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Abstract Let §f>(2n) be the metaplectic covering of Sp(2n) over a local field of characteristic zero. The
core of the theory of endoscopy for é\f)(Zn) is the geometric transfer of orbital integrals to its elliptic
endoscopic groups. The dual of this map, called the spectral transfer, is expected to yield endoscopic
character relations which should reveal the internal structure of L-packets. As a first step, we characterize
the image of the collective geometric transfer in the non-archimedean case, then reduce the spectral
transfer to the case of cuspidal test functions by using a simple stable trace formula. In the archimedean
case, we establish the character relations and determine the spectral transfer factors by rephrasing the
works by Adams and Renard.
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1. Introduction

Our aim is to initiate the study of local spectral transfer for Weil’s metaplectic covering
Sp(W) — Sp(W) over a local field F of characteristic zero. To begin with, let us explain
the ideas by reviewing the case of reductive groups.

Review of the reductive case Under simplifying assumptions, the theory of
endoscopy for a connected reductive F-group G provides a collective transfer map

T 1(6) — @ SIGH
G'eEen(G)
Je — fg = (f!)G’egen(G)
where

e 7(G) stands for the space of strongly regular semisimple orbital integrals on G, viewed
as functions on the set I'yeg(G) of strongly regular semisimple conjugacy classes;
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o £1(G) is the set of equivalence classes of elliptic endoscopic data (G', G, s, é ) for G
with G' being the corresponding endoscopic group of G, and we often identify such a
datum with G' by abusing notations;

e ST(G") stands for the space of stable strongly regular semisimple orbital integrals on
G', viewed as functions on the stable avatar Areg(G!) of Freg(G!).

For every endoscopic datum there are: (i) a correspondence between I'teg(G) and
Areg(G!), conveniently denoted as y <> §; (ii) a notion of compatible Haar measures
for comparing the orbital integrals along § and the stable orbital integrals along y, for
various y <> §; (iii) a transfer factor A(y,3d) for (y,8) € Areg(G!) X I'reg(G) satisfying
y <> §; the choice is unique up to C*. The transfer map T¢ is characterized by requiring
that for every fg € Z(G), the component f' e SZ(G') of fg satisfies

ffoy="Y Aw.8fcO)
8€lteg(G)
y <8
for y € Areg(G!) in general position, called the G-regular ones; here we use compatible
Haar measures to define f(8) and f'(y). For this reason T¢ is deemed the geometric
transfer, or the collective geometric transfer since we considered all G' at once. Here we
omit some subtleties such as z-extensions.

This theory is invented by Langlands and his collaborators in order to stabilize the
Arthur-Selberg trace formula; we refer to [17] for a detailed survey. The bottleneck turns
out to be the existence of transfer, the so-called Fundamental Lemma in the unramified
case and its weighted version, which are established in a series of works by Waldspurger,
B. C. Ngb, Chaudouard and Laumon. By dualizing fg — f', we may transfer stable
distributions on G'(F) (i.e. elements of ST(G')Y) to invariant distributions on G (F), for
various G'. This is expected to yield endoscopic local character relations. Granting the
local Langlands conjecture, the tempered stable characters of G' should be mapped to
certain virtual tempered characters on G whose coefficients should be explicitly given in
terms of the internal structure of the L-packets on G — whence the name ‘endoscopy’.
These issues are discussed in depth in Arthur’s articles [3, 6].

The local Langlands correspondence and the endoscopic spectral transfers have been
settled in [10] for many classical groups, including the split SO(2n + 1) that we need. A
general treatment on the spectral transfer for real groups can be found in [42, 43].

Metaplectic coverings As is well known, certain coverings of connected reductive
groups play a prominent réle in the study of automorphic representations and arithmetic.
Let F be local as before and fix an additive character i of F. Our basic example is Weil’s
metaplectic covering of G = Sp(W), where (W, (-|-)) is a symplectic F-vector space of
dimension 2n. It is a central extension

1> pg— G GEF) -1,
pg ={zeC*:8=1)

of locally compact groups. It is customary to use p, = {1} instead, but the enlarged
version (obtained by push-forward via p, < pg) is preferred in this article. Its global
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avatar is crucial in understanding the Siegel modular forms of half-integral weights. In a

harmonic analyst’s eyes, the upshot is to investigate

e the irreducible admissible representations 7 of G which are genuine, meaning that
w(e) =€-id for all € € pg;

e the anti-genuine test functions f on G, meaning that f(eX) = e~! f(%);

e the orbital integrals of anti-genuine test functions.

Furthermore, we have to consider the inverse images under p of Levi subgroups of G(F)
as well, hereafter called Levi subgroups of G. Thanks to the choice of eightfold coverings,
they take the form M = [Tic; GL(n;) x §f)(Wb) with 2, n; +dimp W" = dimp W, called
the coverings of metaplectic type. For the rudiments of harmonic analysis on general
coverings, see [31].

Our long-term goal is to bring G into Langlands’ formalism. The first requirement
seems to be a reasonable theory of endoscopy for G, together with transfer, fundamental
lemma and a partial stabilization of the trace formula as a reality check. Based upon prior
works by Adams and Renard in the case F = R, such a theory has been proposed in [30].
Roughly speaking, folk wisdom suggests a close relation between G and the split SO(2n +
1), as exemplified by the 6-correspondence for the dual pair (O(V, q), Sp(W)) with (V, q)
being a (2n + 1)-dimensional quadratic F-space. Accordingly, one may imagine that the
dual group of G ‘is’ Sp(2n, C). These definitions have evident generalizations to coverings
of metaplectic type. The precise formalism will be reviewed in §3.3.

For the impatient reader, the recipe is simply to replace G by G (passage to coverings)
and Z(G) by Z--(G) (passage to anti-genuine orbital integrals) in all the foregoing
discussions. The elliptic endoscopic data are in bijection with pairs (n’, n”) € Zéo with
n' +n" =n, with G' = SO@2n’ + 1) x SO2n” +1). The transfer of orbital integrals and
the fundamental lemma still hold true in this setup. The stabilization of the elliptic
terms of the Arthur—Selberg trace formula is established in [36], which in turn relies on
the invariant trace formula established in [35] for a more general class of coverings.

Main ingredients The next stage is to undertake the spectral transfer for G. We shall
take our lead from [6]. The first step is to set up the spectral parameters and regard
fer f ¢ as functions on the relevant spaces. On the endoscopic side, we form the space

of endoscopic spectral parameters Tefl(é) by taking the disjoint union of discrete series
L-parameters of each G'. Doing the same construction for every Levi subgroup M, we

define
T5G) = || t§00/wé M)
M /conj

where WO (M) = Ng(M)(F)/M(F). As to the side of G, a reasonable choice is to take the
genuine tempered spectrum IMtemp,—(G). However, Arthur’s formalism in [4] is to work
with a space

TG = || Ten—m)/wém)
M /conj
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of virtual genuine tempered characters of G derived from Knapp-Stein theory, that
is better-suited for the study of orthogonality questions; cf. [31, §5.4] for the case of
coverings. Note that there are parallel constructions for the geometric parameters, i.e.
conjugacy and stable conjugacy classes.

To begin with, assume F' is non-archimedean. Let 7¢(G) stand for the image of TE. By
the trace Paley—Wiener theorem, elements in Z--(G) (resp. I‘g(é)) may be regarded as
certain C-valued functions on 7_(G) (resp. TS(G)); these spaces of functions are called
Paley—Wiener spaces. The desideratum is an equality of the form

=Y A¢.Dfe(0), ¢eTG) (1)

1eT_(G)

for suitably spectral transfer factors A(¢, t), where f‘S = Tg(fé) € 7°(G). This is our
Main Theorem 6.3.1, reinterpreted as in Remark 6.3.2. The approach in [5] may be
rephrased as follows.

1. Anelement fg € Z-- (G) is called cuspidal if it vanishes off the elliptic locus. There is
a similar notion on the endoscopic side, and geometric transfer preserves cuspidality.

2. Characterize the image of 7 -- (G) under T¢ ; this is a technical tour de force.
cusp

3. It is straightforward to obtain (1) for cuspidal fg and spectral parameters (¢, ) €
Te“il(é) X TelL_(G)7 with uniquely determined spectral transfer factors A(¢, t). The
upshot is to extend (1) to all f; the case of non-elliptic (¢, ) will then follow by
the compatibility of geometric transfer with parabolic induction, together with
recurrence on dimg W. As a consequence, we can also characterize the full image
Z8(G) of T¢ (Corollary 6.3.3).

In the last step we invoke a local-global argument based on the simple stable trace
formula for G in [36]. Equation (1) may also be seen as a description of the image of ¢
(as a linear functional on Z€(G)) under the dual of 7¢. This is what we mean by local
character relations.

In this Introduction, we cannot explain in depth the basic ideas of proof, or even the
relevant definitions. Nonetheless, we point out below a few differences between the present
work and Arthur’s.

1. For the covering G, the geometric transfer 7¢, fundamental lemma and the simple
stable trace formula are surely highly non-trivial. Fortunately, they are already
dealt with in [30, 36].

2. To characterize the geometric transfer of cuspidal genuine orbital integrals, we
proceed as in [6] via Harish-Chandra’s technique of descent. For G this is the
technical core of [30], and eventually we are reduced to a similar characterization
of the images of
e standard endoscopic transfer for classical groups,

e non-standard endoscopic transfer for the datum (Spin(2n + 1), Sp(2n), ...),

both on the level of Lie algebras. For the first case, we may reuse Arthur’s results in
[6] with minor improvements. The second case is even simpler, since non-standard
endoscopic transfer is bijective by its very definition; cf. the proof of Theorem 5.3.1.
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3. Recall that the spectral parameters in T€(G) are built as a disjoint union over
conjugacy classes of Levi subgroups of G: they are essentially the discrete series
L-parameters of elliptic endoscoplc groups M' of M. But one can also go the other
way around: consider M' as a Levi subgroup of some elliptic endoscopic group G
of G. The situation is conveniently represented by

Such endoscopic data G' together with embeddings M' < G' (up to conjugacy) can
be parametrized by a finite set £, (G) # @; we write G' = G[s] if it is parametrized
by s €& M 1(G). In contrast with the case of reductive groups, passing from the route
M'-=> M --> G to M' --> G' --5 G introduces a twist by some z[s] € Z,;(F) in
geometric transfer (Lemma 3.3.13).

This phenomenon is inherent in the endoscopy for G since the correspondence of
conjugacy classes has a twist by —1. We have to take care of these subtle twists
throughout this article. Note that z[s] are essentially certain sign factors; their effect
might be compared with the central signs in Waldspurger’s work [48] for n = 1.

4. The local-global argument is more delicate for coverings. One potential problem is
that on an adélic covering G — G(A), it is not so straightforward to extract the

local component py of a rational element y € G(F) — G, where V is a sufficiently
large set of places. Moreover, a priori it is unclear if two conjugate elements in G(F)
have conjugate local components, whenever the latter make sense. The question has
been studied in [34] for general coverings; here we need some input from the Weil
representation of G; cf. the proof of Proposition 8.4.2.

One obvious defect is that we have no formula for A(¢, 7). Hopefully this will be treated
in a sequel to this article. New techniques will be needed.

The archimedean case The case F =R has been considered by Adams [1] for the
principal endoscopic datum (n, 0), and Renard [38, 39] in a somewhat different framework.
In this article, we rephrase their results and establish the spectral transfer as identities

or= Y  Ag.mfsm), ¢eTG) (2)

7 e€lltemp,— (G)

for certain spectral transfer factors A(¢,m); cf. (1). A striking result (Theorem 7.4.2)
is that for discrete series L-parameters ¢, the factor A(¢,m) are certain natural
generalizations of the central signs in Waldspurger’s work [48] for the case n = 1.
Following Shelstad’s approach [42], we define the adjoint spectral transfer factors
A(m, ¢) and establish the relevant inversion formulas (Theorem 7.5.3 and Corollary 7.5.4)
for ¢ € Tg(é) and 7 € HZT,_(é), where HZT’_(G) is an explicitly defined set of genuine
limits of discrete series; the awkward notation means ‘lifted from IT,(G")’ for some elliptic
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endoscopic group G'. This is surely just the first step. A simple yet important observation
is that inversion can be achieved without the K-group machinery in [42].

Layout of this article In §2, we summarize the basic properties of the eightfold local
metaplectic coverings p : §f)(W) — Sp(W) as well as the coverings of metaplectic types.
The unramified and adélic settings are also briefly reviewed. Endoscopy for §f)(W) is
reviewed in § 3. These results are all contained in the prior works [30-32, 36], albeit in
French.

In §4 we collect Arthur’s basic results in [10] on the local Langlands correspondence
for SO(2n + 1), as well as a discussion on the archimedean cases.

An in-depth study of geometric transfer is undertaken in § 5. We introduce the collective
geometric transfer 7¢ and the key notion of adjoint transfer, due to Kottwitz. Then
we establish the key Theorem 5.3.1 that T¢ restricts to an isometric isomorphism
T -- (G) = D Slcusp(G!) for non-archimedean F.

cusp
The non-archimedean spectral transfer is discussed in § 6; some of the formalisms are

also used later in the archimedean case. The Main Theorem 6.3.1 and its equivalent
forms are stated. In § 7, the results by Adams and Renard for F = R are rephrased in our
formalism. The local character relations are explicitly written down. A short discussion
for the case F = C is also included.

The proof of Theorem 6.3.1 occupies §8, in which the necessary stable simple trace
formula and reduction steps are set up.

Conventions

Generalities Set S! := {z € C* : |z] = 1}. For every m € Z>| we set
R, ={zeC*:7" =1}

The group of permutations on a set I is denoted by &(7).

The dual space of a vector space E will be denoted by EV unless otherwise specified;
Sym E stands for the symmetric algebra of E. The complexification of an R-vector space
E is denoted by Ec. The trace of an endomorphism A : E — E of trace class is denoted
by trA.

Fields Let F be a local field. Fix a separable closure F of F and define
e 'z := Gal(F/F): the absolute Galois group;
e Wr: the Weil group of F;
e the Weil-Deligne group is WDr := Wg x SU(2) when F is non-archimedean, otherwise
WDF = WF;
e |- |: the normalized absolute value on F'.
For non-archimedean F, we denote by o the ring of integers, and pr C o the maximal
ideal. Write gr := |oF/pF|.
For a global field F we still have I'r and Wr. The completion at a place v is denoted
by Fp, with ring of integers 0, and maximal ideal p,. We denote by A := A = ]_[/UFU
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the ring of adeles of F. For any finite set V of place of F, we write Fy =[],y Fv and
FV = H/u¢vF v
In any case, the Galois cohomology over F is denoted by H®(F, -); the relevant groups

of cocycles and coboundaries are denoted as Z°®(---) and B®(---), respectively.

veV

Groups Let k be a commutative ring with 1. For any k-scheme X and a k-algebra
A, we denote by X(A) the set of A-points of X. For a ring extension k’ D k we write
Xy := X x k' for the base change. Now take k = F to be a field and assume X is a group
variety. The identity connected component of X will be denoted by X°. If F is endowed
with a topology, we topologize X (F) accordingly.

Specialize now to the case of F-group varieties, or simply the F-groups. Let G be an
F-group. We write g := Lie(G). When F is algebraically closed, G will be systematically
identified with G(F). Centralizers (resp. normalizers) in G are denoted by Zg(-) (resp.
Ng(+)); denote by Zg the center of G. These notations also pertain to abstract groups.

The symbol Ad(---) denotes the adjoint action of a group on itself, namely Ad(x) :
g+ gxg~'. An F-group G also acts on its Lie algebra by the adjoint action, written as
X > gXg~!; on the other hand, for every X € g we have ad(X) : Y — [X,Y], Y € g.

Hereafter G is assumed to be connected and reductive. The derived subgroup (resp.
adjoint group) of G is written as Gger (resp. Gap := G/Zg). For § € G(F), we set
G® :=Zg(6) and Gs := Z5(8)°. A maximal F-torus T in G is called elliptic if T/Zg
is anisotropic. The set of semisimple elements of G(F) is denoted by G(F)ss. An element
8 € G(F)gs is called strongly regqular if G® = G; is a torus; note that strong regularity
is equivalent to the usual regularity when Gge, is simply connected. The Zariski open
dense subset of strongly regular elements in G is denoted by Gyeg. More generally, for
any subvariety U C G we denote

Ureg := U N Gyeg.

An element § € Greg(F) is called elliptic if G is an elliptic maximal F-torus.

The general notion of stable conjugacy in G(F) can be found in [25, § 3]; in this article
the following special cases will suffice. Let x, y € G(F) be semisimple. If Gyer is simply
connected or if x, y are strongly regular, then x and y are stably conjugate if and only if
they are conjugate in G(F), where F is an algebraic closure of F.

Define the spaces

I'ss(G) := {semisimple conjugacy classes in G(F)},
Ass(G) = {semisimple stable conjugacy classes in G(F)}.

These notations have self-evident variants such as TI'reg(G), Tregell(G), Areg(G),
Aveg el (G), ete. If M is a Levi subgroup of G, an element of M(F) is called G-strongly
regular if it becomes strongly regular in G; define 'G.peg(M) and Ag_reg(M), etc.,
accordingly.

Note that the ‘stable’ notions will mainly be applied to quasisplit groups.

Call two maximal F-tori T1, T> of G stably conjugate if there exists g € G(F) such that

o 8Ty g =Ty f,
e g '1(g) € T (F) for every T € I'f.
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In this case Ad(g) defines an isomorphism T} = T, of F-tori, and vice versa. If 81,6, €
Greg(F), T; :== Gs; and g € G(F) realizes a stable conjugation gtSlg_1 = &2, then g realizes
a stable conjugation Ad(g) : T} S T, between maximal F-tori.

Using the adjoint action of G on g, we define I'veg c11(9), Areg,ell (9), etc.; for X € g(F)
we write GX := Zg(X), Gx := Zg(X)".

The Langlands dual group of G is defined over C; the relevant definitions will be
reviewed in §4.1.

Classical groups The general linear group on a finite-dimensional F-vector space V is
written as GL(V), or simply as GL(n) if dimg V = n.

Assume the field F to be of characteristic # 2. In this article, the notation SO2n + 1)
always means a split special orthogonal group associated to a quadratic form on an
F-vector space V of dimension 2n + 1. We give a precise recipe below: take V with basis
€_pn,...,e_1,€u,€l,...,e,, with the quadratic form g : V x V — F given by

qleile—;):=38;j, —n<i, j<n.

Here §; ; is Kronecker’s delta. Similar conventions pertain to Spin(2n + 1).
The symplectic group associated to a symplectic F-vector space (W, (-|-)) is denoted
by Sp(W), or sometimes by Sp(2n) if dimg W = 2n. It will be reviewed in detail in §2.1.
Unless otherwise specified, we shall identify all these F-group schemes with their groups
of F-points, to save clutter.

Combinatorics As usual, G denotes a connected reductive F-group. For a Levi
subgroup M of G, define the following finite sets

e P(M): the set of parabolic subgroups of G with Levi component M;
e L(M): the set of Levi subgroups of G containing M;
o W(M) := Ng(M)(F)/M(F), a finite group.
The Levi decomposition is written as P = MU, where U denotes the unipotent radical of
P. When the réle of G is to be emphasized, we shall write P (M), LY (M) and WE (M)
instead. For a minimal Levi subgroup M = My, we use the shorthand WOG = WS (My).
Assume F to be of characteristic zero and fix a maximal F-torus T C G. The associated
set of absolute roots is denoted by X (G, T); and the absolute coroots by X(G, T)\Ig; the
root—coroot correspondence is written as a <> a¥. There are at least three types of Weyl
groups that we need.
1. The relative Weyl group W(G, T) := Ng(T)(F)/T(F).

2. The group W(G, T)(F) := (Ng(T)/Zg(T)) (F); here we regard Ng(T)/Zg(T) as
an F-group scheme. By Galois descent we have

W(G, T)(F) = {g € Ng(T)(F) : VT € Tr, g '2() e T(O)}/T(F).  (3)

3. The absolute Weyl group W(G, T)(F):= W(Gz, Tz) = (NG(T)/Zg(T)) (F), or
equivalently Ng(T)(F)/T(F).
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Note that W(G, T)(F) D W(G, T)(F) D W(G, T). Galois descent gives
W(G, T)(F) = {w e W(Gg, Tg) : Ad(w) : Tz — Tj is defined over F}.
For an F-torus T, we write X*(T) := Homp_grp (T, Gm) and X (T) :=Homp_grp(Gm, T);
note that I'r acts on X*(T7) and X.(Tz).
In a similar manner, define X*(G) := Hompg_gr, (G, Gry) and set ag := Hom(X*(G), R).

For every M as above, there is a canonically split short exact sequence of finite-
dimensional R-vector spaces

0—>ac;—>aM‘:>a1?,,—>O.
Their dual spaces are denoted by ag, etc. When F is local, the Harish-Chandra

homomorphism Hg : G(F) — ag is the homomorphism characterized by

(x, Hg(x)) =log|x()|r, x € X*(G).

Representations The representations under consideration are all over C-vector spaces.
Let G be a connected reductive F-group where F is a local field. The representations of
G (F) are supposed to be smooth, admissible etc., which will be clear according to the
context. Define

o I1(G): the set of equivalence classes of representations of G(F);

o I1,1it(G): the subset of unitarizable representations;

o [temp(G): the subset of tempered representations;

® 15 temp(G): the subset of unitarizable representations which are square-integrable
modulo the center, i.e. the discrete series representations.
These notions have obvious variants for finite coverings G of G(F). The appropriate object
turns out to be the set of genuine representations I1_(G); see § 2.1. For an abstract group
S, the notation IT(S) will also be used to denote its set of irreducible representations,
taken up to equivalence.
For A € a*G,(C and 7 € I1(G), we define m), € T1(G) by

m, =M @y, (4)

Note that w4, = (1), When restricted to A € iaf;, this operation preserves IMemp(G)
and HZ,temp(G)-

Consider a parabolic subgroup P = MU of G. The modulus character §p : P(F) — R
is specified by

(left Haar measure) = §p - (right Haar measure).

The normalized parabolic induction functor from P to G is denoted by 11(3; ()=
Indg (3110/2 ® -), often abbreviated as Ip(-).

2. Review of the metaplectic covering

We shall review the materials in [30] concerning the eightfold metaplectic covering
p : Sp(W) — Sp(W) attached to a symplectic vector space W. The usual twofold version
gf)(z)(W) — Sp(W) will be reviewed in Remark 2.2.1.
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2.1. The central extension

Weil’s metaplectic covering Let F be a field of characteristic # 2. By a symplectic
F -vector space, we mean a pair (W, (-|-)) where W is a finite-dimensional F-vector space,
and (-|-) : W x W — F is a non-degenerate alternating bilinear form. A maximal totally
isotropic subspace (i.e. on which (-|-) is identically zero) of W is called a Lagrangian,
usually denoted by £. Define

Sp(W) :={g € GL(W) : Vx,y e W, (gx|gy) = (x|y)}.

