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We prove the existence of radial solutions of
—2Au+V(z)u=uP, x€R", weWHLZR"), u>0,

concentrating on a sphere for potentials which might be zero and might decay to zero
at infinity. The proofs use a perturbation technique in a variational setting, through
a Lyapunov—Schmidt reduction.

1. Introduction

There is a great deal of literature on nonlinear Schrédinger (NLS) equations with
potentials, such as

(1.1)

—?Au+V(z)u=uP, xR,
ue WHR™), wu>0.

Solutions of (1.1) for € small are often called semiclassical states. The main feature
of these semiclassical states, u. of (1.1), is that they concentrate, in the sense that
outside the concentration set u. tend uniformly to zero as e — 0. Roughly, a classical
result states that if V' is smooth and satisfies

IV, V1 >0, such that 0 < Vo < V(x) < V4, (Vo)

for any stable isolated stationary point zy of V, there exists a solution of (1.1)
concentrating at o (see, for example, [2,10]). Stable stationary points of V are
maxima, minima and, more generally, points where the local degree of V' is non-
zero. Solutions concentrating at a point are called spikes.

More recently, assumption (V) has been relaxed. The NLS equation with poten-
tials which can be zero, but such that liminf|, . V(z) > 0, has been studied
in [7,8]. Furthermore, a class of positive potentials which might decay to zero at
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infinity has been considered (see [4,5], and also [11,13] for some previous partial
results). However, in the aforementioned papers, only the existence of spikes is
proved.

On the other hand, by dealing with radial potentials, namely with equations like

(1.2)

—?Au+ V(z))u=uP, xR,
u€ WH(R™), u >0,

new classes of solutions concentrating on spheres have been found (see [3]). Let us
define the auxiliary weighted potential M by setting

p+1 1

M(r) =7""V%r), where § = b1 3
Let 7* > 0 be a strict maximum or minimum of M and suppose that p > 1 and
that V' is smooth. Under the above assumptions, it has been proved in [3] that (1.2)
possesses a radial solution which concentrates as € — 0 at the sphere |z| =7* > 0.
In the present paper we consider radial potentials which might be zero and might
decay to zero at infinity. By improving the preceding results, we show the existence
of a semiclassical radial state concentrating on a sphere (see theorem 2.1 below).

2. Main result
We will assume that the potential V € C1(R,R) satisfies:

(V1) V(r) 20, Vr € Ry and there exist g, a1, as > 0 such that

a
T—; <V(r)<ag, Vr>rg; (2.1)

(Vo) 3V{ > 0 such that |[V'(z)| < V{, VreR,.

The assumptions V(r) < ay and (V2) are essential in the proof of lemmas 3.2
and 3.3 (see also [3]).
The main result of this paper is the following theorem.

THEOREM 2.1. Let p > 1 and suppose that (V1) and (Vz) hold. Moreover, let us
assume that there exists v* > rg such that M has an isolated local maximum or
minimum at r = r*. Then fore < 1, equation (1.2) has a solution that concentrates
at the sphere |x| = r*.

Let us emphasize that, as in [3], any power p > 1 is allowed. It is also worth
pointing out that, as a consequence of the fact that concentration arises where
V(r) > 0, the preceding solutions behave like those found in [3] ad not as in [7,8] (see
remark 5.1, below). It would be interesting to establish the existence of semiclassical
states concentrating on a sphere of radius # > 0, where V(#) = 0. Note that such a
7 would be a minimum of M.

As a particular case in which the preceding theorem applies, let us consider a
potential V' such that

V(r)>0 ¥r>0, and 3ae€ (0,2]:V(r)~r"% asr— 4oc. (2.2)
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We find that M(0) = 0 and M(r) ~ r"~172% as r — +00. Thus, M(r) — 0 as
r — o0, provided that af > n — 1 and, hence, in such a case, M has a maximum.
Therefore, an application of theorem 2.1 yields the following corollary.

COROLLARY 2.2. Suppose that V' satisfies (Vo) and (2.2). Moreover, let o > n—1.
Then, for e < 1, equation (1.2) has a solution that concentrates at a sphere.

In order to prove theorem 2.1, we consider the equation
—Au+Vie|lz|)u=uP, ue€ Wl’z(R”), u > 0. (2.3)

If w is a solution of (2.3), then u(x/¢) solves (1.2). This paper is devoted to proving
the existence of solutions of (2.3), for € small. Following the procedure used in [3,5],
we first use a Lyapunov—Schmidt reduction in order to substitute (2.3) with an
equivalent system consisting of an auziliary equation and a bifurcation equation
(see §3).

