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Abstract

A simple closed-form analytical formula is proposed to compute the probe reactance of an
equilateral triangular patch antenna. The variation of the probe reactance with the variation
of antenna dimension, substrate electrical parameters, and probe location is examined thor-
oughly. The computed values employing the present model show excellent agreement with
experimental and simulation results.

Introduction

Since the quality factor (Q) of the triangular patch antenna is high [1], the antenna structure
exhibits narrow band response. This inherent limitation of narrow band response of the tri-
angular patch antenna might be a critical requirement for an antenna particularly to receive
a narrow band signal in the presence of noise and can be utilized in designing of microstrip
filters [2–5]. It is also being used to design microstrip compact array [6–8] with reduced coup-
ling between adjacent elements. Recently, the triangular patch antennas are being used in
designing microstrip sensors [9, 10], ring antennas [11, 12], reconfigurable [13], and multiple
input and multiple output antennas [14]. It can also be used on curved surfaces because of its
easy conformability.

The resonant frequency and the input impedance of triangular patch antenna have been
investigated by several researchers [15–40] but those articles do not provide any information
regarding the probe reactance. So, the works reported in [15–40] is insignificant for probe react-
ance computation of triangular patch antenna. The current paper is mainly focused on the
investigation of probe reactance and its correct estimation. The coaxial probe feeding technique
to a single microstrip element or arrays has become very popular and common in practice [41].
The probe reactance is highly sensitive to its location under the patch and it significantly affects
the matching of input impedance [42, 43]. For a co-axial probe feeding technique, the outer
conductor of the probe is connected with the ground plane of the antenna and the central con-
ductor connected to the radiating patch by penetrating through the substrate as shown in Fig. 1
(a). The excitation of the patch principally occurs through the coupling of the probe current to
the patch. The current through a central conductor of the probe creates surface electric current
under the patch which produces the electric field. This field provides the probe reactance XF is
in series with the patch reactance itself. Therefore, the correct estimation of the probe reactance
is very essential to match the input impedance between probe and patch properly.

In literatures, various numerical techniques e.g. Green’s function [43–45], Mode matching
[46], Vector Hankel Transform [47], etc. have been employed to analyze the probe reactance
of rectangular and circular patch antenna yielding reasonably accurate results. But the numer-
ical techniques are very complex, rigorous and time consuming in estimation of probe react-
ance. Harrington [48] developed a simple formula for the reactance of a current carrying
probe within a parallel plate waveguide taking the source as a cylindrical wave function. Due
to its simplicity, many researchers have used this formula to analyze the probe reactance.
But a group of researchers [49] have reported that the computed probe reactance employing
the Harrington’s formula [48] does not match the measured reactance. In order to match
the experimental and theoretical value of the probe reactance, an additional static capacitance
was introduced in series with probe reactance [49]. This modified formulation shows better
agreement near resonance at a specific probe location. In these works [48, 49], the effect of
the probe location variation was not considered. Recently, Guha et al. [50] have modified the
Harrington’s formula [48] by multiplying it with the field factor to compute the probe reactance
of rectangular and circular patch antenna. This model is suitable irrespective of operating fre-
quency and feeds location under the patch. The works reported in [33, 36] are mainly focused
on the computation of resonant frequency and input impedance. They have not considered the
effect of probe reactance in input impedance computation. The work reported in [50] is focused
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on rectangular and circular geometry. To the best of our knowl-
edge, neither any design guideline nor any experimental results
of the probe reactance of equilateral triangular patch antenna
(ETPA) have yet been reported.

We, therefore, propose a very simple and efficient closed-form
analytical formula to predict accurately the probe reactance of an
ETPA. We have also proposed a set of closed-form expression to
determine accurately the resonant frequency and input impedance
of an ETPA. This efficient formula is capable to predict accurately
the probe reactance for a wide variation of substrate electrical para-
meters. This formula also computes accurately the probe reactance
as a function of frequency and probe location under the patch.

The expressions for this model are introduced in the “Theory”
section. We have presented the predicted, measured and simu-
lated results in the “Results and discussions” section. This section
also includes the experimental test.

