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Abstract

Let (Y, Z) denote the solution to a forward-backward stochastic differential equation
(FBSDE). If one constructs a random walk B” from the underlying Brownian motion B
by Skorokhod embedding, one can show Lj-convergence of the corresponding solu-
tions (Y", Z") to (Y, Z). We estimate the rate of convergence based on smoothness
properties, especially for a terminal condition function in C>%. The proof relies on an
approximative representation of Z" and uses the concept of discretized Malliavin cal-
culus. Moreover, we use growth and smoothness properties of the partial differential
equation associated to the FBSDE, as well as of the finite difference equations associated
to the approximating stochastic equations. We derive these properties by probabilistic
methods.
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1. Introduction

Let (2, F, P) be a complete probability space carrying the standard Brownian motion B =
(B)i=0 and assume that (F;);>0 is the augmented natural filtration. Let (Y, Z) be the solution
of the forward-backward stochastic differential equation (FBSDE)

s

N
Xx:x—i—/ b(r, X,)dr+/ o(r, X,)dB;,
0 0

T T
szg(XT)+/ fr, X, Yy, Zr)dr_/ Z,dBy, 0<s=<T. (1
s s

Let (Y, Z") be the solution of the FBSDE if the Brownian motion B is replaced by a scaled
random walk B" given by

[1/h
Bj=vh) &,  0<t<T, )

i=1
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where h = % and (&;)i=1,2,... is a sequence of independent and identically distributed (i.i.d.)
Rademacher random variables. Then (Y, Z") solves the discretized FBSDE

X'=x+ / b(r, X' )d[B"], + / o(r, X" )dB",
(0,s] (0,s]

Y!=gX7)+ / f, X Yr , Z! )d[B"], — / Z' dB', 0<s<T. 3)
(s,T] (s,T1]

Many authors have investigated the approximation of backward stochastic differential equa-
tions (BSDEs) using random walks, analytically as well as numerically (see, for example, [7],
[26, [29], [31], [32], [33], [16]). In 2001, Briand et al. [7] showed weak convergence of (Y, Z")
to (Y, Z) for a Lipschitz continuous generator f and a terminal condition in L. The rate of con-
vergence of this method remained an open problem. Bouchard and Touzi in [6] and Zhang
in [42] proposed instead of random walks an approach based on the dynamic programming
equation, for which they established a rate of convergence. But this approach involves condi-
tional expectations. Various methods to approximate these conditional expectations have been
developed ([23], [17], [12]). Also, forward methods have been introduced to approximate (1):
a branching diffusion method ([24]), a multilevel Picard approximation ([39]), and Wiener
chaos expansion ([8]). Many extensions of (1) have been considered, among them schemes
for reflected BSDEs ([3], [14]), high order schemes ([9], [10]), fully-coupled BSDEs ([18],
[51), quadratic BSDEs ([13]), BSDEs with jumps ([21]), and McKean—Vlasov BSDEs ([1],
[15], [11]).

The aim of this paper is to study the rate of the Ly-approximation of (Y}, Z}') to (¥;, Z;)
when X satisfies (1). For this, we generate the random walk B” by Skorokhod embedding from
the Brownian motion B. In this case the L,-convergence of B" to B is of order ht for any
p > 0. The special case X = B has already been studied in [22], assuming a locally «-Ho6lder
continuous terminal function g and a Lipschitz continuous generator. An estimate for the rate
of convergence was obtained which is of order h% for the Ly-norm of Y}' —Y;, and of order

h#
g for the Lp-norm of Z' — Z,.

In the present paper, where we assume that X is a solution of the stochastic differential
equation (SDE) in (1), rather strong conditions on the smoothness and boundedness of f and

g and also of b and o are needed. In Theorem 3.1, the main result of the paper, we show

that the convergence rate for (Y}, Z}') to (Y, Z;) in Ly is of order h%A% provided that g” is
locally a-Hélder continuous. To the best of our knowledge, these are the first cases in which a
convergence rate for the approximation of FBSDEs using random walks has been obtained.

Remark 1.1. For the diffusion setting—in contrast to the case X = B—we can derive the con-
vergence rate for (Y7, Z') to (¥, Z;) in L, only under strong smoothness conditions on the
coefficients, which include also that g” is locally a-Holder continuous (see Assumption 2.3
below). These requirements appear to be necessary. This becomes visible in Subsection 2.2.2
where we introduce a discretized Malliavin weight to obtain a representation 2 for Z”. While
it holds that Z" = Z" when X = B, in our case 7" does not coincide with Z". However, one
can show that the difference Z — Z/' converges to 0 in L, as n — oo using a Holder conti-
nuity property (see (63) in Remark 4.1) for the space derivative of the generator in (3). For
this Holder continuity property to hold one needs enough smoothness in space from the solu-
tion u" to the finite difference equation associated to the discretized FBSDE (3). Provided that
Assumption 2.3 holds, we show the smoothness properties for #”* in Proposition 4.2, applying
methods known for Lévy driven BSDEs.
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The paper is organized as follows. Section 2 contains the setting, the main assumptions,
and the approximative representation 7" of Z". Our main results about the approximation rate
for the case of no generator (i.e. f = 0) and for the general case are in Section 3. One can see
that in contrast to what is known for time discretization schemes, for random walk schemes
the Lipschitz generator seems to cause more difficulties than the terminal condition: while in
the case f =0 we need that g’ is locally a-Holder continuous, in the case f # 0 this property
is required for g”. In Section 4 we recall some needed facts about Malliavin weights, the
regularity of solutions to BSDEs, and properties of the associated partial differential equations
(PDEs). Finally, we sketch how to prove growth and smoothness properties of solutions to the
finite difference equation associated to the discretized FBSDE. Section 5 contains technical
results which mainly arise from the fact that the construction of the random walk by Skorokhod
embedding forces us to compare our processes on different ‘timelines’, one coming from the
stopping times of the Skorokhod embedding, the other from the equidistant deterministic times
due to the quadratic variation process [B"].

2. Preliminaries

2.1. The SDE and its approximation scheme
We introduce

t

13
Xt=x+/ b(s,XA-)ds—l—/ o (s, X5)dBg, 0<r<T,
0 0

and its discretized counterpart

k k
bed =x+h2b(tj,XZ_l)+ \/Eza(tj,xg_])sj, =i j=0,....n, @
j=1 j=1

where (¢;);=12,... is a sequence of i.i.d. Rademacher random variables. Letting

Gr=o(g:l1 <i<k) with Go:={0, Q}, ®)
it follows that the associated discrete-time random walk (B?k)}z:o is (Gr);_-adapted. Recall
(2) and h = % If we extend the sequence (X;;)kzo to a process in continuous time by defining

X = Xg( for t € [t, ty+1), it is the solution of the forward SDE (3).
We formulate our first assumptions. Assumption 2.1(ii) will not be used explicitly for our
estimates, but it is required for Theorem 4.1 below.

Assumption 2.1.

(i) b,o € Cg’z([O, T] x R), in the sense that the derivatives of order k =0, 1, 2 with respect
to the space variable are continuous and bounded on [0, T] x R.

(ii) The first and second derivatives of b and o with respect to the space variable are
assumed to be y-Holder continuous (for some y € (0, 1], with respect to the parabolic

metric d((t, x), (1, X)) = (|t — 1] + |x — 5c|2)%) on all compact subsets of [0, T] x R.
(iii) b, o are %-H(J'lder continuous in time, uniformly in space.

(iv) o(t,x)>68> 0 forall (¢, x).
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Assumption 2.2.

(i) g is locally Holder continuous with order a € (0, 1] and polynomially bounded in the
following sense: there exist po > 0, Cq > 0 such that

Y, ®) eR?, |g(x) — g(®)] < Co(1 + [P + |XPO)|x — X[* (6)
(ii) The function (t, x, y, z) — f(t, x, y, z) on [0, T] x R? satisfies
53,9 55D <L (Vi T+ =X+ =51+ =2). ()
Notice that (6) implies
@I <K+ T = W), xeR, ®)
for some K > 0. From the continuity of f we conclude that

Ky = sup [f(z,0,0,0)] <oo.

0<t<T

Notation:
o |I-llp=1"llz,@m for p > 1. For p =2 we write simply || - |.
e If a is a function, C(a) represents a generic constant which depends on a and possibly
also on its derivatives.
o Eo,=E(:|Xo=x).

e Let ¢ bea Cc%1([0, T] x R) function. Then ¢y denotes 9., the partial derivative of ¢
with respect to x.

2.2. The FBSDE and its approximation scheme

Recall the FBSDE (1) and its approximation (3). The backward equation in (3) can
equivalently be written in the form

n—1 n—1
Yp=gXP) +h Y flompr, X0 Y ZE) = Nh Y Z ey, 0<k<n, ©)
m=k m=k
if one puts X! := Xgn, Y= Yt’:n, and Z}! .= Z,”’" for r € [ty, ty+1)-
Remark 2.1. Equations (3) and (9) do not contain any martingale orthogonal to the random
walk B", since we are in a special case where the orthogonal martingale is zero (see [7, p.
3] or [34, Proposition 1.7.5]). Indeed, for the symmetric simple random walk B" the pre-
dictable representation property holds; i.e. for any G,-measurable (see (5)) random variable
& =F(e, ..., &) there exists a representation

n
F(81a~-~s€n):C+th8ms

m=1

where ¢ € R and h,,, is G,,—1-measurable for m =1, . . ., n. To see this, consider

Fler ... e =ElF(er, ... el + Y (ELFe1, ... en)lGu] = EIFGer, ... &)|Gn-11)-
m=1
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Put c=E[F(¢gq, ..., &,)]. Our aim is to determine a G,,_{-measurable %,, such that

ElF(et1, ..., e)lGnl —E[F(er, ..., e)|Gm-1]= hpném.

We define
Fu(et,...,enm) =E[F(e1, ..., e)|Gnl.
By the tower property it holds that
Fulet, ... em) —Fp1(e1, ..., €m—1)
=Fuer,....em) —E[Fp(er, ..., em)lGn-1]
Fm(‘gl’ ""Sn’lfla 1)+Fm(81’---7‘9m717_1)
= m(el""9‘9m)_
2
Fm(gla ooy Em—1, 1)_Fm(81’ cees Em—1, _1)
= Sm;
2
hence
h _Fn1(8la~-~»5m—l» 1)_Fm(817-~-a8m—la_l)
m — 2 .

