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SUMMARY
Conventional planar manipulators have their links in a single plane. Increasing payload at the end
effector/mobile platform can induce high stress in the links due to the cantilever nature of links.
Thus, it limits the total vertical load that can be applied on the mobile platform. In contrast to the
links in conventional planar parallel mechanisms, non-planar links are proposed in this paper, that is,
links are made inclined to the horizontal plane and non-planar legs are constructed. Though the links
are made non-planar, the end effectors’ planar motion is retained. For studying the application of such
non-planar links in planar manipulators, new models of inertia, stiffness and leg dynamics have to be
developed. In this article, these models are developed by the static analysis of the planar manipulators
with non-planar links, and the performance is compared with the corresponding conventional planar
manipulators.

KEYWORDS: 3-R̄RR planar parallel robot; Moment of Inertia; Stiffness analysis and optimization.

1. Introduction
Parallel robots have been under intensive study for over one decade. Unlike the serial manipulator,
a parallel manipulator consists of several independent chains, an end effector and a base platform
forming a closed-loop kinematic chain. It is well known that parallel kinematic structures offer
advantages, such as high accuracy, payload-to-weight ratio, high natural frequencies and rigidity
compared to serial manipulators. Of the parallel manipulators, 3-degrees of freedom (DOF) planar
parallel manipulators are widely used as parallel kinematic machine.1, 2 Hence, it has attracted many
researchers to study on its workspace, direct kinematics, kinematic synthesis and analysis assembly
modes, singularity analysis, static forces, dimensional synthesis, optimal design and dynamics.3–16

Planar manipulators find its application in fast positioning or assembly operations. Such applica-
tions make use of the high-speed capability with minimum positioning error, large stiffness and low
inertia of parallel planar manipulators.2, 17

In applications where there is a heavy load on the platform, the vertical load will create a cantilever
action on each of the links. Thus, there is a chance that it may limit the total vertical load that can be
applied.

In this paper, the planar manipulator is conceived with non-planar (spatial) links. The top plat-
form is raised above the base platform and the links are elevated to the top platform. The proposed
design is expected to carry a higher payload and decrease the cantilever nature of the links. In nature,
this design is more closely oriented toward the behavior of many living entities. The following
illustrations depict the usage of inclined links (Fig. 1).
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Fig. 1. The figure depicts the usage of inclined links for carrying heavy loads. The inclined leg of the insect
comes handy to maneuver the load of the insect body. In another case, inclined links of the hand are used to
transmit high forces and accurate positioning without causing strain to the links.

Fig. 2. Influence of inclined links on workspace/boundary singularities.

Fig. 3. Principle of inclination.

In practice, the load-bearing capability can be significantly improved with inclined links. It is
also obvious that non-planar links are going to influence many other characteristics. For example,
increasing the inclination angle improves the load-bearing capability and stiffness, but it may affect
the workspace or Type I singularities. To drive home this point, a single link with a rotary joint R is
illustrated (Fig. 2). The link shown in black color is placed in the XY plane. Another link in green is
of the same size (L1) and is inclined (the method of inclination is described in Fig. 3). Both the links
are rotated around the Z axis. The planar link covers a work area C1, whereas the inclined (spatial)
link covers C2.

It will be of the readers’ interest to know the appropriate inclination angle which does not com-
promise any significant feature of the manipulator. The following features of the manipulator, such
as the moment of inertia (MOI), stiffness, workspace, inertia forces and the moving mass of the
manipulator are addressed in this article.
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The existing mathematical models for the above parameters are tuned to reflect the changes in
the model. Assuming cylindrical links (with circular cross section) for the manipulator’s legs, the
MOI and mass MOI of the links are determined. Conventional stiffness analysis is usually done by
the Jacobian method which presumes the links as rigid elements and only active joint stiffness is
considered.18, 19 Here, the matrix structural approach is followed to study the proposed manipulator
design, in which the links and top platform deflections are considered.20, 21 In this article, the authors
will be referring to the manipulator with Non-Planar Link Arrangement as ‘NPLA manipulator’
throughout the paper, for simple usage of language.

The new models for the above-mentioned kinematic parameters are obtained with generalized
RR configuration. The proposed design is introduced in Section 2 with illustrations. A generalized
mathematical model for RR configuration is developed for the parameters, such as workspace, stiff-
ness and static forces in Section 3. A 3-R̄RR NPLA manipulator is taken as a case study to discuss
the results of the analysis. It is shown that the models can also be developed with other manipula-
tors (with non-planar links), such as 3-PRR and 3-R̄RR, following the methodology described. The
mathematical models of RR configuration are applied to 3-R̄RR parallel manipulator in Section 4,
and the influence of the inclination angle is highlighted in Section 5. The results are discussed in
comparison with the conventional manipulator in Section 6.