Theory

The probe reactance as a function of frequency may be obtained
as [48]:

Xf ( f ) = hkrd
2p

ln
4
kg

( )
− 0.577

[ ]
, (1)

where g is the probe diameter, η is the intrinsic impedance of the
medium, d is the thickness of the substrate, and kr is the wave
number. It is previously mentioned that probe reactance is highly
sensitive to its location under the patch and it significantly influ-
ences the computation of input impedance. So the computation of
probe reactance is incomplete until we incorporate the effect of
probe feed location in it. The dependence of Xf on the location
of the probe from the tip of the patch, defined as ρ in Fig. 1,
can be derived as follows [50]:

Figure 1(b) shows an equivalent circuit of a probe-fed patch.
Ideally, the patch itself can be looked upon from XX′ and this
near resonance can be represented by a simple resistive network
as shown in Fig. 2(a).

The quantity Lf is the probe inductance and R(ρ) is the reson-
ant resistance of the microstrip element which varies with ρ as:

R(r) = RrPnml(r), (2)

Pnml(r) = 5p( )−1 cos
2plr��
3

√
r
+ cos

2pnr��
3

√
r
+ cos

2pmr��
3

√
r

[ ]2
, (3)

where Rr is the resonant resistance of the patch. This circuit
excited by an RF source will have the voltage–current relation as

Fig. 1. (a) A schematic diagram of probe-fed equilateral triangular microstrip patch,
(b) equivalent resonant parallel R–L–C circuits.

Fig. 2. Equivalent circuits for a microstrip patch fed by a coaxial probe. (a) Near res-
onance, (b) replacing R(ρ) by I(ρ) near resonance.
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VYY ′ = Lf
dI
dt

+ VXX′ , (4)

where VXX′ can be expressed for different ρ values as

VXX′ = Ir1R(r1) = Ir2R(r2). (5)

Equation (5) implies that the product of I(ρ) and R(ρ) is con-
stant and the profile of I(ρ) and R(ρ) is complementary to each
other that is when I(ρ) increases then R(ρ) decreases or vice
versa. So, I(ρ) or R(ρ) anyone can be replaced by other. So, the
element R(ρ) can be replaced by a branch current I(ρ), which
must follow the complementary profile of R(ρ) [50]. Hence, for
ETPA I(ρ) may be represented as

I(r) = I0P
′
nml, (6)

P′
nml(r) = 5p( )−1 cosp l

r/
��
3

√ − r

r
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+ cospn

r/
��
3

√ − r

r

( )[

+ cospm
r/

��
3

√ − r

r

( )]2
,

(7)

where I0 is the current for ρ = 0.
When the element R(ρ) is replaced by the branch current I(ρ),

then the equivalent circuit of Fig. 2(a) reduces to a reactive net-
work as shown in Fig. 2(b) [50] and its terminal voltage can be
written as

VYY ′ = Lf
dI(r)
dt

. (8)

This equation with the help of (6) reduces to

VYY ′ = L f ,e
dI0
dt

, (9)

where Lf,e is expressed as

L f ,e = Lf P
′
nml(r). (10)

Equation (10) finally determines the equivalent feed reactance
which can account for its variation with the change in ρ. The relation
(10) thus can be extended to modify Harrington’s formula (1) as

Xf ( f , r) = Xf ( f ) × P′
nml(r). (11)

This formula for probe reactance of an ETPA can be used for
another triangular patch also. But only the appropriate field fac-
tors of the corresponding patch geometries are required.

The wave number kr may be defined as

kr = 2p
lr,nml

= 2pfr,nml

c
, (12)

where c is the velocity of light in free space and fr,nml is the reson-
ant frequency. The accurate computation of resonant frequency is
required due to accurate computation of probe reactance as a
function of frequency. The fr,nml can be computed as [15]

fr,nml = 2c
3reff

������
1r, eff

√ (n2 + nm+m2)1/2, (13)

where c is the velocity of light in free space, εr,eff is the effective
permittivity of the medium below the patch, reff is the effective
side length of the patch and n, m, l are integers which are
never zero simultaneously satisfying the condition n + m + l = 0.