A great deal of work is devoted to solve the auxiliary equation. First, it is shown
that solutions of this equation can be found by searching the fixed points of a
map S in an appropriate set I'.. Roughly, we look for solutions of the form z + w,
where z is peaked near r* > ry and w is small. This allows us to take advantage
of the fact that, for r close to r*, we have V(r) > C > 0 (see the discussion before
lemma 3.2).

As for the set I, it consists of functions with an appropriate decay at infinity
and also near the region where V might vanish. The main point is to show that,
for € sufficiently small, S is a contraction and maps I, into itself. The arguments
with which to prove these facts are given in §4 and require several new ingredients
with respect to [3,5], in order to handle the possible decay of V to zero (which is
not allowed in [3]) as well as the fact that ¥V may vanish in a compact set, which
is not allowed in [3,5]. In particular, the arguments needed to control the decay
at infinity of S.(w), w € I, are quite different from the ones employed in [5] (see
remark 4.1 and the last part of the proof of lemma 4.5).

Once that the auxiliary equation is solved, study of the reduced finite-dimensional
functional is carried out as in [3].

In order to keep the paper to a reasonable length, the arguments that are similar
to those employed in [3,5] have been sketched and details left to the interested
reader.

2.1. Notation

Br(y) = {x € R" : |z — y| < R}; Br = Bgr(0); |Br(y)| denotes the Lebesgue
measure of Br(y).
c1,¢Co,... and Cp,Cs, ... denote positive, possibly different, constants.

3. Functional setting and finite-dimensional reduction

We will work in the Hilbert space

E= {u € DV2(R™) : w is radial, V(e|z)u?(z) dz < oo}.

R
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endowed with the scalar product and norm given, respectively, by
(u,v) = / [Vu - Vo + V(elz|)uv]de, |lull® = (u,u). (3.1)

Since we are dealing with a nonlinearity like u? where, possibly, p > (n+2)/(n—2),
a truncation is in order. Given ¢ > 0, ¢ > 0 and ¥ > 0 such that J(p — 1) > n, we
choose F. € C%(R"™ x R) satisfying:

1
Sl il < o1+ elal)
Fo(|a|u) =P (3.2)

e(1 4 |ex) =P+ if |u| > 26(1 + elz]) Y.

Specifically, let us define

F.(Jz|,u) =T (x,u) \u+|p+1 + (1 =7(z,u)e(l + €|x|)_ﬂ(”+1),

p+1
where
T(z,u) = p(@ ul(1 +elz))?).

Here pu(s) is a real C* function equal to one for s < 1 and equal to zero for s > 2.
We set

I(u) = glul® - /Rn Fe(lzf, u(le])) dz, w e E. (3.3)

A direct computation shows that I. is of class C? on E (the inequality 9(p—1) > n
is needed).

REMARK 3.1. Let u. € E be a critical point of I.. If there exist ¢ and 1 such that
luc(r)| < é(1 4 er)~?, then such a u. is a solution of (2.3).

To solve IZ(u) = 0, we will use a perturbation method based on a finite-dimen-
sional reduction. For a broad exposition of the abstract framework as well as for
further applications, we refer the reader to [1]. First, some preliminaries are in order.
Observe that, under our conditions on V', V(r*) > 0. For the sake of clarity, we will
assume throughout the paper that V(r*) > 1. Choose § > 0 such that r* — 4§ > rg
and

V(r) =1, Vre (@ —49,r" +49), (3.4)

For any € > 0 small, we will take p as a parameter satisfying
r*—d<ep <49, (3.5)
and, for any k > 0, we denote by U (r) the unique positive even function satisfying
~U"+kU=UP, UecW"R).

It is well known that Uy decays exponentially to zero when r — +o0.
Define 7 : R — R, a C* function, such that 0 < 7(r) < 1, 7(r) =1 if |r| < 1 and
7(r) = 0 if |r| > 2. We shall use the cut-off function ¢ , defined as

besl) = 0ct) = (5= 0)).
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On setting

d d
Rd:p_g7 Td:p—’_gu

¢ happens to satisfy

be(r) =

0 if r & [Ras, Tos),
1 ifr e [Rs, Ty).

Set ze ,(r) = gbs(T)Uv(Ep)(r — p) and
Ze = Z = {2 p(r) : p satisfying (3.5)}.

We shall look solutions of (2.3) in the form v = 2., + w, with 2., € Z. and
w L 2 ,. Letting P denote the orthogonal projection onto (TZWZ)L, the equation
Il(2¢,, +w) = 0 is equivalent to the system

PI/(z.,+w) =0 (auxiliary equation), (3.6)
(Id— P)I.(2.,, +w) =0 (bifurcation equation). (3.7)

Most of the paper is devoted to solve the auxiliary equation. In the last section we
deal with the bifurcation equation.