This actually defines a semisimple F-group.

Assume henceforth that F' is a local field of characteristic zero, so that Sp(W) becomes
a locally compact group. Fix a non-trivial additive character ¢ : F — S!. In this article,
Weil’s metaplectic covering is a central extension

1 — g — Sp(W) B Sp(W) — 1 (5)
of locally compact groups. This covering is non-linear, i.e. does not come from a central
extension of F-groups, unless F = C. We identify pg as a subgroup of Sp(W).

Since the symplectic F-vector spaces are classified up to isomorphism by their

dimension, say dimg W = 2n, we occasionally write Sp(2n), gf)(Zn) instead. If W =
Wi & W, as symplectic F-vector spaces, there is then a canonical homomorphism

j + Sp(W1) x Sp(W2) — Sp(W)
such that
o ker(j) = {(e,e7!) 1 e € pg},
e j covers the natural embedding Sp(W;) x Sp(W;) — Sp(W).

Covering groups in general Consider a connected reductive F-group G together with
a central extension of locally compact groups

1—w, >G> GF) 1 (6)

where m € Z>1. These data form a covering group, and there is an evident notion of
isomorphisms between coverings. By parabolic (resp. Levi) subgroups of G we mean the
inverse images of parabolic (resp. Levi) subgroups of G(F).

The objects living on G will be systematically decorated with a ~, such as ¥ € G; we
also write x := p(x) in that case. If E is a subset of G(F), we denote E:= p (E). We
say that an element of G is semisimple, regular, etc., if its image in G(F) is. Note that
G(F) acts on G by conjugation: we denote this action by & — gig™!, for all g € G(F).
e The notions of CZ° functions, orbital integrals, smooth and admissible representations,

etc., make sense on G; see [31]. Note that when F is archimedean, G is a group

in Harish-Chandra class; our notions of parabolic and Levi subgroups of G are also
consistent with the usual ones.

e A function f : G — C, or more generally f : E — C where E is a subset of G(F), is
called anti-genuine if

Veen,., f)=¢c'f(.
It is called genuine if we require f(e-) = €f(-) instead.
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e A representation (i, V) of G is called genuine if
Veen,, =n(E)=c¢-id.

It is called anti-genuine if we require 7 (g) = ¢! -id instead.

e A distribution D (regarded as a linear functional C, f"(é) — () is called genuine if for
all f e C°(G), we have

Ve e n,, D(f%)=e-D(f),

where f8(-) := f(e~"). It is called anti-genuine if we require D(f®) = e~ ! D(f) instead.

e We use the subscript — (resp. --) to denote the genuine (resp. anti-genuine) objects.
For example, C2* _(G) denotes the space of anti- genuine CZ° functions on G, whereas
_(G) denotes the space of irreducible admissible representations of G, up to
equivalence.

° Note that a genuine distribution D is completely determined by its restriction on
Co % _(G). The character O D f e tr(a(f)) of m e TI- (G) is a genuine distribution, as
expected.

e The character ©, is actually locally L' and smooth on éreg; for non-archimedean
F, we have local character expansions around each semisimple element in terms of
Fourier transforms of unipotent orbital integrals. This is Harish-Chandra’s celebrated
regularity theorem for characters, at least when F is archimedean or when G = G(F).
For non-archimedean F, the corresponding result for coverings is proved in [31,
Théoréme 4.3.2].

In broad terms, the study of harmonic analysis on G is the study of its genuine
representations.

Denote by Freg(é) (resp. Tey, reg(CN?)) the spaces of strongly regular (resp. strongly
regular and elliptic) semisimple classes in G. They are equipped with natural maps
Freg(é) —» I'reg(G), whose fibers are acted upon by w,,; thus there is an evident notion
of genuine/anti-genuine functions Freg(é) — C.

Finally, suppose that a Haar measure on G(F) is chosen. Define the Haar measure on
G by requiring that

mes(E) = mes(E) (7)

for every measurable subset E of G(F). Consequently, for every function ¢ : G — C which
factors through G(F), we have fé ¢ = fG(F) ¢ whenever it is integrable.

2.2. The Weil representation and its character

For a chosen ¢, the covering group §f)(W) carries a special genuine representation
(wy, Sy ), called the Weil representation or the oscillator representation. It admits various
realizations, such as the Schrodinger model, lattice model, mixed model, etc. We refer to
[37] for details. We fix a Haar measure on Sp(W), hence a Haar measure on SY)(W) by
the recipe (7).
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The representation wy decomposes canonically into
Wy = a)g Doy,

called the even and odd parts of wy, respectively. Each piece is an irreducible admissible
unitarizable representation of Sp(W). It follows that the character

OF : f i tr (w;;(f))
as a genuine distribution on S\f)(W)7 is locally L' and smooth on %(W)reg. So is Oy =

e, +6,.
In fact, ®y is smooth on the larger dense open subset

Sp(W)T := {% € Sp(W) : det(x — 1|W) # 0}

This result is originally due to Maktouf, who gave an elegant formula for ®y over é\f)(W)%.
The reader may consult [30, §4.1] for a summary.

Remark 2.2.1. In the literature, the metaplectic covering is often a central extension of
the form

1= wy > SpP W) - Sp(w) — 1,

and our extension can be described as
Sp(w) = (,LS x SBQ)) /(:I:s,i) ~ (e, +7),

that is, the push-forward of central extensions via w, < pg.
. . . . . a2 .
There is no difference between genuine and anti-genuine on Sp( )(W). The genuine

representations (resp. anti-genuine functions) on é\f)(W) and §f)(2)(W) are in natural
bijection, in view of the push-forward construction above.

Working with pg offers more flexibility. Below is a crucial instance.

Definition 2.2.2. There exists a canonical element in p~!(—1), denoted by the same
symbol —1, which satisfies

wi(—l) = +id;
consequently, if we write —x = (—1)x then
(©F —©,)(=%) = (O +0,)(®), ¥ € Sp(W)reg.

This property characterizes —1 € §f)(W) as a)f; is genuine. It also follows that —1 is of

order two. Such a choice is not always possible inside §f)(2)(W); see [30, Définition 2.8].

In view of its genuineness, the character ®y will often be used to pin down elements
in the fibers of p : §f)(W) — Sp(W), such as in the discussions on splittings (see §2.3) or
in the proof of Proposition 8.4.2.
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2.3. Splittings and coverings of metaplectic type

Various splittings Let p: G — G(F) be a general covering as in § 2.1. To do harmonic
analysis on G, one has to specify splittings of the central extension over various subgroups.

1. Let P = MU be a parabolic subgroup of G. There is a canonical section
s:UWF)—>U

of p (see [37, Appendice 1] or [34, §2.2]). It is equivariant under P (F)-conjugation.
Hence we may write P = MU and define the parabolic induction functor Ig(-) for
coverings.

2. Specialize now to the metaplectic covering G = §f)(W) LY Sp(W) = G(F) (fix ).
For a Lagrangian £ C W, its stabilizer P = Stabgpw)(€) is a parabolic subgroup
of G; such subgroups are called Siegel parabolics. Thanks to our choice of g, the
Schrodinger model for the Weil representation furnishes a section

o¢: P(F)—> P

of p. It agrees with s on the unipotent radical. Moreover, oy(—1) sends —1 € GL(¢)
to the element —1 € G of Definition 2.2.2. See [30, Proposition 2.7].

Let ¢/ be another Lagrangian such that W = £@® ¢/, which always exists. Denote
the corresponding stabilizer by P’. Then

M := PN P =~ GL(®¢) (canonically),

is a common Levi component of P and P’. It turns out that (o¢)|m(r) is independent
of the choice of £, ¢’ [30, Remarque 4.8]. More generally, the Levi subgroups of G
arise from data
&, L)ier, W
where
(i) I is a finite set,
(ii) for eachi € I, (¢! @ ¢;, (-|-)) is a symplectic F-vector space for which £, ¢; are
Lagrangians,
(iii) (Wb, (-]-)) is a symplectic F-vector space,
(iv) we require that W = @iel(ﬁi ®L)®W" as symplectic F-vector spaces
(orthogonal direct sum).

The Levi subgroup is then given by M = [];.; GL(¢;) x Sp(WP) < G. We often
forget the Lagrangians and write

M = GL@) x Sp(W")

iel
whenever [ is a given set of indexes and

dimp W° +22ni =2n.

iel
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The conjugacy classes of Levi subgroups of Sp(W) are in bijection with equivalence
classes of data (I, (n;)ie;, W) subject to the conditions above.
Now comes the covering. There exists a canonical isomorphism

[[GLw) xSpw” > m
iel
making the following diagram commutes

~ ~

[Tic; GL(¢) x Sp(W") M -

G
M) lp Jp ;
G

[Tic; GL(¢)) x Sp(W’) ——

see [30, §5.4]. These sections are all characterized using the character ©y of the
WEeil representation.

3. Since we invoke global arguments, the unramified setting is also needed. Assume F
is non-archimedean of residual characteristic p > 2, ¥|,, =1 but V| Pl # 1, and
F

that (W, (-|-)) admits an op-model with ‘good reduction’; we refer to [30, §2.3] for
precise definitions. Set L := W(or), a lattice in W = W(F), then

K = Stabsp(w)(L)

is a hyperspecial subgroup of Sp(W) — it is exactly the group of op-points of Sp(W)
with respect to the relevant integral model. Moreover, the lattice model for the
Weil representation furnishes a section sz : K — K of p. We record the following
useful fact.

Lemma 2.3.1. The element sy (—1) equals the —1 € §f)(W) in Definition 2.2.2.

Proof. This results either from [30, Proposition 2.13], or from the comparison
between the character formulas [30, Corollaire 4.6] and [30, Proposition 4.21] under
the hypothesis p > 2. 0

In general, let G be a reductive F-group. Then G(F) possesses hyperspecial
subgroups if and only if G is quasisplit and splits over an unramified extension
of F (i.e. G is unramified); in this case, the hyperspecial subgroups are conjugate
under G Ap (F). Thus it makes sense to define the unramified Haar measure on G (F)
by requiring that any hyperspecial subgroup has mass 1. We shall use unramified
measures in Theorem 3.4.3.

In all cases, it is safe to omit the symbols s, o, s;. Unless otherwise specified, the
subgroups U(F), K will thus be regarded as subgroups of Sp(W) the inverse image M
of a Levi subgroup of Sp(W) will be identified with [];.; GL(n;) x Sp(Wb).

Coverings of metaplectic type We need a very mild generalization of Weil’s

metaplectic coverings. Such a class of coverings should contain all §f)(W) and is stable
under passage to Levi subgroups.
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Definition 2.3.2 (cf. [32, Définition 3.1.1]). Coverings of the form

(id,p) : [ [ GL(:. F) x Sp(W) — [ [ GL(n:, F) x Sp(W)

iel iel

are called the coverings of metaplectic type.

Modulo the knowledge of GL(n;), the harmonic analysis on coverings of metaplectic
type reduces immediately to that of Sp(W). We record a crucial property for Weil’s
metaplectic coverings.

Theorem 2.3.3. Letp: M — M(F) be a covering of metaplectic type. Two elements %, § €
M commute if and only if their images x, y € M(F) commute.

Proof. As said before, it suffices to prove this for SY)(W) —» Sp(W). This is well known,
see eg. [37, Chapitre 2] for the non-archimedean case. O

2.4. The global case
Assume that F is a number field. Fix a non-trivial additive character ¢ =[], ¥ :
AF/F — Sl.

Let (W, (-|-)) be a symplectic F-vector space equipped with an og-model. Denote
by Sp(W, Ar) :=[T',Sp(W,) the locally compact group of Ap-points of Sp(W), where
W, := W ®F F,. One may still define Weil’s metaplectic covering in the adélic setup: it
is an eightfold central extension

1 — ng — Sp(W, Ap) B Sp(W, Ap) — 1

of locally compact groups. Moreover,
(i) one may identify §f)(W, AFr) with the quotient H/U%(WU)/N, where

. H/Ugf)(Wv) is the restricted product of the local metaplectic groups with respect
to the hyperspecial subgroups K, = Sp(W(0,)) < Sp(W,)) alluded to above, for
almost all v { co, and

e we take
duct
N::ker( u,ggo—u—c—)p,8>;
v

(ii) §f)(W, Ar) still carries the Weil representation wy, which is identified with the
tensor product @), wy, of its local avatars;

(iii) there exists a unique section i : Sp(W, F) — §f)(W, Ap) of p, by which we regard
Sp(W, F) as a discrete subgroup of Sp(W, Ar) of finite covolume.

See [47, §2] or [30, §2.5] for a detailed construction using the Stone—von Neumann
theorem. The upshot is that (i) one can develop the theory of automorphic
forms and automorphic representations on the covering p : §f)(W, Arp) - Sp(W, Ap),
(ii) and it satisfies all the requirements for the invariant trace formula & la Arthur;
see [35, §3.4, IV].
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3. Review of endoscopy

In this section, F always denotes a local field of characteristic zero.

3.1. Orbital integrals

Let M be an arbitrary connected reductive F-group. We fix a Haar measure on M(F).
The notations here come from Arthur [6].
Let § € M(F)gs be semisimple. The Weyl discriminant of § is defined as

DY (8) := det(1 — Ad(8)|m/ms) € F*.

Assume henceforth that § € Myeg(F), so that Ms is an F-torus. Fix a Haar measure
on Ms(F). The normalized orbital integral of f € CS°(M(F)) along the conjugacy class
of § is

MO |DM(8)|1/2/ fatox)dx
Ms(F)\M(F)
where the quotient measure on Mg(F)\M (F) is used.

Throughout this article, we assume that these centralizers Ms(F) carry prescribed Haar
measures that respect conjugacy: for every x € M(F), the isomorphism Ad(x) transports
the measure on M;s(F) to M 5,1 (F). Therefore, for a given f, one may regard fy as a
function T'reg(M) — C.

When M is quasisplit, we have defined the set Ayeg(M) of strongly regular semisimple
stable conjugacy classes in M (F). There is an obvious map from I'yeg(M) — Areg(M);
it will be written in the form § — o. Furthermore, we assume that the Haar measures
on the centralizers Ms(F) respects stable conjugacy. Define the normalized stable orbital
integral along the stable class o as

M) =" ).

S—>o

Again, one may regard fM as a function Areg(M) — C.
The same definitions can be easily adapted to the Lie algebra m, which will be used in
our proofs later. Define the Weyl discriminant of X € myeg(F) as

DM (X) := det(ad(X)|m/myx) € F*.

Keep the same conventions on Haar measures. The normalized orbital integral of
f € CX(m(F)) is now defined as

Fu(X) = |DM(X)|1/2f F X d.

Ms(F)O\M(F)

When M is quasisplit, the stable version fM(Y) = > xisy fm(X) is defined analogously:
simply use the notion of stable conjugacy on the level of Lie algebras.
Now consider a covering

1—>;Lm—>A;I£>M(F)—>l
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that is of metaplectic type, or more generally a covering satisfying the assertion in
Theorem 2.3.3. For § € Myeg and f € C2%- (M), we may still define the normalized orbital
integral

fa® = |DM<6>|1/2f faox)dx.
Ms(F)\M(F)
with the same convention of Haar measures (on M). Note that f fM(S) can be
regarded as a genuine distribution on M. Moreover, fM(sS) =gl fM(S) for every
e € ker(p) Cc C*.

A comprehensive treatment of the orbital integrals on coverings can be found in
31, §4].

3.2. Spaces of orbital integrals

The spaces Z(G) Let G be a connected reductive F-group. The Haar measures are
prescribed in a coherent manner as in §3.1. For f € C°(G(F)) and § € Greg(F), we
have defined the normalized orbital integral fg(8). Define the C-vector space of orbital
integrals on G as

I(G) = {fc : Treg(G) = C: f € CZ°(G(F))}.

It is endowed with the linear surjection C°(G(F)) - Z(G) given by f +— fg. The
elements therein are characterized in terms of

(i) local expansion in Shalika germs around each semisimple element, when F is
non-archimedean [45];

(ii) Harish-Chandra’s jump relations, when F is archimedean [14].

Remark 3.2.1. Note that Z(G) is topologized in the archimedean case. It is actually a
strict inductive limit of Fréchet spaces, also known as LF spaces; see [14, pp. 580-581].
The map C°(G(F)) — Z(G) is then an open surjection by the remarks in [14, p. 581].
We also have a natural isomorphism

Z(G1)®ZLZ(G,), F archimedean,
I(Gl X Gg) ~
Z(G1) ®ZI(Gy), otherwise

parallel to

C®(G|(F)®CX(Go(F)), F archimedean,
CZ(G1(F) x Ga(F)) =
CX(G1(F)) ® CX(Go(F)), otherwise

The non-archimedean case is quite trivial, whereas in the archimedean case & denotes
the topological tensor product and the isomorphism is in the category of LF spaces.
Any satisfactory description of ® would require the notion of nuclear spaces [44, §50]
introduced by Grothendieck. The space Z(G) is indeed nuclear since it is a quotient
of CX(G(F)), which is nuclear (cf. the Corollary to [44, Theorem 51.5]). Regarding
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the isomorphism between Z(Gi x G2) and Z(G1)®ZI(G>), we refer to the arguments
in [44, Theorem 51.6].

The references [14, 45] actually included the case of coverings as well. In particular,
we may define the spaces Z--(G) of anti-genuine orbital mtegrals for a covering p: G —
G(F). It is regarded as a space of anti-genuine functions Freg(G) — C, equipped with
the surjection C2 > _(G) — Z--(G) and an appropriate topology in the archimedean case.

When G is quasisplit, we may also define the space SZ(G) of stable orbital integrals,
together with the linear surjection

CE(G(F)) — SZ(G)

fr— [o — o)=Y fG(S)} ;

S—>o

in brief, the diagram
C(G(F)

VAN

Z(G) SZ(G) fo— f¢

commutes. In the archimedean case, the characterization and topology of SZ(G) are
discussed in [14, §6].

Elements in the dual spaces Z(G)Y (resp. Z--(G)Y, SZ(G)Y) are called invariant
distributions (resp. invariant genuine distributions, stable distributions) on G or G. In
each case, an element in Z(G), Z(G) or SZ(G) is determined by its restriction to any
open dense subset of Greg(F) or éreg, by the continuity of orbital integrals.

All these constructions readily generalize to Lie algebras, the relevant definitions will
be recalled in §5.3.

Parabolic descent and induction Let P = MU be a parabolic subgroup of G. Choose
an appropriate maximal compact subgroup K of G(F) in good position relative to M
(see [34, Définition 2.4.1]) so that the Iwasawa decomposition G(F) = P(F)K holds. The
Haar measures are normalized so that mes(K) = 1 and

fx)dx = /// 8p(m)_1f(umk) dudmdk.
G(F) U(F)xM(F)xK
For f € C°(G(F)), define
fp:x —> 8p(x)1/? // fk~'xuk)ydudk, x e M(F).
KxU(F)

Then fp € C°(M(F)). The linear map f +— fp induces the parabolic descent maps

(G) — (M)WMD,

fo— fu
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and its stable version for quasisplit G

ST(G) —> ST(M)WOD
f G f M
where WY (M) has a well-defined action on Z(M) and SZ(M) by conjugation.
For the next result, we recall briefly a well-known comparison between stable conjugacy

and ordinary conjugacy. Let H be any connected reductive F-group and S be an
F-subgroup of H. Define the pointed set

D(S, H; F) :=ker[H'(F, ) - H'(F, H)]. (8)

Let 0 € Hyeg(F) and take S = H,. We claim that the conjugacy classes in the stable class
of o is parametrized by ©(H,, H; F). Indeed, consider a 1-cocycle ¢ : I'r 3 7+ ¢(7) in

H, with trivial image in H'(F, H), we have ¢(t) = x~'7(x) € H, (F) for some x € H(F)

independent of 7; the corresponding conjugacy class is then represented by ¢’ := xox~!.

Therefore, we may define the ‘relative position’ or the invariant as
inv(o’,0) :=[c] €e ®(H,, H; F) (9)

for any o’ stably conjugate to o.

Proposition 3.2.2. For § € (M N Gyeg)(F), we have
f6(8) = fu(d)
for any f € CP(G(F)). When G is quasisplit, for any 0 € MG_reg(F) we have
1@ =M.

Note that these equalities do not extend to Myeg(F) N\ Greg(F), in view of the germ
expansions.

Proof. The first equality is standard. For the second, observe that for a chosen o €
MG reg(F) we have M, = G,. It is well known that H'(F, M) — H'(F, G), hence the
natural map ®(My, M; F) - ©(G,, G; F) is a bijection. Unwinding definitions, we see
that £ (o) equals

Yo fe®= Y fe®= Y fu@®=f"0)

S>>0 St o S o
~—— ~— ~—
in G in M in M
by the first assertion. O

Corollary 3.2.3. If M C L are Levi subgroups of G, then

(fLm = fu, [eCTGF)

and, when G is quasisplit:

(fPHM = M,
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The orbital integrals are dense in the space of invariant distributions relative to the
topology induced by Z(G). Hence Z(G) — I(M)WG(M) depends only on M, not on the
choice of P and K. The same reasoning works for the stable orbital integrals.

Dualization gives parabolic induction maps for distributions

Ip :I(M)Y /WO M) — I(G),
ST(M)Y /WY (M) — ST(G)”, G quasisplit.
The naming is justified since for every m € IT(M) we have the well-known identity

(Ip(®x), ) :=(Ox, fP) = (Or,x). f), [ €CZ(GF)). (10)

In exactly the same manner, the parabolic descent Z--(G) — Z-- (M) ™ and its dual
are defined for covering groups p: G — G(F).

3.3. Endoscopy

F1X a symplectlc F-vector space (W, (-]-)) of dimension 2n. Write G := Sp(W) and p:
= Sp(W) — G(F) be the metaplectic covering with ker(p) = pg.

Elliptic endoscopic data

Definition 3.3.1. An elliptic endoscopic datum for G is a pair (n’,n”) € Z >0 verifying
n’ +n"” = n. The corresponding endoscopic group is

G':=50@2n" 4+ 1) x SO@2n" +1).
The set of elliptic endoscopic data of G is denoted by En(G).

Remark 3.3.2. The definition is similar to that of SO(2n + 1) in some aspects. However,
e there is no symmetry n’ <> n”,
e there is no ‘outer automorphisms’ acting on G'.

The latter point will be made clear in the proofs of our main theorems. By a standard
abuse of notations, we often write G' to mean the endoscopic datum (n’, n”) together
with the endoscopic group. However, we reiterate that due to the lack of symmetry, the
endoscopic data CANNOT be identified with the corresponding G'. For example, the group
SO(2n + 1) appears twice in elliptic endoscopy for G, with different réles.