In order to determine the reff, most of the researchers [15–30,
32, 35–40] assumed that all the modes have the same reff. But the
different modes have the different fringing fields. The models
reported in [31, 33–34] indicate that the reff is different for different
modes. Thus, the mode dependent reff is computed from [34] as

reff = r(1+ gq)1/2. (14)

In equation (14), q arises due to the fringing field at the edge of
the patch and γ is the mode dependent factor. The model reported
in [21] has been employed a curve fitting formula for computing reff
and shows a large discrepancy between measured and computed
values. Based on the concept employed in [21] we have proposed
a curve-fitting formula for q based on experimental results [18,
21, 34] available in open literature and HFSS simulation results.
This approach shows better agreement with the HFSS and experi-
mental result. The q for this geometry is proposed as

q = q1 + q2 − q3 , (15)

where

q1 = 7.146
d
r
− 16.485

1���
1re

√
( )

d
r

( )
, (16)

q2 = 21.083
1
1re

( )
d
r
+ 10.172

d
r

( )2

, (17)

q3 = 16.121
1���
1re

√
( )

d
r

( )2

, (18)

where εre is the equivalent relative permittivity of themediumbelow
the patch. The εre for a two-layer structure as shown in Fig. 1(a)may
be defined as

1re = 1r11r2 d
1r1d2 + 1r2 d1

. (19)

The fringing field is different for different operating modes of
patch due to the field configuration [34] under the patch. In order
to match the theoretical values with experimental values an
empirical mode dependent factor was introduced in [34] in the
expression of reff. In this paper, we have also incorporate an
empirical mode dependent factor γ in the expression of reff for
better matching between theoretical and experimental values as

g = 0.75mn0.23, (20)

here n and m are the mode indices.
Equation (14) in the present model and equation (6) in [34]

are basically same. Here the fringing factor p of [34] has been
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replaced by q. In [34], p has been determined by equation (7)
using the original expression of circular patch by employing an
equivalence relation between circular and triangular geometry.
In the present paper, we have proposed a new curve-fitting for-
mula to compute q in equations (15)–(18) without employing
any equivalence relation. Equation (8) in [34] and equation (20)
in the present model are empirically proposed mode dependent
factors to account the effect of modes in effective side length
calculation.

In order to compute εr,eff for a triangular patch, the triangular
patch (side length r) is replaced by the rectangular patch (width
W and length L) having an equivalent surface area. On the
basis of an equivalence relation, we have

WL = ( ��
3

√
/4)r2. (21)

Now, we equate the zeroth-order resonant frequencies of a
rectangular patch and triangular patch without fringing to get

fr,10,−1 = c
2L

���
1re

√ = 2c
3r

���
1re

√ . (22)

Thus,

L = (3/4)r. (23)

The width (W) of the rectangular patch is obtained from (21)
and (23) as

W = (1/ ��
3

√ )r. (24)

The εr,eff for this structure is obtained from [51] as

1r,eff = 1re −
1re − 1r,dyn

1+ G( fa/fp)2
, (25)

where G is purely empirical term, εr,dyn is the dynamic permittiv-
ity which depends on the dimensions, equivalent substrate relative
permittivity εre, and field configurations of the mode under study
[52], fa is the frequency without fringing fields and εre is defined
in (19). The G, fa, and fp are computed as

G =
������
1r, dyn

1re

√
, (26)

fa = 2c
3r

���
1re

√ , (27)

fp = Z(r/d, d, 1re)
2m0d

(28)

Z
r
d
,d,1re

( )
= 120p�������

1rf (0)
√ r��

3
√

d
+1.393+0.667 ln

r��
3

√
d
+1.444

( )[ ]−1

,

(29)

1rf (0) = 1re + 1
2

+ 1re − 1
2

1+ 12d

r/
��
3

√
( )−1/2

. (30)

The εr,dyn for this structure is computed from [52] as

1r, dyn =
Cdyn(1 = 101re)
Cdyn(1 = 10) , (31)

where Cdyn (ε) is the total dynamic capacitance of the condenser
formed by the conducting patch and the ground plane separated
by a dielectric of permittivity ε. It takes into account the influence
of the fringing field at the edge of the patch. The Cdyn (ε0) is the
total dynamic capacitance when ε = ε0. The Cdyn (ε) can be writ-
ten as

Cdyn(1) = C0,dyn(1) + Ce,dyn(1), (32)

here Ce,dyn (ε) and C0,dyn (ε) are the total dynamic fringe and main
field capacitance respectively. The total dynamic fringe field cap-
acitance Ce,dyn (ε) for this structure is obtained from [52] as