One can derive an equation for Z" = (Zt']’()z;(l) if one multiplies (9) by x4+ and takes the
conditional expectation with respect to Gy, so that

Ef (sXert1) g
= 4 E
Vh B

where E{ :=E( - |Gy).
Remark 2.2. For n large enough, the BSDE (3) has a unique solution (Y”, Z") (see [36,

Proposition 1.2]), and (Y3, Zp; )Z;(l) is adapted to the filtration (gk)z;(l).

n—1
7= Vh Yy f(tm+1,X;fn,Y,’:n,Z,'fn)sk_H), 0<k<n—1, (10)

m=k+1

2.2.1. Representation for Z. We will use the following representation for Z, due to Ma and
Zhang (see [30, Theorem 4.2]):

T
Zl:El(g(XT)N%—'—/ f(s,X_y, YS9 ZS)N_gt‘ds>a(t1 X[)v OSISTv (11)
t

where E; :=E( - |F;), and for all s € (¢, T], we have (cf. Lemma 4.1)

N = : LG dB
= s (12)
s—tJ; o, X)VX;

where VX = (VX;),c[0,7] 1 the variational process; i.e., it solves

VXS:l+/
0

with (X)seq0,77 given in (1).

s

N
b (r, Xr)VX,dr+/ oy(r, X,)VX,dB,, (13)
0

Remark 2.3. In the following we will assume that g” exists. In such a case we have the
following representation for Z:

T
7, =E, (g/(XT)VXT + / f(s, X5, Ys, Zs)Ngds)a(t, X), 0<t<T. (14)
t
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2.2.2. Approximation for Z". In this section we state the discrete counterpart to (11), which, in
the general case of a forward process X, does not coincide with Z" (given by (10)). In contrast
to the continuous-time case, where the variational process and the Malliavin derivative are con-
nected by 3 VX’ = al()rS))?) (s <1t), we cannot expect equality for the corresponding expressions if
we use the dlscretiié(f versions of the processes (VX;); and (D;X;);<; introduced in (16). This
counterpart Z" to Z is a key tool in the proof of the convergence of Z" to Z. As we will see in
the proof of Theorem 3.1, the study of | Z; — Z, || goes through the study of || Z; — Zg{ || and
125 = Z -

Before defining the discretized versions of (VX;); and (DX;)s<;, we briefly introduce the
discretized Malliavin derivative. We refer the reader to [4] for more information on this topic.

Definition 2.1. (Definition of T,..T,_ and Dj) For any function F:{—1, 1} — R, the

m,

mappings 7,, . and 7, _ are defined by

T, Fer,...,en)=F(er, ..., em—1, L, &mt1s .-, En), l1<m<n.
For any &£ = F(eq, . . ., &,), the discretized Malliavin derivative is defined by
Drg o El&emlo((eDieqt,... np\mp)] _ T, §— Tm,f, l<m=<n. (15)
Vh 2vh

Definition 2.2. (Definition of qb(k 1)) Let ¢ be a C%1([0, T x R) function. We define

Dio(u, X,
piD = / $ultr, 9T, . X,

+(1 =T, X! )do.

X ann -1 tl 1

-1

If DpX7

#_, 7 0, the second “:=" holds as an identity.

We are now able to define the discretized versions of (VX;); and (DsX;)s<;.

Definition 2.3. (Discretized processes (VXZ:’“X)mE{k’_,,n} and (DZX" Jmelk,...,ny) For all m in

t)ﬂ
{k, ..., n} we define

VX =14 h Z bi(ty, Xp VX
I=k+1

m
+VRY " onltn, Xy VX e, 0<k<n,
I=k+1

DiX] =o(te, X )+h Z pkDprxn

-1

I=k+1
+h Z o* V(DX e, 0<k=n. (16)
I=k+1
Remark 2.4.
. Ml Xy
(i) Although VX, = ™ is not equal to
DX,
o (g1, X))

we can show that the difference of these terms converges in L, (see Lemma 5.4).
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(ii) With the notation introduced above, (10) can be rewritten as

n—1
Zp=E{ (D1 8(Xp) + Ef (h > D fltmer. XL Y2 )). (17)
m=k+1

In order to define the discrete counterpart to (11), we first define the discrete counterpart to
(NDser, 1) given in (12):

n tk,X,';c

ntk tml Em
«/‘Z . . k<t<n (18)

m=k+1 t'” l)tﬁ_tk

Notice that there is some constant k¥ > 0 depending on b, o, T, § such that
l o~
(Eg|N,'Z’tk|2)2 <2 . O<k<t=n (19)
(te — 1)2
Definition 2.4. (Discrete counterpart to (14).) Let the process 7" = ( )” ! be defined by

n—1

=E{ (D}, 8(X} >)+Eg<h 37 fltmsr. X} Y Z )me’k)oukﬂ, X! (0)
m=k+1

Remark 2.5. In (20) the approximate expression Eg(g(X?)Nt"n o (teg1, X3)) also could have
been used, but since we will assume that g” exists, we work with the correct term.

. The study of the convergence Eg Wz = Z;Z |2 requires stronger assumptions on the coeffi-
cients b, o, f, and g.

Assumption 2.3. Assumptions 2.1 and 2.2 hold. Additionally, we assume that all first and sec-
ond derivatives with respect to the variables x,y, 7 of b(t, x), o(t, x), and f{(t, x, y, z) exist and
are bounded Lipschitz functions with respect to these variables, uniformly in time. Moreover,
g" satisfies (6).

Proposition 2.1. If Assumption 2.3 holds, then

B |28 — 2117 < Co W2k,
where Eg = Eg( |Xo = x), the function U s defined in (62) below, and Cy.1 depends on b,
o,f g Tp(), and §.

Proof. According to [7, Proposition 5.1] one has the representations

Y] =6, X!) and  Z] =D u" (g1, X, 1)

Im Im1

where 1" is the solution of the finite difference equation (44) with terminal condition u"(t,, x) =
g(x). Notice that by the definition of Dj, 41 in (15) the expression Dy W 1, X7 +1) depends
in fact on X' . Hence we can put

fltmg1, X, zm tm) =f(tms1, X n n(tma ) Dn+1un(tm+lz Xt,,,H))

= F (thrl ’ Xtm)
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From (20) and (17) we conclude the following (we use E := Eg \for ||+ ):

IZ; —Z|

( Z Diegif mt1, X3, Vi Zt’,ln))

m=k+1

n—1
= ( > fltwer X2 Y, )N;;k(,<,k+l,x,';>> H

m=k-+1
n—1 m n,tg, X k
h o (i1, X3 )VX;, |
> p— > B | D F 1. X7 — DpF g1 X)) pp )
m=k+1 O=k+1 e Xty

With the notation introduced in Definition 2.2 applied to F",

o1, XV

U(téa t[ 1)

D}y F 1, X0) = DEF (g1, X7

< (DR Xy F LD — premshy)

k
o (tks1, th)VXt i

+ [Pt L (Dp, X ) — (DX
g e o (e, Xi; )

=A; +A).

For A| we use Definition 2.2 again and exploit the fact that

Nty X

X = F)’cl(tﬂ‘l‘l’] ) x) = a)cf(thr] s Xy un(tm’ 'x)’ D:ln+]un(tm+l ) )(t”;+17 ))
is locally @-Holder continuous according to (63). By Holder’s inequality and Lemma 5.4 Parts
(i) and (iii),
1
Ay < IIDZHXZ,,IM/ IFY g1, 9T,y X5 + (L =DT,,, _X3)
0
— Filtmi1, 9T, X}, + (1= )T, _X;' )ladd

<Cb,o.f, g T,po)¥(x)h?.

n,(¢,m+1) .

For the estimate of A> we notice that by our assumptions the Ls-norm of Fy is bounded

by C W2(x), so that it suffices to estimate

X!
o (tit1, X,k)VX, %

O‘(tfv [[71)

(Dy11X,) — (DiX;,)

4
o(te1, Xp) DX DI Xy,
ote, X, ) o(tkt1s ;k)

o (fet1, Xp) Dy Xpl vy X DepX -1
T _
X \ T ol X0

< | P Xi,) —

(22)

https://doi.org/10.1017/apr.2020.17 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.17

Random walk approximation of FBSDEs 743

The second expression on the right-hand side of (22) is bounded by C(b, o, T, 8)h% as a con-
sequence of Lemma 5.4 Parts (ii) and (iii). To show that the first expression is also bounded by

Cb,o,T, 5)h%, we rewrite it using (16) and get

'Dn n
—Z D Xy, — DXy,
U(tev t[ 1)
l fl 1 (X)) [(H))
1+ BEDh + oDV hey)
( 1%1 olte, X 1) :

-1
x (o(tk+1,X;)+ > DX B R o R W’w)

1=k+2

- (o(tk+1,X ( > +Z>Dk+l r @ Dp 4 gk ”«/’ez))‘

I=k+2 1=t
|Dk+1 o l(b(k+1 [)h+0'(k+1 e)\/_ge)|

moroprxn
l
+ Z [#Dk-klxgl Dk+1 11— 1i|<b(l l)h'i_a(l l)‘/_gl)
e Lot Xi )
Z D, XD l|:b“ Dp 4 oDV ey — (bgck“’l)h—i-a;k“’l)«/ﬁel)} : 23)
I=0+1

We take the Ls-norm of (23) and apply the Burkholder-Davis—Gundy (BDG) inequality
and Holder’s inequality. The second term on the right-hand side of (23) will be used for

Gronwall’s lemma, while the first and last terms can be bounded by C(b, o, T)h%, using
Lemma 5.4(iii). For the last term we also use the Lipschitz continuity of b, and o, in space and
Lemma 5.4(i). O

3. Main results

In order to compute the mean square distance between the solution to (1) and the solu-
tion to (3), we construct the random walk B" from the Brownian motion B by Skorokhod
embedding. Let

10:=0 and m:=inf{t>1_i:|B;—By |=vh), k>1. (24)
Then (B, — B,kfl),‘:il is a sequence of i.i.d. random variables with

]P)(B‘L'k _B‘L'k_l - iﬁ) - %a

. d . .. . .
which means that «/ﬁsk = By, — By,_,. We will denote by [, the conditional expectation with
respect to Fy, := Gi. In this case we also use the notation A7, = Xt’]’( forall k=0,...,n, so
that (4) turns into

k k
Koy =x+ ) blty, Xy Dh+ Y oG, Xy By =By ), 0<k=n.
j=1 j=1
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Assumption 3.1. We assume that the random walk B" in (3) is given by

[1/h]
B/=) (By—By ), 0<t<T,
k=1

where the t, k=1, ..., n, are taken from (24).