Definition 3.3.3. Fix (n’,n”) € E(G). There is a correspondence between the semisimple
stable conjugacy classes of G(F) and that of G'(F) in terms of eigenvalues. More precisely,
we say that two semisimple elements § € G(F) and y = (y', y”) € G'(F) correspond, if
the eigenvalues of y’, ¥” and § (as elements in GL(2n' + 1), GL(2rn” 4+ 1) and GL(2n))
can be arranged into the form

—1 —1
ay,...,ay, 1, @) . (a,) 7,
an,...,ay, 1, (a))7'. (an//)_ and
~1 1 1 ~1
ay,....,ap, (@)= ...(@) " —ay, ..., —a,— @)~ ...=(a))

respectively. In this case we write y < 8.
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This is similar to the endoscopy for SO(2n + 1), but there is a crucial difference: the
eigenvalues of § coming from SO(2n” + 1) are twisted by —1.

We note that for a given y, the conjugacy classes in G(F) corresponding to y form a
single stable conjugacy class. In fact, this correspondence induces a map between stable
semisimple classes

M ASS(G!) — Ag(G) (11)

with finite fibers. An element of A (G') is called G-regular if its image under u is regular.
The notion of G-regularity is geometric: such elements form the F-points of a Zariski open
dense subset G!G_reg of G'. Note that G-regular implies strongly regular in G'.

In [30], it is shown that G!}, ~ G;s for regular classes y <> 3, by describing their
centralizers directly. Here we do it in another way which is closer to the spirit of endoscopy.
As in [30, §5.1], fix Borel pairs defined over F

(B.T), (BT
for G and G', respectively. Obviously we have
e an isomorphism TS! > T, between split F-tori that preserves eigenvalues (we neglect
the eigenvalues 1 in G, cf. the definition of the correspondence of classes),
e a homomorphism W(G!, TS!) — W(G, Ty), making TS! — Ty equivariant.
Fix such homomorphisms. For y <> 8 as before, set T := G5 and T' := G;/. There is a

commutative diagram

Ad(x)
Tp =5 (Ty) 7

~

0 i Tdeﬁned over F (12)

“nﬂ

N _
P adoy ISF

for some x € G(F) and y € G'(F); each arrow is invertible.
In view of the definition of y < §, we have 08(y) € W(G, Tz) - 8. Upon modifying x,
it can even be arranged that
5=0(y). (13)

Lemma 3.3.4 (cf. [1, Lemma 5.1]). In the setup of (12), one can choose x,y so that 0 is
defined over F. The F-isomorphism 0 so obtained is unique up W(G, T)(F)-action.

In particular, y <> § implies G;/ ~ Gs.

In [1], Adams called such 6 a standard isomorphism.

Proof. Let us prove the uniqueness first. Suppose that the F-isomorphisms 6, 8’ arise
from the pairs (x,y) and (x’,y"), respectively. We need to show that 6 equals 6’
up to W(G, T)(F). Take w € W(G!ﬁ, T}E) such that Ad(y’) = Ad(w)Ad(y). Using the
equivariance of TS! — T, with respect to W(G", Ts!) — W(G, Ty), we choose x” so that
Ad(w)Ad(x"”) = Ad(x). Then 0’ equals the F-isomorphism arising from (x”, y).

Observe that Ad((x")~!x): Tz = T; is defined over F. Hence (x”)~!'x modulo T (F)
is in W(G, T)(F), that is, # and 6’ differ by an element of W(G, T)(F).
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To show the existence of a 6 defined over F, we begin by choosing x, y satisfying (13).
For any t € ', the commutative diagrams

Ad(x)~! Ad(r(x))~!
Tp «—— (TH) ¢ Tp «—— Ty
T 1 - ]
T}E —— (THi T; —— (THi
Ad(y) Ad(z(y))

both send y € T'(F) to 8 € T(F). By the same reasoning as before, but without worry
about rationality, we see that 6 and 6 differ by some element in W(Gg, Tz). The
regularity of § forces & = 76, thereby proving the rationality of 6. O

Next, consider a covering of metaplectic type
(id,p) : M = [ [GL@i. F) x SpW") — [ GL(ns, F) x Sp(W*) = M(F);
iel iel

see Definition 2.3.2.

Definition 3.3.5. Let M — M(F) be a covering of metaplectic type described above.
Define the set Eg(M) of elliptic endoscopic data of M to be Eq(Sp(W)). In other
words, an elliptic endoscopic datum is a pair (m’, m”) € Z;O with m’ +m" = %dimp wP;
the corresponding endoscopic group is
M = ]_[ GL(n;) x SO2m’ +1) x SO2m” + 1).
iel

Let 8§ = 8gL,,8”) and y = (yqL.y") be semisimple elements in M(F) and M'(F),
respectively, where the components in [[; GL(n;) carry the subscript GL. We say that &
corresponds to y, denoted by § < y, if
e 5c1, and y@1, are conjugate,
o8’ < yb.

As before, we obtain a map i : Ags(M') = Ag(M) on semisimple conjugacy classes,
of the form (id, 1”). The notions of M-regularity, etc., are defined in the obvious way.

Simply put, elliptic endoscopy for M does not affect the components in [Tic; GL(n)).

Stable conjugacy Recall the notion of stable conjugacy in G of regular semisimple

elements in [30, §5.2]. Firstly, recall that (G)j/; —©,)(-) can be evaluated on Greg.

Definition 3.3.6 (Adams [1, §3]). Two regular semisimple elements &, € G are called
stably conjugate whenever

(i) their images 8,8’ in G(F) are stably conjugate in the ordinary sense, and
(ii) @j/; — ©,, takes the same value at §and &'
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Lemma 3.3.7. Assume that 8¢, 81 € Greg(F) are stably conjugate, and let So € p 1 (50).
There exists a unique 81 € p~1(81) such that 81 is stably conjugate to 8.

Proof. This is essentially [30, Lemme 5.7]. O

The notion of stable conjugacy is extended to all semisimple classes in [36,
Définition 4.1.1].

Naturally, stable conjugacy can also be defined for coverings of metaplectic type
M= [Tie; GL(n;) x §f)(Wb). Recall that conjugacy and stably conjugacy are the same
on the general linear groups GL(n;).

Definition 3.3.8. Two elements ((8;);c;, ) and ((bi1)ier, 81) are called stable conjugate
when

(i) & and 8; 1 are conjugate for each i € I, and

(ii) & and & are stably conjugate in §f)(Wb).
Passage to Levi subgroups We are ready to define the general endoscopic data for G.

Definition 3.3.9. The set of endoscopic data of G is defined as
£G):= || En(M)
M /conj

where M runs over the Levi subgroups of G modulo conjugation; the right-hand side is
well defined since WY (M) leaves Eq (M) intact.

To each endoscopic datum in gell(M ) we attach the endoscopic group M'. The
correspondence of semisimple conjugacy classes is given by the composition of

ASS(M!) — Ags(M) — Ags(G)

where the rightmost arrow is induced by the inclusion of Levi subgroup M — G, well
defined up to WG (M).

Remark 3.3.10. We note that

(a) the same definition works when F is a number field;

(b) our definition of endoscopic data is slightly different from that in [32], cf. [32,
Proposition 3.1.8J;

(¢) there is an explication in terms of the dual group of G, defined as Sp(2n, C) with
trivial Galois action, see [32, § 3] for details;

(d) we use diagrams of the form

to recapitulate the fact that M' € Eq(M) C E(G).
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Here the inclusions of Levi subgroup are always taken up to conjugacy.

We wish to complete a given diagram (14) into

Gls] -5 G
endo
Levi] }\Levi (1 5)
| ell. )
“endo. M

in all possible ways, where s is some parameter to be described. Such a recipe is given in
[32, §3.3] which we review below. Write

M =[] GL() x Sp(W"),
iel
M = ]"[ GL(n;) x SO2m’ +1) x SO2m” + 1),
iel
the latter is attached to (m’,m”) € Eq(M). For an endoscopic datum (n, n”) € Ei(G)
giving rise to G[s], the embedding M' < G[s] is determined by a decomposition I =
I'uI” up to conjugacy: set
Gls] := SOQn’ +1) x SOQ2n" + 1),
[ [ GL() x SO@m' +1) — SO@n’ +1),
iel
[ ] GL(m:) x SO@m" +1) < SO@n" +1).
iel”
where n’ = m’ + |I'| and n”” = m"” +|I"| and the embeddings are the usual ones for Levi

subgroups in odd SO. It follows that the data in (15) are all encoded in the decomposition
I = I'ul”, which we take to be the parameter s. We are led to the following.

Definition 3.3.11. Given a diagram (14), we set £,,1(G) to be the set of all (ordered) pairs
(I’, 1"y such that I =I'u1”. To each s = (I', I") € £,;1(G) we attach
(' ") = ' + I, m" +11"]) € Een(G),
and obtain the completed diagram (15) by the recipe above.
Remark 3.3.12. In general, different elements in &, (G) can give rise to the same elliptic

endoscopic datum of G. If s,1 € Eun (G) give rise to the same endoscopic datum, the
embeddings of M' will differ by some element in W (M) = &(I).

In the diagram (15), there are two ways to relate stable semisimple classes between M ’
and G:
(i) going in the direction M' ~» G[s] ~ G furnishes a map

11 Ass(MY) — Ags(G); (16)
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(ii) going in the direction M' ~» M ~+ G furnishes a similar map
2t Ass(M') > Ass(G). (17)

In contrast with the endoscopy for linear reductive groups, the maps wi, u2 can be
different.

Lemma 3.3.13 [32, Proposition 3.3.4]. Let z[s] := ((zi)ier, 1) € M'(F) be the element of
order two defined by
1, iel,
i =
-1, iel.
Then we have
pi(t) = pa(zlsl 1), 1€ Ass(M).

Since z[s] is central, its translation action on conjugacy classes in M'(F) is well defined.
On the other hand, we may also start from some (n’,n”) € E1(G) with endoscopic
group G', together with a Levi subgroup M' of G', and try to embed it into a diagram

endo.
Levi] ]Levi ( 18 )

and identify G' with some G[s] as endoscopic data. This situation turns out to be much
simpler: write

M = (]‘[ GL(n;) x SO2m’ + 1)) x <]"[ GL(n;) x SOQ2m” + 1))

iel iel”

embedded as a Levi subgroup into G' = SOQ2n’'+ 1) x SO2n” + 1), according to the

parentheses.

Lemma 3.3.14. Given a Levi subgroup M' of G* as above, there exist

e M: a Levi subgroup of G,

o (m',m") e Seu(]\;l) such that the M' can be realized as the endoscopic group,

es &y (M)

such that G' = G[s] (see (15)) as elliptic endoscopic data of G. Moreover, the triple

(M/conj, m',m"), s)
1S unique.

Proof. We have already written (m’, m”) down. The remaining choices are clear: set I :=
I'ul”, M :=[];c; GL(n;) x Sp(W") with dimp W* = 2(m’ +m"), and s = (I', I"). O
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3.4. Geometric transfer and the fundamental lemma

Geometric transfer factors The transfer factors are defined in [30]. In this article
it is more appropriate to call them geometric transfer factors. We begin by reviewing
the case of an elliptic endoscopic datum (n’, n") for G = Sp(W). Let G' = SOQ2n’ + 1) x
SO@2n" +1) be the endoscopic group. For § € Greg(F), Sep '@ and y = (v, y") €
G;eg(F ) such that § <> y, we obtain an orthogonal decomposition

W — W/ @ W//
§ = (5/, 3//)
by separating the eigenvalues from y’ and y”; see [30, § 5.3] for details. The factor A(y, 8)

is of the form
Ay, 8) = Ao(8',8"VA'BHA" (") € ng,

where
§=j@, 5",
N er —ef
A (@) = |®L//_—®+|(8/) defined relative to W/,

1// - —

. ef+60r _

A" = m(&”) defined relative to W”,

-‘p —

and Ag(8’, §”) is a factor which has nothing to do with the coverings or ¥; it is unnecessary
to recall the precise definition here. Note that A’(8")A”(8”) does not depend on the choice
of (8,8").

The notations A & or Ay, will also be used whenever appropriate. Some basic
properties are recorded below.

1. Invariance. The factor A depends only on the conjugacy class of § and the stable

conjugacy class of y.
2. Genuineness. For every € € ug we have A(y, ed) = eA(y, 5).

3. Symmetry. Write A, 7 (---) to indicate the endoscopic datum in question. Then
Ay (V' ¥"),8) = By w (V" 71, =8)

where —8 := (—1) -8 using the —1 € G of Definition 2.2.2. It is implicit assumed
that (y”, y’) <> =8 relative to (n”, n’) € E1(G), which is clear from the definition
of the correspondence of classes.

4. Cocycle condition. Let 8 <> y as before, so that G is a maximal F-torus in G. If §
is stably conjugate to 81, one can attach a cohomological invariant

inv(8, §1) = inv(s, 8;) € H'(F, Gs)

by the recipe (9). Here H'(F, G5) equals the pointed set D(Gs, G; F) of (8) since
H'(F, G) is trivial, thus equals the abelianized version &(Gs, G; F) used in the
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stabilization of trace formula [36, §3.1]. It is actually a finite commutative group
of exponent 2.
On the other hand, for these data we have the endoscopic character

K: HI(F, Gs) — Wo.

Below is a sketch of its definition in [30, §5.3]. Decompose T := Gs into T’ x T”
by separating the eigenvalues from y’ and y”, then H'(F, T") = (m,)!" for some
finite set I” and « is simply the composition of H'(F, T) — H'(F, T") with the
product map (uz)I” — Wo, (A)i = []; 2. All in all, the cocycle condition asserts
that

Ay, 81) = (K, inv(8, 81)) - Ay, §).

5. Parabolic descent. Consider the diagram (15) and keep the notations thereof.
An element y € M!ﬁG;eg(F) is expressed in the form y = ((yi)ies, y”) where
y” € S0@2m’ +1) x SOQ2m" + 1); similarly we write § = ((8:)ies, 8”) € M N Gyeg(F)
where §° € §f)(Wb). If y <> §, parabolic descent asserts

Ay, 8) = A0, 8, (19)

the right-hand side being defined relative to (m’, m”) € Sen(gf)(Wb)). This is the
content of [30, Proposition 5.18].

Transfer of orbital integrals Now we can state the geometric transfer and the
fundamental lemma. Fix an elliptic endoscopic datum (n’, n”) for G. For y <> § as above,
we define the notion of compatible Haar measures on G;(F ) and Gs(F) via the Gé, ~ Gs
furnished by Lemma 3.3.4; the choice of the isomorphism is immaterial. In what follows,
the Haar measures on G(F) and G'(F) are fixed, and we use compatible Haar measures
on G;(F) and G§(F) whenever y <> 4.

Theorem 3.4.1 (Geometric transfer [30, Théoréme 5.20]). Let f € Cf)‘i,(é). There exists
f! € Cé’o(G!(F)) such that for any y € AG_reg(G!), we have

3 A8 3 = (FH ).

Sy

where § ranges over I'teg(G) and 5 € p~1(8) is arbitrary.
Due to the genuineness of A, the term A(y, g)fé (8) is independent of the choice of §.
Call f' a transfer of f.

Remark 3.4.2. The transfer f' as a function on G'(F) is not unique, but it induces a
canonical linear map

Ty : I--(G) — ST(G

between the spaces of normalized orbital integrals. When F is archimedean, 7, ,») is
even continuous; see §7.1.
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Theorem 3.4.3 (Fundamental lemma for the unit [30, Théoréme 5.23]). In the unramified
setup summarized in § 2.3, take the hyperspecial subgroup K := Stabgpw)(L) of G(F),
regarded as a subgroup of G, and define fx € Cé’fi,(é) by
—1 Lp o~
. e, ifxX €ekK, &€ png,
fx(x) =

0, otherwise.

Choose the unramified Haar measures on G(F) and G'(F). Let K' be any hyperspecial
subgroup of G'(F), then we may take

f! = 11(’
in Theorem 3.4.1 as a transfer of f.

More generally, consider a covering p: M — M(F) of metaplectic type and let M
be the endoscopic group associated to some (m’,m”) € (M) (Definition 3.3.5). For
regular semisimple elements y <> § and § € p~'(8), one can still define the transfer factor
A(y, ) as follows. Following [32, Définition 3.2.3], for y € Mieg(F) and § € Mg, write
M =T];; GL(n;, F) x Sp(W") and

y = ier, v, 8= (Bier, 8"
as before. If y <> §, we set
Ay (v, 8) = AQ", 5. (20)

The aforementioned properties of genuineness, symmetry, etc. of A still hold for A, ;;:
the GL-components do not interfere at all.

Theorem 3.4.4. The assertions in Theorems 3.4.1 and 3.4.3 continue to hold for an

endoscopic datum (m',m") € Eq(M), with respect to the transfer factor (20).
Proof. It suffices to consider the transfer of f= fi® f° € Cffi,(é), where f; €

cx (]—[iel GL(n;, F)) and fb € Cg‘l(éﬁ(W")). Then for y = ((V)ier, y") as above,
g 5 b by ¢b b
> A @ = firoien - | Y A5 4 G
doy 8P yP
since the correspondence of classes is tautological on the GL-components. Hence we are

reduced to the corresponding assertions for §f)(Wb). O

For the next results, the maps f — fj; € Z(M) and fl— (f!)M! € ST(M") in §3.2 will
be used. In fact, we need an s-twisted version thereof.

Definition 3.4.5. Let M be a Levi Sulogroup of G = Sp(W), and let M' be an endoscopic
group associated to (m’,m") € Eq(M). Consider the diagram (15) determined by some
s € £ (G). Write G' = G[s]. For every f'e CSO(G!(F)) we define

(M sy = (FHY GEsly)
where z[s] is as in Lemma 3.3.13; this is an element in SZ(M') and depends only on the
image of (f') in SZ(G"'). We shall call this the s-twisted parabolic descent.
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Theorem 3.4.6. Let G, M, M' ands € EMz(G) be as in the previous definition. For every
f e C®_(G) let f' be a transfer of f to G' := G[s]. Then

c,” "~

i) = ()M

)s,M!

as elements in ST(M"). In particular, (f' is independent of s. Denote it by fM!,

Here (fM)! € SZ(M") stands for the transfer of fir € Z--(M).

Proof. It suffices to check this for y € Mfreg(F ) such that y correspond to elements in
Greg(F) via both the maps w1 and u in (16), (17). Denote this Zariski open subset by

M!G_reg. By Proposition 3.2.2 for coverings,

Fi)' D) =D Ay (. 8) fi75)
y <8
= Ay a . 9 f5B). 5 ep'(d) is arbitrary.

y<48

The sum is taken over EM := {6 € Treg(M) : y <> 8}. By the definition of the

correspondence of classes, Y is the set of conjugacy classes in some stable class in

MG reg(F). Pick o € EM Tt is a standard fact that M < G identifies 2 with the set 26

of conjugacy classes in the stable class of o in Geg(F); see the proof of the second part of

Proposition 3.2.2. From Lemma 3.3.13, we conclude E¢ = {§ € [reg(G) : y[s] < 8} with

respect to the elliptic endoscopic datum attached to s.
The parabolic descent for transfer factors (19) implies

Ay 78 = AG 8" = Mg, 6(Is], §),
for the y, & in the sum. Hence

' = D Ag.crls) ) fs0).

yls]<é
The right-hand side is just (f*)(y[s]), which equals (f)™' (y[s]) by Proposition 3.2.2. [
All in all, given (n',n") € Eq(G), our goal is to understand the dual
Ty : ST(GYY — I--(G)

of the geometric transfer 7, 7, in spectral terms. In other words, we aim to settle the
spectral transfer.

4. Results for the odd orthogonal groups

In this section, F always denotes a local field of characteristic zero. The materials below
are largely based upon Arthur’s monumental work [10].
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4.1. L-parameters

Generalities Let G be a connected reductive F-group; we assume G quasisplit for
simplicity. Its dual group G is endowed with a I'p-action which factors through
a finite quotient. The precise construction of G involves choosing an F-pinning
(T, B, (Eq)aca(,1)) and taking the dual based root datum. Then G is endowed with
a dual pinning (T, B,---) that is ['p-stable. We refer to [12] for details. The L-group of
Gis "G =G xWp.

An L-parameter for G is a homomorphism

¢:WDF—>LG

such that

e the composition of ¢ with the projection “G — W equals WDy — Wp;
e ¢ is continuous;

e the projection of Im(¢|w,) to G consists of semisimple elements.

Call two L-parameters ¢1, ¢ equivalent, written as ¢ ~ ¢, if they are conjugate by
G. We say that ¢ is bounded if the projection of Im(¢) to G is relatively compact. Given
¢, define the S-group as

Sp = Z(Im(g)).

Its identity connected component Sg is a connected reductive subgroup of G. Also define

r
S¢.ad 1= S¢/ZéF,
Fp.ad ' =10(S aq), defined using the base point 1.

The same symbol ¢ will be used to denote the L-parameter and its equivalence class, if
there is no ambiguity to worry about.

One consequence is a correspondence between conjugacy classes of Levi subgroups
M C G and their dual avatars “M <> LG, the inclusion respects the projections
onto Wg.

By [12, Proposition 3.6] and its proof, we obtain the following properties:

(i) the Levi subgroups Ly cte [12, §3.4] which contain Im(¢) minimally are
conjugate by SY:

I'r,0

(ii) let “M be such a Levi subgroup, then ZM is a maximal torus of Sg.

For every equivalence class of L-parameters ¢, we pick such a Levi subgroup LM¢, and
denote by My the corresponding Levi subgroup of G. Define

®(G) :={¢: WDy — "G, ¢ L-parameter}/ ~,
DPpaa(G) :={¢p € ®(G) : ¢ is bounded},
D2(G) :={¢p € ®(G) : My = G},
D5 had(G) = P2(G) N Ppaa(G).
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Let M be a Levi subgroup of G. There is a natural map ®(M) — ®(G) induced by
Ly < LG. 1t restricts to a map ®pqq(M) — Ppqq(G). There is an action of ajy ¢ on
O (M), written as ¢ — ¢,. In fact,

e = X (M) @2 C,
2570 = X (M) 9. C%,

thus it makes sense to define |w|* e Z;IF’O for all we Wp, A €aj, o; the twist is

just ¢u = |-1*-¢. Then ®pqq(M) and @, pqq(M) are stable under iay,. The iaj},-orbit
decomposition makes ®; qq(M) into a disjoint union of compact tori. We have

Ppaa(G) = || PapaaM)/ W), (21)
MeL(Mg)/WE

Remark 4.1.1. For general G, one must choose a quasisplit inner twist G 7 S G} together

with an F-splitting for G* to define “G. Moreover, a relevance condition has to be
imposed on ¢. Roughly speaking, this means that the Levi subgroup M; C G* (up to
conjugacy) attached to ¢ should come from G. We will not encounter non-quasisplit
groups in this article.