Ce,dyn(1) = 1
2

Z r/d, d, 1re = 1
( )

3r

4cZ2 r/d, d, 1re
( ) − C0,stat(1)

[ ]
. (33)

In (33), C0,stat is the static main field capacitance and may be
obtained as

C0,stat(1) =
��
3

√
101rer2

4d
. (34)

The total dynamic main field capacitance C0,dyn (ε) is taken for
the structure under study as [52]:

C0,dyn(1) = gnmC0,stat(1), (35)

γnm= 0.3525, forn = 1;γnm = 0.2865, forn = 2; γnm = 0.2865, forn = 3.
The accurate computation of input impedance as a function of

probe location is required for accurate computation of probe
reactance as a function of probe location. The triangular geometry
may be treated as a single resonant parallel R–L–C circuit as
shown in Fig. 1(b). The input resistance and reactance seen by
a coaxial probe located at a distance ρ from tip of the triangle
may be computed as [34]:

Rin = RrPnml

1+ Q2
T ( fr, nml/f ) − ( f /fr, nml)
[ ]2 , (36)

Xin = Xf ( f , r) +
RrPnmlQT ( fr, nml/f ) − ( f /fr, nml)

[ ]
1+ Q2

T ( fr, nml/f ) − ( f /fr, nml)
[ ]2 , (37)

where Rr is the input resistance at resonance and it is different for
different mode [20, 42–43], QT is the total quality factor, fr,nml is
the mode depended resonant frequency is given by (13), f is the
working frequency and Pnml is the field factor defined in (3).
This is the very simple expression. But the large and rigorous
mathematical steps have been employed in [20] for computing
the Rin and Xin.
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Here we have employed a very simple and efficient expression
to compute the mode-dependent Rr as provided in [40] as

Rr = (0.18+ 0.83n)
m+ 0.6nm

− 1.6m n−m( )2
[ ]

hdlr,nmpQT

ar2 �����
1r,eff

√
( )

. (38)

The work reported in [20] has employed different mode
dependent value for different modes for computing the input
impedance. Here we have also introduced mode dependent factor
for computing the input impedance. The first term indicates the
mode-dependent factor. The factor α is a constant. The value of
α = 7 for right-angled isosceles triangular patch antenna [40]
and for ETPA we have taken α =√2. η is the intrinsic impedance
of the medium, QT is the total quality factor, λr,nml = c/fr,nml, fr,nml

is the mode dependent resonant frequency is given by (13), εr,eff is
given by (25). n and m are the mode indices.

The QT consists of a quality factor due to radiation loss (Qr), a
quality factor due to dielectric loss (Qd), and quality factor due to
conductor loss (Qc). The model reported in [20] has been
employed rigorous and large mathematical steps for computing
the different losses. But here we have proposed very simple for-
mulas to compute the loss factors. The QT is defined as

QT = 1
Qr

+ 1
Qd

+ 1
Qc

( )−1

. (39)

The accurate computation of Qr is very important because it
determines the radiation efficiency. The computation of Qr is
very complex for triangular patch antenna due to its geometry.
The Qr depends on mode and field configuration under the
mode [1]. Here we have taken a very simple and efficient expres-
sion to compute Qr as proposed in [53, 54] and added a mode
dependent correction factor. So, the final expression of Qr as

Qr = 2(n+ 0.6nm) − 1{ }0.6− 1.31(n− 1)
(n− 0.6)

[ ]
bD(d)1re
m0fr,nmld

, (40)

where the first term is the mode-dependent factor. The factor β
is a constant. The value of β = 21.15 for circular patch antenna

[53, 54] and we have employed β = 30 for ETPA. εre is defined
in (19), fr,nml is given by (13), D(δ) is the directivity and n and
m are the mode indices.