Remark 3.1. Note that for p > 0 there exists a C(p) > 0 such that forall k=1, ..., n it holds
that

1 1 1
Ty () < (E|By — By [")? < Cp)(axh)3.

The upper estimate is given in Lemma 5.1. For p € [4, c0) the lower estimate follows from [2,
Proposition 5.3]. We get the lower estimate for p € (0, 4) by choosing 0 <0 < 1and0 < p < p;
such that }1 =164 p%' Then it holds by the log-convexity of L, norms (see for example [35,
Lemma 1.1 1.5]§that

1
o By, = Byla _ C@~'(th)7
1By, — By ||, = — >

> > L > (Co) i)
1B = Bylly, — (Coi)th)+)’ (Cp)auh?)

Since for € [, tx41) it holds that BY = By, and ||B; — By, ||, < C(p)h%, we have for any p > 0
that

1
sup B} — Byll, = O(h#). (25)

0<t<T

Proposition 3.1 states the convergence rate of (Y}, Z)}) to (Y,, Z,) in L, when f =0, and
Theorem 3.1 generalizes this result to any f which satisfies Assumption 2.3.

Proposition 3.1. Let Assumptions 2.1 and 3.1 hold. If f =0 and g € C' is such that g’ is a
locally a-Holder continuous function in the sense of (6), then for all 0 <v < T, we have (for
sufficiently large n) that
n2 Wy 2,1 n2 Z 21 %

EO,x|Yv - YV| = C3'1\I’()C) h2 and ]EO,)C|ZV - ZV| = C3']‘Ij(x) h?,
where CV;‘I =C(Cq, b,0,T, po, 8) and Cg.l = C(Cg/, b,o, T, po,d).
Theorem 3.1. Let Assumptions 2.3 and 3.1 be satisfied. Then for all v€[0,T) and large
enough n, we have

A 1
Eox|Yy — Y + Eo1|Z, — Z1* < C31 W (x)*h2"e,

where C31 =C(b,0,f, g, T, po, §) and U is given in (62).

Remark 3.2. As observed above, the filtration Gy coincides with F¢,, forall k=0, ..., n. The
expectation [Eg , appearing in Proposition 3.1 and in Theorem 3.1 is defined on the probability
space (2, F, P).

Remark 3.3. In order to avoid too much notation for the dependencies of the constants, if for
example only g is mentioned and not C,, this means that the estimate might depend also on
the bounds of the derivatives of g.
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From (25) one can see that the convergence rates stated in Proposition 3.1 and Theorem 3.1
are the natural ones for this approach. The results are proved in the next two sections. In both
proofs, we will use the following remark.

Remark 3.4. Since the process (X;);>0 is strong Markov, we can express conditional expec-
tations with the help of an independent copy of B denoted by B. For example, E; ¢(X}) =

~ ~ ’)(’r
Eg(X;""™) for 0 < k < n, where
oy er r r
Xy = Xy Z bty g h + Z o, X'y Bz — Bz, ) (26)
J=k+1 Jj=k+1

(we define Ty :=0, 7;:=inf{r > 7;_1 : |B, —ij_] | =+/h} for j>1, and 1, =1} + T4_s for
n > k). In fact, to represent the conditional expectations E,, and E, we work here with E
and the Brownian motions B’ and B’, respectively, given by

B; = BlATk + B([_tk)+ and B;/ = B[/\Tk + B([—Tk)+ N t Z O. (27)

3.1. Proof of Proposition 3.1: the approximation rates for the zero generator case

To shorten the notation, we use [E :=[Eg ,. Let us first deal with the error of Y. If v belongs
to [t, tk+1) we have Y] = Y” Then

EY, — V) ? <2(E|Y, - Y, [* + EIY, — Y7 ).
Using Theorem 4.1 we bound ||Y, — Y;, || by
Co Y —1)? = C(Cy. b, 0. T, po, WV — 1)
(since o = 1 can be chosen when g is locally Lipschitz continuous). It remains to bound

E|Y,, — ¥ P=E|E, g(X7) — Eqg(X2)2 = E|Fg(Xe") — ()2,

kAt > »Xr
By (6) and the Cauchy—Schwarz inequality (with Wy := Cg(1 + IX;k X |Po + |./'\,’;k kpoy),

X; Xy t X; r Xf
Bg(X ) — Bg(Ar " ™)2 < (B(w X% — XF 7 ))?
1 ' er
<]E(xp2)]E|x"Xk—x,’j e

Finally, we get by Lemma 5.2(v) that

1
5Tk, Xr 2 £
EJY, - Y < (EBw} )) (BEIZ ™ — 2 ) < C(Cyr b, 0, T, po) WP

Let us now deal with the error of Z. We use || Z, — Z[|| < |Z, — Z; || + |Z;, — Z;; || and the
representation L 3
7= (1, XE(g X7 ) VX

(see Theorem 4.2), where

K N
X =t / bir, XEdr + / o (r, X )dB, -, (25)
t t

N
VX =1+ / by(r, XLY)VX Y dr + / ox(r, X0 )\WVXYdB,—;, 0<t<s<T.
t t
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For the first term we get by the assumption on g and Lemma 5.2 Parts (i) and (iii) that
12, = Z, 1l = llo v, X B (G OVE) — o, X, B (K7 VI )
< llo v, X,) = o (1, Xy 4l B/ G ) VR 4
+ o o IB(e/ (R VR — (g (K ) vy

~ ~ 11, Xz ~ ~ ~tr, Xy e, Xy
+ o lloo B K )VEES) — B(g' (X )V, )|l
1
-~ ~ 11, X, 7
= C(Cyo by o, T, po)WEO[HE + X, = Xl + (BEIG - X7 )
. X A\ T
+(EE|vx;’X v ’k|) ]
<C(Cy b0, T, po)W()h?.

We compute the second term using Zy as given in (17). Hence, with the notation from

Definition 2.2,
X, ¢ T, X
1Z,, — 201> = E|o(t, X,)Eg' (K VEL ™ —EDJ, oA k>|
Xy
X, X, ED, g(X k)
< o |2 E [Bg/ & MyviiHey - 28 e
U(tk,th)

-1 Dy o Xy
T k>
— ”0”00 E(g (Xt X )VX tk) ( (k+1, n+l)+1—>

U(tka Xl]()

We insert :I:IEl(g(k"r1 nH)VX « t") and get by the Cauchy—Schwarz inequality that

~ Tk, X,
X X Dy, Xn
E( /(th tk)Vth ’k) <g(k+l Jn+1) (];':;k ;( ; )
s Aty
. X pn ‘)erk,XTk 2
< 2]E|g/(5'(lt:’ ’k) (k+1 n+1)|2E|VXk ’k| +2E|g(k+1 n+1)|2E vxtk U (’C;E;k ;’; )
s Al
(29)

~ ol X . . .
For the estimate of ElVX,t: *12 we use Lemma 5.2. Since g’ satisfies (6) we proceed with

~ ~ 1, X
E|g/(th ’k) _ g§k+l,n+1)|2

1
nd <Ak> i 9XT X‘[
< / By — g1, # oy, #[as
0
1
1 L v 2
/(IE\IJ“)z[ RN 0T, A = (=0T, A ]zdz‘},
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where Wy :=C(1 + |Xk Xieppo 1 19 T\, X Y (1 — T o Yo |P0). For EW? and
E ~l‘k‘xtk Tk Tk Tk da
tn _(ﬁTk+l+X + =T k+1,— )
I X ~ T, Xr da St X T, X
=38 (ﬁzaE Vo Tk+1.+XTnk ! +(1 )ZaE k * Tk+1 XT: ‘ >
< C(b, o, DF* + C(b, 0, T)(|X;, — X |** + 1),

we use Lemma 5.4 and Lemma 5.2(v). For the last term in (29) we notice that
EE|g{ D1t < C(Cy b, 0, T, po) W ().

Tcs th

= ',Xr, 4
By Lemma 5.2 we have EE|VX," ™ — VX, P < C(b, 0, T, p)h, and by Lemma 5.4,

1, X |P
XT i X}l ¢
)R v A < 2 S
O'(Ik, th)
< CPE|V ”t/\Xt _ DiyiXi, P+C(p)E k1 X0, DraX, [f
- o (tev1, Xy) o(tkH,X,’f() o (te, Xy)

Cb, o, T, p, $)hT.

IA

Consequently, [|Z;, — Z' |* < C(Cy.b.0. T, po. SW2(x)h% .