Some preliminary estimates are in order. First of all, as in [3, lemma 3.1], we find
that, for all p satisfying (3.5), the following expression holds:

l2e,pll ~ @72, (3-8)

In the next two lemmas, we shall estimate |I.(z.,)|| and ||[PI”(z.,)]""||. Let us
point out that, since 2. , has a uniform exponential decay at infinity, we can choose
¢ and ¥ such that |z ,(z)| < é(1 +er)~Y. Thus, in the following lemmas we may
suppose that
1
L(u) = 3ul? - — Pl dg.,
o) =3lul” =277 - [P da

LEMMA 3.2. For all p satisfying (3.5), the following expression holds:
[TZ(2e,0) || ~ €llze,pll ~ gB=m/2,
Proof. The same calculation as in [3, p. 437] yields

I (2 p)[v) = —(n — 1)/ r"_zzéwv dr +/ Tn_l[—ng + V(er)ze,, — 28 Judr.
0 0

(3.9)
Let us evaluate the first integral. Denote by Kass = [Ras, Tas] the support of Ze,p-
Since p satisfies (3.5), we may infer that r € Kys implies that er € [r* — 35, 7* + 30],
namely that r ~ ¢~1. Hence,

(oo} oo
n—2_1/ n—1_¢ _ n—1_/
/ Tz pudr ~ 5/ Tz pudr = 5/ Tz pudr.
0 0 reKss
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Moreover, the following inequalities hold:

1/2
’/ iyl pudr| < {/ P ly? dr] [/ "z
Kas Kas Kas

1/2
<Oy [/ " 1y? dx] |22,
Kas

From (3.4) and (3.5) it follows that 1 < V(er),Ver € Kas, and hence

/ "l dr < / "V (er)o? dr < |2
K25 K25

In conclusion, we find that

o0
/O =22 odr ~ o] - ||zl

Similar arguments can be used to estimate the second integral in (3.9) and the

proof can be completed as in [3].

The following uniform estimate is one of the keys of the proof of theorem 2.1.

LEMMA 3.3. PI"(z.,) is a compact perturbation of the identity. Moreover,
PI!(z,) is uniformly invertible on (T, Z)* for all z., € Z, |e£| < 1. Namely,
there exists C' > 0 such that if € is sufficiently small, then ||[PI/(z.,)] | < C.

Proof. The fact that PI"”(z. ,) is a compact perturbation of the identity map has
been proved in [5, lemma 4]. We turn our attention to its uniform invertibility. By

direct computation, we have

n

Ié/(zs,p)[z»z} = / (|VZ|2 + V(gx)z2 _pr+1)dx

:/ (|Vz|2—|—V(sx)22—zp+1)d9c—|—(1—p)/'

=1Il(z,)[2] + (1 —p)/ 2 4z,

n

Recall that IZ(z. ,)[z] < Celz||?> ~ Ce2~™, and observe that

/Zp+1 ~ Elfn'

Therefore, I/ (2. ,)[z, 2] < —c||z||* for £ small.
We will use the notation

. 0 0
e p = a—pzw,(r) = %[¢E’p(r)Uv(Ep) ()]
It is easy to verify that

o= (5r=0) (vien (Fpovir-0) - grov

€

)
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Taking into account the definition of U and 7, we can conclude that Z, , ~ —zg o
This will be used later, at the end of the proof.
Define X = (2. ,, 2c,,). We will show that the following inequality holds:

I (2 o] = clloll?, Vo e X*.

Let us fix v € X, and suppose that ||v| = 1. First, we claim that there exists
R € (e=Y/% e71/2) such that

/ [[Vo|2 4 v?] da < 262 ||v)|? = 2¢1/2. (3.10)
R<|[o|—pl<R+1
Recall that V(ex) > 1 in [R3s, T3s]. Therefore, it follows that
/ (Vo2 + 0?2 de < / (Vo2 + V(ez)v? de < 1.
[|z]—pl<e=t/2+1 [|z]—pl<e=t/2+1
Note that the sum
e VA< R<e™1/2
Z [[Vo]? +v?]de < 1
ReEN R<||z|-p|<R+1

has more than 1¢~%/2 summands (for ¢ small). Thus, it is always possible to choose
ReN, Re (e71/4,671/2) so that (3.10) holds.
For such R > 0, define xr as a C* radial function verifying 0 < yxgr(r) < 1,

[Vxr(r)| <2, and
iy [1 el =sl <R
0 |lz|—pl>R+1.