Here we have proposed a new curve fitting formula for com-
puting the directivity of the structure under study based on simu-
lation and experimental results as

D(d) = 3.194− 0.482d+ 3.042d2 − 3.213d3 + 4.924d4

− 1.526d5, (41)

where

d = pfr, nml

2f0, nml
���
1re

√ , (42)

and

f0,nml = 2c
3r

���
1re

√ (n2 + nm+m2)1/2. (43)

The quality factor due to conductor loss Qc, can be expressed
as

Qc =
p

�����
1r,eff

√
lr,nml ac

(44)

αc is the conductor loss and obtained from [55] as

ac = Rs

Z
r
d
, d, 1re

( )
r/

��
3

√ , (45)

Rs =
�����������
p fr,nmlm0

s

√
, (46)

where σ is the conductivity and other variables have usual
meaning. Qd for this structure can be computed as

Qd = 1
tan de

, (47)

Fig. 3. Snapshot of a fabricated prototype of the tested antenna.
Fig. 4. Experimental, simulation and theoretical variation of probe reactance as a
function frequency. εre = εr2 = 2.4, tanδe = tanδ2 = 0.0022, d = d2 = 0.8265.
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where tanδe is the equivalent loss tangent of a triangular patch on
two dielectric layers may be defined as

tan de = h11r1 tan d1 + h21r2 tan d2
h1re

. (48)

Results and discussions

Antenna design and experimental tests

A number of prototypes of different r has been etched on different
substrates like (i) Rogers with εr2 = 2.4, d2 = 0.8265 and 1.58 mm,
tanδ1 = 0.0022; (ii) Glass epoxy with εr2 = 4.4, d2 = 1.63 mm,

tanδ1 = 0.02; and (iii) Arlon with εr2 = 10.0, d2 = 1.63 mm, tanδ1
= 0.0035. One of the fabricated prototypes is shown in Fig. 3.
The patch was excited with a coaxial probe whose diameter g =
1.24 mm. To validate the models developed in the “Theory” sec-
tion, we have performed a series of experiments using Network
Analyzer Agilent- E5071B. Here, we have presented the theoretic-
ally predicted, simulated, and measured results for the feed react-
ance, resonant frequency, and input impedance of an ETPA.

Probe reactance

In Fig. 4, we have compared the computed probe reactance Xf as a
function of frequency employing the model with our experimental

Fig. 5. Computed, measured and simulated variation of probe reactance as a func-
tion of probe location for different side length. εre = εr2 = 2.4 tanδe = tanδ2 = 0.0022,
d = d2 = 0.8265. # Antenna I (r = 22 mm); # Antenna II (r = 35 mm); # Antenna III (r =
70 mm).

Fig. 6. Theoretical and experimental input impedance of an ETPA.
r = 35 mm, d = d2 = 0.8265, εre = εr2 = 2.4, ρ = 16.8, tanδe = tanδ2 =
0.0022.

Fig. 7. Computed and simulated variation of probe reactance as a function probe
location for different substrate thickness. r = 42 mm, εre = εr2 = 2.4, tanδe = tanδ2 =
0.0022. # Antenna I (d = d2 = 0.79 mm); # Antenna II (d = d2 = 1.58 mm); # Antenna III
(d = d2 = 3.16 mm).
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and simulation [56] results for an equilateral patch on single sub-
strate and close agreement is revealed between them. The theoret-
ical frequency is obtained by employing (13). The change in
resonant frequency is obtained by changing side length r keeping
all the antenna parameters unchanged. For each frequency, we
have estimated the corresponding r. The 50 Ω probe location
under the patch for every r is determined by employing (36).
The probe reactance increases with the increase of frequency.

The variation of Xf as a function of probe position ρ for an equi-
lateral patch on a single substrate having different r is depicted in
Fig. 5. Here we have compared the computed Xf with simulation
and our experimental results. The computed reactance curves well
agree with the measured and simulated results. This study shows
that the probe reactance increases with the decrease of r. When
the side length r of the patch increases then the frequency of that
patch decreases, as a result the probe reactance Xf decreases.

The effect of probe reactance Xf on input impedance is
depicted in Fig. 6. Here measured input impedance is compared
with the computed input impedance curve employing the

Fig. 8. Computed and simulated variation of probe reactance as a function substrate
thickness. Parameters as in Fig. 7.

Fig. 9. Computed and simulated variation of probe reactance as a function feed loca-
tion for different dielectric constant. r = 42 mm, d = d2 = 1.58 mm, tanδe = tanδ2 =
0.0022. # Antenna I (εre = 2.4); # Antenna II (εre = 9.8).