3.2. Proof of Theorem 3.1: the approximation rates for the general case

Let u:[0,7T) x R— R be the solution of the PDE (38) associated to (1). We use the
representations Yy = u(s, X) and Z; = o (s, X)ux(s, Xs) stated in Theorem 4.2 and define

F(s, x) =f(s, x, u(s, x), (s, X)ux(s, x)). 30)
From (1) and (3) we conclude

1Y, = Yy | < IE 8(XT) — Eq (X7l
n—1

+ B, / £5, Xy Yy, Zds — Wy, 3 fltmsr, X0, V2 Z0)

m=k

where Proposition 3.1 provides the estimate for the terminal condition. We decompose the
generator term as follows:

Eof(s, X5, Y5, Zg) — Eq f (tmt1, Xp, . Yy, 0 Z3))
= [Eqf (s, X5, Y5, Zs) — By f (tm, X4y, Yis Zi, )] + By Ftm, Xi,) — Eq F(tm, Xi) )]
+ [Eq F(ty, X" V=Eq F(tm, Xo, )+ [Eq f (tm, Xu,ys Yo Z2,)—Eqf (tmt1, X
=:di(s, m) + da(m) + dz(m) + ds(m).

o Zp)]

tm
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We use

n—1

T
E, / £(s. Xy, Yy, Z)ds — hEq Y fltmir. X1 VY 2
I m=k

tll’l
n—1 Im+1 4
<> (‘ / dy (s, myds| +h )" ||di(m>||>
m=k Im =2

and estimate the expressions on the right-hand side. For the function F defined in (30) we use
Assumption 2.3 (which implies that (6) holds for « = 1) to derive by Theorem 4.2 and the
mean value theorem that for x1, x; € R there exists & € [ min{x, x2}, max{xy, x»}] such that

)

[F(t, x1) — F(t, x2)| = |f(t, x1, u(t, x1), o (t, xux(t, x1)) — f(t, X2, u(t, x2), 0 (t, Xx2)ux(t, x2))|
3w
<C(Ly, o) (1 +cq,W(E) + 642—(5])> [x1 — x2|
(T —-12
lx1 —x2|

< C(Ly, 3, 0, T)(1 + |x; [P+ |x2|”°+1)( n
T—1)2

(€29

By (7), standard estimates on (Xs), Theorem 4.1(i), and Proposition 4.1 for p =2, we
immediately get

ldi(s, )l < CLy, ., Car, b, 0, TIW() 2
—Cb, 0., g T, po, ) W(x) h?.
For the estimate of d» one exploits

~ rl,l‘k,X["k

~ ~1 ,’X[ ~
By Ftm, X1,) = EqoF(tm, X1 ) = EF (1, X, "") = EF (10, X, )
and then uses (31) and Lemma 5.2(v). This gives

1

1 1
lda(m)l<C(Ly, ¢33, b, o, T, po)W (x) ——h*.
(T - tm)f

For d; we start with Jensen’s inequality and then continue similarly as above to get

1 1
ld3@m)ll < | F(tm, XI') = Ftw, X, < CLy, ¢33, by 0, T, po)wx)ﬁhz,
— )2

and for the last term we get

1
lda(m)l=Ly(h? + 11Xy, — X7 1+ 1Yy, — Yo I+ 11Z,, — Z3 1D

th
This implies
. n—1
1Yy, = Y < CO@s +hLy Y (1Y, — Y2 I+ 12, — Z7 D, (32)
m=k

where C=C(Ly, C} |, C} |, Ca2, ¢33, b, 0, T, po) = C(b, 0, f, g T, po, 8).
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For |Z,, —ZZ(H we use the representations (14) and (17), the approximation (20), and

Proposition 2.1. Instead of Ny * we will use here the notation N;, ™ to indicate its measurability
with respect to the filtration (F;). It holds that

1Z}, = Zy | N2 = Z3 )+ 1124, — Z1 |

~ a ~ ~ 11, X ~ 11, X ~ ~ 1,1, X!
=C¥h2 + IIU(tk,X,k)Eg/(X[: tk)VXt: - ED{ 418X, O

T
+ Elk f(sa XSa YSv Zs)Néde G(tks Xlk)
Tkt
n—1
—Egh Y fltmsr. XL Y ZNE 0 (t141, X))
m=k+1
Tt 1
+HEtk f(s, X5, Yy, ZoN{kds o (1, Xy, |- (33)
Ik
For the terminal condition, Proposition 3.1 provides
Xy t nd Sl ’th 1 1
o, X B R VR —EDL 0% | < (G prweont. G4

We continue with the generator terms and use F' defined in (30) to decompose the difference
By f (s, Xy, Yy, ZONF o (tr, X)) — By f (bt Xp Yy Zy Ny "o (tev1, Xp,)
=E,f(s, X, Yy, ZONEo (ty, X,) — Egof (tm, Xi,5 Y, Z,W)N,’,’;o(tk, X))
+ By F(tm, X1, )N 0 (1, Xg) = By F(ty, X7 NE %0 (t1.1, X))
+ B [[F(tm, X]') = Flt, X,m)lN;“,;fkaakH, X0)]
+ By [y Xiyy Yo Zi,) = fmi1, X7, Y0 ZEINE 0 (151, X))
=i ti(s, m) + ta(m) + t3(m) + ta(m),
where s € [ty, tiy+1). For t| we use that E, f(ty, Xy, Yy, Z,k)(Né" — N,tr’;) =0, so that
lE1(s, m)ll < IEqf (s, Xs, Ys, ZONiko (1, Xg) = By f (b, Xty Vi Z1, NGO (1, X |
A+ e, (F s Xts Y Zt) = f s Xiys Yo Ze))NGE — Nz[:;)a(tk, Xi)ll-

As before, we rewrite the conditional expectations with the help of the independent copy B.
Then

]Elkf(s’ XS’ YS’ ZX)Ntk - Elkf(tﬂh Xl‘ma Ylm ) Ztm )Ntk

t]\ th =

X X X Xy =Xy o~
—E[(f( th 1 Ytk 1 Ztk tk) f(tm, ,Y[[,I; tk’Zch tk))N;k]

and
By (F s Xoys Yos Zin) = ftms Xy Vi Zy )N — Ni* )

X, X X,
= Bt X, T 250 flt, Xy, Vi Zi))N — NI,
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We apply the conditional Holder inequality, and from the estimates (37) and

EIN* — Nt > <C(b, 0, T, S)ﬁ
§— Ik

we get

w2l ]|
It1(s, m)ll<ﬁllf( X, Yo Zg) — ftms Xy Yis Zi)|
S — k)2
1

h2
+C(b, o, T, 5)@ W s Xty Yis Zt) — (ks Xy Yo Zi) |

D=

h
(s— )

since for 0 <t < s < T we have by Theorem 4.1 and Proposition 4.1 that

SC(Lfa Cila C415 K2, b7 o, T? p07 8)‘1—’()(,')

1
(s, Xs, Y, Z5) = f(t, X, Y, Z)Il < C(Ly, Gy, Cat, by o, T, p)W((s — )7 (35)

For the estimate of t;, Lemma 5.2, Lemma 5.3, (31), and (37) yield

2| = NEF (. X N 6 (10, Xi) — BF (1, “)N“ko(tm, Xl
- C(k2, 0)
(tm —tk)2

+ (BE|F(ty, X, T")—F(tm, X )PEINE o (i, Xp) = N0 (11, Xl )2

m

(BB X5 = Pt 2R

1

W(x) h#
1 1°
(T - tm)i (tm - tk)i
For t3 we use the conditional Holder inequality, (31), (19), and Lemma 5.2:

= C(Ly, Cﬁjg, k2, b,0,T, po, §)

Ile3m)l|l = |Eq [[F(tm, X7 = F(tm, X0, )INE %0 (1141, Xr)] |
C(®2,0)

_( : - | Fltm. X)) = F(tm, Xy,,)
I — l‘kZ

1

W(x) hi

(T~ t)? (tn — 1)

<C(Ly, ¢33, b,0,T, po, 8)

The term t4 can be estimated as follows:
lea@m)ll = |Be [ Cmy Xty Vi Ziy) = flms1s X7 Y, ZEDINE %0 (tr1, Xg)] |
C(Lf, b,o,T,$§)
(t — 11)?

Finally, for the remaining term of the estimate of || Z;, — Zj ||, we use (35) and (37) to get

(h? + X, — X I+ 1Y, = Yl + 112, — Z;, 1D

t"l

| f s, Xs, Y5, ZONS o (5, X)) | = B [(F(s, Xs, Y, Zy) — [ (5, Xoy., Yo Ze)INE] 0 (11, X)) |
S C(Lfa Cila C4] ’ K25 ba 07 T’ PO)\IJ(X)-
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Consequently, from (33), (34), and the estimates for the remaining term and for ty, ..., tg4, it
follows that

~ o 1 1 I
1Z, — Zj; || < CoaW(0)h2 4+ (C5 )2 W (0ht + C(Ly, Cy 1. Ca.1, b, 0, T, po, k2)¥(x)h

T
, d
+C(Ly, €, Cary k2, b, 0, T, po, H)W(x)h? / 2
o (s — )2
n—1 1
W(x h#
+ C(Ly, cij;, k2, b, 0, T, po, $)h Z ) I i
mekt1 (T — 1) % (G — 1)
n—1 1
+Cy. boo. T. O Y (Y, — Y +11Z, — 2 D———
m=k+1 Im — k)2

< C(Cat, G )W @RE"E + CLy, 3, Cy, Carv k2, b, o, T, po, )W ()R

n—1
1
+CLs b0, T,8) Y (1Y = YNl + 124, — 70— h.
m=k+1 (tm — 11)2

Then we use (32) and the above estimate to get
1Yy = Y2+ 112, — 20
< C(Cay, G VWS + CLy, €y, Cly, Can, 23, k2, b, 0, T, po, 8) (0

n—1

1
+Cy b0, T, 8) Y Yy, =Y I+ 12, — 2 ) ——h.
m=k+1 (tm - tk)z

Consequently, summarizing the dependencies, there isa C = C(b, o, f, g, T, po, §) such that
- a,l

1Yy = Y+ 112, — 20 I<CHh3 1.

By Theorem 4.1 (note that by Assumption 2.3 on g we have o = 1) it follows that
1 ~ a L1
1Yy = Yol < 1Yy = Yyl + 1Yy, — Yy Il < C) V(0h? + W(x)h2"a,
while Proposition 4.1 implies that
1
12y — Zs, || < Caq W ()2,
and hence we have
EolYy — VI + EoulZ, — 2112 < 3 W) 2h "

with C31 =C3.1(b, 0, f, g, T, po, 9).