2. Proposed Design of Non-Planar Links
In the proposed design, the links are not in a single horizontal plane. The links are made non-planar
by making it inclined about XY plane. The principle of elevating one of the links is shown in Fig. 3.

The first link of this mechanism is rotated by θ1 degrees about Z axis. By this length L is shifted to
Y ′ in XY plane. It is again rotated δ1 degrees, but this time it is about X′ axis. Thus Y ′ is shifted to Y ′′.
The same procedure is repeated for the other links of the leg. If L is projected unto the base plane,
its projected length/magnitude will be Lcosδ (Fig. 3), while its original length remains L. Hence, the
workspace for this model will be realized on a projected horizontal plane with the link lengths being
the horizontal distance between any two joints.

Depending on the rotation of links about its X′ axis (δ), the height of the top platform can be
varied. This is to be decided based on requirement of kinematics parameters, such as workspace,
stiffness and force transmission.

Therefore, for a particular inclination angle (δ), there are two link lengths – one is the projected
link length (Lcosδ) and the other is geometric link length (L). With the projected link length, the
inverse kinematics, workspace and Jacobian are solved. For all the other characteristics such as mass
of the manipulator in motion and stiffness, the geometric link length (L denoted in upper case) is
used.

The proposal is conceived for the following configurations 3-R̄RR, 3-P̄RR and 3-R̄RP and is
illustrated in Table I. Although the links are made inclined to the horizontal plane, the rotary (or
prismatic) joints axes remain perpendicular (or parallel as the case may be) to the plane of the base
platform, which retains the planar motion of the end effector.

3. Static Modeling
New mathematical models are required for studying the influence of the inclination angle in relation
to the following parameters, such as workspace, MOI, stiffness, static forces and the moving mass of
the manipulator.

3.1. Workspace of RR configuration
The workspace of the individual serial configuration (leg i) has been obtained geometrically. The
non-planar links and its workspace are shown in blue color (Fig. 4).

To have a meaningful comparison of the PKMs, the workspace area should be same for both the
manipulators, and hence the same link lengths are used. If the link lengths are taken as l1 and l2 for
the conventional planar configuration, then the projected orthographic link lengths for NPL should
also be taken as l1 and l2. It is because the projected link lengths are only applicable for computing
the workspace of NPL. These lengths are divided by cosδ to get the original isometric link length.
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Table I. The schematic of NPLA in individual leg of planar manipulators.

Planar Single leg – Single leg – Single leg –
manipulators planar links NPLA arrangement 3D model

Fig. 4. Top view of the workspace of RR configuration.

3.2. Formulation of inertia tensor
The MOI of inclined link is different from that of the non-inclined link because the cross-section area
about the vertical axis has changed.

Assuming cylindrical links (with circular cross section) for the manipulator legs, MOI for the links
are determined. Let the cylindrical link be of radius Rc and length L is inclined about Y axis by an
inclination angle (δ) as shown in Fig. 5.

In order to determine the MOI (second moment of area) about the Z axis (refer Fig. 5), the cross-
section area of the inclined link in the XY plane is considered. The cross-section area is an ellipse
with minor diameter equals Rc (along Y axis) and major diameter is Rc/cosδ (along X axis), as the
link is inclined about an angle δ.

Area of cross section A = π RC
RC

cos δ
(1)
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Fig. 5. A cylindrical link with circular cross section is inclined at δ◦ about Y axis. The inclined link has an
elliptical cross section taken parallel to XY plane. This cross-section area is used for computing the MOI.

It can be noted that as δ→ 0◦, the cross-section area is a circle and as δ→ 90◦, the major diameter
of ellipse RC/ cos δ→ ∞. It is not possible to obtain such elliptical cross section on links with finite
length. That is, the maximum possible diameter (major) of elliptical cross section is limited by the
link length L. Mathematically, RC/ cos δ < L/2 or in other words δ is limited by 2RC/L.

Iy = πR4
c

4 cos3 δ

Polar moment of inertia Iz = Ix + Iy = π
R4

C

4

[(
1

cos δ

)
+
(

1

cos δ

)3
]

(2)

Due to the presence of cosδ term in (1) and (2), MOI increases nonlinearly with δ. However, δ is
constrained by 2RC/L. Let us assume the link radius RC to be 20 mm and the isometric link length to
be 160 mm. Then the maximum possible inclination angle will be cos−1(0.25)= 75.5◦. Such large
inclination angle increases the inertia to bending.