Fig. 10. Computed and simulated variation of probe reactance as a function of the
dielectric constant of the substrate. Parameters as in Fig. 9.

Fig. 11. Computed, simulated and measured variation of probe reactance as a func-
tion of side length r. εre = εr2 = 2.4, d = d2 = 0.8265 mm, tanδe = tanδ2 = 0.0022.

Fig. 12. Computed and simulated variation of probe reactance as a function of sus-
pended (εr1 = 1.0, tanδ1 = 0.000) and composite (εr1 = 9.8, tanδ1 = 0.0035) substrate
thickness. r = 42 mm, εr2 = 2.4, tanδ2 = 0.0022.
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Table 1. Theoretical, software computational, and experimental resonant frequencies for an equilateral triangular patch on two layers composite substrate
operated in different modes.

Resonant frequency (GHz)

d1 (mm) Mode EXP.I HFSSII [56] CFDTDIII [57]

Computed

Present % Error with respect to I % Error with respect to II % Error with respect to III

0.8265 TM10 2.427 2.393 2.389 2.388 1.607 0.209 0.042

TM11 4.316 4.247 4.233 4.247 1.599 0.000 −0.331

TM20 4.808 4.678 4.667 4.725 1.726 −1.005 −1.243

TM21 6.475 6.371 6.325 6.443 0.494 −1.130 −1.866

TM30 7.251 7.073 7.137 7.050 2.772 0.325 1.219

Average % error 1.639 0.534 0.939

1.58 TM10 2.471 2.43 2.424 2.422 1.983 0.329 0.083

TM11 4.364 4.334 4.248 4.341 0.527 −0.162 −2.189

TM20 4.934 4.715 4.692 4.772 3.283 −1.209 −1.705

TM21 6.585 6.447 6.372 6.558 0.410 −1.722 −2.919

TM30 7.349 7.16 6.989 7.097 3.429 0.880 −1.545

Average % error 1.926 0.860 1.688

Total average % error 1.782 0.697 1.313

r = 42 mm, εr2 = 4.4, εr1 = 2.4, d2 = 1.63

Table 2. Theoretical, software computational and experimental resonant frequencies for an equilateral triangular patch on suspended substrate operated in
different modes.

Resonant frequency (GHz)

d1 (mm) Mode EXP.I HFSSII [56] CFDTDIII [57]

Computed

Present % Error with respect to I % Error with respect to II % Error with respect to III

0.5 TM10 3.495 3.435 3.452 3.477 0.515 −1.223 −0.724

TM11 6.189 6.09 6.143 6.169 0.323 −1.297 −0.423

TM20 7.002 6.86 6.913 6.863 1.985 −0.044 0.723

TM21 9.377 9.255 9.115 9.331 0.491 −0.821 −2.370

TM30 10.505 10.385 10.379 10.212 2.789 1.666 1.609

Average % error 1.221 1.010 1.169

1.0 TM10 3.586 3.546 3.521 3.544 1.171 0.056 −0.653

TM11 6.206 6.275 6.162 6.354 −2.385 −1.259 −3.116

TM20 7.086 7.105 7.147 6.946 1.976 2.238 2.812

TM21 9.726 9.485 9.422 9.553 1.779 −0.717 −1.390

TM30 10.594 10.675 10.546 10.288 2.888 3.625 2.446

Average % error 2.039 1.579 2.083

Total average % error 1.63 1.294 1.626

r = 42 mm, εr2 = 2.4, εr1 = 1.0, d2 = 0.8265
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model with and without probe reactance. From this study, a dis-
crepancy is observed between measured and computed input
impedances when probe reactance Xf is not considered but the
close agreement is seen between measured and computed input
impedances when probe reactance Xf is considered.

In Fig. 7, authors present the variation of Xf as a function of
probe location ρ under the patch for an equilateral patch on a sin-
gle substrate having different substrate thickness d. Here we have
compared the computed Xf with simulated [56] and close agree-
ment is revealed between them.