In the next subsection, we attach a tempered L-packet Iy = I'Ig to every ¢ € ®1,4q(G);
the archimedean case is largely a paraphrase of Harish-Chandra’s theory. Since some
aspects will be needed in § 7, we shall give a very sketchy review below. Details can be
found in [12, § 11] and [41, (4.3)].

The case F = C In this case W¢ = C*. It is customary to identify the complex groups
with their C-points. Consider the toric case G = T first. By the Langlands correspondence
for T, or local class field theory over C, the continuous homomorphisms 7 — C* are in
natural bijection with L-parameters ¢ : C* — T = X*(T)®C*. Write z* :=A®z for
each A € X*(T) and z € C*. The parameter ¢ can be uniquely expressed as

$:C* —T
Az 2\ Atu
— "7 = H |z]
z

with A, u € X*(T) ® C satisfying A — u € X*(T); it is bounded if and only if Re(A + n) =
0.
In general, choose a maximal torus 7 C G. The natural map ®,qq(T) = Ppqa(G)
induces a bijection
Ppdd(G) = Ppaa(T)/W(G, T).
Note that the maximal tori of G are all conjugate. The description of ®pqq(G) is
parallel to the following representation-theoretical fact.

Theorem 4.1.2 (See eg. [18]). Let G be a connected reductive C-group.
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1. Choose a Borel pair (B, T) for G. For each unitary, continuous character x of
T, the induced representation Ig(x) is irreducible; Ig(x1) =~ Ig(x2) if and only if
wx1 = x2 for some w € W(G, T).

2. The representations Ig(x) so obtained exhaust the tempered spectrum of G.

The admissible dual of G can be explicitly determined in terms of Langlands quotients;
see [18, 1.4]. For us the tempered dual suffices.

The case F = R: discrete series and their limits In this case
Wgr=C*-(r), t?=-1, VzeC*, tzt !=3,

and Wgr — (t)/{x£1} = I'r. Choose the I'p-stable Borel pair (B, f‘) for G which is part
of the dual group datum. Let ¢ be an L-parameter for G. Upon conjugation, we may
assume ¢ (C*) C 7. We begin with the case ¢ € ®, 1,qq(G) which will yield the L-packets
of discrete series.

Indeed, we may attach to ¢|cx a pall‘ (X, ) as in the complex toric case. It turns out
that the subgroup of LG generated by T and ¢ (W) is isomorphic to T in the category
of L-groups, where T is a maximal R-torus of G such that T/Z¢ is anisotropic — do not
confuse it with the earlier symbol T in the Borel pair. Also choose a maximal compact
subgroup K containing (T N Gger) (R).

View A, u as elements of X*(T¢) ®z C; there is an ambiguity by W(Gc, Tc), which is
harmless. By [12, § 10.5], A is regular in the sense that

Va € (G, T)c, (L,aY) #0. (22)
In what follows, we make the usual identification
X*(Te) @2 C > . (23)

Choose a Borel subgroup B¢ D Tc for which A is dominant, and let p = pp; be the
half-sum of positive roots. It turns out that A € pp. + X*(Tc). Define a Harish-Chandra
parameter to be a pair r= (A, Bc) where A € (. is B@ dominant, regular and A € pp; +
X*(Tt); note that Bc is uniquely determined by A. To X one may attach a representation
H(X) € Iy temp(G) with infinitesimal character A modulo W(Gc, Tc).
There is an obvious W(G¢, Tc)-action on Harish-Chandra parameters. Recall that for
any 5:1, Xz,
[7Gn =0a)| = [3we WG 1), wii=1a].

The L-packet in question is simply
My =M, = {w(wd) : w € W(G, THW(Ge. To)}

Equivalently, it is the set of m € I3 temp(G) such that
o 7 has infinitesimal character A mod W(Gc, Tc),
o the central character of m equals the restriction of A — p to Zg(R).

The last property no longer holds in the metaplectic setting; see (48).
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Keep the assumption that T/Zg is anisotropic. In the definition of Harish-Chandra
parameters A = (A, Bc), if we allow the Bg-dominant weight A € pp. + X*(Tc) to be
singular, i.e. without assuming (22), one can still associate a representation 7 (1) of G(R):
it is either
® Z€ro, or

e tempered irreducible.

By [23, Theorem 1.1b], the first case happens if and only if (A, «") = 0 for some compact
Be-simple root a (see [22, p. 249]). In the latter case 7(X) has infinitesimal character A
modulo W(Gc, Tc) and central character (A — p)|z;®), called the limit of discrete series
parametrized by A

As in the case of discrete series, the parameter A for such a representation is unique
up to W(G, T). Given a possibly singular infinitesimal character, we may choose a
representative A which is dominant relative to a fixed Bc. Define the corresponding
packet to be

I, = {7 (wX) : nonzero, w € W(G, T)\W(Gc, Tg)}.

Thus being a limit of discrete series is a property of L-packets. An overview on limits
of discrete series can be found in [23]. The standard construction of these representations
is via coherent continuation or Zuckerman’s translation functor 1//)%1 [22, Chapter VII],
whose effect is to ‘shift the infinitesimal character’ from A to A. As for their L-parameters,
we refer to [41, (4.3.4)]. These constructions also work for covering of metaplectic type
over R; see Lemma 7.3.3.

4.2. Stable tempered characters

Let G =SO@2n+1), so that G = Sp(2n, C) endowed with trivial ' p-action. We shall
review the basic local results in [10] for G, in the tempered case at least. The first one is
the tempered local Langlands correspondence for G.

Fix a maximal compact subgroup K C G(F). Assume that K corresponds to a special
vertex in the Bruhat—Tits building if F is non-archimedean. In the unramified case we
assume K hyperspecial.

Theorem 4.2.1 [10, Theorem 1.5.1]. There is a decomposition

Htemp(G) = |_| Hq),

$€Pbaa(G)
where
e cach Iy is a finite set of tempered irreducible representations of G;
e there is a canonical injection
My — (. ad)
T (-, 7);

e the map above is bijective in the non-archimedean case;

e in the unramified case, (-, w) = 1 whenever m is unramified with respect to K.
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Moreover, the decomposition restricts to
Mtemp(G) = || Ty
¢€P21ad(G)
The finite subset Iy is called the tempered L-packet associated to ¢.
The construction of the L-packets of discrete series or their limits in the archimedean
case has been reviewed in § 4.1; further results, such as the stability of packets, will require
deeper techniques from Shelstad et al. For general F, Arthur’s approach of constructing

I14 is based on realizing G as a simple endoscopic group of the twisted group é\I:(Zn);
we cannot delve into the details here.

Definition 4.2.2. For every ¢ € ®1,q4(G), define the map
§0y :CF(G(F)) — C
fr— %)= tre(f).

melly

Call it the stable character associated to ¢. We write Hqﬁ S@g to emphasize the
ambient group if need be.
The second fundamental result is the stability of packets.

Theorem 4.2.3 [10, Theorem 2.2.1]. The map SOy factors through Z(G) — SZ(G). In
other words, f +— fO(¢) is a stable distribution on G.

Let M = [];c; GL(n;) x G" be a Levi subgroup of G, where G” is of the form SO(2n” +
1). Note that WG (M) acts on M by permuting I, up to inner automorphisms of M (F).
The aforementioned result extends to M. Naturally, they must be compatible with the
local Langlands correspondence for the factors GL(n;) (see [20], for example), as well as
the correspondence for the smaller orthogonal group G”. All these are implicitly done
in [10].

Theorem 4.2.4. Let M = [[;.; GL(n;) x G’ be a Levi subgroup of G, and choose P €
P(M) arbitrarily. Suppose that ¢pr € Py paa(M) has image ¢ in Ppaq(G), then

Hg = I_l {the irreducible constituents of Ip(c)}. (24)

M
U€H¢M

Moreover, by decomposing ¢pr as (Rici¢i) K °, we have
l'[gIM = {(&elm) Xo’:0” € I'Ig;} (25)
where o; € TIo(GL(n;)) is associated to ¢; € ®ypaa(GL@n;)) by the local Langlands

correspondence, for eachi € I.

Proof. Discussed in the proof of [10, Lemma 2.23]. Notice that the disjointness of the
union (24) follows from Langlands’ disjointness theorem: indeed, if o1, 07 € Hg/’M and

Ip(o1) intertwines with Ip(02), then there exists w € W¢ (M) such that woy =~ 0. In
view of (25) and the action of WY (M), this would imply o1 ~ 0. O
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Finally, the representations o € Itemp(M) can be twisted by A € iaj,:
o> 0y = e g

It preserves I3 temp(M) and is compatible with the similar twist on L-packets, namely

HgIMJ ={o):0¢€ Hé’lM} where ¢y € Ppqq(M).

5. Geometric transfer and its adjoint

Throughout this section, F denotes a local field of characteristic zero; in § 5.3 we assume
F to be non-archimedean. Fix a non-trivial additive character ¢ : F — S!.

5.1. Collective geometric transfer

Fix a symplectic F-vector space W of dimension 2n, and define the metaplectic covering
p: G — G(F) accordingly. Also fix a minimal Levi subgroup My of G.

The unstable side In §3.2 we have defined the space Z--(G) of normalized anti-genuine
orbital integrals, realized as a space of anti-genuine functions Freg(é) — C. Note that
Freg(é) — I'yeg(G) is a pg-torsor by Theorem 2.3.3. Same for I'jeg, a1(G), ete. For
non-archimedean F, the following definitions are essentially from [6]; for discussions about
the real case as well as some updates, see [8, §1].

Definition 5.1.1. For each M € L(My), define FM(Z--(G)) to be the subspace of f& €
Z--(G) such that f; = 0 for every Levi subgroup L that does not contain a conjugate of
M. By Corollary 3.2.3, M C L implies F*(Z--(G)) C F*(Z--(G)). Therefore, we get a
filtration on Z--(G) indexed by the partially ordered set L£(My). It is thus natural to set

T (@) = FOT-(G)),
gMI-(G) = FMI..(G) / > FLT(G).
LOM
IgyG) = P MG
MeL(Mo)/WE

The same definitions also apply to the Levi subgroups of G, that is, coverings of
metaplectic type. A function whose image lies in Z -- (G) will be called cuspidal.
cusp

Note that for each M € L£L(My), the group WC (M) operates on Z -- (M) by conjugation.
cusp
By Corollary 3.2.3, the map fz + f;; induces an isomorphism
oM T (G) 3T - (WD,
cusp
Hence .
IoG) > P - ",

cusp
MeL(My)/ W
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In a parallel manner, the natural maps I'G-reg(M) — I'ieg(G) induce

Treg(G) = || TGereg, en(M) / W (M),
MeL(Mo)/ W

Freg(é) = |_| 1_‘G-reg, ell(M)/WG(M)~
MeL(Moy)/ W

We equip I'teg(G) with a Radon measure as follows.
1. For each M € L(My), endow I'ieg o11(M) with the Radon measure such that
f o= Z |W(M,T)|_1/ o
Treg, en(M) T:ell./conj. T(F)

for every C. test function «. Here T ranges over the elliptic maximal tori of M
modulo conjugacy.

2. It is required that
/ a= ) |WG(M>|*1f o
Freg(G) MEE(M())/WOG l_‘reg, ell(M)
for every C. test function «.
This is exactly the definition in [6, § 1]; coverings do not intervene here. For « = fg € Z(G)

it reduces to Weyl’s integration formula for f.

Definition 5.1.2. For ag, b € Z--(G), define the hermitian pairing

(Clé|b(~;) = / QG%.
Freg(G)

By the usual bounds for normalized orbital integrals [31, Théoréme 4.1.4], the pairing is
well defined.

The stable side Let (n/,n”) € E(G) and denote the corresponding endoscopic group
by G' as usual. The preceding constructions have stable variants for G' (see [6, §1]),
which we review below.

Fix a minimal Levi subgroup M(!) of G'. The parabolic descent f G s ™ " for various
M' e L(M(!)) allows us to define the filtration FM(SZ(G")) as before. Similarly, using
Corollary 3.2.3 we define

STensp(GY) = FO (ST(GY),

oM ST(GY) = fM’SI(G!)/ > FEsT6Y
L'DM!

5 STensp(MHWE M),
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B wMsch
M'eLmby/we'

~ Gy
> P STeupHVT D,
M'eLmby/ws'

STar(GY) :

In this stable situation, a function whose image lies in SI(;uSp(G!) will be called cuspidal.
The space of stable strongly regular semisimple classes decomposes as
Areg(G!) = I_l AG-reg(]W!)/"VG‘(IM!)-
MeLmb)/we'
Prescribe a Radon measure on Areg(G!) as follows.

1. For each M' € E(M(!)), endow Areg, o1(MY) with the Radon measure such that

a= |W(M’,T’>(F>|*‘f a
Areg, ell(M!) Z

T':ell./st. conj. T\(F)
for every C, test function «. Here T' ranges over the elliptic maximal F-tori of M'
modulo stable conjugacy.
2. We require that

/ o= |WG!(M!)|_1/ «
Areg(G!) Areg, ell(M!)

m'eLmby/we'
for every C. test function «.

To define the hermitian pairing of stable orbital integrals, we must incorporate the
abelian group

€(G,. G F) i=ker [H'(F, G}) — HY(F. GY] 2

for every o € Areg(G!); here H;Lb(F , —) stands for the functor of abelianized Galois
cohomology, as recalled in [36, §3.1] (see also Borovoi [13] or Labesse [29, I]). There is
a functorial abelianization map abl: HY(F, —) > H;b(F, —) between pointed sets; it is
bijective for tori or for non-archimedean F. In particular, @(GE,, G F) = (‘E(Gi,, G F)
in the non-archimedean setting.

The hermitian pairing is defined as

@b := / 1€(G, G'; F)|7'd'(0)b!(0)
UEAreg(G!)

for every a',b' € ST(G'). As in the case for G, the convergence is guaranteed by the
standard bounds for normalized stable orbital integrals. For archimedean F, the number
|&(G! , G'; F)| is best explained by enlarging G' to a K-group [7, § 4]: it then equals the
number of conjugacy classes (in the sense of K-group) in the stable class of o. See [51,
§4.17] for further discussions.
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Remark 5.1.3. The measure on Areg(G!) satisfies

[ > = @
O'GAreg(G!) Verreg(G!)

¥€lreg (G
Y=o

for every o € C.(I" 1feg(G!)). This is a direct consequence of our definition of measures:
for non-archimedean F it is actually [6, (1.3)], whereas for F = R, one may argue by
Shelstad’s description of stable conjugacy via W(G, T)\W (G, T)(F) reviewed in §7.2.

Remark 5.1.4. Both Igr(é) and SZ(G') carry natural £(M)-filtrations coming from the
gradings. In §6.2 we exhibit filtration-preserving isomorphisms Z--(G) S Igr(é) and
ST(GY S SIgr(G!) by means of the trace Paley—Wiener theorems.

Collective transfer The geometric transfers to various G' can now be woven into a
‘collective’ transfer. We shall follow [6] closely.

Definition 5.1.5. Set
ri,a@:= |] a G'
reg,ell = G—reg,ell( )
G'eEan(G)

where, by a standard abuse of notations, we use G' to denote an endoscopic datum.
An element in Fl‘;&ell(é) will be written in the form (G', o) where o € AG_reg7eH(G!),
or simply as o according to the context. The same construction applies to any covering
of metaplectic type M = [lic; GL(n;, F) x §f)(2nb) and its elliptic endoscopic data: the
factors GL(n;) will not interfere.

Next, note that WY (M) has a well-defined action on I'¢ 1(1\;1) for each M € L(My),

G-reg,el
namely by permuting the indexing set I of its GL-components. Thus it makes sense to
define
M@= ||  Toregen™ / wO(M).
MeL(Mo)/ W

Equip each Frgeg ell(M)/WG(M) with the quotient measure, and equip Ffég(é) with
the measure of disjoint union. Elements in Fﬁag(é) are written as (M', o) where o €

AG_regell(M /WS (M), or more succinctly as o whenever appropriate.

Remark 5.1.6. In [6], there are two ways to define the set e _(---) for reductive groups,

reg

say by looking at either (i) elliptic endoscopic data of Levi, or (ii) Levi of elliptic
endoscopic data. We have seen in Lemma 3.3.13 that some subtleties arise in the
metaplectic case. In this article we follow the previous viewpoint, as in [6, (2.6) and

(2.9)].

Definition 5.1.7. Define a subspace Z¢(G) of ®G’€5ell(é) ST(G') (always abusing
notations...) as follows. Its elements are of the form fg = (fG! € SI(G!))Gz such that
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o for every M € L(My) with M' € Eell(é), the function

( me)S’M‘ e STMY, s € Ep(G)

in Definition 3.4.5 is independent of s;

e denote the function above by fM!, we require that fM! € SI(M!)WG(M)7 where WO (M)
acts by permuting the indexing set I.

Also, define the cuspidal subspace

Icgusp(é) = @ SIcusp(G!) C IS(G).
G'eEan(G)

The definition of Z€(G) is best explained by the proof of the following result.

7

Proposition 5.1.8. The transfer maps fg fG! assemble into the ‘collective transfer
T . I-.(G) — T(G)
for— 5= (%)

G'eEal(G)

Its restriction to I -- (G) gives I -- (é) — Ifusp(é).
cusp cusp

Proof. Let f € I~(G~). For every (M',0) € Frgeg(é) and s1, 85 € EMz(é), we have

(fG[Sﬂ)Sl,M’ _ (f]\?[)‘ _ (fG[s2]>s2»M!

by Theorem 3.4.6. The required independence of s and W% (M)-invariance for the first
assertion follow at once.

Now assume f € Z -- (G). Given G' and its Levi subgroup M', by Lemma 3.3.14 we
cusp

produce a Levi subgroup M of G as well an s € &, (G)7 such that G' = G[s] as endoscopic
data and we have a diagram as (15). Elements in general position of Ayeg(M " can be
expressed as z[s]o for some 0 € Ag_reg(M !). Theorem 3.4.6 then implies

(FOM clslo) = £9 Glslo) = (fy) (@) = 0.

Hence fg e 1¢ (G), as asserted. L]

cusp

Definition 5.1.9. The correspondence of conjugacy classes and the transfer factors admit

collective versions as follows. If (M', o) € Fl‘ig(é) and & € I'reg(G) corresponds to o via

the diagram (14), then § € I'G_regen(M)/ WG (M); we write o <> 8 for such (o, §). For
every se p1(8) we set
Ao, 8) := Z Ay M(waw_l, 5). (27)
weWG (M)

Note that by G-regularity, there is at most one nonzero term in the sum. It is customary
to set A(o,8) =0if o £ 4.
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In view of the previous definitions, the space Ig (G) may be embedded into the space
of functions I' reg(G) — C: an element fg (f¢ )G cEut(©) corresponds to the function

| s, M
M) = M 0) = ()" (@) (28)

for any choice of s € €Mx(G). Moreover, Ifusp(é) is precisely the subspace of functions

supported in Frge o ell(G). Now the geometric transfer can be rephrased in the collective
terminology.

Proposition 5.1.10. For every fs € Z--(G), we have

fE=T(fs) 0> Y A0, 8) f5(5)
R

as a function on Freg(G).

Proof. Let (M',0) € I‘reg(G). By Theorem 3.4.6, fg(a) equals

s,M!
(£9) @ = Up)'©).
On the other hand, the G-regularity of o entails
'@ = DY Ay a0.8) £ ()

3l G-reg,en (M)

08
M
B 2 Y Aywow ™ 8) [0
aerG—reg,ell(M)/WG(M) wEWG(M)
(M*,0)<>8
= Y A0E.Hf0),
3€lteg(G)
R
in which the last A is the collective geometric transfer factor. 0

The next result will serve as a change of variables in certain integrations over I' 1peg,eu(é).

Lemma 5.1.11 (Cf. [6, Lemma 2.3]). For all a € CC(Fng(G)) and B € C.(ré
that a is genuine, we have

/ Y B)A(e, ) ds
aerreg e11(G)

&
EFreg ell(G)

<6

=/ Y B@A@ HaB) do
oel reg ell(G) (Serreg,ell(G)
0§

(G)) such

reg

where § € p~'(8) is arbitrarily chosen.
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Proof. In view of Remark 5.1.3, the left-hand side of the assertion equals

f Yo D Be)A(e Sl (29)
eeAreg,ell(G)

CrEl-‘l‘rgeg,ell(é) 80

o0
Writing o <> 0 is legitimate, since the correspondence of classes depends only on the
stable conjugacy classes.

On the other hand, the second projection
pry : {(9, 0) € Aregetl(G) X TE, 11(G) 10 > 9} — ¢, 3(6)

is a bijective: its inverse is given by the maps (11). To do integration, note that Frgeg,ell(é)
can be described as the set of pairs (T, o) where T' C G' is an elliptic maximal F-torus
(taken up to stable conjugacy), and o € Tr!eg(F)/W(G!, TY(F). When (T', ) varies, the
inverse image by pr, runs over the triples (7, 8, o) where

e T': elliptic maximal torus of G, taken up to stable conjugacy;
o 0 € Treg(F)/W(G, T)(F);

E
e0 € 1_‘ell,reg

(G) satisfying o <> 6.

Moreover, to such data we pick a standard isomorphism 7' ST sending o to 8. Notice
that each elliptic maximal torus T C G occurs in some (T, 8, ): this is contained in [36,
Lemme 5.2.1].

In view of the definition of the measure on Frge . ell(é)7 the right-hand side of the

assertion can be transformed into
/ Yo Y B@AWG Had).
0€Treg(F)/W(G,T)(F)

TcG £ Ay 80
elliptic 7€l g en(0)
/st. conj. o<
By the definition of the measure on Ayeg o11(G), this equals (29). O

5.2. Adjoint transfer

Hereafter we make systematic use of collective transfer factors and correspondences.

Definition 5.2.1. For o € Fig,ell(é) and § € I'pege1(G) such that o < §, define the
adjoint transfer factor as

A, 0) :=|D(Gs, G; F)| "' A(0, ),

where § € p~'(8) as usual. The same definition carries over to coverings of metaplectic
type and the elliptic conjugacy classes therein.
More generally, let o € Ff;g(G) and § € I'teg(G) such that o < §. By Definition

5.1.9, there exists a unique M € L:(Mo)/WOG such that o € I“éreg ell(M)/WG(M), se
IﬁG—reg,ell(M)/"VG(IW). Set

AG. o)=Y ApG.wow™)
weWS (M)
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where Ag(---) denotes the adjoint transfer factor for M; it also equals
Yow AM(wa_l, o). It is customary to set AG,0)=0if$s & 0.