With the rise in MOI, the compliance of the links is very much reduced in comparison with the
links of planar legs. The link flexibility is described by a full-scale 3D model22 that incorporates all
deflections along and around X, Y, Z axes of the 3D Cartesian space

Stiffness matrix (SM) Deflection Forces/moments

E
L3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

A . L2 0 0 0 0 0

0 12Iz 0 0 0 −6Iz . L

0 0 12Iy 0 6Iy. L 0

0 0 0 G . J. L2

E 0 0

0 0 6 . Iy. L 0 4Iy. L2 0

0 −6 Iz. L 0 0 0 4Iz. L2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ux

uy

uz

uϕx

uϕy

uϕz

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

fx
fy
fz

mϕx

mϕy

mϕz

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3)

where A and Iy, Iz are the area and the second moments of the link cross section, J is the polar
moment, L is the link length, and E and G are the Young and Coulomb modules of the material.

The terms A and Iz corresponds to the elliptical cross-section area of the non-planar links, which
is represented by (1) and (2), respectively.

3.3. Stiffness modeling of RRR configuration
As mentioned in the introduction section, the matrix structural approach is adopted to study the
stiffness of non-planar links. Since the links are assumed flexible, the inertia parameters obtained in
the above section are substituted in the compliance matrix of link elements. The influence is studied
in comparison to the planar parallel manipulator.
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Fig. 6. The flow chart of methodology in determining the stiffness of a kinematic chain.

The following methodology as proposed by Nagai and Liu22 determines the stiffness model for a
parallel mechanism. Here, the parallel mechanism is sub-divided into kinematic chains representing
each leg. Each chain is further divided into mechanical modules in which the module represents a
joint and its associated link.1 Step-by-step procedure is given below and illustrated in Fig. 6.

Step 1: Links are assumed flexible. A 2D/3D spring model is used to determine the link
compliance.

Step 2: The compliance of link (j − 1) in leg i is expressed as CLi(j−1). This compliance undergoes
rotational transformation i(j−1)Rij.

CCij = CJij +
[

i(j−1)Rij 0

0 i(j−1)Rij

]−1

CLi(j−1)

[
i(j−1)Rij 0

0 i(j−1)Rij

]
(4)

i(j−1)Rij
represents the rotational transformation between link (j − 1) and j link of leg i.

Step 3: The compliance for the mechanical module CCij is transformed with regard to global ref-
erence by Jacobian matrix transformations. Assume displacement and orientation �uij of
frame Fij with respect to top frame FT . Its displacement is related to Jacobian matrix JijT .

�u = J−1
ijT ·�uij (5)

Using the rotational matrix, the following equation is obtained. BRT refers to the rotational
transformation of base frame FB to top frame FT

B�uT =
[

B
RT 0

0 B
RT

]
J−1

ijT�uij =
[

B
Rij

B
Rij[ijPT×]

0 1

]
�uij (6)

Step 4: Steps 1–3 are repeated for each module. (Each joint and its associated link.)
Step 5: The compliance matrix hence obtained for each module is cumulatively added to give the

total compliance of the kinematic chain.

The stiffness analysis is carried for RR configuration of the manipulator and extended for the other
legs. The study is done in comparison to the planar links. For planar links, the modeling is based on
2D approach, whereas for non-planar links the modeling is by a 3D approach.

1For a nth joint, n − 1th link denotes the associated kinematic chain.

https://doi.org/10.1017/S026357472000020X Published online by Cambridge University Press

https://doi.org/10.1017/S026357472000020X


94 Static characteristic analysis of spatial (non-planar) links

3.3.1. Stiffness model for RR configuration – first mechanical module (first joint and its previ-
ous link). Since the first joint is an active joint, the compliance for the joint CJ11 is taken as
diag(0, 0, S−1

11 ).
Considering the first link of leg 1

CC11 = TCL10 + CJ11 (7)

where CC11 denotes the cumulative compliance (first joint and zeroth transformed link)
The transformed compliance TCC11 × CC11 for this mechanical module (first joint and previous

link together) is computed using (4) and (6)

TCC11 =
[ B

Rij
B

Rij[ij
PT ]

0 B
Rij

]
× CC11 ×

[ B
Rij 0

B
Rij[ij

PT ] B
Rij

]
(8)

3.3.2. Second mechanical module (second joint and its previous first link). Links are assumed not to
be rigid, so compliance for the links is obtained by materials science – structural analysis approach.

A 3D spring model is assumed for the conventional and the modified design to incorporate all
deflections along and around X, Y and Z axes of the Cartesian space.

The compliance matrix is obtained by taking inverse of stiffness matrix in (3) (Section 3.2).

