 3.2(ii)
consistently with previous considerations yields long-range dependence of ¢ in this case.
For o > d, one uses the Lebesgue monotone convergence theorem for all terms in order to

obtain
o0

1 T(ak+1)/2-d/2)
fr€ — (22472 gck a2k +1)/2)

<00 asé — 0.

Thus, the density of the Bartlett spectrum is bounded in some neighbourhood of 0 and ¢ is not
long-range dependent by Corollary 3.2(i).
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