The variation of Xf as a function of d for an equilateral patch is
visualized in Fig. 8. In this study first we have determined the
50 Ω probe position under the patch for every d and then

calculate the Xf. The Xf increases with increase of d. If the thick-
ness of the substrate d increases, the length of the probe increases,
the spurious radiation from the probe increases, the surface wave
power increases and thus the probe reactance increases. Here the
computed curve is compared with the HFSS simulated results.
The slight discrepancy is observed for higher thickness. This is
due to the fact that the Harrington’s formula is well valid for
small d/λ0.

The variation of Xf with the variation of ρ for different εre of
an equilateral patch on a single substrate is depicted in Fig. 9. In
this study, we have compared the computed Xf curves with HFSS
[53] simulation results. The computed curves well support the
simulation results.

Table 3. Theoretical, software computational and experimental resonant frequencies for an equilateral triangular patch on single substrate operated in different
modes.

Resonant frequency (GHz)

r (mm) εre = εr2 d = d2 (mm) Mode EXP.I HFSSII [56] CFDTDIII [57]

Computed

Present
% Error with
respect to I

% Error with
respect to II

% Error with
respect to III

42 2.4 0.8265 TM10 2.955 2.997 3.012 2.981 −0.880 0.534 1.029

TM11 5.225 5.117 5.289 5.225 0.000 −2.111 1.210

TM20 5.920 5.916 6.00 5.936 −0.270 −0.338 1.067

TM21 7.95 8.035 7.933 7.961 −0.138 0.921 −0.353

TM30 8.875 8.869 8.959 8.885 −0.113 −0.180 0.826

Average % error 0.280 0.817 0.897

42 4.4 1.63 TM10 2.208 2.224 2.214 2.190 0.815 1.529 1.084

TM11 3.928 3.865 3.912 3.861 1.706 0.103 1.304

TM20 4.408 4.364 4.407 4.359 1.112 0.115 1.089

TM21 5.914 5.956 5.829 5.884 0.507 1.209 −0.944

TM30 6.609 6.446 6.547 6.526 1.256 −1.241 0.321

Average % error 1.079 0.839 0.948

42 10.0 1.63 TM10 1.489 1.472 1.481 1.462 1.813 0.679 1.283

TM11 2.621 2.590 2.619 2.578 1.641 0.463 1.565

TM20 2.917 2.952 2.939 2.913 0.137 1.321 0.885

TM21 3.94 3.958 3.972 3.934 0.152 0.606 0.957

TM30 4.373 4.423 4.377 4.367 0.137 1.266 0.228

Average % error 0.776 0.867 0.938

22 2.4 0.8265 TM10 5.587 5.505 5.478 5.513 1.325 −0.145 −0.639

TM11 9.829 9.725 9.822 9.753 0.773 −0.288 0.703

TM20 11.118 11.045 11.101 10.927 1.718 1.068 1.567

TM21 15.116 15.335 14.647 14.809 2.031 3.430 −1.106

TM30 16.435 16.140 16.393 16.310 0.761 −1.053 0.506

Average % error 1.321 1.197 0.904

Total Average % error 0.864 0.930 0.922

IExperiment.
IIHFSS.
IIICFDTD.
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In Fig. 10, we present the variation of Xf as a function of εre.
The Xf decreases with the increase of εre. Here we have first esti-
mated the 50 Ω probe position under the patch and then calculate
the probe reactance. If the relative permittivity of the substrate εre
increases, fringing field effect decreases, unwanted radiation from
the probe decreases, and surface wave power decreases as a result
the probe reactance decreases. The computed curve compared
with the simulated curve and very close agreement is observed
between them for all values of εre.

Figure 11 shows the variation of Xf as a function of r. The Xf

decreases with the increase in r. The computed Xf is compared
with simulated and our measured results. The close agreement
is observed between them. Thus, the model is valid for a patch
whose side length is varied from low to high value.

The effect of composite and suspended substrate on Xf is
depicted in Fig. 12. For suspended substrate, the Xf is increased
with the increase of d1 whereas Xf decreases with the increase
of d1 for the composite substrate. The computed curves well sup-
port with the simulated results for all d1/d. The effective permit-
tivity for a composite substrate is enhanced, fringing field effect
decreases, surface wave power decreases so the probe reactance
decreases. The exactly opposite phenomena occur for the sus-
pended substrate.

Now it is clear from the above studies in Figs 4–12 that Xf

increase with the increase of thickness d and frequency f. Xf

decreases with the decrease of side length r and relative permittiv-
ity εre. This information is very useful for practical implementa-
tion of the ETPA.