4. Some properties of solutions to BSDEs and their associated PDEs

4.1. Malliavin weights
We use the SDE from (1) started in (¢, x),

s N
XF=x+ / b(r, X25Ydr + / o(r,X!“)dB,, 0<t<s<T, (36)
t t

and recall the Malliavin weight and its properties from [20, Subsection 1.1 and Remark 3].
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Lemma 4.1. Let H:R — R be a polynomially bounded Borel function. If Assumption 2.1
holds and X" is given by (36), then setting

G(t, x) == EH(X}")
implies that G € C'*([0, T) x R). Specifically, it holds for 0 <t <r < T that
39,G(r, X*) = BIH(X5ONG V| F1,

where (F')re(r.1) is the augmented natural filtration of (B:),e(r.11,

A / TV g,
g T—rJ o(s, XyHVX"

and VX'~ is given in (13). Moreover, for q € (0, 00) there exists a kg > 0 such that

1
(]E[|N;’(”x)|q|}'ﬁ])igk—ql and E[N;U|F1=0 almostsurely,  (37)

T—r)2

and we have
IHXG) — ELHOGOIF I,
JT—r

10:G(r, Xy )l @) < &4

forl<q,p<oowith%+$=l.

4.2. Regularity of solutions to BSDEs

The following result originates from [20, Theorem 1], where path-dependent cases were
also included. We formulate it only for our Markovian setting but use [P, , since we are inter-
ested in an estimate for all (¢, x) € [0, T) x R. A sketch of a proof of this formulation can be
found in [22].

Theorem 4.1. Let Assumptions 2.1 and 2.2 hold. Then for any p €[2, 00) the following
assertions are true.

(i) There exists a constant Ci.] > 0 such thatfor 0 <t<s<Tand x € R,

) s 7
1Yy = Yillz, @, < Cy Y (x) </ (T - r)"“ldr> .
t

(ii) There exists a constant Ci] > 0 such that for0<t<s<Tand x e R,

1
S 2
125 = Zilty e, < GG, ¥ @) ( | a- r)Hdr) :
t

The constants Ci.l and CfLl depend on (Ly, Ky, Cq, c}‘jg kg b, 0, T, po, p), and W(x) is
defined in (8).
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4.3. Properties of the associated PDE
The theorem below collects properties of the solution to the PDE associated to the FBSDE
(1). For a proof see [43, Theorem 3.2], [41], and [22, Theorem 5.4].

Theorem 4.2. Consider the FBSDE (1) and let Assumptions 2.1 and 2.2 hold. Then for the
solution u of the associated PDE

u(t, x) + @uxx(t, X) + b(t, X)ux(t, x) + (¢, x, u(t, x), o(t, x)u.(t, x)) =0,
tel0,T), xeR, (38)
w(T, x)=gx), xeR,

we have the following:

(i) Yy =u(t, X;) almost surely, where u(t, x):]E,’X<g(XT)+ftTf(r, X, Y,,Zr)dr>, and

lu(t, x)| < czlu\If(x) for ¥ given in (8), where c}u depends on Ly, Ky, Cg, T, and po,
as well as on the bounds and Lipschitz constants of b and o.

(ii) (a) ou exists and is continuous in [0, T) x R.
(b) Z5* = uy(s, X0 (s, X1*) almost surely.
(c)

I—a ?

T—1) =

lux(t, X)| <

where Ci.z depends on Ly, Ky, Cq, T, po, and kp = k2(b, o, T, ), as well as on the bounds
and Lipschitz constants of b and o, and hence 0421.2 = Ci,z(Lf’ K¢, Cq,b,0,T, po, 5).

(iii) (a) 8)%14 exists and is continuous in [0, T) x R.
(b)

3, W)
(T -3’

where ¢, depends on Lf, Cq T, po, ka=ka(b,0,T,8), Cy, and Ci,, as

102u(t, x)| <

well as on the bounds and Lipschitz constants of b and o, and hence CZ‘ZZ
3 ,(Ly, Kr, Cg, b, 0, T, po, 8).

Using Assumption 2.3, we are now in a position to improve the bound on || Z; — Zt||Lp(pM)
given in Theorem 4.1.

Proposition 4.1. If Assumption 2.3 holds, then there exists a constant C4.1 > 0 such that for
O<t<s<Tandxel,

1
1Zs — ZillL, @, ) < CaaW)(s —1)2,
where Cy.1 depends on cy’5, b, . f. g, T, po, and p, and hence C4.1 = C4.1(b, 0., 8. T. po. p. §).
Proof. From Z\¥ = u,(s, X!%)o (s, X1¥) and
VY = O, X0M) = (s, XKL,

we conclude that

VY.
Zh = VXS’ o(s, X', 0<r<s<T. (39)
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It is well-known (see e.g. [19]) that the solution VY of the linear BSDE

T
VY, =¢ (X1)VXr + / (F(©NVX, + (O)VY, + £(O,)VZ,)dr

T
- / VZdB,. 0<s<T, (40)
N
can be represented as
T
VY =E,| ¢ Xp)VXrTH + / f(®)VX,TSdr
VX s VX

T
- E[g’(i;xx)vi;xsr;xs + / [(@5K ) v xS s Fj’Xsdri|, 0<r<s<T, (41
N
where ©, = (r, X,, Y,, Z,), I'* denotes the adjoint process given by

r r
=1+ / H(O)Tdu + / f(@®)IdB,, s<r<T,
N s

and
N N
Fhr— 4 / [T dr 4 / FOOFAR, 1<s<T, xeR,
t 1
where B denotes an independent copy of B. Notice that VX" = 1, so that

vy
\ ¢t

T
vy = E[g/()??")v}?;"f‘;x + / f,c(éi’x)vffﬁ’xf“ﬁ’xdr].
t

Then, by (39),

VY, VY,
VX, VX,

1Zs — ZzllL,,(P,,X)SC(O)[H
Lp(]P)t,x)

1
IV Yy 0 [(s — 07+ XY — anzp(p,,X)J]

Since (VYy, VZ;) is the solution to the linear BSDE (40) with bounded fy, fy, f;, we have that

. 1 .
IVYillL,, @, < Cb, 0, f, & T, p). Obviously, [|Xi* — x| r,,@,,) < C(b, 0, T, p)(s —1)2. So it
remains to show that

< CY()(s —1)2.

” VY, VY,
Lp(]Pt.x)

VX, VX,

We intend to use (41) in the following. There is a certain degree of freedom in how to connect
B and B in order to compute conditional expectations. Here, unlike in (27), we define the
processes

B,/,, =Byas + Buvs - Bs and BZ =By + Euvt - Bl‘v u>0,
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as driving Brownian motions for g;;‘ and g—};‘l, respectively. This will especially simplify the
s

estimate for I~E|f‘}’XS — 71 below. From the above relations we get the following (with X; :=
X

VY, VY,
VX, VX,

< B[ vr iyt - vy ]

N
[
t

T
/ BA@ VY — (@ VLT ar
N

Ly(Prx) P

B[ (@ v L]

dr
p

d
P
=J1+J+ /3.
Since g’ is Lipschitz continuous and of polynomial growth, we have
J1 <Cb, 0,8, T, p)UE)(s — 1)?

by Holder’s inequality and the L,-boundedness for any g > O of all the factors, as well as from

the estimates for )N(;’XS — f(;x and V)?;’XS — Vf(’T’x as in Lemma 5.2. For the I' differences we
first apply the inequalities of Holder and BDG:

q
~ o~ ~ .S ~ ~ ~ § ~ ~ 2
E|Fy™ - T3 < C, q)[<s—t)q—1E / l@(@i”‘f)ri”‘swczrm( / lfz(®i’XS)Fi’X°‘|2dr)
t t

T
B [ H@ T — BT
N
T L o 3
+ E( / GRS —L(@?*)Fi’ﬂzdr) }
N
Since f, and f; are bounded we have I~E|I~‘§’XS |7+ I~E|I~‘£’x|q <C(f, T, q). Similarly to (31), since
fx. Iy f- are Lipschitz continuous with respect to the space variables,
£(O)%) = O = felr, o, utr, X3), 0, X3 0 un(r, X30))
— felr XP¥, u(r, Xp), o (r, X1 Yu(r, X09)
X — X

R
— "2

so that Lemma 5.2 yields

q
1Xs — x4 |s —1]2

Ef(O3%) — fu( @D < C(c73. by 0. f. T, po. q)(1 + | X PO+ 4 [xppot1ye (T —r)>
— )2

The same holds for [f,(©F**) — £,(85%)] and [f,(O*) — £.(©"Y)|. Applying these inequalities
and Gronwall’s lemma, we arrive at

~ o~ ~ 1
BT — TE,<C(c55, by o, f, g T, po, PWX)s — 12

forp > 0.
For J» < C(t — s) it is enough to realise that the integrand is bounded. The estimate for J3
follows similarly to that of Jj. (]
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4.4. Properties of the solution to the finite difference equation
Recall the definition of D!, given in (15). By (4),

X2 = x o hb(ty1, 2) + V7o (g1, Dem 1, 42)
so that
Tm+1.iun(tm+1 ) lr:ninl )= u"(tyr1, X + hb(ty i1, x) £ \/_U(tm+l , X)) (43)

While for the solution to the PDE (38) one can observe in Theorem 4.2 the well-known smooth-
ing property which implies that « is differentiable on [0, T) x R even though g is only Holder
continuous, in the following proposition, for the solution " to the finite difference equation
we have to require from g the same regularity as we want for u”.

Proposition 4.2. Let Assumption 2.3 hold and assume that u" is a solution of

't X) — hf (te1, X, 1t ), Dy " (g1, Xp0™))

Imt1
] 1, 1,
zz[TmH&u”(th, XY+ T, (g, X)), m=0,...,n—1, (44)

with terminal condition u"(t,, x) = g(x). Then, for sufficiently small h, the map x — u"(t,,, x)
is C2, and it holds that

6" (11, 20|+ [ty X)) < Cun g W), U (t, X)| < Cunn W2 (),
and
| (b, X) — Wty B)| < Cun (1 + |x]P0FT 4 [5|P0HT) | — 5|2, (45)

uniformly in m=0, ..., n— 1. The constants C,1, Cyn2, and Cyn3 depend on the bounds of
f, & b, o, and their derivatives, and on T and p.