LC = (SM)
−1 (9)

The compliance matrix in (9) represents the local stiffness matrix. It has to be transformed globally
by rotational transformation as given below in (10). The method of rotation is shown in Fig. 7.

R1 =
⎡
⎢⎣

Cθ1 −Sθ1 0

Sθ1 Cθ1 0

0 0 1

⎤
⎥⎦ ×

⎡
⎢⎣

Cδ1 0 Sδ1

0 1 0

−Sδ1 0 Cδ1

⎤
⎥⎦ .

Rotation about Z axis Rotation about Y axis

(10)

For the conventional planar manipulator, δ1 is 0 (Fig. 7a).
The following (11) determines the transformed link compliance. Equations (9) and (10) are

substituted in (11)

TCL11 =
[

R1 0

0 R1

]
× LC ×

[
RT

1 0

0 RT
1

]
(11)

The total stiffness CC12 is the combination of second joint stiffness and first link stiffness. Since the
second joint is a passive joint, its compliance CJ12 is neglected. Thus,

CC12 = TCL11 + CJ12 (12)

Applying the previous method of transformation as in (8), TCC12
is obtained.

The same procedure is repeated for the third mechanical module (third joint and its second link)

CC12 = TCL11 + CJ12 (13)

TCC13 =
[

BRij
BRij[ijPT ]

0 1

]
CC13

[
BRij 0

BRij[ijPT ] 1

]
(14)

Adding (8), (12) and (14), the total compliance of R̄RR chain is given below.

C∑ = TCC11 + TCC12 + TCC13 (15)

Taking inverse of (15), the stiffness of R̄RR chain is obtained.

S∑ = C−1∑ (16)
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Fig. 7. (a) The active joint with first link (leg1) – conventional design; (b) the active joint with first link (leg 1)
– modified design.

Fig. 8. Free body diagram of a single leg forces and moments.

3.4. Static force analysis
Static forces are studied by considering the free body diagram of the leg. The first member is the
input link (proximal link); the second member as the coupler link (distal link). lpi/cosδ and ldi/cosδ
represent the proximal and distal link length for each leg i.

The joint torque τi provided to the input link of each leg i produces output forces fx, fy and fz and
moments mφx,mφy and mφz on the mobile platform. The forces (fi1,−fi1) generated by the motor
toque τi are the forces (fi2,−fi2) acting along the coupler link (Fig. 8). These forces in turn produce
the moment in the top platform.23 Hence, fi1 = fi2 = fi3.

The forces exerted along the distal link ldi on each leg i can be related to the output forces, acting
along the principal directions, as shown below:

n∑
i=1

l→di fi2
ldi

= [
fx fy fz

]T

1

ldi

⎡
⎢⎣

lxd1 lxd2 .... lxdn

lyd1 lyd2 .... lydn

lzd1 lzd2 .... lzdn

⎤
⎥⎦
⎡
⎢⎢⎢⎢⎢⎣

f12

f22

.

.

fn2

⎤
⎥⎥⎥⎥⎥⎦= [

fx fy fz
]T

(17)

where lxdi correspond to the ith leg distal link’s x coordinates.
Summing all the moments applied to the top platform:

n∑
i=1

→
ei × →

fi3
ldi

= [
mϕx mϕy mϕz

]T
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where �ei directed from Ci of leg i to the center of the platform. The magnitude is Rtop:

1

ldi

⎡
⎢⎣

e1ylzd1 e2ylzd2 .... enylzdn

−e1xlzd1 −e2xlzd2 .... −enxlzdn

e1xlyd1 − e1ylxd1 e2xlyd2 − e2ylxd2 .... enxlydn − enylxdn

⎤
⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

f12

f22

.

.

fn2

⎤
⎥⎥⎥⎥⎥⎥⎦

=
⎡
⎢⎣

mϕx

mϕy

mϕz

⎤
⎥⎦ (18)

Similarly, summing all the moments applied to the input link τi =
→
lpi ×

→
fi1

τi = fi2
ldi

[(
lypil

z
di − lzpil

y
di

)− (
lxpil

z
di − lzpil

x
di

)+ (
lxpil

y
di − lypil

x
di

)]
Rewriting the above equation

fi2 = ldiτi

Di

Where

Di =
[(

lypil
z
di − lzpil

y
di

)− (
lxpil

z
di − lzpil

x
di

)+ (
lxpil

y
di − lypildi

)]
(19)

The output forces and the moments can be combined by grouping (17) and (18) onto a single matrix
and substituted in (19) replacing the forces fi2. Then, the resulting matrix in (20) represents the
transformation of input torques to output forces.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fx

fy

fz

mϕx

mϕy

mϕz

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

lxd1
D1

lxd2
D2

....
lxdn
Dn

lyd1
D1

lyd2
D2

....
lydn
Dn

lzd1
D1

lzd2
D2

....
lzdn
Dn

e1ylzd1
D1

e2ylzd2
D2

....
enylzdn

Dn

−e1xlzd1
D1

−e2xlzd2
D2

....
−enxlzdn

Dn

e1xlyd1−e1ylxd1
D1

e2xlyd2−e2ylxd2
D2

....
enxlydn−enylxdn

Dn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

τ1

τ2

.