We define v; = ygrv and vo = v—v;. First of all, note that the subsequent estimates
of the norms of v; and vy hold:

len® - / L opllVeP H Vieap]de = 07,
z|—p|<

||v2||2/ e 1[\Vv|2+V(sx)v2]dx:0(51/2).
z|—p|>R+

Hence, ||v1 |2 + [|v2]|? — 1 = O(¢'/2), and this implies that (vy,ve) = O(e'/?). After
these preliminaries, we decompose the above into

12 (z2,)[0,0] = I (2 p)lor, ) - 12 (22, ) o2, v2] + 202 (22 o, 2] (3.11)

The last term of the above equation can be estimated easily, as follows:

I (2 p)[v1, v2]) = (v1,02) —/ p2P " ogvg ~ /2,
R<||z|—p|<R+1

As for the second term of (3.11), we have

I (20, o2 v2) = [[ua|? / PP .
||z]|—p|>R
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By using Holder and Sobolev inequalities, and the exponential decay of z, we obtain

2/N 2/27
/ pz~ 13 < [/ <PZ”_1)N/2] [/ v ] < oelleal
lle]—pl>R ol ~p|> R llel=p]>R

and, thus,

IV (2 p) g, va] ~ /2.

We now focus on the first term of (3.11). Observe that, since v; has compact
support, it belongs to W12(R"). Actually, we have

/ v dx :/ v?dx g/ V(ex)vidr < |lui]?.
" [lz]—p|<R+1 [lz]—p|<R+1

We are concerned with the estimate of

n

F(elono = [ (Vo + Vi) - pa2yof] do
-/ Vol + [V(ep) — p2251002] da
[lz|—p|<R+1
+ / [V (ex) — V(e&)]v? du.
[lz|—p|<R+1

Using the boundedness of V', we may infer that |V (er) — V(ep)| < Melr — p| <
2Me'/2. Let

uuwzéwv»wm+w@wmmmm

denote a scalar product in W?(R"), and let [u|? = (u,u), denote the associated
norm. Observe that p("=Y/2||v;|, ~ ||v1]|. We now write v; = ¢ + w, where ¢ € X
and wl,X, where 1, stands for orthogonality in the (-, -), sense. Let us show that
¢ is small compared with w, so v; turns out to be close to w. Note that ¢ is given
by

¢ = (v1, Zeyp)pzsypH'Zs,pH;2 + (v1, Ze,0) p2e,p ‘éa,pH;Qv

We first show that |(v1, ze ,) — p" "1 (v1, 2e,p) | = 02(1)p"~H/2. Indeed,

T TR 0)
—pl<R+1

(0,2) 0,21 =
+ / [PV (er) — p" "V (ep)]vr2e , A
|r—p|<R+1

=o0.(1) / r”71|v'1(r)z;7p(r)| + 7"y (r)ze p(r)dr
[r—p|<R+1
= 05(1)P(n_1)/27

since ||v1 || < 1+ Cy/E and ||z| ~ p(»~1/2, Taking into account v = v1+vy and v L X
with respect to the scalar product in F, we deduce that |(v1, 2z: ,)| = [(v2, 2¢,)|. We
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then find that

|('U17 Za,p)| = |('02’ Z87P)|

/ [[Vvg - Vze | + V(ex)|va|2c ] d
[lz]=p|>R

1/2 1/2
< </ |V |? dgc) (/ |Vz€,p|2dx>
R llel—p|>R

1/2 1/2
+ Cs ( V(ex)|va|? dx) (/ zip da:) .
R™ [lz|—p|>R

Recall that R > e~ /4. Then, because of the uniform exponential decay of Ze,p and
its derivatives, we find that |(v1, 2: ,)| = 0-(1). We then conclude that |(vq, 2c,,),| =
0:(1)p1=™/2 In the same way, we can estimate (vy,Z. ,),. From this we obtain
1]l = 0 (1), ll¢ll, = 0c(1)p =72,

We turn our attention to w. Note that [|wl||, < Cp*=")/2. From the expression of
Ze p, We can easily conclude that ||z , + Zc pll, = 0:(1). The non-degeneracy result
of [12] then implies that

N

/R [w'(r)? + (V(ep) — p2E,Yw(r)’] dr 2 er||wlf} — o:(p" ") (3.12)
n
By reasoning as above, we can conclude that

/R [[Vw]? + (V(€) = p22,")*Jw? dz > cop™ ™ Hwlf} — 0(1) > eslw]® — o:(1).