Proof. Step 1. From (44), since g is C> and /fy is bounded, for sufficiently small 4 we con-
clude by induction (backwards in time) that u}(¢,,, x) exists for m=0,...,n—1, and that

N, by, X
uﬁ(tm, -x) = hfx(tm-i—l » X, un(tmv .x), D2l1+1un(tm+l ) Xtmiri ))
1,1,
+ hfy (1, %, " (b, ), Dy (1, Xp 7)) W (i, X)

nt Nty X
+ h,fz(tm+1 » X, un(tmv x)7 D:ln+1un(tm+l 5 lmlr; )) a Dn+1u (tm+1 5 X[mlr; )

ta <8 T”H-I un(tm-i-l X - x) + 8me+I._un(tm+l X ol x))

Im+1 Im41

Similarly one can show that u (#,,, x) exists and solves the derivative of the previous equation.

Step 2. As stated in the proof of Proposition 2.1, the finite difference equation (44) is the
associated equation to (9) in the sense that we have the representations (21). We will use that
u"(tyy, x) = Y, and exploit the BSDE

Yt};lr;tm,x — g(X;,tm,X) + f(s, X:ls_tm,x, Y;'l,_tm,x, Zl;l,_tm,x)d[Bn]S
(tm. T)
- / Znnr g, (46)
(tm,T]
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in which we will drop the superscript #,,, x from now on. For u/(t,,, x) we will consider

VY] =0, =g/ (X)X} + [ X!+ f,0.Y" +£.0.2" d[B"];
(. T]

- / 3,Z" dB". (47)
(tmT1

Similarly as in the proof of [30, Theorem 3.1], the BSDE (47) can be derived from (46) as a
limit of difference quotients with respect to x. Notice that the generator of (47) is random but
has the same Lipschitz constant and linear growth bound as f. Assumption 2.3 allows us to
find a pg > 0 and a K > 0 such that

18] + 18/ )] + 1" (0] < K(1 + x| = W(x).

In order to get estimates simultaneously for (46) and (47) we prove the following lemma.

Lemma 4.2. We fix n and assume a BSDE

Y, ="+ / (s, Xy_, Yy, Zs_)d[B"]s — / Z, dB', m<k<n, (48)
(0. (0.1

with " = g(X"’t’"’x) or&" = g/(X"’t’"’x)BxX"’l””x, and X = X" or X, = 9, X" such that
T T T
f:Q x [0, T] x R? — R is measurable and satisfies

fw, 1, x,y,2) —fw, t, X, Y, DI <Le(Ix =X |+ |y =Y+ 1z = 2,
f(w, t, x, y, )| < (Kf + L)(1 + |x| + |y| + |z]). (49)

Then for any p > 2,

(i)
BV, + 28 [ Yz P = cur)
(., T
fork=m, ... nandsomey,>0,
(ii) Esup, _sor [Ys—|P < CWP(x), and

4
2

(ii)) B( fy, 1y 12~ PdlB™;)" < CWP(),

for some constant C = C(b, o, f, g, T, p, po).
Proof.

(i) By Itd’s formula (see [25, Theorem 4.57]) we get for p > 2 that

|Ytk |p = |§-n|p —-pP / Ys— |Ys— |p_2zs—dB?
(. T]

4+ p / Yo Y, P25, X, Yoy Zs )dIBs
(1, T]

= YUY = Y P = pY s Y P2 (Y = YOl (50)
se(ty,T]

https://doi.org/10.1017/apr.2020.17 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.17

758 C. GEISS ET AL.

Following the proof of [27, Proposition 2] (which is carried out there in the Lévy process
setting but can be done also for martingales with jumps, like B") we can use the estimate

= YUY = Y P = pY e Y P =Yl < =y Y Y P20 = Y0,
se(ty,T] se(ty,T]

where ¥, > 0 is computed in [40, Lemma A4]. Since
Yoo = Yo = o1, Xop, Yoo Zih — ZoyVheo

we have

- Z LYl = Y|P _PY.S'7|YS7|p_2(Ys - Y]
se(t,T]

n—1
2
= —Vr Z |Yl£ |P*2 (f(t(+1 s Xlz s Ytg s Zt@ )h - Zt@ ﬁg@—‘,—l)
=k

=—y,h / Y- P2 85, Xs—, Yy, Zy—)d[B")s — 1 / 1Y P~2|Zs—|2dIB" ]
(t,T] (t, T

+ 2)/17 / [Ys— |p72 f(S, Xo—, Y5, Zs—)zs—(B;l - B?_)d[Bn]s
(t,T]
Hence we get from (50) that

Yo l? <8P — p / Yo Yo P22, _dB"
(t, T

+p / Y- |Ys |p—2 f(s, Xs—, Y=, Z;_)d[B"]s
(., T1
~ W / Y5 P72 1Z,— |PdB"
(., T1]

+ 27/]7 / |Ys—|p72 f(s, Xs—, Yo, Zs—)Zs—(B? - B?_)d[Bn]s
(1. T]

From Young’s inequality and (49) we conclude that there is a ¢’ = ¢'(p, K¢, Ly, y) > 0
such that

PIY P G X, Yo, ZoO S Y P2 Z P+ A+ X P+ Y ),
and for VI < m we find a ¢’ =¢"(p, Ly, Ky, yp) > 0 such that
29y VRIY P72 [f(s, Xy Yoo, ZyZy| < 215 P72 (2, |
+ " (L X P+ Y ).
Then for ¢ = ¢’ 4+ ¢”” we have

Y l? < 8" — p / Yo Yo P22, dB +c / 4+ X, P+ [Y,_ [Pd[B"],
(t, T (t,T]

-2 ] IYs— P2 |Z,—|*d[B"];. (51)
(., T
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By standard methods, approximating the terminal condition and the generator by
bounded functions, it follows that for any a > 0,

2
E sup |Y4|“<oo and ]E(/ |ZS_|2d[B”]S> < o0.
(%, T1

t<s<T

Hence f(tk,TJ Y |Yse |p_2Zs,dB? has expectation zero. Taking the expectation in (51)

yields
ElY, I+ V—flEf \Ys—P~2|Zs— |*d[B"]; <E|§"|?
(1, T1
+ CIE/ 14+ [ Xs— P + |Ys—|Pd[B"];. (52)
(. T]

Since E|£"|P and E f(tk 7] 1+ |X;—|Pd[B"], are polynomially bounded in x, Gronwall’s
lemma gives

IYell, < Cb, o, f, & T, p, po)(1 + x|, k=m, ... n,

and inserting this into (52) yields

1

(E / Y5 |”‘2|Zx|2d[B"]s>p <Cb,o.f,8 T.p,po)1 + xI*1),
(1,71

k=m,...,n—1.

(ii)) From (51) we derive by the inequality of BDG and Young’s inequality that for

=<t =T,
E sup [Y;_ |
tr<s<T
1
-2 2 oy )
<E[g")" + C(p)E [Ys— |71 Zs—|"d[B"];
(t,T]

+ c]E/ L+ [ Xs— 1P + Y5 Pd[B"]5
(.7

<EE"P + cE f 1+ [X,_ Pd[B"]s
(t, T

z —2 2 n %
+CPE | sup [Y_|2 IYs—1P77|Zs—|"d[B"]s
ty<s<T (t,T1]

+cE / [Ys—|Pd[B"]s
(%, T]

<E|£")P 4 cE / 1+ [X,—[Pd[B"]s + C(P)E / 1Y P~2|Zs— |2 d[B" ]
(1, T (t,T)
+E sup [Yo (5 + (T = 1)),
tr<s<T
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We assume that / is sufficiently small so that we find a #; with (T — ;) < 4—1‘. We rear-
range the inequality to have E sup, _ 7 [Ys—|7 on the left-hand side, and from (i) we
conclude that

E sup |Y,_|P <2E[E" +2cE f L+ X,_[Pd[B"];
(tx, T

tr<s<T

L 2CIE / Yo P22, 2B,
(t,T1

<C(b,o,f, & T,p, po)1 + [x|PoTDP),

Now we may repeat the above step for E SUP;, <5<y, [Ys_|P with c(t — 1p) < % and
&" =Y replaced by Y,,, and continue doing so until we eventually get the assertion (ii).

(iii) We proceed from (48):

/ Z, dB"
(¢, T]

sC(p)(IE"I”+ sup (Y, [” + | f( M X Yoo, Zo)] I,
Tks

k<t<n

P

sup
k<t<n

p>’

so that by (49) and the inequalities of BDG and Holder we have that

i
E( / Z,| d[B"]s)
(1, T]

P
SC(p)(IEI%'"I”-HE sup IYQI”> + C(p, Lf,Kf)E<f 1+|Xs—|+|Yx—Id[B”]s>
1
P
2

k<t<n (., T

+ C(p. Ly, Kp)(T — )" E ( /
(

|Zs_|2d[B"]s>
tx,T]

Hence for C(p, Ly, K¢)(T — tk)% < % we derive from the assertion (ii) and from the
growth properties of the other terms that

3
E( [ |Zs_|2d[B"]s) <C(b.o.f. g T.p.po)(1 + x|?0TDP). (53)
(t,T]
Repeating this procedure eventually yields (iii). O

Step 3. Applying Lemma 4.2 to (46) and (47) we see that forall m =0, ..., n we have
" (t, )] = V2| = B(Y-"2)3 < C(b, 0, f, g, T, po)(1 + |x[Po+])
and
Wty )| = (B, Y22 < C(b, 0, f, g, T, po)(1 + [xIP+ D). (54)

Our next aim is to show that u (#,,, x) is locally Lipschitz in x. We first show that v}, (t,,, x)
has polynomial growth. We introduce the BSDE which describes u/,(#,, x), for simplicity
writing

ft xi,x2,x3) =f(t, x,y,2) and D*:=0}9203 with a:= (i, is, i3),
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and consider
07Yy, = g" (XP(@0XP) + &' (XX}

/( ] (Df)(s, X0, Y™, Z0 )X )1 (8 Y™ )2 (3:Z )3 d[B"],
lm T

ag{0,1 2}g
l1+12+lg 2

/ (Daf)(s Xn , Zn )(82Xn )ll(azY}’l )lz(aZZn )hd[Bn]S
(tm, T1]

a€{0, 1}3
11+12+z3 1

— / 927" dB". (55)
(tm,T1]