Recall that when o <> §, the usual transfer factor satisfies a similar equation (see (27))
A(o, 5) = Z AM(wow_l,S) = Z Ay (o, wgw_l).
weWb (M) weWS (M)

In all cases, the sum over WY (M) contains at most one nonzero term. Also note that
A(S, 0) is anti-genuine in §. Hence products of the form A(o, §)A(S, 1) only depend on
(0,8, 01).
For 8, 81 € IM'ieg(G), put
€, ifgl —g5, gc g,
0, otherwise,
whereas for o, 01 € Ffeg(é), we denote by 8,4, € {0, 1} the usual Kronecker’s delta. The

following lemma for reductive linear groups can be found in [6, Lemma 2.2, (2.10) and
(2.11)].

Lemma 5.2.2. For all §,8, € Freg(é),

Y. AG o)A, 81) =855,
aer;‘feg(é)
For all 0,01 € Ffeg(é),
Y. A@.HAG o) =80

8l eg (G)
where § € p~1(8) is arbitrary.

Proof. We begin with the case 8,8 € Fre&eu(é) for the first assertion. The elements
o with A5, 0)A(0,81) # 0 are necessarily elliptic. We may assume that 8 := p(§) and
81 := p(d;) are stably conjugate, otherwise both sides of the first assertion are zero. Then

AG,0)A(0,8)) = |D(Gs, G; F)| "' Ao, ) Ao, §).

Furthermore, by the genuineness of A(o, -) and Lemma 3.3.7, we may assume that § and
81 are stably conjugate, so that 85’51 =855,
By a local variant of [36, Lemme 5.2.1] (same proof), there is a natural bijection

1:1 ~
(3.x) < 0 € TG 150,

where § € Argg o11(G) and « belongs to the Pontryagin dual :3(Gs, G; F) of H'(F, Gs);
it is characterized by (i) o <> 8, and (ii) « is the endoscopic character associated to 8
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and o (recall §3.3). This applies to those o and § T 81 satisfying A(o, §)A(o, 81) # 0: it
follows from the cocycle property for A(o, -) that

Ao, 8)A(0, 81) = (k, inv(8, 81))

for the k so obtained. Note that ®(Gs, G; F) = H'(F, Gs) since H'(F, G) = {1}. Hence

Y. A©EDAW ) =) (,inv(s, 81)) = ID(Gs, G; F)l8s s,

oelg, (G) K

by Fourier inversion on H'(F, Gy).

As for the second assertion in the elliptic case, assume o, o1 € Ffegﬁu(é). As before, the
classes § having nonzero contribution must lie in a single elliptic stable conjugacy class.
Enumerate these classes as 8!, ..., 8". Choose §' € p_l(Si) for i =1,...,m so that all
the 8 are stably conjugate; this can always be done in view of Lemma 3.3.7. On the other

hand, the set {a S an ro g(G) 10 8} also has cardinality m, and we may enumerate its

. . .. . 1:1
elements as 0!, ..., 6™ Indeed, this follows from the aforementioned bijection (8, k) <—>

o, and we have m = |[H'(F, Gs)|. Form the matrices

A= (A(Si,aj)>] . B:= (A(o’}gf))

<i,j<m 1<i,j<m

The first assertion amounts to AB =1 while the second amounts to BA = 1. This
concludes the elliptic case. It is routine to extend this to coverings of metaplectic type.

Finally, the general, non-elliptic case follow from Definition 5.2.1. Take the
first assertion for example. As before, we reduce to the case in which §,38; €

1"G_]reg;7ell(M)/WG(M)7 and the sum may be taken over o € Fg_reg ell(M)/ WG (M), where

M € L(My). Upon a WC(M)-action we may assume 8 2 81 in M. Then

> A, 0)A(0, 81)
Uerg»reg,ell(M)/ WG(M)
= Z AM(uSu_l,a)AM(vav_l,gl).
Gerg-reg,ell(M)/WG(M)
u,veW (M)
And this reduces immediately to the elliptic case for M. O

Definition 5.2.3. The adjoint transfer factor yields an adjoint transfer map

Te : {functions l"feg(é) — C} —> {anti-genuine functions Freg(é) — C}

br— |8+ Z A, 0)b(o)
oelg,, (G)

reg
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Likewise, one may also regard 7¢ as a linear map

TE {anti-genuine functions Freg(é) — C} — {functions Ff:eg(é) — C}

ar—> |:a — Z A(o, S)a(é)} .

g6

Proposition 5.2.4. Exztend the definition of T€ as above. Then Tg and T€ are mutually
inverse. In particular, Te o T¢ =id : Z--(G) — Z--(G); consequently the transfer map
T€ . I-(G) — I¢(G) is injective.

Proof. Let a € IH(G), then its image under T¢ sends Se Freg((}) to

> AG.0) | D Ao 5a)) =Z<ZA(§,0)A(0,51)>a(51)
o 81

81 o

= ZSS’g]a(S]) = a(g)
3

by Lemma 5.2.2; note that each sum is finite, and the last equality follows from the
definition of 83 5, together with the anti-genuineness of a. This shows that TeT¢ =id.
The proof for the other side is similar. O

Define a hermitian pairing on Icgusp(é) as follows

@)= > «(G.GH@'p (30)
G'eEen(G)
where
0af = (@)gres. @ and b = (B greg. (@) are in Tsp(G);

e the hermitian pairing (a'|b') is defined relative to G';

o for G' arising from (n’, n") € E(G), we define
1
(G.Gh=|zg| =11 >0 w=0orn"=0,
1

this is the same as the global coefficient used in the stabilization of trace formula [36,
Définition 5.2.5].

Corollary 5.2.5. The map T¢ s an isometry from T -- (G) onto its image inside
cusp
78 ., (G).

cusp

Proof. In view of Proposition 5.2.4, it suffices to show that

(TE@|p°) = (@|Te¥F)), ae Im—lép(é), bt e T, (G).
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From the definition, (Tg(a)|b5) equals

Y uG.G6Y Y 1€(G,. G F)T'h(0) A, $)ad).
G'eEan(G) 0 €A Goreg el (@) €T reg c1(G)
O <>

Recall the definition (26) for (’E(G(!,, G'; F). We contend that for o < § as above,
(G, GHIEGs. G P! = 1D(G,, G P . (31)
Indeed, write T = Gs and identify T with 7' := G!G. We have H'(F, G) = {1}, thus
D(T,G; F) = H'(F, T) and
(T, G; F)/&(T, G'; F) =~ Im[H'(F, T) — H)\, (F, G"]
=Im[H"(F,G") - H}\ . (F,GY1 (apply [26, 10.2 Lemma))
= H;b(F, Gh (apply [29, Proposition 1.6.7]).
The last term is canonically isomorphic to the Pontryagin dual of Zg: this follows from
the [13, Propositions 1.10, 2.8 and §4]. Since (G, G') = ‘Za _1, this establishes (31).
Now we may write (7€ (a)|b%) as

fg D b@)ID(Gs. G )T A, Bald).
oel“regen(G) Serrcg,cll(G)

g6

Apply Lemma 5.1.11 to transform it into

/ S h@IDGs, G P AG, Hal).
Berreg,ell(G)

£ ~
o eI‘reg,ell (&)

g4

By Definition 5.2.1, this equals (a|’7‘g(b£)). O

5.3. Image of non-archimedean cuspidal transfer

Assume F non-archimedean in this subsection.

Desiderata We have defined the collective transfer map
T . 1-.(G) — TE.(G)
~ £ ~ !
T - (6) = Tp(6) = (D STeusp(G).
G!
Our aim is to show that 7¢ is an isomorphism. The general case will be done in Corollary

6.3.3. Here we consider the cuspidal part only; the injectivity follows from Proposition
5.2.4, and the isomorphy is implied by the following result.

Theorem 5.3.1. We have T¢(Z -- (G)) = I&,,,(G).
cusp

https://doi.org/10.1017/51474748016000384 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000384

Spectral transfer for metaplectic groups. I. Local character relations 71

Corollary 5.3.2. The inverse of TE: T - (G) — Icgusp(é) 1s the adjoint transfer Tg.
cusp

Proof. Apply Proposition 5.2.4. U

The proof of Theorem 5.3.1 occupies the rest of this section. Firstly, we have to review
the geometric transfer on the level of Lie algebras.

Standard endoscopy on Lie algebras A succinct introduction to the endoscopy on
Lie algebras can be found in [15]; for a comprehensive treatment, see [49].

In the following discussions, G denotes an arbitrary connected reductive F-group. Let
(G, G, s, ) be an elliptic endoscopic datum for G, where G' is the endoscopic group (see
[49, §1.3]); in particular G' is quasisplit.

Denote by Ag: (-, ) a geometric transfer factor on Lie algebras, deprived of the factor
Aty of Langlands—Shelstad; it is canonical only up to a multiplicative constant of absolute
value 1. In this setting we still have:

e the normalized orbital integrals X fg(X) for X € I'veg(9), f’e CX(g(F)), as well
as the stable version ¥ — (f*)9(Y) when G is quasisplit;

e the spaces Z(g), its stable variant SZ(g"), as well as their cuspidal subspaces Zeusp(9),
SICUSp(g!) since the parabolic descent (see Proposition 3.2.2) can also be defined on
Lie algebras;

e the correspondence of conjugacy classes on Lie algebras, written as ¥ < X;

e the geometric transfer with respect to Ag: (---): for each a € Z(g) we set

T@:Y— Y Agst.X)aX), Y € Agreg(a).

Xelreg(9)
YoX

The Main Theorem of the endoscopy for Lie algebras, due primarily to B. C. Ngo
and Waldspurger, asserts that 7 induces a linear map Z(g) — SZ(g"). It restricts to
Zeusp(®) = SZeusp(@)-

We remark that for the Lie algebras, there is no need to introduce the z-pairs as in [28,
§2.2).

There is a finite group Outg(G') of outer F-automorphisms of G'; see [9]. Thus it
acts on Areg(gl), the space of stable regular semisimple classes in g'(F). Note that if
Ag! ¢ 1s a transfer factor, then so is AGz’G(r_l(-), -). For non-quasisplit G, this notion of
outer automorphisms of an endoscopic datum can be quite subtle, as illustrated by the
following result.

Theorem 5.3.3 (Arthur, Hiraga—Saito). There exists a canonical homomorphism
x : Outg(G') — C*, which is trivial for quasisplit G, such that for every choice of Ag g
Ag @), X) = x(DAG Y, X), T € Outg(GH,

for all conjugacy classes X (resp. stable conjugacy classes Y ) in greg(F) (resp. in g;eg(F))
in correspondence.

Proof. See [9, (3.1)] or [21, §6]. O
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We will not need the precise description of x. Implicit in the assertion above is the fact
(Y & X) < (t7(¥) & X). As an immediate consequence, the image of transfer lies
in the subspace

ST(g', G) == {b € SI(g) : Vr € Outg(G), b(r7'() = X(r)b(~)} .

Define SIcuSp(g!, G) = SI(g!, G)nN SIcusp(g!). We are actually interested in the germs
around O of cuspidal normalized orbital integrals. To be precise, we shall consider the
spaces

gcusp (9) = ll_r)n Icusp o,
u

Sgcusp(g!7 G) = h_I)l’l S§Zeusp(V, G),
%
where U (resp. V) ranges over the invariant open subsets of g(F) (resp. stably
invariant and Outg (G')-invariant open subsets of g'(F)) containing 0, and ZeuspU) (resp.
SZeusp(V, G)) is defined as above except that we consider solely the orbital integrals along
the classes inside U (resp. V). All in all, the transfer map induces a transfer of cuspidal
germs:
gT: Geusp(9) — Sgcusp(g!a G)
for our chosen A .
As in §5.2, the adjoint transfer factor can also be defined on Lie algebras, namely

A (X, Y) = |D(Gx,G: F)|""Ag (¥, X) (32)

for Y < X. We use it to invert the transfer.

Theorem 5.3.4 (Arthur). The map GT is surjective. In fact, if b € Sgcusp(g!, G) then the
function
a:Xr— Z Agrg(X, Y)b(Y)

YEArcg,cll (Q])
Y X

on Treg el (9) belongs to Geusp(9), and satisfies GT (a) = b.
Proof. See the first part of the proof of [6, Lemma 3.4]. Note that Arthur implicitly

assumed in his proof that y = 1, so he worked with the space SI(g!)OUtG(G/) instead of
SZ(g', G). Tt is straightforward to adapt the cited arguments to the general case. O

Non-standard endoscopy on Lie algebras The non-standard endoscopy for Lie
algebras is developed in [49, §1.8]. We give a sketch here. A non-standard endoscopic
datum is a triple (G, G2, ji«) where G|, G, are quasisplit simply connected semisimple
groups; choose a Borel pair (B;,T;) for G; (i =1,2), the crucial datum j, is an
isomorphism j : X(Ty po = X«(T, p)g of Q-vector spaces, such that there exist
bijections

1 5(G1. T} — (G2 T}

T:2(G2, ) —> 2(G1, T g,
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satisfying
(i) 7 and T are mutually inverse up to @ < a";
(ii) for roots a; for T; z (i = 1,2), the elements Jx(@)) and T(a)) (resp. j*(a2) and
7(ap)) are proportional by a factor in Qs¢, where j* denotes the dual of j,;
(iii) the maps jy, j* are I'p-equivariant.

In short, the root systems of Gy, G2 become proportional under j,. As (F) =
X«(T)g ®q F , from j, we may construct an isomorphism t;/W; = ty/ Wy between
F-varieties, where W; := Ng, (1;)/T;. This gives a bijection between Areg(g1) and Areg(g2)
which preserves ellipticity. Write the bijection in the familiar way X; <> X». The
non-standard transfer can now be enunciated.

Theorem 5.3.5 (B. C. Ngo6, Waldspurger). There is a linear map Ti2:SZ(g1) —
ST(g2), written as fO +— fO2, which is characterized by fO(X1) = f92(X,) whenever
X1 < X».

Remark 5.3.6. Note the following properties.

1. As in the standard case, one readily shows that 7 2 preserves cuspidality.

2. Since (G, G2, Ji) is a non-standard endoscopic datum if and only if (G3, G, j*_l)
is, and the characterization of non-standard transfer is clearly symmetric, we have

75,]7-1‘2 =id, 'T]yz’rz,] =id.

In particular, non-standard transfer is an isomorphism. On the level of germs at 0,
it induces

GT12: SGeusp(@1) — SGeusp(92)

3. The simply connectedness condition can be dropped. More precisely, let G; — G;
(i = 1,2) be isogenies. They do not affect the correspondence of stable conjugacy
classes on Lie algebras and the non-standard transfer f@(X 1) = f@(Xg) (for
X1 < X7) still holds in this context. This mechanism is explicated in detail in
[30, Lemme 8.4].

What we will need is just the non-standard triplet (Sp(2n), Spin(2n + 1), j.), where j,
is described in [49, p. 15] (see also [30, §8.2]). If we replace Spin(2n + 1) by its quotient
SO(2n + 1), as justified in the preceding remark, the correspondence of classes is given
by matching eigenvalues. Namely, X| € $0(2n);eg corresponds to X» € §0(2n + 1)reg if and

only if
X1 has eigenvalues ay,...,a,, —an, ..., —ai
and
X, has eigenvalues ai,...,a,,0,—ay, ..., —a;
for suitable ap,...,a, € F. This may be compared with the correspondence for the

endoscopic datum (n, 0) of §f)(2n).
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Semisimple Descent Return to the metaplectic setup. Let p : G = %(W) — Sp(W)
be the metaplectic covering with dimp W = 2n. Fix an endoscopic datum (n’, n”) € Eq1(G)
with ePdoscopic group G'. By Proposition 5.1.8, we have the transfer map Ty
ICI;;p(G) — STeusp(G).

We need the semisimple descent for normalized orbital integrals. This is elementary as
it is based solely on harmonic analysis. See [36, §4.4.1] or [31, §4.2]; some notions below
are borrowed from [14].

Let § € G(F)gs and choose § € p 1 (8). We consider certain invariant open subsets of G
(called completely invariant in [14, §2.1]) of the form

U= {x*‘ exp(X)3x : X e U, x € G(F)} g

where U" 5 0 is a G®(F)-invariant open subset of gs(F); we assume U° to be G-admissible
in the sense of loc. cit., sufficiently small so that exp is a well-defined homeomorphism onto
its image in G. Once the Haar measures on G(F) and Gs(F) are chosen, the semisimple
descent around § is given by a map

T-@) — TU)C' )
for— fo,

where Z-- () is the space of anti-genuine normalized orbital integrals along classes inside
U C G; similarly for Z(U") on the Lie algebra gs, upon which G?(F) acts. The semisimple
descent satisfies

F5Eexp(X)8) = fo (X), X € Up,.
Moreover, when § is elliptic, the descent induces Z -- () — Icusp(ub)G‘;(F ). Also note
cusp
that for X € Urbeg, we have Gexpx)s = (Gs)x.
We also need the semisimple descent for stable orbital integrals for G' in [51, §4.8]. It

is much deeper as it requires the transfer between inner forms. Let y € G'(F)gs such that
G!y is quasisplit. Choose Haar measures as before. This time we fix a completely stably

invariant (see [14, §6.1]) open subset V 3 y, which arises from an open subset V* 3 0 of
gg,(F ) via the exponential map. Fix a system of representatives yy, ..., yx of conjugacy

classes in G'(F) stably conjugate to y. Define the finite F-group scheme & g, = (G )V/G
The semisimple descent around y is a map

ST(V) — ST(V*)Er )
fG! N fG(!S’b
with the same conventions as before. It preserves the subspaces SZcusp(- - -) and satisfies
£ exp(M)y) = fO° (), ¥ € Vg

Proof of Theorem 5.3.1. In view of the definition of Icusp(G), it suffices to show that

when af € Icgubp(G) lies in the image of

STeusp(G) = T, (G,
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i.e. when the components of a® vanish except for the component a' € SIcuSp(G!) indexed
by (n',n"), there exists a € T -- (G) such that 7¢(a) = a®.
cusp

Take the adjoint transfer a := ’Tg(ag). It is an anti-genuine function on I' 1feg(é). In
fact, a is supported on I'teg 11(G), since the correspondence o <> § preserves ellipticity.
Claim: there exists agen € Z -~ (G) such that a = agen for elements in general position.

cusp

Indeed, if this holds then T¢ (agen) = T€(a) = af for elements in general position (recall
Proposition 5.2.4). Hence Tg(agen) =af everywhere by the continuity of stable orbital
integrals, thereby establishing our theorem.

Choose a complete set of representatives yy, ..., ¥ € G'(F)gs of the stable semisimple
conjugacy classes in G'(F) corresponding to 8. By [25, Lemma 3.3], we may arrange

that Gi. = G;,[_ is quasisplit for i =1, ..., k. Define G_; as follows: Gi. admits a canonical
decomposition R x [[, SO(2a + 1), where R contains no factor of the type of odd split
SO; we put G; = R x[],Sp(2a). By [30, Théoremes 7.10, 7.23], the situation can be
summarized below

non-standard o elliptic

: . | ___non-standard__ _ | e <
endoscopic data : G; endoscopy G; andoseopy Gs
L | .
Lie algebra level : Y; Via elgenvarues Y; X
group level : exp(Yy)yi via (') e€en(G) exp(X)$,
Aexp(Y;)y;, exp(X)d) = Aa Gs (¥;, X), X,Y; close to 0, (33)
where A—; . is some transfer factor for the endoscopic datum (Ei.,...) for Gs. The

G!,Gs
non-standard endoscopy here is understood in an extended sense so that the pairs
(Sp2a), SO(2a + 1)) are allowed; see Remark 5.3.6.
Now pass to the adjoint transfer factors: recall that A . —r is defined by (32). Then
5,5

(33) implies
D((Gs)x, Gs; F)
|®(Gexp(x)6, G; F)|

_ v vyl —1
= Ay, G (XX |H'(F.Gy)l

A(exp(X)3, exp(Yi)y) = Ay, or(X.Y)-

for X < Y; close to 0. The first equality is just definition whereas the second stems from
the following fact: for every connected reductive F-group H and any elliptic maximal
F-torus S C H, we have |9(S, H; F)| = |[H'(F, S)| - |[H'(F, H)|~!. Indeed, these H! are
abelian groups and H'(F, S) — H'(F, H) is surjective by [26, 10.2 Lemmal).

Set E; := 8y,. Observe that for X € gs reg(F) sufficiently close to 0,

{o € AGareg(G) 1o < exp(X)(S} = |i| {exp(Yi)yi LY € Areg(gh), Y X} /E,-(F)

i=1
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where each Y; is also assumed to be close to 0. To show this, just copy the arguments of

[30, p. 583]; note that the roles of o and exp(X)$§ are reversed there.
Summing up, for X € gs reg(F) sufficiently close to 0 and in general position, we have

a(exp(X)8) = Z Aexp(X)8, 0)a' (o)

<46

Z Z AGG(XY)a(Y)
=ly, oY, <X

k

ZZAGG(XY)Z)(Y)
=1y, ox

for suitable al! € Slcusp(gi.)si(F ). Here bi. € Slcusp(g_i.) is the non-standard transfer of a}
(Theorem 5.3.5) characterized by

b;j(Y7) = aj(Yy).

By ‘in general position’ we require that each stable class ¥; (resp. ¥;) corresponding

to X as above has trivial stabilizer under E;(F) (resp. OutGS(GE.)). Moreover, by the

Outg; (Gi.)—equivariance property of AE G in Theorem 5.3.3 (whence the opposite
IR

equivariance of the adjoint transfer factor A G E)’ we may modify al! so that bl!. €
8

SIcusp(giw Gys).
To conclude the proof, apply Theorem 5.3.4 to the germs

gem6()() =Y Ag, G.(x Yob (Y, i=1,....k

YioX
: k
to obtain a,,, 5 := i agen 5 € Geusp(8s). We have a(exp(-)8) = Agey 5 for elements in
general position, hence Agen § is G®(F)-invariant by the continuity of orbital integrals.

The local characterization [45] of Z--(G) asserts that these Agen § patch together into
agen €T -~ (G) such that a = agen for elements in general position: indeed, this results
cusp

from the corresponding property for a(exp(-)8) (for various e Gss) by the continuity of
orbital integrals. This establishes our earlier claim. O

6. Spectral transfer in the non-archimedean case

Keep the assumptions in §5 In particular, we consider a fixed local metaplectic covering
P: G — G(F), where G = Sp(W) dimp W = 2n. We also fix a minimal Levi subgroup
My of G. Although the main concern of this section is the non-archimedean case, some
definitions are also useful for archimedean F'; this will be mentioned explicitly in what
follows.
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6.1. Paley—Wiener spaces

The exposition below for G will be sketchy; details can be found in [31, §5.4] or
[4, 6]. A large portion of our discussions also makes sense for archimedean F, but
one has to be careful about the choice of test functions (e.g. K-finite functions,
Schwartz—Harish-Chandra functions) We will try to indicate the necessary adaptations.