From the previous computations, we deduce that
I (2 ) v, 0] 2 callor]® + es]lvz]? — o0=(1).
Since |[v1]|? + ||va]|? = 1+ O(¢!/?), we may infer that
I (2e,p)[v, 0] 2 o,
and the proof is completed. O

The preceding lemma allows us to transform the auxiliary equation into a fixed-
point problem. Actually, on fixing z. ,, and letting

SE - Se,p . (CZ-‘ZE,pz)l = (TZE,pZ)l

be defined by
Se(w) =w — [Plg(za,p)]_l(Plé(ze,p +w)),

equation (3.6) is equivalent to S.(w) = w.

4. Fixed points of S,

Fixed points of S. are found in an appropriate subset of E. For m = a1 /¢2, let us

set
-2 —2)2+4
o ™ —I—\/(r; )2+ m 1)
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and, given ¢; > 0, let W, denote the set of w € F such that the following pointwise
estimates hold:

lw(r)| < 2¢1v/e exp{—d/e}, Vr € [0, Rasl, (4.2)
|w(r)|] < caveexp{—|r — Ras|}, Vr € [Rss, Ras),
uy(r)
< , Vr > Ts. 4.4
()] < 2 > Tos (1.4

Next, let us also define
Ie={weWew Lz, | lw] < coellz,pll}-

In the above definitions, ¢y and ¢; are positive constants to be defined (see equations
(4.9), (4.13)).
We will show that there exist cg,c; > 0 such that S. maps I into itself and is a

contraction there (see proposition 4.3, below).
REMARK 4.1. The function u; is a fundamental solution of

m

—Au+ —u =0,
|z|?

to which equation (2.3) will be compared. Let us also point out that, in contrast
with [5], here it does not suffice to take m sufficiently large. Rather, we need to
choose m ~ £72; it is this choice that allows us to prove that S.(w), w € I, has
the decay at infinity required in (4.4).

In the remainder of the paper, we will make use of the following result.
LEMMA 4.2. For all p satisfying (3.5), all w € T, and all 0 < s < 1, the equality
ML (2 + 1) — (o)l = (/). q=1A(p—1),
holds.
Proof. We can choose ¢ and 9 in (3.2) such that |2. , +w| < é(1 +er)~Y. We can

then assume that )

B P +1 Rn
and, using the notation ¢ = 1 A (p — 1), we have

I (u) = gul? Jug [P
|Ig(z<€,p + sw)[v,v] — Ig(zap)[v,vﬂ ! /R (12¢,p + |w|)pi1 - Zg,;1|02 dz
< C'z/ |w|%? da.

In order to estimate the last integral, we write

/ |lw|v? da::/ |w\qv2dx—|—/ |w|qv2d3§—|—/ wiv? de.
" lz|<Rss Rss<|z|<T3s || 2Tss
(4.5)
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Let us evaluate the first integral on the right-hand side. We have

2/ 2% 2/n
‘/ |w|? dz| < [/ v? dx} [/ |w|q”/2dx}
|z|< Rss lz|<Rss |z|<Rss

2/n
<all?| [ emal]
|z|<R3s

Using (4.2) we find that

—C. -C
/ |w|q"/2dx<CQexp{3}BRaé| <C4E”exp{3},
|z|<Rss € €

and hence

—C
/| n lw|%? doz < Cse™ ™ exp {ES}HUQ (4.6)
T 4138

Consider now the second integral on the right-hand side of (4.5). Using (4.12), we

get
/ |w|%? do < ceq/Q/ v d.
Ras<|z|<Tss Ras<|z|<Tss

For z in the annulus R3s < |z| < T35 we obtain rg < r* — 45 <er <r*+46. As in
the proof of lemma 3.2, V(er) > 1 for er € [r* — 46, r* + 4], and hence

/ v? dr < Cgllvl|?,
Rss<|z|<T3s

which yields

/ lw|%? dz < Cre??||v||?. (4.7)
R3s<|z|<T3s
Finally, for
30
r>2T35=p+—
we obtain
uy(r)
w(r)] < aave
|w(r)] 1WU1(T25)
Then

q
< ngq/z/ <u1(|$) ) o2 da
|z|>T3s ul(T%)
2/2x qn/2 2/n
< Cec?? [/ 2 dx] [/ <U1(|x|)> dx}
n jo/>Tas \ U1 (T25)

qn/2 2/n
<C8Eq/2||’l)2|:/ <U1(|£L'|)> dl’:| )
|@|>Tss uy(Tas)

‘/ lw|%? dz
|| >Tss
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The last integral can be estimated as follows:

qn/2
/ <u1(|33|) ) de — T;éqn/Q/ rn—lr—aqn/Z dr
|z|>T3s ul(T25) r>Tss

n—oqn/2 n oqn/2
_ thqn/2 T ! _ T35 <T25> " )

2 gqn/2—n oqn/2 —n \Tss
Since T _—
28 r 1
— < <1 d o~e 7,
Ty S 7 148 and o~¢

the above expression tends to zero.
On substituting this inequality, (4.6) and (4.7) into (4.5), we obtain

‘/ wiv? dz

for some C > 0, and the lemma follows. O

<C’5q/2||v||27 g=1A(p-1), (4.8)

PROPOSITION 4.3. S.(I.) C I, and is a contraction, provided that € is sufficiently
small.