We denote the generator of this BSDE by f and notice that it is of the structure

F@, 1, %y, 2) =folw, ) + filw, Dx + fr(w, Dy + f(@, Dz

Here fo(w, t) denotes the integrand of the first integral on the right-hand side of (55), and
from the previous results one concludes that FE( f(tm 7 [fo(s =)|d[B"]s)’ < oo. The functions

i@ = DEOOf) 1, ) = @), ), fo(t) = Byf)(t, -), and f3() = (3,)(t, -) are bounded by our

assumptions. We put

~

EM = g (X)X + g (X192 XL
Denoting the solution by (?, 2), we get for C(B)NT — t,,) < % that

N 1 N
E|Y,, >+ EIE/( ] |Z,_ |>d[B"],
tm, T

2
sC[E|§"|2+E( / 1fo<s—)|d[B"]S) L E / |>2s|2+|\?s|2d[8"]s]. (56)
(tm,T] (tm,T]

Now we derive the polynomial growth E|£"|2 < CW2(x) from the properties of g’ and g” and

from the fact that E sup, _ 7 |.X"|P is bounded for j = 1, 2 under our assumptions. Then the
estimate

2
E( / lfols — >|d[B"]S) <Cv()
(tl‘l'l T]
can be derived from Lemma 4.2 Parts (ii) and (iii), so that Gronwall’s lemma implies
AT X 2
1Y, | = lux(tm, )] < CY-(x). (57)

Finally, to show (45), one uses (55) and derives an inequality as in (56), but now for the
difference 92, — 92y,
Before proving (45), let us state the following lemma.

Lemma 4.3 Let Assumption 2.3 hold. We have

_ 1/p
<E sup [ Zm* — Z;“’"’XIP> <CW)?+v@D)x—x, p=>2, (58)
S
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L)
- 2
E( / |9 20 — ang?f'"ﬂzdw"]s) < CU* () + WP@)x— %P, p=2, (59
(tm, T

2 M.l X |2 : 4
E (/ 19;Z 7B ]y ) < C¥*P(x), p=2, (60)
(tm. T)
Jfor some cotnstantC C,o,f, 8 T,p,po).

Proof of Lemma 4.3. Proof of (58): Introduce G(fx+1, x) := Dy} U et Xt':(’ikl’x). Using the
relations (42)—(43) and the bounds (54) and (57) for v} and i}, respectively, one obtains

1G(ties1, ) — Gltr1, )| < C(1 + x| 2P0 4 7200 Dy — 3|, x, ¥ eR,

uniformly in #,1. Since Zt']'(’t””x = DZHM”(I/{H,XZ{ﬁ’") = G(tys1, ), wWhere n :Xt']’(’tm’x, the
previous bound yields

|Zn X nl,,1x| <C(1 + |Xn N7 x|2(p0+1)+ |Xn s x|2(p0+1))|Xn S X Xtr;(,tm,fc|

uniformly for each 7, <t < T. The inequality (58) then follows by applying the Cauchy-
Schwarz inequality and standard L,-estimates for the process X".

Proof of (59): This can be shown similarly to Lemma 4.2(iii), by considering the BSDE for
the difference 9,¥; ™" — 3,¥;""" instead of (47) itself.

Proof of (60): This can again be shown by repeating the proof of Lemma 4.2(iii), but now
for the BSDE (55). [

We return to the main proof. By our assumptions we have
E|§™ i~ — Em T2 < C(W () + W)L+ 1l + ¥l — 5%,

where we use |x — x| < C(1 + |x|*> + |5¢|_2)|x — %|?*. (The term |x — x| appears, for example,
in the estimate of (3, X7"")%> — (3, X7"")2.) To see that

2
E( f fom(s —) — f‘mx(s—)u[B”]s) < C¥00) + w1 + (x> + 77)|x — X2,
(tm,T1]

we check the terms with the highest polynomial growth. We have to deal with terms like

2
E(/ g = """"||ax”"""|2d[3"]s>
(tnlsT]

2

JE( / |uZ P — |axzz’f"l*"‘|2d[3"]s) :
(tm,T]

for example. We bound the first term by using (53) and (58):

_ 2
IE( / 2t =z |axZ”*’m*"|2d[B"]s)
(tm,T]

1 4\ 1
_ 2 2
(]E sup |Z’§fm’x—z?fm*x|4> (IE( / |axzi’;’"7”‘|2d[3”]s> )
s (tm,T]

COU*(x) + @) x — X2 W (x).

and

IA

IA
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We bound the second term by using (53) and (59):

_ 2
E( / |2 |aXZ’.“m“|2d[B"]s)
(tm,T]

<CE 10,20 2 4 19,20 2 d[B" |0, Z " — 3, 70 12d[ B
(tm, T (tm, T

< C(W2(x) + w2@)(W¥ () + w3 (@) |x — 7
< CW00) + W@ (x> + (%1272 x — 7
< C(¥000) + w®)(1 + [x? + 7)) |x — x>

While all the other terms can be easily estimated using the results we have obtained
already, for

2
E( f |(fim (s —) — fim (s —))aZZ”’“w[B"]s)
(tlnsT]

< COW () + W) + x4 131D ]x — 3>

we need the bound (60).
The result then follows from Gronwall’s lemma. O

Remark 4.1. Under Assumption 2.3 we conclude that by Proposition 4.2 there exists a
constant C=C(b, 0, f, g, T, p, po) > 0 such that

"ty %) — 1" (1, D) < C(1 + W (x) + WE)|x — X,
Dt et X ) = Dl (bt X2 < C(1 + W2 (x) + W2 (E)|x — X,

|6 (1, %) — Ut B)| < C(1 + W2 (%) + W2(X)|x — X,

10Dttt X ) — 9D (e, X1 < €L+ W) + @)1 — X,

05Dl " (g1, X2 ™) < C(1+ W2 (), (61)
uniformly inm =0, 1, ..., n— 1, where
W(x) =1 + |x[0P0F8, (62)

In addition, for
OcF" (ty1, %) = 8 (tpe1, X, " (b, X), Dy (1, Xp ),
we have
|0F" (t 1, X) — 0F" (11, B < C(1+ W () + W (@))|x — 7| (63)

uniformly in m =0, 1, ..., n — 1. The latter inequality follows from the assumption that the
partial derivatives of f are bounded and Lipschitz continuous with respect to the spatial
variables, from estimates proved in Proposition 4.2, and from those stated in (61) above.
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From the calculations it can be seen that in general Assumption 2.3 cannot be weakened if
one needs 9, F"(t,,+1, x) to be locally a-Holder continuous.
5. Technical results and estimates

In this section we collect some facts which are needed for the proofs of our results. We start
with properties of the stopping times used to construct a random walk.

Lemma 5.1 (Proposition 11.1 in [38], Lemma A.1 in [22]) Forall 0 <k <m <nand p > 0, it
holds for h = 5 and Ty as defined in (24) that

(i) Bty = kh;
(ii) Elt|P < C(p)h?;
(iii) E|By, — By, | < CO)E|tx — 1P < Cp)(txh)s.

The next lemma lists some estimates concerging the diffusion X defined by (28) and its
discretization (26), where we assume that B and B are connected as in (27).

Lemma 5.2 Under Assumption 2.1 on b and o, for p>2 there exists a constant C =
C(b, o, T, p) > 0 such that the following hold:

(i) BIXp = X5 P < C(ly—xlP +1s— 1), xyeR, s, 1€[0,TI.

(1) Bsupspy <retyyny 1Ky — XI5 [P <ChS, 0<k<n 0<l<n—k—1,0<
m<n-—k.
(iii) EIVX)' — VX5 P < C(ly—xlP + |s—1]%), x,y€R, s,1€[0,T].

(iv) Esupo<, VXL F<C. 0<k<n 0<m<n—k

(v) EIXE, — X P <Cx—ylP +h%), 0<k<n 0<m<n—*

tet+tm Tk +1Tn
I =70 P
(vi) EIVXYY, — VAR P <Clx—ylP +h%), O<k<n 0<m=n-—k
Proof.
(1) This estimate is well-known.

(i) For the stochastic integral we use the inequality of BDG and then, since b and o are
bounded, we get by Lemma 5.1(ii) that

i vikX viksX
4 Sup |th+r _th+fmtm 1
TNt <r<tTi41 Aty
~ ~ - ~ L 4
< CO)IbI1SEITi11 — Tl + o5 ElTi1 — T12) < C(b, 0, T, p) h2.

(iii) This can be easily seen because the process (VX,~ )rels,7] solves the linear SDE (13)
with bounded coefficients.

(iv) The process solves (65). The estimate follows from the inequality of BDG and
Gronwall’s lemma.
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(v) Recall that from (4) and (26) we have

At =Xt =y + / b+ r, Xy )dIB" B+ / ot +r, Xyl B,
0,11 (0,tm]

and X;* 1 i, 1S given by

Im Im -
X =x+ /0 bt +r, X5 )dr + /0 ot +r, X;7)dB,.