.

τn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(20)

4. Non-Planar Links in 3-R̄RR Parallel Manipulator
A planar symmetric 3-DOF parallel manipulator (3-R̄RR) is shown in Fig. 9. Rbase and Rtop define
the size of the fixed platform and mobile platform, respectively; lp1 and ld1 are the lengths of the
first and second links of the three legs, respectively. The link lengths are indeed the projected link
lengths and they are divided by cosδ to get the isometric link lengths. Due to symmetric condition,
for i = 1, 2, 3; lpi = lp; ldi = ld.

The output forces obtained in (20) provide the output transmission capability. Indeed, the parallel
manipulators also possess input transmission capability. Hence, an input transmission index (ITI) is
determined along with the output transmission index (OTI).

For an individual R̄RR leg consisting of three joints, the transmission wrench is a pure torque.
Thus, the ITI is obtained as the absolute of the sine of angle between the two Z planes,24 each plane
containing the input link and the coupler link, respectively.
Referring to Fig. 9, the

ITI = |sin (θ2)i| (21)

and the

OTI = |sin (θ3)i| (22)

A local transmission index (LTI) captures both the indices, by finding the minimum of the two
indices.
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Fig. 9. Top view schematic of 3-R̄RR manipulator at home position. It shows the manipulator parameters, such
as link lengths, top platform size and joint angle notations. The proximal link is denoted as lp and the distal link
as ld. denotes the angle of proximal link of leg i.

Fig. 10. Method of workspace determination.

4.1. Workspace of 3-R̄RR parallel manipulator
The workspace of the individual R̄RR leg i is represented by reachable circle whose radius is lp1 + ld1.
The center of each individual reachable circle is initially at the corresponding base platform coor-
dinates A1, A2, A3 (Fig. 9). For finding the mutual workspace of all the three legs, the individual
workspace of each leg is translated from their base platform to a vector vi of magnitude equivalent to
the radius of the mobile platform Rtop, along the direction of mobile platform orientation ϕ◦ (Fig. 10).

The void circle and the reachable circle (of leg 2) are shown as red dotted circles, before the
translation and black circles, after the translation by a magnitude Rtop. The reachable circles C1,C2

and C3 corresponding to each leg are translated, and the obtained mutual workspace is denoted as
M1,M2 and M3 in Fig. 11.

The mutual workspace area is approximated to be a circle of radius Rw, passing through the inter-
section points P1, P2 and P3 (Fig. 11). The intersection points are indeed the points of intersection of
the medians (of base triangle) with the individual reachable circles.
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Fig. 11. Mutual workspace area of 3-R̄RR manipulator.

Solving by geometrical method, the radius Rw of the workspace circle is obtained.

Rw = R2
d + (

lp + ld
)2 + 2 × Rd

(
lp + ld

)
cos

(
120 + sin−1

(
Rd sin

(
120 + tan−1 X

)
cos δ

))
(23)

where

Rd = R2
base + R2

top + 2 × Rbase Rtop cos φ

X = Rtop sin φ

Rbase − Rtop cos φ

lp = lp1 = lp2 = lp3; ld = ld1 = ld2 = ld3

4.2. Homogenous stiffness matrix of 3-R̄RR parallel manipulator
The stiffness matrix given by (16) is used for solving the stiffness of the manipulator and is expressed
as (24). The stiffness values have mixed dimensionality as shown below.

[
F

M

]
=
[

KTT KTR

KRT KRR

] [
UT

UR

]
(24)

where

F = [
fx fy fz

]T ; M = [
mϕx mϕy mϕz

]T ; UT = [
Ux Uy Uz

]T ; UR = [
Uϕx Uϕy Uϕz

]T

KTT is translational stiffness sub-matrix (N/m); KTR is coupling stiffness sub-matrix (N); KRR is
rotational stiffness sub-matrix (Nm).

For stiffness matrix index, either condition number or eigenvalues are computed. The eigenvalue
computation is meaningful only if the stiffness matrix has homogenous units.