Proposition 4.3 is an immediate consequence of the following two lemmas.
LEMMA 4.4. There exists co > 0 such that, for e sufficiently small, we have
ISc(w)|| < coe  for allw € T.
Moreover, S is a contraction in I.
LEMMA 4.5. For all € sufficiently small, we have Sc(I'.) C We, for every w € I.

Proof of lemma 4.4. Let C' > 0 such that ||IZ(zc,)|| < Celzc,|. Observe that, by
lemma 3.3, ||[PI/(zc,)] 7! < C’ for some C’ > 0. Choose

co =2C'C, (4.9)
in the definition of I'.. We first compute S.(w) for some w € I'.. The equality
Se(w)[v] = v — [PIZ (2e,p)] " (PIZ (22,0 + w)[v])
holds. We apply PI”(z ¢), and obtain
1P (2 ) [SE(w)[o]]]| = [P (2,0)[0] = PIZ (2, + w)[o][| < CeMNP=D/2 |

where we have used lemma 4.2. Then, for any wi, we € I, we use the mean value
theorem to get

Se(w1) — Se(we) = SLswy + (1 — s)ws] (w1 — w2),
for some s € (0,1). Since the swy + (1 — s)ws belong to I';, we find that
[[Se(w1) — Se(w2)[| = 0:(1)||w1 — wal. (4.10)

Equation (4.10) yields the contraction property for S..
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Next, we show that ||S.(w)]|| < ¢oe for any w € I'.. Using (4.10) with w; = w and
wy = (0, we obtain

[[Se(w) = S(0)]] = 0c (1) [Jw]l.
On the other hand,
1S (0)I| = [PIZ (22,p)] " (PLL(ze,0)) | < C'IPL(2e,p)|| < C'Cellze, |-
Hence, we finally deduce
18 (W)l < N1Se(w) = Se(O) | + 1S ()] )
os()Jw]| + C'Cel|ze p|| < (0:(1)co + C'C)leze

<
< 005“Zs7p|

The proof of lemma 4.4 is thus completed. O

Proof of lemma 4.5. Take w € I, and define @ = S.(w). We shall prove that o
satisfies (4.2)—(4.4).
By recalling the definition of S, the equation @ = S.(w) can be rewritten as
— AW+ V(ex)w — pzé’;lﬁ)
= Azs,p - V(ex)ze,p + [(Zs,p +w) )P — pz§7;1w + U(Aéap + V(E:C)?L’E’p),

where 1 = ||z ¢|| T2(L7 (2¢,p) [0 — w] + IL(2cp + W), Zc ¢). Recall that z., = 0 for
any r ¢ [Ras, Tos]. Therefore, w satisfies the equation

—AB(z) + V(ex)d(z) = [wy ()], V|z| & [Ras, Tas). (4.11)

By using the radial lemma [6, lemma A:IIT], we get the following inequality for any
r 2 R351
[(r)| < rC7 @) < coer® Tz, || < Cove (4.12)

Given such a constant Cy, we choose ¢; in the definition of I, as
c1 = 200 (413)

We will first prove inequalities (4.2) and (4.3). In order to do that, we define

V(T) _ 0, r €10, Rss],
1, re (R35,R2§].

Because of the assumptions on V, it holds that V(r) < V (er). Hence, the maximum
principle implies that 0 < @ < @ in B(0, Ras), where w is the solution of

A+ V(|2 = [wy (2)]P, @€ B0, Rza),} (4.14)

w(z) = w(r) < Cove, |z|= Ras.

Therefore, it suffices to prove inequalities (4.2) and (4.3) for w. Since w satis-

fies (4.2), Aw < ¢, where
NV
g = (QClﬁeXp{€}> .
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We then find that W satisfies
R§5 -7’

B(Rys) < (r) < d(Ras) + (=5 —, (4.15)

and this implies that
R -0 Y
0> w'(Rss) = —736 (201\/56)(1) {€}> .