The unstable side For each L € L(My) and 7 € Hz,_(li), the Knapp—Stein theory of
intertwining operators furnishes a central extension

1>S'"> R; > Ry — 1. (34)

The finite group R is the R-group attached to 7, here viewed as a quotient of W, :=
Stabya () by some normal subgroup W7 described in terms of Harish-Chandra’s

u-functions. For P € P(L), there is a homomorphism from Ry to Autgr)(Ip(m)):
r—> Rs(r,): unitary operator,

under which S' 5 z + z7!.id. Here R p(r, ) is the normalized intertwining operator, it
depends on the choice of normalizing factors for the standard intertwining operators,
whose existence for covering groups is established in [31, § 3]. Note that in loc. cit., (34)
is reduced to an extension by some finite subgroup of S'.

Define T_(G) to be the set of triples (L, &, r) as above such that zr is conjugate to r
if and only if z = 1; such triples are called essential in loc. cit. Set fen’_(é) to be the

subset defined by requiring det(1 — r|ag) #0.For t =(L,m,r) € Ty, —(G) we set

d(t) :=det(1—rla¥) € F. (35)

These definitions generalized to the Levi subgroups of G as well, which are coverings
of metaplectic type. There is a canonical map T_(M) — T_(G) giving rise to the
decomposition

TG = || Tau-).
MeL (M)
Note that iaj;,[ acts on Tell,—(M) ~by se{lding t=(L,m,r) to 1) :=(L,m,r). By
decomposition into iaj},-orbits, each Tepy (M) /S! becomes a disjoint union of compact
tori (resp. Euclidean spaces in the archimedean case), thus so is T_(G)/S'. On the

other hand, we have a W()G—action on T_(G) by transport of structure, written as
(L,mt,r) —~ (wLw’l, wi, wrw’l), that commutes with S!. Set

Ten,—(G) = Ton,—(G)/ W,
T_(G) == T_(G)/W§

= || Te-on/wémn,
MeL(Mp)/conj

and so on; they still have natural structures of analytic R-varieties. Also note that
T_(G) - T_(G)/S" and each Ton,— (M) —» e11,,(M)/S1 are S'-torsors.
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Remark 6.1.1. The S'-torsor f"eu’_(]ﬁl) over 7:.311’_(1\;1)/81 is actually split, albeit
non-canonically. Indeed, consider a connected component C of Te _(M) and fix some
(L, 7, r) eC. Write r — r € Ry. Then a trivialization of C — C/S! is given by

(L, r)—> (L, 1), A€iay,.

Such trivializations of C are in bijection with {r € Ry : r — r}.

Let us complexify this construction. By allowing 7 € I1_(L) to be only essentially
square-integrable modulo center (i.e. ) € Hz,_(i) for some A € az’(c), and letting a"‘M’(C
act on the triples (L, m,r) € feu,_(ﬂ)@ so obtained, we obtain T_(G)c and T_(G)¢ :=
T7_(G) / WOG . They are complex varieties. Moreover, the intertwining operators R (r, )
extend meromorphically to the complexified setup.

Fort = (L, 7, r) € T_(G), we have the representation R 5 := Rz(-, w)15(m, -) of Ry x G
on the underlying vector space of 15 (). Let TT— (Ry;) be the subset of [T1(Ry) consisting of
representations on which S! acts by z — z-id. The upshot is the existence of a bijection
pr>& € Htemp,_(é) between [T_(R;) and the set of irreducible constituents of 15(m),
characterized by

Rp =~ @ oV RE,.
peM_(Rz)
Define the genuine invariant distributions
0, = ®§ = trR(r, ) = tr (Rp(r, m)13(7, -))
- Y ae)es,.
peM_(Rx)
Ig(t.) = D)0y
They can be shown to be independent of the choice of P € P(L). Moreover, ®; depends
only on the image of t in 7_(G). In this manner, 7_(G) furnishes a basis of the space

of virtual genuine tempered characters of G, up to dilation by S'. The distributions ©
and /;(t, -) also admit meromorphic continuation to 7_(G)c. They satisfy

I; (@f’) =@f (36)

for any M € L(Mo), P € P(M) and t € Ty _(M)c — T_(G)c; see [31, Définition 3.1.1
(R5)]. )
For fz € Z--(G), define

fe(@ = / I5(t.8) f5(8)ds
Freg(G)

= 0:(f¢g) (37)

for every T € T_(G); the second equality follows from Weyl’s integration formula. Denote
the resulting function on 7_(G) as fg ar

Lemma 6.1.2. The map fg+— fg or is a linear injection into the space of functions
T_(G) — C.
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Proof. The injectivity stems from [31, Théoréme 5.8.10]. The archimedean case is
contained in [14, Corollaire 3.3.2]. O

Denote theNimiige of Z--(G) as PW--(G). For non-archimedean F, it consists of
functions « : T—(G) — C satisfying
(i) « factors through 7_(G);
(i) a(z-) =z 'a(-) for every z € S';
(iii) o is supported on finitely many connected components of T_(G);
)

(iv) the restriction of @ to each connected component C, viewed as a function on C/S!
by choosing any trivialization as in Remark 6.1.1, is a Paley—Wiener function.

This characterization of PW--(G) is nothing but the trace Paley—Wiener theorem; its
justification for coverings is given in [31, §2] and [35, §3.4]. For archimedean versions,
see [14, 16]. Consequently there is a notion of pseudo-coefficients for every t € Tey —(G).
The same spaces may be defined for any M, where M € L(Mp). There is then a natural
action of WY (M) on PW--(M).
Proposition 6.1.3. For each M € L(My), the inverse image of

PW--(G)y = {a € PW--(G) : Supp(e) c WC - Teu,_(M)}

~ G ~ ~
~ PWff(M)A“,; () (by restriction to T_(M))

is contained in FMI--(G). Composition with

FML-(G) —» gM1--(G) —— I - (M)W D
usp

fe I
yields PW--(G)y — T — (M)WMD,
cusp
Proof. It suffices to note that for every L € L(Mp), the diagram
Z--(G) ———— PW--(G)
f@'—’fil Jrestriction to T_ (i)

I (LWL 5 PW.(D)WWD

commutes by (36). O
In view of the definition of PW--(G), there is an evident decomposition
PW--G) = @ PW--(Gwm
MeL(Mo)/ W
~ — (anWeon
S P 7,00 . (38)
MeL(Mo)/ W
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Corollary 6.1.4. Composing fz — fg or with the decomposition (38) induces a filtration-
preserving isomorphism

Z--(G) = Iy (G)
as claimed in Remark 5.1.4.

Summing up, elements of Z--(G) may be viewed either (i) as functions on Freg(é)
(geometrically), or (ii) as functions on T_(G), via fg > fé,gr (spectrally). Parallel to

§5.1, we set out to define a Radon measure on T_(G)/S'. For M € L(My), T € Teu’_(ﬁ;l),
set

Voo
Ay, = Stab;qx (1),
idy  =iay/ay .

The measures are defined by

@= |ZR,,<r>|—1/ a(t) o,
/Ten‘_(M)/S' Z i

teS\ Ty, (M) /ial, ue
t=(L,m,r)
/_ o= > |WG(M)|_1/ «a
T_(G)/S MeL (M) WS Ten,—(M)/S

for suitable test functions o, where Zg (r) := Stabg_(r) for r € Ry; also observe that
V4 R, r)/S'=2z R, () by our definition of essential triples.

Denote the quotient map T_(G) — T_(G)/S! by x, we may deduce a Radon measure
on T_(G) by requiring

mes(n ' (E)) = mes(E)

for every measurable E C T_(G)/S!. This is redundant somehow, since we only integrate
over T_(G)/S! in this article. Nevertheless, the same recipe defines an analogous measure
in [31, p. 834] on a bundle over T_(G)/S!, the only difference being that ker(R; — Ry) is

taken to be a finite cyclic group in loc. cit. Thus these two formalisms can be reconciled.
Define an hermitian pairing

(a1laz)en 2=/ N |d(r)|71al,gr(f)a2,gr(f)dt, a,a €I -- (G),
Tent,—(G)/S! cusp

with the d(t) in (35).

Lemma 6.1.5. For allay,as € T -- (G), the hermitian pairing (a)|az)en is convergent and
cusp
equals the (ailap) in Definition 5.1.2.

Proof. In view of the compatibility of measures alluded to above, this is a special case
of [31, Théoreme 5.8.7]; cf. [4, Corollary 3.2]. O
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The stable side All the results below are contained in [6, §5], in view of the
construction of local L-packets in [10, Chapter 6]. We shall be brief here.

Let G' be an elliptic endoscopic group of G. We fix a minimal Levi subgroup M(!) cG'.
In §4.2, we have defined the stable tempered character S®y for ¢ € ®1,3q(G"). They are
stable distributions by Theorem 4.2.3 and have normalized version

$9(p.) = |DC()[/250,
viewed as a smooth function on Gieg(F ). The same definition works for any M' € L(M(!))

in place of G'. For every A € ia;[, we have SM' (o, ) = el Hy () gM’ (0, ).
As in (37), given ¢ € ®pqq(G') and a € ST(G') we set

a(g) = / $C (¢, 0)a(o) do
A 1

reg(c‘)
= SOu(a). (39)

Remark 6.1.6. As on the unstable side,
e the map a — [¢ — a(¢)] identifies SZ(G') as a space of functions ®pqq(G') — C;

e the image of SZ(G') under the identification above has a characterization & la
Paley—Wiener, cf. Proposition 6.1.3 and [50];

e consequently, we deduce a filtration-preserving isomorphism SZ(G") = SIgr(G!) as
claimed in Remark 5.1.4.

The precise formulation is completely analogous to the unstable side.

Recall the decomposition (21) by which ®p,4q(G") and the various D) paa(M " acquire
R-analytic structures. It makes sense to define a Radon measure on ®pgqq(G') by
stipulating

= () dA,
Lz,bdd(M) ¢ Z / G

. ia*
d’e':bz,bdd(M!)/la;l[

M.
/ a= 3 |WG!(M’)|’1[ o
Ppad(G) D bdd (M)

M'eLmby/we'
for suitable test functions «, where

.k ek \Y
LIy .—laM!/aM,,d),

uLw = Stabiaj‘w! (@).

Lemma 6.1.7. Assume F non-archimedean. For every ay, ap € SIcusp(G!), we have
(@la) = | S adl a1 (922 @) db
@pad,2(GH

where the .7-groups /g aq := m0(Sg.ad) are defined in §4.1.
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Proof. See [6, p. 542]. O

Parallel to (39), we have the following inversion formula due to Arthur. The proof is
based on the inversion formulas in [5] which are valid for archimedean F as well.

Lemma 6.1.8 [6, Lemma 6.3]. There is a smooth function SG!(U, @) of (o,9) € Areg(G!) X
(Dbdd(G!)7 such that

a(o) = f S (o, p)a(d) d¢
D44(Gh)
for any a € ST(G).

6.2. Spectral transfer factors

In this subsection, F can be any local field of characteristic zero except in the second
part where we introduce the spectral transfer factors. We set

156 = || ®2paa(Gh.
G'eEan(G)

By the foregoing constructions, it has the structure of an analytic R-variety and comes
equipped with a Radon measure. As usual, this can be extended to Levi subgroups and
we set

G = || 1500/Wowm).
MeL(Mo)/WE

Here, by writing M =[];c; GL(n;) x Sp(W®), the action of WO (M)=&() is
permutation of the indexing set I of the GL-factors of each M' € E1(M). As in §6.1, one
also can define their complexified versions T¢(G)c, etc.

Next, define

~ ~ G
5EG) = P Zh,en".
MeL(Mo)/ W

We shall regard each Ifusp(A;I)WG(M) on the right-hand side as a space of functions
T¢(M)/WC (M) — C, using Remark 6.1.6.

Lemma 6.2.1. The linear map

78(G) — I5,(G)
M!
— (fell )MGE(MO)/WOG
M'eEqn(M)

e =(r%)

G'e€en(G)
. . . ! L ! s,M'
is an isomorphism. Here fe% denotes the restriction of fM := (fG[S])Y’ e ST(M")

to ®ypaa(M'), with arbitrary s € Ey(G) (recall Theorem 3.4.6); each family
( éﬁ!)M!eEen(M) is regarded as a function Te‘%(M)/WG(M) — C.
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Proof. The map is well defined: feﬁﬁl is independent of s and invariant under W% (M) by
Definition 5.1.7. By interpreting 7¢(G) and Igr(é) in terms of stable Paley—Wiener spaces
for various M', the isomorphy follows immediately from the definition of Z€(G). O

Definition 6.2.2. Given ¢ € T¢(G) coming from ¢, € @ paa(M*) (up to WO (M)), we
set

FE@) = [ @u). £ €T5(G),
in the previous notations; see (39) for the meaning of evaluation at ¢ .

Remark 6.2.3. To decipher f€(¢), we choose s € 5M1((~;) to obtain a diagram as (15).
For s = (I’, I"), the corresponding endoscopic group G[s] of G is

G' = G[s] =——=S0@2n'+1) x SO@2n” +1)
M' ————— T,y GL(n;) x SOQ2m’ + 1) x [Tic;» GL(n:) x SO@2m” + 1)

and we let ¢ € ®pgq(G') be the image of ¢,y'- The representations in the L-packet Hé‘;’zl
!

share a common [[;.;» GL(n;)-component; denote its central character by ”. Then we
deduce that

7£@ = (1) @)

o' (£9)" G0

=" (=D @)
from Theorem 4.2.4 and the definition of z[s].

Assume hereafter that F is non-archimedean.

Definition 6.2.4 (Spectral transfer factors and their adjoint). For every (¢, t) € Te‘i(é) X
Teu,_(é), define A(¢, 7) by requiring that

TEUp@) = Y. Al D)fg(0),
relen,—(G)/S!
AP, zt) = zA(P, T), 2 eSl;

where fg € Z--(G) and Tg(fé) € Icgusp(é) is its collective transfer (Proposition 5.1.8).
Its adjoint is defined by

Az, ) == UG, GH Ty aal ' 1d(D)|AD, T)

whenever ¢ € q’z,bdd(G!)- These definitions generalizes to any M € L(Mp) in place of
G, the corresponding factors are denoted by Ay (---). Keep in mind that A j;(¢u, Tm)
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and A (ty, ¢u) vanish unless the GL-components of ¢y and 7y match under local
Langlands correspondence.

More generally, let (¢, 1) € T¢(G) x T_(G). There exists a unique M € E(Mo)/WG
such that ¢ (resp. 7) comes from ¢y € T, ll(M) (resp. Ty € Tey, _(M)) both are unique
up to WO (M). If ¢ and t come from the same M modulo W0 ,

Ag.T) = Y. Au@u. i),
Tl WO (M)Ty
AT, g) = Y Ap(tu, ép)
DL EWC (M)

otherwise set A(¢, r) = 0. Note that there is at most one nonzero term in each sum
above, namely the 7,, (resp. qu) whose GL-components match those of ¢y (resp. i)
under the local Langlands correspondence.

Lemma 6.2.5. For t fized, A(-,t) and A(z,-) are functions of finite support. So are
A(-, @) and A(@, -) for ¢ fized.

Proof. One reduces immediately to the elliptic case. In the case of fixed 7, take fz €
T -- (G) to be the pseudo-coefﬁcient of 7 in the definition of A(:, ) and apply the
cusp

(G) D SIcubp(G!) As to the case of fixed ¢, we may
reverse the réles of Icﬁ;p(G) and Z¢ . (G) by using Theorem 5.3.1. O

Paley—Wiener theorems to Z, Cusp

cusp

For ¢, ¢ € Tg(G), denote by 84 4, the usual Kronecker’s delta. For 7, 7y € T_ (G), we
set

5 7, ifty=zr, zeS!,
T,T] —
0, otherwise.

Lemma 6.2.6. We have

Yo AGCOAG. 1) =8y,

$eTE(G)

> A DA 1) =8y,

TeT_(G)/S!

Proof. To begin with, suppose that (¢, 7) € TH(G)xTeH,(G) Recall that 7€ :

- (G) 57T (G) is an isometry by Corollary 5.2.5. The relevant hermitian pairings

cusp

can be interpreted via the Lemmas 6.1.5 and 6.1.7. Choose for each 7 € Tq, _(G) /St a
representatlve in Ty, _(G). By the description of Paley—Wiener spaces, Tq, _(G) /S! and
ell(G) provide orthogonal bases for the two sides, and (A(¢, 7))¢ ¢ is the matrix of TE.
The elliptic case then follows from linear algebra. We derive the non-elliptic cases in the
standard fashion; cf. the proof of Lemma 5.2.2. O
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Lemma 6.2.7. Foralla € CC(Teu,_(G)) and 8 € CC(TegH(G)) such that a(z-) = z 7 a(-) for
all z € S, we have

fT e Y B@AWG. Da(r)dT = /
ell,—

£ A
¢€Te%l(é) Tell(G)

Y B@)A. D) dg,

telen,—(G)/S!
where we pick an arbitrary representative in Teu,_(é) for every t € Teu,_(é)/Sl. Note
that the inner sums are finite by Lemma 6.2.5.

Proof. The argument is similar to that of Lemma 5.1.11 but much easier, since the
integrals are actually sums in ours case. It suffices to re-index those sums. O

Finally, we note that the spectral transfer factor A has a natural extension to
T¢(G)c x T_(G)c: extend each Ay by requiring that (i) Ay (¢y, i) =0 unless the
GL-components of ¢y and 7y match, and (i) Ay (dum, ™v,i) = Ay (dm, T;v) for all
A € aj; . Same for the adjoint transfer factor.

6.3. Statement of the character relations

Retain the previous notations and assume F to be non-archimedean. The main result of
this section may be stated in an abstract form as follows.

Theorem 6.3.1. Define the isomorphism Igr(é) > Iggr(é) as the direct sum over M €
/.:(Mo)/WOG of the cuspidal transfer maps (see Theorem 5.53.1)

~ wG ~ ~ wG
TE T - (VI S TE YT,

cusp
Then the diagram
1..(6) T55 75(G)
Corollary 6,1.4{: 2lLemma 6.2.1 (40)
Tgr(G) —— I5(G)
commautes.

The vertical isomorphisms interpret a test function as an element in the relevant
Paley—Wiener space, i.e. as a function of spectral parameters. Thus the commutative
diagram may be seen as an identification between the geometric and spectral transfers.

Remark 6.3.2. For f; € Z--(G) we define
foior— Y AT fe()
1€T_(G)/S!

as a function on T¢(G). Here we pick an arbitrary representative in T_(G) for each
1€ T_(G)/S'. Take fg = Tg(fé). We contend that Theorem 6.3.1 is equivalent to the
assertion that

fE@) = f5(¢) (41)
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for all fg € Z--(G) and ¢ € T¢(G), where fg((b) is as in Definition 6.2.2. In view of
Remark 6.2.3, this is exactly [6, Theorem 6.2] except for the twist by w”(—1), which is a
metaplectic feature.

Let us show the equivalence. In the commutative diagram of Theorem 6.3.1, going in
the direction \_> maps fg first to the function 7 + fz(7) on T_(G) (say via fe fé,gr)’
then to the function ¢ — Y _ A(¢, 7) f&(t) on T¢(G). We arrive at fggr(qﬁ).

On the other hand, by Lemma 6.2.1 and the notations therein, going in the direction
Tmaps f¢& to the function on T¢(G) that sends o € q’z,bdd(M!) to fM!(qu!), which
is exactly f £(¢). This concludes the equivalence since every ¢ € T¢(G) arises from some

¢M!.

The proof of Theorem 6.3.1, or its equivalent form (41) will occupy §8. The upshot
will be proving (41) for ¢ elliptic and fgz non-cuspidal. We record several consequences
thereof.

Corollary 6.3.3. The collective transfer map T . 7-(G) — Z¢(G) is an isomorphism.

We also need the space Z1. (G) defined as follows. Its elements are functions on Freg(é)
of the form fé 8 > 251 fé(gl), where fg € Z--(G) and §; € Freg(é) ranges over the
classes stably conjugate to § (see Definition 3.3.6). Thus we have a surjection Z--(G) —»
7' (G).

For archimedean F, the space Z'.(G) can be made into a nuclear LF space; see [38,

§5].
7. The archimedean case

Throughout this section, we assume F = R except in § 7.6 where F = C. Fix a non-trivial
additive character ¥ : F — S!.

7.1. Renard’s formalism

Let (W, {:|)) be a SympINectiCNR—vector space of dimension 2n. Let G := Sp(W). The
metaplectic covering p : G = Sp(W) - G(R) with ker(p) = pg is defined with respect

to V.
Let (n',n") € Eq1(G). Following Renard [39], we introduce the groups

G° :=Sp(W') x Sp(W"),

G := Sp(W") x Sp(W"),

where W/, W are symplectic F-vector spaces such that
dimp W =2n', dimp W’ =2n",

and W = W @& W”. Thus G° comes equipped with a homomorphism j : G® — G with
ker(j) ={(z,z ) :z € ig}. Note that G is not a covering group in our sense (the kernel
of G®* — G°(R) is not cyclic), but the relevant properties carry over by working with
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each component separately. Renard actually considered the group G°/ker(j) instead; cf.
[30, §4.6].

In Definition 2.2.2, for any m € Z>( we have defined a canonical element —1 € §f)(2m)
above —1 € Sp(2m) satisfying (=12 = 1. Write —% = (=1) - % for any ¥ € §f)(2m). Define
the involution

1:G° — G°,

&, 3"y — &, =5").

Definition 7.1.1. A distribution or function on G° is called genuine if it is genuine for both
components Sp(2n’) and Sp(2n”). The same for anti-genuine distributions or functions.

Thus we shall continue to use the usual notations C,?fi,(éo), I1_(G®), ete.

The normalized stable orbital integral of f € Ci’l(@) along Se Greg is defined at the

end of § 6.3. For the group G°, the normalized orbital integral f&o (8) and its stable version

f G%(§) are still defined: it suffices to work component-wise. Following Harish-Chandra,
Shelstad and Bouaziz, Renard defined in [39, § 3] the space 7! (G®) of stable anti-genuine
orbital integrals on G°. Tt is an LF space, viewed as a space of anti-genuine functions
Gﬁeg — C. As in §3.2, there is a continuous linear surjection

€2 (G — T!(G°)
fr— 5 rC®].
Define now
T.(G°) = {¢° : G2y — C. such that t°¢° == ¢° o1 € IJ,(G°)} :

The superscript x might suggest the endoscopic character of §3.4, although the latter
object only makes sense after fixing a maximal torus; see the discussion in [39, p. 1220].
The geometric transfer over R is decomposed into several stages.