The unit-inconsistent matrix in (24) is partitioned into homogeneous translational and rotational
components.25 This is done by mapping the deflections U = [UT UR]T to two dimensionless space
ψ = [ψT ψR]T and γ = [γT γR]T . This is possible by the eigen decomposition property, as given
below.

Consider an ellipsoid {UT |UT
T AUT = 1}. Since KT

TTKTT is a real symmetric matrix, matrix A in
the ellipsoid can be replaced by KT

TTKTT . By eigen decomposition, KT
TTKTT = Sd�ST

d where S is
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an orthogonal matrix with the eigenvectors of KT
TTKTT and the diagonal matrix � contains the

eigenvalues of KT
TTKTT .

Then, the ellipsoid equation can be rewritten as:

UT
T

(
Sd�ST

d

)
UT = (

ST
d UT

)T
�
(
ST

d UT
)=ψT

T�ψT (25)

where ψT = ST
d UT .

It simply means that ψT and UT shares the same eigenvalues and same axes for the ellipsoids.
However, the units are different. In general, U = Sψ where S = [Sd Sϕ] consists of orthogonal
matrices Sd and Sϕ , whose columns are eigenvectors of KT

TTKTT and KT
TRKTR, respectively. Similarly,

U = Tγ where Td and Tϕ constitute of eigenvectors of KT
RTKRT and KT

RRKRR, respectively.
Now, (24) can be decoupled to

F = [
KTTSd KTRSϕ

] [ψT

ψR

]
(26)

M = [
KRTTd KRRTϕ

] [γT

γR

]
(27)

[KTTSd KTRSϕ] = KST is a dimensionally homogeneous coefficient matrix of units N. Similarly,
[KRTTd KRRTϕ] = KSR is a dimensionally homogeneous coefficient matrix of units Nm. KSTKST

T
results in a 3 × 3 translational stiffness matrix, whose eigenvalues form an ellipse corresponding to
the translational portion of stiffness.

5. Design Optimization
From the above study, it can be understood that increasing the inclination angle improves the inertia
to bending and stiffness, but it affects either the moving mass of the manipulator or the workspace.
For example, inclination angle as high as 80◦ improves the inertia (Section 3.2), but the size of the
link (lp/ cos 80◦) increases by 600% compared to the conventional manipulator and hence the mass
of the manipulator rises. Hence, it will be of the readers’ interest to know the appropriate inclination
angle which does not compromise any feature of the manipulator.

Another parameter which is very influential in the parallel manipulator optimization is the orienta-
tion of the mobile platform. This parameter influences the LTI and the workspace of the manipulator.
The influence of this parameter is briefly discussed in this design optimization process.

5.1. Multi-Objective Design Optimization (MODO) using genetic algorithm
In general, for any application, desirable workspace without singularities becomes highest order of
importance among the objectives. Hence, the workspace is applied as a constraint. All the other
objectives are decided by the user according to his requirements. In this particular example, the
moving mass of the manipulator, LTI and the stiffness index are taken as objectives. They are assigned
as objectives to the MODO problem.

gamultiobj solver (a multi-objective optimization using genetic algorithm solver) of MATLAB
tool is used in this optimization problem.26

5.1.1. Design objectives and constraints for optimizing 3-R̄RR manipulator.

1. The moving mass of the manipulator = mass of six links + mass of the platform

MRRR = 3 × πR2
c

lp
cos δ

ϑ + 3 × πR2
c

ld
cos δ

ϑ + πR2
toptϑ (28)

where ϑ is the density of the material. For steel, the value is 7850 kg/m3 and for aluminum it is
2700 kg/m3; Rc is the radius of link’s circular cross section; Rtop is the radius of the top platform;
and t is the thickness of the top platform.
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Table II. Summary of modified expressions.

Parameter Expression

Moment of inertia of individual
link

IZ = π
R4

C
4

[(
1

cos δ

)+ (
1

cos δ

)3
]

Mass moment of inertia IZZ = MLR2
C

4

(
1

sin2 δ

)
+ MLL2

3

(
sin2 δ

)

The moving mass of 3-R̄RR
mechanism

MRRR = 3 × πR2
c

lp
cos δ ϑ + 3 × πR2

c
ld

cos δ ϑ + πR2
toptϑ

Workspace of 3-R̄RR mechanism R2
d + (

lp + ld
)2 + 2 × Rd

(
lp + ld

)
cos

(
120 + sin−1

(
Rd sin

(
120 + tan−1 X

)
cos δ

))

2. LTI is the minimum of the two indices namely ITI and OTI, obtained from (21)

LTI = min(ITI,OTI) (29)

3. The eigenvalues Ex, Ey and Ez are computed from the translational portion KSTKST
T obtained in

Section 4.2. Similarly, eigenvalues Eϕx, Eϕy and Eϕz are computed from the rotational portion
matrix KSRKST

R.