This estimate will be very useful in what follows.
We now study equation (4.14) in the annulus Rzs < r < Ras; in such a domain,

W satisfies
—AW 4w = w4 (r)?, Rss <r < Ras,
with the following conditions on the boundary:
N ~/ R35 D
W(Ras) < Cov/e, 0> w'(R3s) > _TC .

Let ¢7 and @2 be the fundamental solutions of the problem —Awu+u = 0, that is

-2 -2
SDI(T) = TI_TL/QBK (n 2 77"), SDQ(T) = TI_H/ZBI (n 2 7T)7

where By and Bg are the modified Bessel functions of the first and second kind,
respectively. From the basic properties of the Bessel functions (see [9, §§5.7 and
5.16.4]), we have

1 1-n)/2 —r 1 (1-n)/2 r
p1(r) ~ —p(1=m)/2¢ , wa(r) ~ —r e’, r— +oo,
V2
A
@i (r) 1, @5(r) ~1, r — 400,

@1(r)ph(r) — Py (r)pa(r) =r™", ¥r > 0.

Using the preceding estimates, we can write w by means of the variation of con-
stants:

wm=%®/‘f*m®mAMHs

er(r) [ (s (9 ds + apa(r) + bialr),

for any r € [R3s, Ras] and some constants @ = a., b = b.. From these and the above
estimate of w'(Rss), we get

. R
|6 (Ras)| = |ag (Ras) + bigh (Rss)| < —2CP. (4.16)
n
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Next, let us compute w(Ras), which must be smaller than Cy+/e:

Ros

@(Ras) = @1 (Ras) /R $" () [y ()P dis

Ros
— p2(Ras) /R 5" o1(s)[wy (s)]P ds + ap1(Ras) + bpa(Ras)

Ros s
= ¢1(Ras)p2(Ras) [/R s”‘lgﬁ]g;)[m(s)]?’ ds

Ras
n—1 901(8) P :|
— s —————|wy(s)|Pds
[ s e

+ ap1(Ras) + bpa(Ras)

1 fas 1 pals) p /Rz‘s 1 p(s)
~— s fw,(s)]Pds — st L fw, (s)|P ds

2Ry [/ng 902(R26)[ +() Rss @1(325)[ +()]
+ ap1(Ras) + bpa(Ras)

We observe that

SDl(S) —s+Ras 802(8) s—Ras
~ e , ~e , Vs € (Rss, Ras).-
1 (R2s) 2(Ras) (Hor. o)

We now remark that, since w satisfies (4.3), the integral expressions above both
have order /z". By taking into account the above expression and the estimate
(4.16), we obtain

R
|b| = |b5| < \/50067R25, |a| = |ae‘ < 7354';06335'
n

Reasoning as above, we can now conclude that, for any R € [R3s, Ras],

R

W(R) = ¢1(R) /R §"1 0 (5) uw ()P ds

R
— oa(R) /R 571 (3)ws (5)]P s + ag (R) + biga(R)
1 /R Sn—1[¢2(8) ©1(s)

T 2R w2(R)  ¢1(R)

Recall that w satisfies (4.3), which implies that

} [wi(s)]” ds + ap1(R) + b2 (R).

[wy(r)]P < 1P/ 2eP(r—R2s) — () cP/2eP(r—F) gp(R—F2s)

Therefore, reasoning as above, we see that the integral expressions above are of
an order smaller than eP/2eP(i=F25) Finally, the term agq(R) + bpa(R) is of order

R
ap1(R) + bp2(R) < 735@’633"673 + /eCpe fzselt
n
< Ras eP/2g(Ras—Ros)poRas—R CO\/geR—RM’

n

which implies that @ satisfies (4.3).
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In particular, we obtain w(Rss) < c11/ce~%/¢. By inserting this into equation
(4.15), we obtain

2
0(r) < ervEe S (< 9 VB, < Ry,

that is, W satisfies (4.2).
Finally, let us prove inequality (4.4). It is easy to check (see [5]) that the funda-
mental solutions of m
—Au+ —u=0
|[?

2—n+o U:n_2+\/(n_2)2+4m
b 2 .

Observe that if r > Tys, w(r) < w(r), where & is defined by
|

are

ur(r)=r=7, wua(r)=r

A’Uu)-i-?’uu):f(’l")p, |.’£‘ >T25,

m
w(r) = Cove, |z| =T,
w(r) =0 x — 00,

where m = a1 /¢? (a1 is given by (2.1)) and

) = |ave k],

uy (Tas)

Note that, with this choice of m, we have o ~ ¢~ 1.