1. The factor Ag(8’,8”) in §3.4 defines the transfer map & la Renard

Tk : I--(G) — IK_(G®)

pr— [ 0°:(F.8") > Ao, 8") Y (k. inv(8, 1)) (5)
81
where
o5 :=j(8,8") is assumed to lie in Greg,

e 5, ranges over the elements in Freg(é) stably conjugate to &, which have
representatives in G® by the previous assumption,

ok = kg, : H'(R, Gs) — W, is the endoscopic character attached to (n’,n”) and
Gs.
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This transfer is established in [39, Theorem 4.7] and rephrased in [30, Théoréme
6.3]. When n’ = n it is merely the surjection Z--(G) — Z!.(G).

2. There is a transfer map of Adams-Renard
Ty - I--(G) —> ST(SOQ2n + 1))
b [r e 8o . 986)]

where 8§ < y and § € p~1(8) is arbitrary; the A(,0) means the transfer factor for the
endoscopic datum (n, 0) for G. It factors through Z--(G) — Z!.(G). This transfer
T(n.,0) is originally conjectured in [1] and proved in [38].

3. The transfer defined in §3.4 is

Tovwry « I--(G) — SI(G).

The ambiguity of f' (Remark 3.4.2) disappeared since we work with the spaces
Z--(G), T'(G") of orbital integrals. When n’ =0 or n” = 0, we are reduced to the
previous two cases.

Lemma 7.1.2. The following commutative diagram commutes.

T-(G) 5 75.(6)

P_VJ‘[ *

T T!(G®) =——— T!.(Spn')&T!.(Sp(2n”))
lﬁn/.o) ®7?n”,0)
SI(G’) = ST(SOQ2n’ + 1))®SI(SO(2n”+ 1)

Proof. This is done in the proof of [30, Théoréme 6.8]. For the horizontal equalities and
the meaning of ®, see Remark 3.2.1. O

Dualization yields the commutative diagram below.

- TV -
I--(G)Y +—— T (G*)Y
:Tr*
' (G*)Y (42)
[Ter0®7ar

ST(GHY

The same constructions also apply to any covering of metaplectic type p : M — M(R)
and its elliptic endoscopic data: the common GL factors of M and M' are unaffected.
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7.2. Stable Weyl groups

Our basic references for stable conjugacy are [1, 40]. As before, consider G = §f)(W) and
fix a maximal R-torus T of G. Let A be the split component of T and set M := Zg(A).
The stable Weyl group of T is defined to be

Wt (G, T) := W(G, T)W(Mc, Tc) (43)

as a subgroup of the absolute Weyl group W(Gc, Tc). It fits into a natural short exact
sequence
1> WM, T) - W(Mc,Tec) x W(G, T) - W (G, T) — 1.

Lemma 7.2.1. The subgroups Wet(G, T) and W(G, T)(R) of W(Gc, Tc) coincide.
Proof. It follows from [40, Theorem 2.1] that

Wet(G, T) = {w € W(Gc, Tc) : Ad(w)| 7, is defined over R} . (44)

This is exactly the characterization of W(G, T)(R) in (3). O

As a matter of notations, we prefer Wst(G, T) over W(G, T)(R) in order to adhere
to [1, 38]. The group Wg (G, T) acts on T(R) by the adjoint action. The elements
in Tyeg(®)/W(G,T) can be viewed as conjugacy classes in Greg(R) intersecting T (R).
Moreover, two elements §, §; € Treg(IR) are stably conjugate in G if and only if §; = ww ™!
for some w € Wgt(G, T). This is how Shelstad defined stable conjugacy for real groups.
The same construction applies to every connected reductive R-group; for GL(n) we have
Wt (GL(n), Tar,) = W(GL(n), Tg1,) for any maximal torus Tqry,.

Note that any T C G takes the form

T ~ (C" x (S x (R¥)*

as R-tori, for a unique triple (m, r, s) satisfying 2m +r +s = n.

Lemma 7.2.2. We have canonical identifications

W(G, T)\Wst(G, T) = ps = H'(R, T).

Under this bijection, an element (1, ...,t) € W5 corresponds to the coset containing the
w € Wet(G, T) which acts on'S" as (zi)i_, — (z)i_,, and w acts trivially on (C*)" and
(R*)*.

Proof. This is well known and we reproduce the arguments below. Identify a given w €
Wst (G, T) with some representative in G(C), and let w be its complex conjugate. By
Lemma 7.2.1 we have w™'w € T(C). This defines an element in Z!(R, 7). Compare the
descriptions of stable vs. ordinary conjugacy in Treg(R) in two ways:

(i) via the action of stable Weyl groups as discussed above, and
(ii) via the pointed set ©(T, G; F) discussed in (8).

We deduce a bijection of pointed sets

W(G, T)\Ws (G, T) 25 H'(R, T).
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A standard argument (see [30, §5.3]) gives H!(R, T) = p}; this can also be done on
the Weyl group side as done in [39, p. 1218], together with the precise description as
asserted. O

For stably conjugate classes 8,81 € Treg(F)/W(G, T), their ‘relative position’ can be
defined as the element in W(G, T)\Wg (G, T) with a representative w satisfying §; =
wdw~!. This is compatible with our general recipe (9) using the cohomological invariant
inv(8;, 8) € H' (R, T): modulo the identification of Lemma 7.2.2,

inv(wsw™',8) =w e H'(R, T).

Unwinding matters, this equality reduces to the definition of inv(w$, 8).

Theorem 7.2.3 (Adams [1, Lemma 3.3]). The action of Wst(G,T) on t(R) lifts to an
action on T extending the adjoint action of W(G, T). Two elements §, 61 € Treg are stably
conjugate if and only if 5 = wdw™" for some w € Wyt (G, T).

Note that Adams considered the twofold covering §f)(2)(W) instead.
As the element —1 in Definition 2.2.2 is central of order two, one obtains the map

k1,0 : W(G, T)\Wst (G, T) = H' (R, T) — p, (45)

characterized by k7 o(w)(—1) = w(=Dw leT.

Lemma 7.2.4. The map k0 s given by

H'R, T) = pnj — n,
r
(t)i_ —> Hti
i=1

modulo the identifications in Lemma 7.2.2.
Proof. Write
T = ((Cx)m % (RX)S % (Sl)r
—_— — ~——~~
::T() Z:Tl
and set ng :=s+2m, ny :=r. We may choose a compatible orthogonal decomposition
W=Wy@®W; (cf. the parametrization of maximal tori in [30, §3]) so that the
homomorphism
To x Ty = Sp(Wo) x Sp(Wy) & G
reviewed in §2.1 sends (=1, —1) to —1 € G (sorry for overloading the symbol —1...). One

way to see this is to combine Proposition 4.25 and Corollaire 4.6 in [30].
In view of Lemma 7.2.2; the inclusion maps induce bijections

W (G, T)\Wst(G, T) +—— W(Sp(W1), T1)\ Wst (Sp(W1), T1)

HY(R, T) H'\(R, T})
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Under this identification we have

w=Dw™ ' =j(=Lw=Dw™), we Wu(Sp(Wy), T1).
—_— —_—
eG eSp(Wy)

By construction, j satisfies j(eoXo, €1X1) = €0€1 - j (X0, X1) for any eo, &1 € pg. The

problem reduces immediately to the elliptic case T = Tj.
Suppose w corresponds to (4)i_; € W5, then the transfer factor A, satisfies

r

Aom (v, wiw™) =[]t Aom(r, )

i=l
whenever y <> § are regular semisimple: indeed, this is just the cocycle condition in § 3.4.
On the other hand, for sufficiently regular 8, there exists a unique corresponding stable
class y in SO(2n + 1); the descent of transfer factors [30, § 7.10] implies that A ) (v, 8)
is constant for § = (—1) exp(X), where X € greg(R) is close to 0. The assertion follows
from the genuineness of A ,) by taking X € tyeg(R), X — 0. U

Fix an endoscopic datum (n’, n”) € Sell(é), construct the corresponding objects G°, G'
and set
j:=j,-1)eqG. (46)

This is slightly different from the choice of y in [39].

Let T C G be a maximal torus containing y :=p(3), so that T C Zg(y) = G°.
Therefore there is a canonical decomposition T =T’ x T” with T’ C Sp(W'), T” C
Sp(W”). In [39, p. 1220], Renard defines the map

kr : W(G, TI\Wst (G, T) — s
characterized by
w&w_1 =«xr(w)y, w e Wx(G,T).

When n” = n, we revert to the map «r,0 defined in (45) since y = —1. The next task is
to reconcile Renard’s character with our endoscopic character. Denote by pr” : T — T”
the natural projection.

Lemma 7.2.5. The map k7 equals the composition

~ gyl pry 1 my KT.0
WG, TIA\Wst(G, T) > H R, T) — H (R, T") — py,
via Lemma 7.2.2. In particular, k1 equals the endoscopic character in § 3./ denoted by
the same symbol.
Proof. Write G’ := Sp(W’), G” := Sp(W”). Under the identifications in Lemma 7.2.2 we
have
W(G, T\Wt(G,T) = H'R,T) = H'(R, ) x H'(R, T")
= (W(G", T)\Wst(G'. T) x (W(G", T"\We(G", T")).

The homomorphism j : G’ x G” = G® — G in §2.1 is clearly equivariant with respect
to the decomposition above. The first component of ¥ does not matter at all (it is 1),
hence we are reduced to the case n” = n, y = —1 treated in Lemma 7.2.4. O
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7.3. Spectral transfer for G-regular parameters

Preparations Fix a maximal compact subgroup K of G(R) and an anisotropic maximal
torus T C G such that T(R) C K. We have
W( G, T)=W(K,T)=W(Kc, Tc) (standard fact, see [22, Lemma 4.43)),
W(Gc, Tc) = We (G, T) (because M = G in (43)).

By choosing some 8 € Tyeg(R), y € G!reg(R) with y <> §, we obtain a standard
isomorphism

0:T' ST
by Lemma 3.3.4, where T':=G); it is unique up to Wst(G,T) = W(G, T)(R). The

pull-back of #~! induces a canonical surjection
)/ W(Ge, Te) — £/ W(Ge, To) (47)

with finite fibers, which is an isomorphism when n’ = n or n” = n. Hence we deduce a
. . . . ! .
correspondence between infinitesimal characters of representations of G and G'. Write

A e
if A' > A under (47). A precise description of 6 is worked out in [1, § 7].

Proposition 7.3.1. Consider the canonical map

3(9) > Sym to)V (0T —— (Sym o)V 9e TS ~ 3(g")
dual to (47)

!
e e

between centers of universal enveloping algebras. We have Ty oy (2fg) = Z!T(n/,n”)(f(;)
Jor all f¢ € T--(G). Consequently, if A' is an invariant eigendistribution on G'(R) with
eigencharacter ) € t?f:/W(G!, T, A+ A, then so is its transfer A with eigencharacter A.

Proof. This is based on the differential equations satisfied by orbital integrals, due to
Harish-Chandra. A proof can be found in [51, 2.8 Corollaire] in a much more complicated
setting. O

The case (n,0) In what follows we assume n’ = n. Recall that we have chosen a Borel
pair (B, Ty) for G in §3.3.

Definition 7.3.2. For every ay,...,a, € C, set
la1. ... ax) € X*(T) ®C =

to be the image of (a1, ..., a,) € X*(Ty) ® C under Te < (Ty)c, where (23) is used. The
same notation pertains to 7.
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The notations are tailored so that 6 sends [ay,...,a,] to [ai,...,a,]. Since T(R) is
the maximal compact subgroup of T (C) = T, (C) = (C*)", we may identify X*(T¢) with
Homeont (T (R), S') by Weyl’s unitarian trick. The same holds for T as well.

Once the Borel subgroups B D T, B' O T' are chosen, one defines the half-sums of
positive roots p, p' respectively, and transport them to t, (t!)(’é via the recipe above.
The discussion in §4.1 for the discrete series and their limits also applies to G.

Lemma 7.3.3. For appropriately chosen Borel pairs (B, Ty) and (B', TS!), we have
(i) p=n,n—1,...,1];
(ii) IO’ = [n_%a"'a %]7
(iii) the Weil representation wy, admits an infinitesimal character, whose representative
in ti, can be taken to be Ao := [n— %, el %],
(iv) an irreducible discrete series representation or their limits w of G with infinitesimal
character A is genuine only if A € Lo + X*(T¢), it factors throughp : G — G(R) only

if L € p+ X*(Tc); the direction ‘if’ holds when one works with the twofold covering
a2
Sp ' (2n).

Proof. The first two assertions are standard calculations in Ty, TA' The infinitesimal
character of Ao is recorded in [1, pp. 151-152], hence the third assertion. The final

assertion follows since §f)(2) (2n) is connected as a Lie group. O
Let p, p' and g € te be as in Lemma 7.3.3. Following Adams, we define the L-packet
l'[g of genuine discrete series of G with infinitesimal character A € Ao+ X*(Z7¢) modulo

W(Gc, Tc) as
¢ = {z @) : w e WG T\W(Ge. To) | (48)

Here the Harish-Chandra parameter A= (A, Be) is defined by choosing the B¢ for which
A is dominant. Similarly, by allowing certain singularities of A, the L-packet Hf of genuine
limits of discrete series of G is defined by the same recipe. The stable character attached
to those Hf is

sef = Y of. (49)

G
welly

The counterparts HS! and S@S! for the endoscopic side have been reviewed in §4.1
and §4.2.

Theorem 7.3.4 (Adams [1, Proposition 11.3]). If A' <> A, then the map ’7?)1/ o) sends S@ﬁ!
to S@f. In particular, S@f e I'.(G)V.

Remark 7.3.5. The convention in [1, 39] is slightly different. Adams multiplied S @f (resp.
S@S]) by (—=1)4©) (resp. (—1)q(G!)). Here, for every semisimple R-group H admitting an
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anisotropic maximal torus, we set
g(H) = LdimH®R)/Ky €7,

where Kp is any maximal compact subgroup. This is harmless since

1
4(Sp(2n)) = ¢(SO@n + 1)) = <”; )

At present we do not need to consider all the inner forms of SO(2n + 1) at once as in [1,
(11.1)].

The case (n’,n”) Consider an arbitrary elliptic endoscopic datum (n’, n”) € E1(G), and
introduce the groups G°, G', etc. We have

e a chosen maximal compact subgroup K® = K’ x K” of G°(R),

e a chosen Borel pair (B®, T®) := (B x B/, T, x T|') of G°,

o the half-sum of positive roots p® = (o, p”),

e an anisotropic maximal torus T¢ =T’ x T” of G° contained in K°.

Let T := j(T°) C G be the isomorphic image of T°, which is a maximal torus of G; we
may also assume B°® C B. To save notations we shall identify t and t°. In view of Lemma
7.2.2, we get the corresponding endoscopic character

k1 W(G, T\W(Gc, Tc) = H'(R, T) — p,.

Introduce an anisotropic maximal torus T' C G', etc., so that there is some standard
isomorphism 6 : T* — T furnished by Lemma 3.3.4. Recall that 6 induces a map between
infinitesimal characters of G and G'(R).

Definition 7.3.6. Let A' be the infinitesimal character of a discrete series representation
of G (i.e. A s regular). We say A'is G-regular if A' — A for some regular infinitesimal
character A of G.

For A as above, A — p lifts to a genuine character e~ of T note that T is not connected,
so A — p is actually exponentiated to the twofold connected covering, then extended to T
by genuineness. Same for A — p°. Consider 7 € Hf with infinitesimal character A, A' — A.
We may choose a Harish-Chandra parameter for 7 (the Borel subgroup datum omitted)

of the form
[Mooo AL A ] €L
A== )»/1/2-“2)»:1/”, (50)

n

Vi, j. A\ €T+

such that the orbits of [A],...,/,] and [A],...,1,] under Wyt (G’, T") and Wst(G", T")
correspond to the two components of A', respectively. This is done by modifying a given
parameter for w by using W(G,T) ~ &,,, and such a choice is unique. In this manner
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we deduce from 7 the genuine representation of G® with Harish-Chandra parameter
([A}, .- 1. [A],...]), which we shall denote by 7°. Its central character is denoted by @y,
which can be evaluated at y. Note that the same construction generalizes to the case
where 7 is a limit of genuine discrete series.

Theorem 7.3.7 (Renard [39]). Let A' be a G-regular infinitesimal character of a discrete
series representation of G' and assume A' +— A. Then

T (36F) = 22 w07

G
welly

where ¥ is as in (46). Furthermore, wﬂ(wx)o(i) =@, G Mkt (w) for any w € W(Gc, Tc)
and JT(X) € Hf.

Proof. Let Pg denote the system of Bc-positive roots for (Gc, Tc). One defines Pge
similarly. Choose a Harish-Chandra parameter X as in (50) so that x(h) € Hf. In [39,

(6.5)], Renard proved that Ty ot* (S@fo) equals

_ \Pgl—IPgo| h—p° G
(~D)IFel=1Pe 20" 5 > kT (WO 7)-
weW (G, T)\W(Gg,Tc)

Here we can let w range over W(G®, T)\W (G, Té); cf. the proof of Lemma 7.2.2.
By Theorem 7.3.4 plus the commutative diagram (42), the a~ssertion on 73/1/1:”) amounts

- . (el
to the equality between the above sum and ), O (70 (y)@n(wx).

Since |Pg| = n? and |Pge| = (/)% + (n”)?,
|Pgl=n=n"+n"=|Pge| mod 2.

Hence (—1)/#61=1P6°l = 1. On the other hand, the character e*P° restricts to @, Gy
on Zz, (see §4.1). Thus the terms indexed by w =1 match. To deal with the other

terms, observe that @ (w7)e equals the restriction of W0 o Zgo, thus O (i ) =
wﬂd)o(i)/cr(w) for all w € W(G®, TO)\W(GZ, TY).

Note that when n” = n, the factor @;-(3) = w;(—1) generalizes Waldspurger’s central
signs in the case n = 1.

7.4. Spectral transfer in general

We reformulate and generalize the prior results in the language of §6.3. To begin with,
fix (', n”) € E(G) and let ¢ be the L-parameter for the discrete series L-packet of G'
with infinitesimal character A'; we do not assume A' to be G-regular. Note that A' may
be put in the normal form ([by,---,by], [c1,...,cor]) € (’c!)(*C where b;, c¢; are strictly
decreasing sequences of positive half-integers; cf. Lemma 7.3.3.

Any infinitesimal character A of a genuine limit of discrete series has a similar normal
form [ay,...,a,] € t(’f: with a; > -+ > a, > 0: just take the Bc-dominant representative.
Each equality sign in this list entails a singularity. Those A obtained from A' by the recipe

https://doi.org/10.1017/51474748016000384 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000384

96 W.-W. Li

above, for various (G', ¢) € Tegn(f;)7 are characterized by

A=lay,....,a,], a1 >=...>a, >0, a,-GZ-i—%, (51)
with allowed singularities of the form ...>a; =aj41 > ....

Indeed, A is obtained by merging two lists by > --- > b,y >0, ¢; > -+ > ¢, >0 of

half-integers; no a, in the merged list can occur more than twice. We shall show in

Remark 7.5.1 that A is the infinitesimal character of some limit of discrete series.

Definition 7.4.1. Denote by H2Tyf(é) the subset of Htemp,,(é) consisting of limits of
discrete series whose infinitesimal characters satisfy (51).

Since HQT’_(G) is defined in terms of infinitesimal characters, it is a union of L-packets
of genuine limits of discrete series. For 7 € HQT’_(G), the recipe 7 — 7° € 1'[2,_((}0) in
Theorem 7.3.7 is still applicable, and we define the sign factor w;<(y) as before.

The following result is stated in [39, p. 1241].

Theorem 7.4.2. Fiz ¢ and A' — X\ as above. For w € Htemp‘,(é), set A(p, ) = wzo(¥)
if m € Ilxy,—(G) has infinitesimal character A, otherwise set A(¢p, ) =0. We have

o= Y A0

7 €Mtemp,— (G)

for any f¢ € Z--(G) with fG! = Ty (fg). Furthermore, A(qﬁ,n(wi)) =k (W)A(P,
(L)) for any w € W(Gc, Tc).
Sketch of proof. For G-regular A' this is just Theorem 7.3.7. To extend it to the present
case, we resort to coherent continuation as in [41, 43]: fix a representative of A' (resp. A)
dominant in some Weyl chamber C' (resp. C), then take u' € X*(T°) deep enough in C'
so that A' 4+ u' is G-regular, say A' + u' <> A+ € C. The idea is to apply the translation
functor wﬁ_ﬂ to both sides of the assertion with G-regular input Gy 4y, With M4u o
A o . T . . . —

A+ . Recall that v o produces limits 7 (1) from the genuine discrete series w(A + u);
similarly for the G' side and for the Weyl translates. By the diagram (42), the spectral
transfer breaks into three stages.

(i) Adams’ transfer 7, commutes with translation functors by [1, Corollary 14.7].

Recall that the coefficients appearing in 7'& 0) are all 1.

(i) Renard’s transfer 7 also commutes with translation functors: this is briefly
mentioned in [39, (6.5)] which refers to [41, Lemma 4.4.8]; cf. [43, p. 38]. Loosely
speaking, it means that a character relation for ¢, still holds after shifting to
¢ = ¢,1, with the same coefficients.

(iii) The operation 7, does not commute with ‘”)): 4t We get an extra factor e”(y).

Accordingly, the coefficients in f G!(q&) are obtained from f G!(¢Az +u!) by shifting from

wﬂ(m)o(i) to o, 5. () as required (cf. the proof of Theorem 7.3.7). The assertion on
Ao, n(wX)) can be proved in the same manner as in Theorem 7.3.7. O
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Generalization to coverings of metaplectic types is straightforward. Now we introduce
the collective geometric transfer fgz — f ¢ and regard f¢ as a function T¢(G) — C by
the recipe of Lemma 6.2.1. Let ¢ € T‘S(G)7 say coming from ¢, € &y, bdd(M"), where
M, M= [1ic; GL(n) x Sp(Wb) and G sit in a diagram (14). Pick any s € & 1(G) and
P € P(M). By Theorems 7.4.2, 3.4.6 and the very definition of f¢(¢), we get

s,M
E@ = (1) @ = Y M@ i) fiy )
HMEHZT,*(M)

= Z Ay i) fe (1) (52)

7 €lap, (M)

for any fg € Z--(G), where A 57 denotes the spectral transfer factor for M. Note that
Ay (Dpps w5) # 0 only if for each i € 1, the GL(n;)-components of ¢, and 7 ; match by
local Langlands correspondence. From this we deduce the general statement of spectral
transfer as follows.