The stiffness index is given by

SI = min
(√

Ex,
√

Ey,
√

Ez,
√

Eϕx,
√

Eϕy,
√

Eϕz

)
(30)

The constraints are as follows:

1. The geometric constraint is

L + Rtop ≥ Rbase

2
(31)

where Rb is the radius of the base platform.
2. The workspace constraint is provided by (23). Since the order of the symmetry group of the

manipulator is 6, then the searching range for the orientation angle φ is reduced from 0 to 2π
6 .27, 28

5.2. Multi-objective optimization problem statement
The multi-objective design optimization problem of the model is reinstated as: To find the optimum
design variables X in order to minimize the moving mass of the mechanism and to maximize its
stiffness and LTI in XY plane subject to geometric, kinematic and workspace constraints.

Mathematically, the problem can be summarized as:
minimize f1(x)= MRRR

maximize f2(x)= LTI and SI

Over X = [lp ld Rtop δ ϕ] subject to g1 : L + Rtop ≥ Rbase
2

Xlb = [100 100 120 0 0]g2 : RW ≥ 80
Xub = [200 200 150 70 60]

The limits for the inclination angle is chosen between 0 and 70 because of the constraint discussed
in Section 3.2

6. Results and Analysis
Summary of all the static characteristic expressions discussed in Section 3 and Section 4 are tabulated
in Table II.
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Table III. The pareto front solutions for solution SET 1 of the variables (decision space).

Decision space (variables) Objectives

Link Link
length length Radius top Inclination Orientation Moving Smallest

proximal distal platform angle δ angle φ mass eigenvalue
Solution lp (mm) ld (mm) Rtop (mm) (degree) (degree) MRRR (kg) (N)

f 6 104 173 122 37 3 11.7 6.4 × 106

f 7 105 171 122 39 4 11.9 5.0 × 106

f 8 105 171 122 38 4 11.8 5.0 × 106

f 26 105 173 122 38 4 11.8 6.2 × 106

Fig. 12. Pareto front for the objectives – the moving mass and stiffness along Z axis.

The inclination angle influences the static characteristics which can be inferred by the presence
of cosδ term or sinδ term in these expressions in Table II. As discussed in Section 3.2, the inertia to
bending moment is significantly increased which favors the stiffness of the manipulator.

6.1. Optimization results
Two sets namely SET 1 and SET 2 are selected from the solutions of the multi-objective optimization,
as shown in Fig. 12.

The optimized variables and the corresponding function values (objective values) are listed in
Tables III and IV for the selected SET 1 and SET 2, respectively. The SET 1 is chosen to highlight
the low moving mass of the manipulator, whereas the SET 2 highlights the high stiffness value of the
manipulator.

The stiffness value for SET 2 is greater than SET 1 by 15 × 106 N due to the influence of the
inclination angle but with a compromise in the moving mass, a relatively higher ‘moving mass’
compared to SET 1.

The highlighting difference between the two tables is the inclination angle and the size of the
distal link. It can be inferred that the optimal inclination angle varies from 30◦ to 60◦.
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Table IV. The pareto front solutions for solution SET 2.

Decision space (variables) Objectives

Link Link
length length Radius top Inclination Orientation Moving Smallest

proximal distal platform angle δ angle φ mass eigenvalue
Solution lp (mm) ld (mm) Rtop (mm) (degree) (degree) MRRR (kg) (N)

f 10 104 158 124 61 6 14.8 2.0 × 107

f 11 105 158 124 61 5 14.8 1.8 × 107

f 12 105 158 123 61 6 14.8 1.2 × 107

f 19 105 158 124 58 6 14.2 1.3 × 107

Table V. Eigenvalues from the translation and rotational portion.

Inclination angle δ (degree)

Eigenvalue E δ = 0◦ δ = 35◦ δ = 70◦

Ex 0.013 × 108 0.027 × 108 0.452 × 108

Ey 0.023 × 108 0.033 × 108 0.547 × 108

Ez 0.229 × 108 0.310 × 108 2.784 × 108

Eφx 0.371 × 108 0.395 × 108 0.162 × 108

Eφy 1.002 × 108 0.890 × 108 0.227 × 108

Eφz 4.450 × 108 4.657 × 108 3.133 × 108

6.2. Stiffness results
The decoupled stiffness matrix as given in (26) and (27) of Section 4.2 is generated for one set of the
optimized parameters in Table IV. The eigenvalues for KSTKST

T (translational portion of stiffness)
and KSRKST

R (rotational portion of stiffness matrix) are displayed in Table V. In order to have a
comparison study, the eigenvalues are obtained for inclination angle (δ) ranging from 0◦ to 70◦

Comparing the eigenvalues above, it is deduced that the modified design (with large inclination
angle) yields translational stiffness values that are 10 times higher compared to the conventional
design. However, the modified design has marginally low rotational stiffness compared to the
conventional design.