Validity of resonant frequency

In Table 1, we have compared the computed resonant frequencies
employing the present model with simulation [56, 57] and our
experimental results for an equilateral patch on two dielectric
layers operated in dominant and higher order modes. The total
average error of the present model is computed against the simu-
lated and measured results. The total average % errors are 1.782,
0.697, and 1.313 against experimental, HFSS, and CFDTD simu-
lation results, respectively. From this comparison we observe that
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Fig. 13. Measured and computed dominant mode input impedance as a function of
frequency for a probe-fed equilateral triangular patch on suspended substrate having
d1 = 0.45 mm d2 = 1.58 mm, r = 42 mm, εr1 = 1.0, εr2 = 2.4, tanδ1 = 0.0, tanδ2 = 0.0022,
ρ = 19.20 mm.
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the error in the model against experimental results is slightly high.
This is due to the fact that a tiny air gap may be present between
two dielectric layers and this cannot be avoided.

A comparison of simulated [56, 57] and our measured reson-
ant frequencies with computed values for an equilateral patch on
suspended substrate operated in dominant and higher order
modes is presented in Table 2. The total average percentage errors
are 1.63, 1.294, and 1.626 against experimental, HFSS, and
CFDTD simulation results, respectively.

In Table 3, we compare the computed resonant frequencies
employing the model with simulated and our measured results
for an equilateral patch printed on a single substrate operated in
dominant and higher order modes. The total average percentage
errors are 0.864, 0.930, and 0.922 against experimental, HFSS,
and CFDTD simulation results, respectively.

From Tables 1–3, we conclude that the present model very
accurately computed the resonant frequencies against HFSS,
CFDTD simulation, and our experimental results.

Now the accuracy of the present model is verified against the
other measured results [18] in Table 4. Here the measured reson-
ant frequencies obtained from [18] are compared with different
theoretical models reported in [19, 21, 24, 27, 28, 31] and in
this work for an equilateral patch printed on a low dielectric con-
stant substrate operated in dominant and higher order modes.
This comparison shows that present model more accurately com-
puted the resonant frequencies.

From the above comparison in Tables 1–4 it is clear that the
present formulae based on cavity model are valid for a wide vari-
ation of substrate permittivity; patch side length and substrate
thickness. But the slight discrepancy is observed for a patch hav-
ing very smaller side length or larger substrate thickness. Because
the accuracy of the present model mainly depends on the value of
h/λ0 and it is well suitable for a small value of h/λ0. This is not the
limitation of the present model but it is the inherent limitation of
the cavity model.

Validity of input impedance

A comparison of theoretically predicted input impedance with
our measured results for an equilateral patch printed on a sus-
pended substrate is depicted in Fig. 13. The computed curve for
input impedance is close to the measured results.

The accuracy of the model is further verified with other mea-
sured results [20] in Table 5. Here we compare the computed
input impedance employing the present model and model
reported in [20] with experimental results [20] for an equilateral
triangular patch operated in dominant and higher order modes.

Here we consider an equilateral patch having side length r =
100 mm printed on a substrate whose d = 1.59 mm, εre = 2.32,
tanδe = 0.0005, d/λr = 0.0068 and probe is located as a distance
ρ = 3.0 mm from the tip of the triangle. The present model
shows very less error compared to the model reported in [20].

Conclusion

The radiated power and impedance bandwidth of an ETPA
mainly controlled by the input impedance. For probe-fed patch
antenna, the total input impedance consists of the probe reactance
in series with the patch impedance. Good models for calculating
patch impedance are available, but to the best of our knowledge
no model is available to compute probe reactance of an ETPA.
For the first time, a very simple and efficient formula is proposed
to accurately predict the probe reactance of an ETPA. To over-
come the drawback of earlier models as discussed detail in the
“Introduction” section, we have introduced the field factor in
the Harrington’s formula. This efficient formula is capable of pre-
dicting accurately the probe reactance for a wide variation of sub-
strate electrical parameters, antenna dimension, and probe
position under the patch. Present theoretical analysis shows excel-
lent agreement with our measured results. We have also employed
electromagnetic software to validate the model.
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