Then, w is given by the variation of constants:

- él@(r) /T s"Luy (8) fP(s) ds + auy (r) + bug(r), (4.17)

where
d=d.=+/(n—2)2+4m~e*
and a = a., b = b, are constants. Observe that, since w satisfies (4.2), both the
integrals above are uniformly bounded for any r. Moreover, the condition w(r) — 0,
r — 400, implies that
—+oo
b= / up(s)fP(s)s" ds.
Tas
Therefore, w can be rewritten as

1 r 1 Hoo
() = gua) [ 5" (s)7(s) ds s () [ [ ) dstan ()|
25 T
Let us compute b explicitly:
—+oo TfaJrn
b= c’fap/2/ s_”s_p“Tffs"_l ds = cfgpﬂi% )
Tas (p+1)o—n
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Next, to obtain a, we use the boundary condition w(Tys) = Co+/e. Precisely, from
(4.17) we get

v 1 —o —n+4o
’w(TQ(;) = CO\E = E(GTQJ + bT225 + ),

which yields
a = dCo\/eTgs — bTys "2, (4.18)

Finally, in order to prove that @ satisfies (4.4), we study the expression

;Ii((i)) uy(Tas)

as follows:

R o]

Taking into account the fact that uq(s)/uz(s) is decreasing, we get

Z((Z))W(T%) < 2_5”5 /T; s"Lug(s) fP(s)ds

+oo
a3 [ s s ]|

“+oo

G0 (1) < T3 [CM’”T;; /

uy(r) 2 g Tos

We use (4.18) to estimate the expression

ghlg2ntogro g 4 a] .

—0 1 —0 [on 1 —n o
Ty Ea =Ty [CO\@T% - aszzzs 2 }

= Cyv/e — T—Ulcpgp/QﬂTQ—n-i—%
0 25d1 (p+1)U—TL 25
=C \/Efcpgp/leQ b
0 1 d 26 (p ¥ 1)0_ —n
< Cov/e.
Moreover, we have
1 +oo 1 B TQ—(p—l)g
TfaicPEP/QTPU/ Sl—(p—l)a ds = *CpEp/2T(p o 495 = =
20 d 1 20 Tos d 1 25 (p—]_)0—72
1 1
— Cp p/277T2 .
1€ d(p_l)o__2 26
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Since Tos ~ €1, 0 ~ e~ ! and d ~ 7!, the above expression is also smaller than
Co+/e, provided ¢ is small enough. In conclusion we have

uy(r)

uy(Tas)’

which proves (4.4). O

w(r) < 2Cov/e

5. Completion of the proof of theorem 2.1

According to proposition 4.3, for every z. , € Z, the auxiliary equation (3.6) has
a locally unique solution w. , € I:. It remains to solve the bifurcation equation,
(Id — P)I[(z¢, + we ,) = 0, obtained by inserting w. , into (3.7). It is known (see
[1, theorem 2.12]) that, in order to find a solution of the bifurcation equation, it
suffices to find a stationary point of the reduced functional

Pe(p) = Ie(ze,p + we p)-
We follow [3] closely. The equality

De(p) = Ie(2e,p) + I2(22 ) [we.p] + O(|lwel*)

holds. Using lemma 3.2 and the fact that w. , ~ ¢z ,|| ~ e®~™)/2 (see the defini-
tion of I'. and (3.8)), we deduce that I’(zc ,)[we, ] + O(||lwe,p||?) = O(37™). Then,
the same calculation as in [3, §5,p. 449] yields

D (p) = Cop" Vo (ep) +0O(3™™), Co= b Urtl,
p+1
Thus,
e" 1o (p) = CoM(ep) + O(€?),

and the maximum (or minimum) r* of M gives rise to a maximum (or minimum)
ps ~ 1 /e of &.. It follows that u. = 2, +w,_. is a critical point of I., defined
n (3.3). Since 2., has a uniform exponential decay at infinity and w. , belongs to
I, there exist ¢ and ¥ > 0 such that |u.(r)| < é(1+¢|z])~? and, thus, according to
remark 3.1, u, is a radial solution of (2.3). Consequently, u.(r/¢) is a radial solution
of (1.2) and, from uc(r) ~ U(r — r*/e), it follows that u.(r/e) ~ U((r — r*)/e)
concentrates near the sphere r = r* (here U stands for Uy (,+)). This completes the
proof of theorem 2.1.

REMARK 5.1. The fact that u.(r/e) ~ U((r — r*)/e) makes it clear that the solu-
tions found in theorem 2.1 have the same behaviour as those in [3]. On the other
hand, the peaks of the solutions found in [7,8] become small as e — 0. As antici-
pated after the statement of theorem 2.1, this difference is due to the fact that in
the present case the concentration arises in the region where V' (r) > 0.
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