To compare the stochastic integrals of the previous two equations we use the relation

oo m—1

/O o(ty+r, X:;(_lfr) )dBn / Z U(tk+l+la lk+1 )1(1-1 1] (r)dB
(0.1]

We define an ‘increasing’ map, i(r) :=t;4+1 for r € (#, t;+1], and a ‘decreasing’ map,
d(r) :=t; for r € (1;, t7+1], and split the differences as follows (using Assumption 2.1(iii)
for the coefficient b):

tr, X UD |l7
]E |Xlk+lm th‘Hm

~ Im . 14 ~
<C(b.p) <|x—y|P+E / P =i+ 1K = X P+ 1K) — Zidfol”dr)
0

Im

+CEE| | o+ r X )dB, P
AT
- fm
)’l
+ C)E| Zawm, @ 5 (DB
AT =0
- thfm . m—1 ¢
kX e,y D
+ C(p)E| /0 olte+r. X0 = Y ot Xo )z 7,1 (dB P, (64)
=0

We estimate the terms on the right-hand side as follows: by standard estimates for SDEs
with bounded coefficients one has that

Im
B [ 1= 0 IR0~ X P = CO. 0, T, b

By the BDG inequality, the fact that o is bounded, and Lemma 5.1, we conclude that

fm m—1 P
‘ / otk +r, X[]f+r)dB + ]E‘ E a(tk+l+l > tH—[ )1(‘[[ '[H_]](r)dB
AT tn AT 1=0

< Co. Pllo 15EIZn — tn|? < Clo. p)tmh)5.
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Finally, by the BDG inequality,

ImN\Tm m—1 P
0 vik-X AN ~
E f U(tk + r, X[k+r) Z U(tk+l+l, th-H )l(fl,fH»l](r)dBr
0 =0
5
i, X nt N2
=< C(P)E / Z |U(tk +r, X[f+r) - O'(tk+l+l9 tk+§ )| 1(1—1 F1] (r)dr
T 1 At o .
< C(o, p)E Z/ 11 — 12 + 15— 141 ]2 + PO G
TNy
Y lksX Yty p
X, — X dr
£ =~ 1
< C(o,T,p)| h2 + max (E|5; —7|P)2
1<l<m
1
2
R SHX X 2%
+ max [E sup X — .
t £
0<l<m fl/\thrSfIJrl/\tm k kT TNIm
m—
ik X Sty \p o~ =
Z X ne, — X 1M (@1 = )
=0
Moreover, since 7. — 7 is independent of X%, | = X{5"P, by Lemma 5.1()
m
we get
m—1
T Utk X JeY\p ~
B Z |th+fmz,,, _th+, (41 — )
=0
m—1
— [k yloX Iy p _
=E |th+f1Atm ka+l [Pt — 1)
=0

- 1) 1) l
= C(T,p) <]E /0 |thl:4)—cd(r) tk+d(r) [Pdr + gax E|Xt/f-:—c‘[1/\t,,, t:f:tz |p)
Using Lemma 5.1(iii), one concludes similarly as in the proof of (ii) that
- P
B, = il < Cbuo TS,
Then (64) combined with the above estimates implies that

» ~ Im
ElXi, - X" < C, 0. T, p)(|x —yIP+hi +E /0 Xica = XtV dr)
Gronwall’s lemma yields

E[XE, X8 < Cb, o, T, p)(x — yIP + h),

ti+tm — Ot
(vi) We have
VX =1+ f bt +r. X 2OV dlB", B,
Ot

+ f oxlty +r, Xy Vb dBY (65)
0.t
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and
Im ~ _

tm ~ ~ -
VXL =1+ /O bty + 1, X[ L)V dr + /0 oxl(te + 1, XL )VXES dB,. (66)

We may proceed similarly as in (v), except that this time the coefficients are not bounded but
have linear growth. Here one uses that the integrands are bounded in any L, (IP). (]

Finally, we estimate the difference between the continuous-time Malliavin weight and its
discrete-time counterpart.

Lemma 5.3 Let B and B be connected via (27). Under Assumption 2.1 it holds that

1
Xy, — Xy |? + h2
i el L )

EIN o (1x, Xi) = NE %0 (tr11, X)) < Cb, 0, T, 8) -
(tm — 1)?

Proof. For N?’T" and Nt[; given by (12) and (18), respectively, we introduce the notation

i 1 tn—k - N 1 Tm—k N -

Ny o (b, Xy) = —— ag+sdBs, 2 o (tkyr, Xg) =t —— dy, 4 dBs,
Im—k Jo " tm—k Jo
with
m—k

'—Vf(tk'xt" o (tx, Xy.) noo. V.)E'rk’xrk 0 (tgt1, X) o

uits =V ks 1 Xp Gri=) S L A O
o(ti+s, X, 155 =1 o(tere, X 1z

By the inequality of BDG,

(tm — 6 BINGE 0 (15, Xy) — N7 0 (151, X)I?

tm

- Im—k - Tin—k -
n
= E‘ /0 Ll;k+sst — /0 ark+SdBS

tn—k ATm—k 2 - oo 2
n
/0 (atk+s - a-[k+s) ds + E /(; a1k+sl(fm—kstm—k](s)ds

2

I
=h

o0
+E /0 @1y 2 ()
1

m—k 2 |
- 4 ~ - 2.1
< E sup  agers — g |7 ) Bl = T2
=1 S€[0,ty—k]N(Te—1,Te]

% 1

= 4, 7 4\ = N

(B sup Jagusl* +E max ;1) Eltnek — Tni?.
se|l

Oytm—k] I<t=m—k

The assertion then follows from Lemma 5.1 and from the estimates

E sup |y s — a5 |* < Cb, 0, T, 8)(1X;, — Xp " + h), (67)
s€[0, 1k IN[Te—1,T¢]
E sup |agesl* +E max |a" . |*<2]o|d,67% (68)
510,141 1stsm—k HFT T
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So it remains to prove these inequalities. We put
and Kn Tk O-(tk—&-l, er)

G(tk’ th) _
TtTe—1

St Xy ~ T, X
o (t+ 5. X ) o (trses X 50 )

ol .
Ktk+s T

and notice that by Assumption 2.1 both expressions are bounded by ||o [|so8 . To show (67)

let us split a;, 45 — a’r’k +7, in the following way:
~ 16, X ~ 11, X; t 1
n — k k k k
Ay4s — a‘rk-‘rf( - tk+S(Vth+Y VXZ‘A-H‘[ 1) + Vth-H[ I(KIA+S Ktk-‘rt[,])

~ Tk, Xy ~ Tk, Xy

St Xy AR
+ Klk+te 1(Vka+te 1 Ver—&-rz 1) + VX T +To— 1(Klk+te 1 K‘L’k"rf(_] )
Then
= 1y Sk Xiy lk Xy 4
E ~ sup |sz+s(Vth+s tk+t( 1)|
SE[To—1 Nti—k»Te Atm—i]
4 —47 Xy Xy 4
<|lollid E sup |Vth+s VX,H,[ NP =C0,0,T, ),
SE[Tp—1 Aty—k, Te Atip—k]
since one can show similarly to Lemma 5.2(ii) that
~ 1, X, X
E sup VX, 5 = VX, 5 1P < C, 0, T, $)h.

SE[Te—1 Ati—k Te Atin—i]

Sk Xy, T ,Xr . .
Notice that VX,tk ¥ and VX;,I:, ¥ solve the linear SDEs (66) and (65), respectively.
Therefore,

= ) r v er
E sup |Vth KPP <C(b,o,T,p) and E rlpax . |VX;k+rk" P <C(b,o,T,p). (69)
s€[0,t,—x]

For the second term we get

~ 1799, ¢ t
E . sup |Vth+l[zk 1(K11]:+V - tk+lz 1)|
SE[Tg—1 Al—f, Te Nl — k]
1~ X . ¢ 1
< C(o, 5)(IE:|VX,k B E sup (e —sI* + 1K1k = X )2
SE[To—1 Atm—ks Te Nin—k]
<C0b,o,T,5h.
For the third term, Lemma 5.2(vi) implies that
e, X
IE|K;§+I‘Z 1(VX,AJHZ‘1 Ver—w 1)| <C(b, o, T)||a||OO 4(|th er|4+h).

The last term we estimate similarly to the second one:

‘L’k XT

T _ N, T 4
T+To— 1(K K T )|

tette—1 T +Te—1

E|vE

T, Xz ~ 11, X 1
< C(o, EIVA, +w P )2 (1X, — Xy |® + EJX] e =X )
<C(b, 0, T, 8)(|Xy, — Xe |* + ).

To see (68), use the estimates (69). U
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We close this section with estimates concerning the effect of 7, , and the discretized
Malliavin derivative D} (see Definition 2.1) on X".

Lemma 5.4 Under Assumption 2.1, and for p > 2, we have the following:

(i) EIXy =T, . XpIP <C(b,0,T, p)h%, 1<l,m<n.

1

wxt DLXM P
(i) Blvx*t _ Tk oy o T )k, 0<k<m<n.
tm n = ,O0,1,p ) = =
O'(tk+1,th)

(iti) EIDXE P <C(b,0,T,p), 0<k<m=<n.
Proof.

(i) By definition, Tm,iXZ = XZ for l <m — 1, and for [ > m we have

T, X! =X +b(tw, X! 0 (tn, X Wh

! l
+h Y b T, Xy ) +Vh Y o, T, X e

Jj=m+1 Jj=m+1

By the properties of b and o, and thanks to the inequality of BDG and Holder’s
inequality, we see that

IE|XZ - TmiXZV’

14
<C(p) (E|a(rm, Xp OVh(1 &) +HE

I
Z (b(t]’ Xl};_| - b(t]’ ’Tm,in’{;_| ))
Jj=m+1

! 5

2
Z (O—(t/’ X;:_])_O—(t/’ Ywm,j:XZ_]))z )

j=m+1
p L p p—1 p 5-1 l n n
< C)| o 5h? + hIbellBety, + loxlibot ) D EIXp = T,.X; 1|

+hIE

m tj—1
Jj=m+1

It remains to apply Gronwall’s lemma.

(i) By the inequality of BDG and Holder’s inequality,

n’tk’Xlnk ’DI’:-FIX;:n
IE‘VX,m ST 71
k+1, Ay

= Cp, T)(be(tk+1 XD+ ot 1, X[V heg P

m n n
1. Xy ki1 PrXe, P
+H Y E|bu(t, Xp_ VX, T — b
I=k+2 o otk 1, X5)
m n n n P
» n, i, X; k+1,0) Dk+1Xt1—1
+h22 El|ow(tr, X VX, | " — ot o),
I=k+2 U(tk—H s th)
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Since by Lemma 5.4(i) we conclude that
EIBED — b, X )P +Elo$ D — o, X I < Cb, 0, T, p)I?,
and Lemma 5.2 implies that

2p
<C(b,0,T,p),

n,tk,X;;(

VX,

-1

E sup
k+1<I<m

the assertion follows by Gronwall’s lemma.

(iii) This is an immediate consequence of (i). O
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