The condition number for KSTKST
T is plotted against the inclination angle for the same set of

configuration.
From the Fig. 13, it can be noted that the condition number is low (close to 2) for an inclination

angle of 30◦–60◦ and this result is in coherence with the optimization result.
The smallest eigenvalue is plotted for the entire workspace. The minimum value and the maximum

value (of the smallest eigenvalue) over the entire workspace are indicated in Fig. 14. The increase
in the minimum as well as the maximum value for the modified 3-R̄RR version is very promising in
comparison with the conventional manipulator.

The minimum value for the modified 3-R̄RR version is 6.6134 × 105 N, which is six times higher
compared to the conventional manipulator’s minimum value 1.1051 × 105 N. Similarly, the max-
imum value for the modified 3-R̄RR version is 3.3 times higher compared to the conventional
manipulator.

6.3. Application of non-planar (spatial) links
Generally, planar mechanisms find their applications in machining applications. With the non-planar
links, the payload limitation can be overcome. As it improves the translational stiffness, it is highly
applicable to simulations involving translational motions. For example, one such application is the
6-DOF shake table (Fig. 15) developed by the authors because the earthquake motion predominantly
involves translation motion.
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Fig. 13. Condition number of translational stiffness portion.

Fig. 14. Smallest eigenvalue map in XY plane for (a) conventional 3-R̄RR manipulator and (b) modified 3-R̄RR
manipulator.
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Fig. 15. A 6-DOF shake table based on three-legged RPRS topology.

7. Conclusion
In this paper, non-planar links are proposed for a class of planar parallel manipulators by which the
distance between the mobile platform and base platform is raised. NPLA is implemented with the
expectation of increasing the payload capacity and decreasing the cantilever nature of the links. This
is supported by the improvement in the static characteristics behavior of non-planar links.

The following specific conclusions can be drawn:

1. The formulated inertia tensor for the modified links substantiates the improvement of stiffness of
the modified links of legs.

2. Results show that the translational portion of stiffness matrix is 10 times higher compared to the
conventional planar parallel manipulator.

3. The stiffness matrix is well conditioned for an inclination (δ) between 30◦ and 60◦.
4. With the rise in inclination angle, there is a marginal decline in rotational stiffness and rise in

moving mass of the manipulator.

An optimal inclination angle δ was determined which maximizes the LTI index, stiffness and
minimizes the moving mass of the manipulator while fulfilling the workspace area requirement.
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Appendix: Symbols and Notations
.

δ Inclination angle

θ11 Angle made by lp1 with the horizontal

θ21 Angle made by ld1 with the proximal link of leg 1

TCLij
Transformed link compliance for link j of leg i

CJij Ioint compliance for joint j of leg i

CCij Cumulative compliance (joint j and j−1 link together)

TCCij
Transformed cumulative compliance for joint j of leg i

Ci The total compliance of leg i (all the links and joints together)

C21, S21 cos(θ2), sin(θ2) of leg 1

C2−11, S2−11 cos(θ2 − θ1), sin(θ2 − θ1) of leg 1

E Youngs modulus of the material
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.

Ex, Ey, Ez Eigenvalues of the translational portion of stiffness matrix

fi2 Static force acting along the coupler link of leg i. Coupler link is the second link

fx Static force at the end effector along the X axis

F Force vector acting at the end effector

G Coulomb modulus of the material

IyIz Second moments of the link

J3R Jacobian of 3-R̄RR parallel manipulator

L Original/isometric length of link

l1i or lpi Proximal link to motor with length L1 of leg i

l2i or ldi Distal link to motor with length L2 of leg i

lxpi, lypi, lzpi Length of proximal link in X, Y and Z direction, respectively

lxdi, lydi, lzdi Length of distal link in X, Y and Z direction, respectively

MRRR The moving mass of the manipulator

mφx,mφy,mφz Moments applied to the mobile platform about X, Y and Z axes

Rc Radius of links cross section

Rtop Radius of the circle which circumscribes the triangular mobile platform

Rbase Radius of the circle which circumscribes the triangular base platform
i(j−1)Rij Rotational transformation between link (j − 1) and j link of leg i

Ux,Uy,Uz The displacements along X, Y and Z axes, respectively
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