Theorem 7.4.3. There exists a function A : T¢(G) x Htemp,,(é) — W, such that A, -)
(resp. A(-, 1)) is of finite support for any given ¢ (resp. ), and is characterized by

ff@= D AG.m)fe(n)

”entemp,f (G)

for all ¢ € T¢(G). Suppose that ¢ comes from ¢yp € Cbz,bdd(G!) and P € P(M) is
arbitrary, then

Ap.m)= Y Ap@y. mpmult(s(ry) : ).

7€My, (M)

Remark 7.4.4. In the formula for A(¢, ), the sum is actually taken over a packet Hﬁ‘f] C
HZT’_(M) determined by ¢,,:. We contend that mult(/5(w ;) : 7) < 1, with equality for
at most one 7 ;. Indeed, as in the reductive case [41, p. 408], Hﬁ\” turns out to be the set

of irreducible constituents in the normalized parabolic induction of some genuine discrete

series L-packet Hs for some L C M. By Langlands’ disjointness theorem and the theory
minimal K-types [46, Theorem 1.1], which works for coverings of metaplectic type by [35,
§ 3.4], the parabolic induction to G of @JEHI: o is multiplicity-free. Our claim follows
immediately. '

Theorem 7.4.5 (K-finite transfer, cf. [16, Appendice]). Let K (resp. K ') be a mazimal
compact subgroup of G (resp. of G (]R)) For any f € C > (G) which is K x K -finite
under bilateral translation, its transfer f' e CC°°(G (R)) can be taken to be K' x K'-finite
as well.
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Proof. The elements of SZ(G') arising from K'x K'-finite C 2° functions have a
characterization & la Paley-Wiener; see [16, Théoreme A.1] or [50, §2.9]. Upon some
contemplation on Definition 6.2.2, it suffices to show that the function ¢ — f E(p) is
supported on finitely many connected components of T¢(G).

As remarked in [35, § 3.4], the K-finite trace Paley-Wiener theorem of [16] holds for G.
Also, by [16, Lemme A.5] there are only finitely many genuine limits of discrete series of
G containing a given K-type. The required finiteness condition follows readily from the
Theorems 7.4.2 and 7.4.3. O

7.5. Adjoint spectral transfer factors

To offer a partial justification of our theory, we shall establish inversion formulas & la [42,
Corollary 7.7] for 7 € HQT,_(G) which are parallel to Lemma 6.2.6. We adopt the previous
conventions for Borel subgroups, etc., unless otherwise stated. Let A be an infinitesimal
character on the G side in its normal form (51). Divide the entries of A into

e the ‘pairs’ of the form (a;, ai+1 = @;), and
e the remaining ‘singletons’.

The compact roots in question are of the form e; — e, where e; stands for the j-th
coordinate; the Bc-simple ones are {ex —eg+1 : 1 < k < n}. To avoid singularities with
respect to compact roots, we flip a;4+1 into —a;4| in each repetition, by applying some
ve W(Gc, To).

Remark 7.5.1. The representation n(vi) is a genuine limit of discrete series of G.
Furthermore, it is non-degenerate in the sense of Knapp—Zuckerman [24, §12]: A s
non-singular with respect to compact roots. See [43, §14] for discussions in the case
of reductive groups as well as a description for the corresponding L-parameters.

Let Wy, :={w € W(Gc, T¢) : JT(va) # 0}. We have to identify
¢ := W(G, T)\W,/Stab(vi).

View py = W(G, T)\W(Gc, Tc) as a subgroup of W(Gc, Tc) so that (t;)7_, € nj acts via
[x1, ..., %] = [t1x1, ..., tyxn].

Let t = (t))7_, € 5. When do we have t € W, ? Singularities can only occur within the
pairs. Consider a pair in vy, say (a, —a) together with its accompanying Weyl chamber.
Its orbit under (u.2)2 consists of (a, —a) itself and

e (a,a), (—a, —a): singular with respect to a simple compact root (see below);

e (—a, a): parametrizes a non-degenerate limit of discrete series. It is obtained by
applying (=1, —1) € (ry)?.

We must include the Weyl chambers in these parameters on which W(Gc¢, Tc) acts; thus

(—a, a) with its accompanying chamber cannot be obtained from that of (a, —a) via

W (G, T). The reader is invited to visualize the case n = 2: we use the usual simple roots

e1 — e, 2ep for Bc; the thick line below depicts the singular locus with respect to the

compact roots (e — e3).
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(a,a)

Y
A

((l, _a)

(—Cl, a)

AN
S/

—a, —a)

inglet i . .
Hence ¢ = ulzsmg etonsi+Hpairs| vy orefore we obtain an embedding

idxdiag
_—

¢ lL\zsingletonsl X (Jy X uQ)\P&irsl — Hl @R, T).

It also follows that |Hf| = plsingletons|+ipairs| »q expected. Denote by SR =R, the
Pontryagin dual of & We deduce a surjection R(T, G; R) — *R.

Lemma 7.5.2. Let A € t./W(Gc, Tc) be an infinitesimal character with a representative
of the form (51). There is a canonical bijection ¢ +— Kk from

{¢ € Tg(é) : transfers to a parameter with inf. char. A}

onto R,. It satisfies

A(p, 1) = A(d, m)k (w)

for all m = n(vi), T = n(wvi) as discussed above, where w € €.

Proof. Decompose ¢ into (¢a1,, @', ¢”) and note that ¢qr, contributes only to the pairs.
To define k = (5;);:singletons X (5;) j:pairs; We set s; = 0 (resp. s; = 1) if the singleton comes
from ¢’ (resp. from ¢”). If a pair j comes by ‘merging’ singletons from ¢’ and ¢”, we have
sj = 1. When the endoscopic datum coming with ¢ is elliptic, i.e. without GL-component,
all pairs arise in this way; it is readily seen that « equals the restriction of x7. In this
case the relation between spectral transfer factors follows from Theorem 7.4.2.

If a pair j does not arise from merging singletons, it must come from ¢y, since ¢,
¢" are both discrete series parameters. We set s; = 0 in this case. Note that the Levi
subgroup M coming with ¢ € T¢ (G) takes the form ]_[j:SJ:O GL(2) x §f)(2nb). The relation
between spectral transfer factors follows by their description in Remark 7.4.4.
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Define the inverse « > ¢ = (¢qL,, @', ¢”) by breaking the singletons into two different
piles according to the values of s;. If a pair j in A satisfies s; = 1, we divide it equally into
¢" and ¢”; if s; = 0, it falls into the ¢gr,. It is routine to check that they are mutually
inverse. O

Theorem 7.5.3 (Cf. [42, §7]). For all (¢,7) € T¢(G) x Ty —(G), define A(m,¢) :=
|Hf|_1A(¢, ) when A(p, ) # 0, otherwise A(m, ¢) := 0. Then we have

D A OAG, ) =8y,

$eTE(G)

Z AP, 1A, 1) = 84 4,

nentemp,f (G)

for ¢, ¢1 € Tg(é) and w, | € HQTV,(G), respectively.

Proof. Consider the first assertion. We readily reduce to the case that 7, 71 belong to
the same packet Hf with A as in (51). Suppose n = 7 (vA) and 7| = n(va) for a unique
w € €. For each ¢, the recipe in Lemma 7.5.2 leads to

AGr, $)A(¢. 1) = [TI¢ | ke ().

Furthermore, summing over ¢ amounts to summing over x € R = R,. We conclude by
Fourier inversion on €. As for the second assertion, the sum is taken over some packet

Hf. In view of the bijection from Lemma 7.5.2 together with IIL(G)| = |€] = IR, we
are reduced to the previous case by linear algebra, as in the proof of Lemma 5.2.2. [

Corollary 7.5.4 (Cf. [42, Corollary 7.7]). Let fz € T-(G) with f€ = Tg(fé). Then

fomy= Y Ao f5@)

$eTE(G)

for every w € HZT,_(G).

7.6. The case F =C

Let F = C. Hereafter, the C-groups are identified with their groups of C-points. Note the

following facts.

e The covering p: G — G splits canonically: G = pg x G. Henceforth we view G as
{1} xG CG.

e The element —1 € G in Definition 2.2.2 equals —1 € G. Indeed, this can be seen by
combining [30, Remarque 4.3] with [30, Corollaire 4.6].

In particular, the genuine representation theory of G is no different from G. Theorem

4.1.2 will be applied to G and G'. Choose Borel pairs (B, T) and (B', T') as above.

Choose any standard isomorphism 6 : T" > T constructed in Lemma 3.3.4. In view of

the recollections in §4.1, the set T¢(G) may be identified with the set of W(G, T)-orbits

https://doi.org/10.1017/51474748016000384 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000384

Spectral transfer for metaplectic groups. 1. Local character relations 101
of continuous unitary characters of T, whose elements we represent as [x]. The bijection

T¢(G) — Mtemp(G) = Miemp,— (G)
¢ = [x]—> Ip(x)

is independent of the choice of 6.

(53)

Theorem 7.6.1. For every fg € Z--(G) with fg = Tg(fé) and ¢ € TE(G), we have

ff@= Y AG.m ),

”Entemp.f (G)

where A(p, ) =1 when ¢ — 7 via (53), otherwise A(¢p, ) = 0. Moreover, by setting
A, @) := A(p, m) we have the inversion formula

fom= Y A@ o) f5@).
¢eT€(G)

Proof. To prove the first assertion, we argue as in Theorem 7.4.3. In the complex setting
we reduce to the case M = T. Obviously Aj(-, -) reduces to Kronecker’s delta. It remains
to recall from Theorem 4.1.2 the irreducibility of Ip(x). The inversion formula follows
immediately. O

Obvious analogues of Proposition 7.3.1 and Theorem 7.4.5 hold in the complex case.
We omit the details.

8. Proof of the non-archimedean character relations

The arguments are largely based on [6]. However, some non-trivial fine tunings are needed.

8.1. A stable simple trace formula

In this subsection, F will denote a number field. Write A = A p for its ring of adeles
and fix a non-trivial additive character v = I, ¥o: A/ F — S!. We consider an adélic
metaplectic covering y

p:G > G@A), G =SpW)

attached to a symplectic F-vector space (W, (-]-)) of dimension 2n and w

Simple trace formula We shall formulate the Arthur—Selberg trace formula for Ca;;
the basic reference is [35]. Following the prescription of loc. cit., we use the Tamagawa
measures on the adélic groups and their quotients.

Fix a large set V of places of F such that

VD Viam 2 Voo := {v : v[00},

where Viam is the set of places over which p : G — é(A) ‘ramifies’ in the sense of [34,
§3]. Here we may simply choose V and endow (W, (-|-)) with a model over oy, the ring
of V-integers in F', so that every v ¢ V satisfies
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e v is non-archimedean of residual characteristic # 2;

e the oy-model of (W, (-]-)) has good reduction at v; in particular, W, := w ®p F, admits
the self-dual lattice W (0,) with respect to (-|-);

® Yylo, =1 but 1//v|pljl =1

o the lattice model for the Weil representation wy, furnishes a splitting of p over K, :=

Sp(Wy, 0y).

As in L34]7 we write Gy := p~ (G (Fy)); similarly for G. Set K" := Hv¢v K, so that
K" < GV is a continuous splitting. Hence we may define the spherical Hecke algebra
H(GY / K" outside V: its unit is the genuine function fxv := HU¢V Sk, on GY. Also fix
a maximal compact subgroup Ky =[],y Ky of G(Fy). In the foregoing construction,
we may even arrange :chat each K, is in good position relative to some chosen minimal
Levi subgroup Mo of G. Put K := [], Ky, Koo := [[ ey, Ko-

For any finite subset I' of TI(Ky), define H--(Gy)r to be the subspace functions in
CZ‘E,(GV) which generate a space isomorphic to a sum of representations from I' x "
under bilateral translation by Ke. Define H--(Gy) := Ur H--(Gy)r.

Definition 8.1.1. Define the space of simple test functions Hsimp(GV) for G to be the
subspace of H#--(Gy) generated by fy = [T,ev fo satisfying the local conditions
(i) there exists vy, v2 € V N\ Voo, v1 # 2, at which f is cuspidal (Definition 5.1.1);

(ii) there exists w € V \ Vi such that f,, is supported on the semisimple, strongly
regular elliptic locus of Gy, .

Define the subspace Hsimp,adm(év) by imposing the following admissibility condition
(cf. [35, (20)] and [34, §5.6]):
fV € ,Hadm,"(év)-
For T" as above, define ’Hsimp(év)r to be ’Hsimp(év) OH——(GV)F.

Theorem 8.1.2 (Simple trace formula [35, Théoreéme 6.7]). The distribution
[:H--(Gy) > C

in the invariant trace formula takes the following form when applied to fy € Hsimp(év)-
Put f = fvaV, then

> azmiCo .

VGG(ﬁ)ell,ss/Conj

> L),

t>0

I(fv)

called the geometric and spectral expansions of I, respectively, with

L= Y a@®ICG. .

ﬁendisc.l,— (é)
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Here
° Ié()/, -) is the orbital integral along the orbit of y;

. Ié(ft, -) is the character of the representation 7 ;
° aG:(y) = mes(Gy(ﬁ)\Gy(A)), the Tamagawa number of G, ;

° Hdisc,,y_(GQ) is a set of irreducible genuine representations of G whose archimedean
infinitesimal character v has height |[Im(v)|| = ¢t; it contains the representations in the

genuine discrete spectrum of G(I%)\Go, together with certain ‘phantoms’.
We refer to [33, § 7] for the precise definition for the spectral objects.

Note that by Theorem 2.3.3, all elements in G are good in the sense of [34, Définition
2.6.1], thereby simplifying the trace formula for coverings.

Remark 8.1.3. In [35] it is required that fy € Hsimp,adm(év) in deducing the simplified
geometric expansion of I(fy). The admissibility of fy is a global property depending on
Supp(fy), but also a harmless one. In fact, given fy € Hsimp(év), we may always enlarge
V tosome S D V, replacing fy by fs := fv fK;/ (here K := [T, v Kv) simultaneously,

so that fs € Hsimp,adm(GS)~ Since f remains unaltered, none of the expansions above
are affected by this procedure.

Fix a finite set T" of K. co-types and assume fy € Hsimp(é\/)r- In Arthur’s original works,
the spectral expansion I(fy) =7 ,5¢ Zﬁel‘[ & is considered as a convergent
= disc,t,—

iterated sum. The individual sums I;(fy) are actually finite sums by [33, Lemme 7.2]. Tt
may be further refined as another convergent iterated sum

I(fv) = L(fv),

where

L(fv):= ) ag@I;, f).

7 eI—[disc.— (é)
inf. char.=v

Moreover, the sum I =) I, satisfies the multiplier convergence estimate in [7, (3.3)].
The results by Finis-Lapid-Miller [19], once generalized to the metaplectic covering

(02, will solve all these convergence issues in our simple trace formula; cf. [33, Remarque
7.5]. As in [6], we opt to use the version I/ = )", I, in this article.

Stabilization In [30, 35] we have defined the set Eeu(Go) of elliptic endoscopic data for G:
its members are always given by pairs (n’, n”) € Zz>0 satisfying n’ +n"” = n;consequently
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we can pass to local elliptic endoscopic data of G, at each place v of F. Theorems 3.4.1
and 3.4.3 together give adélic transfer of test functions

fv— fy, € CX(G'(Fv)),
f=ffxv— f'=filgvs € CE(G(A)),

where G' := SO2n’ + 1) x SO(2n” + 1) is the endoscopic group corresponding to (n’, n'),
and KV' ¢ G'(FY) is any product of hyperspecial subgroups off V. In what follows
we take fy € ’Hsimp(é). Its transfer to G' may be taken to be K(;o X Kéo—ﬁnite by
Theorem 7.4.5 and its complex analogue, where K!oo is any maximal compact subgroup
of [Tyj00 G'(Fu).

To the quasisplit F -group G', Arthur defined the stable distribution S' in his stable
trace formula [7, § 10]. The transfer f‘!, turns out to be a simple test function in the sense
of [6, p. 556]. Indeed:

(i) f\!, is cuspidal at two distinct places vy, vy € V \ Vi since the transfer is compatible
with parabolic descent by Theorem 3.4.6;

(ii) f) is supported in the elliptic G-regular semisimple locus of G' at the place w €
V N\ Voo, by the very definition of geometric transfer (Theorem 3.4.1);

Under this circumstance, S'( f‘!,) = SY( f ") is a sum of stable orbital integrals. More
precisely, when applied to simple test functions, S ' coincides with the regular part of the
distribution ST ; ) in [36, Définition 5.2.3], which equals

SG-reg.en (/) = T(G) > 59 . f)

0 €G! (F)yeg el /st.conj.

where
e 7(G") is the Tamagawa number of G',

° SG!(O', f " is the stable orbital integral of f " along o, defined relative to Tamagawa
measures.
On the other hand, S!(f!) also admits a spectral description ), St!(f!), each St! being
an infinite sum of adélic stable characters. Its precise form is contained in Arthur’s stable

multiplicity formula [10, Theorem 4.1.2], applied to the discrete parts §30C D nd

SO" disc
§S0@n"+1)

Qisc separately.

For the G' € E1(G) (abusing notations...) above, we set

1
7

uG, G = % n>1,n=0o0rn =0,
1
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Theorem 8.1.4 [36, Théoréme 5.2.6]. For f € Hsimp(GV)y we have

I =15 = Y «6.6HS'(.
G'eEan(6)

Parallel to the unstable side, each distribution S' has an expansion
' ' __ !
$-Ys- Y,
120 viinf. char.
which also satisfies the multiplier convergence estimate by [7, Proposition 10.5 (b)]. In
§7.4 we have defined a canonical finite-to-one map v' > v of infinitesimal characters,
for every G'. Therefore, we can consider §' =Y S} with S} :=>" | S‘!), as well. With
the help of multiplier convergence estimates, in [6, § 7] Arthur derived a version of stable
trace formula that would yield the result below in the metaplectic setup.

Corollary 8.1.5. For any chosen archimedean infinitesimal character v of Ge, we have

L(fy) =IE(fv) =D (G, GHS,(fH.
G!
Sketch of the proof. Arthur’s arguments in op. cit. can be easily adapted to our case as
follows.

(i) Modify the test function fy by suitable multipliers & (certain functions of v) in
order to obtain fy 4 € Hsimp(Gy) with

Yo, L(fo) = @),
The theory of multipliers for coverings is recapitulated in [33, Théoréme 4.4].
(ii) Similar constructions apply to the stable side: Vv, Sl!,/(fo,é) = ,BA(v’)S‘!)/(fo!).
(iii) Plug fv o into Theorem 8.1.4, for various .

(iv) Set & (V') = @(v) if v/ > v. Use the preservation of infinitesimal characters under
archimedean transfer (Proposition 7.3.1 and its complex analogue) to see ( fv,a)! =

(f{)a-
By varying the multipliers, this trick will isolate the v-parts in the equality of Theorem
8.1.4; the analytic subtleties are taken care of by the multiplier convergence estimates. [

8.2. Compression of coefficients

Keep the previous notations. Fix a non-archimedean place u € V and write G := Gy,
F := F,, Y := ¥,. Fix a finite set of K-types I'. As before, the test functions are of the
form fy =[,ey fo € H--(Gy)r. Write f := f, € C°_(G), so that fy = fi fy.

Assumption: f}; satisfies all the conditions defining of Hsimp(GV)r- Therefore fy €
Hsimp(é\/)l" for any choice of f.

We set out to isolate the u-components in the simple stable trace formula (Theorem
8.1.4) and encapsulate the contribution from the remaining places. This compression
procedure is similar to [35, §§5.2, 5.5], in principle.
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Unstable geometric side For the geometric side only, we impose the extra condition
that

fv € Hsimp,adm(GV)~ (54)

It is largely a harmless assumption according to Remark 8.1.3. The coefficients agl() in
[35, (23)] will be used.

Definition 8.2.1. Assume (54). For any y € I'teg(G) and y € pl(y), set

1(f§.7) =8 ad (7" D () 7).
J;ll
where (f}/) G (y") is a product of normalized orbital integrals over V ~\ {u}, and y“ ranges

over the regular semisimple classes in G’(, The sum is finite for given Supp(fy).
By [35, Lemme 5.4], I(f{,ey) =l (fy,y) for every € € ng.
Lemma 8.2.2. Assume (54). We have

Ifvy= Y. I DM

Y EI‘elLreg G)

where J € p~'(y) is arbitrary.

Proof. Recall that in the proof of part 4 of [35, Théoreme 6.5], it is shown that the
geometric expansion of I(fy) reduces to the I (fy) defined by [35, (22)]; the latter has
an expansion

Iai(fv) = Y a§ G, Gv)
4%

where Jy = 7,7* ranges over the regular semisimple classes in Gy. Collecting terms
according to y, yields the result. O

Unstable spectral side Fix v. First, recall the objects

° Hdisc’,,v(é, V): a set of unitary genuine irreducible representations of Gy, whose
archimedean infinitesimal character is v;

\%
b Cdisc,

_(G): a set of characters of H(G" J KV), i.e. Satake parameters outside V;

° agisc(ﬁ): the discrete spectral coefficient of a genuine representation # of G in the
Arthur—Selberg trace formula,

which are defined in [35, §5.5] and [33, § 7]. The only difference is that we pin down the
infinitesimal character v here.
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Definition 8.2.3. For any 7 € I"L((N;)7 set

L(f. ) = > Y ade v EO - (f)gy (1)),
mlhel_(GY) ceCXiSC,_(C;?)

Ty ::ﬂ‘u/ IZ7T€1—Iclisc,—,v((°;y V)

where (fy) e (my) is a product of characters.

Lemma 8.2.4. We have
L(fv) =Y L(f}.7) f5().

Proof. In the proof of part 1 of [35, Théoréme 6.5], we derived an expansion
I(fv) =) _ad @I, f).
bid

It remains to (i) isolate the v-parts, (ii) collect terms according to #,, and (iii) unfold
the definitions of Mgise.—(G, V) and C¥. _(G). O

disc,

By the Langlands classification for G, the character of 7 can be expressed in terms
of the character of genuine standard modules. Therefore we may rewrite the sum over
7T as a sum over T_(G)(C/SI: each element 7 therein (take a representative in 7_ (G)(c)
defines a character f + fz(7) satisfying fz(z7) = 77! f&(r), for z € S!. We recapitulate
the discussion as follows.

Lemma 8.2.5. We may define distributions fy — I,(fy, 1) for z € T_(G)c, such that
e cach I,(-, T) is a finite linear combination of the I,(-, w), and vice versa;
o I,(-,zv) = zI,(-, T) for each z € S';
e we have
L(fvy= Y L0 fe0

1eT_(G)c/S!

for all fv satisfying our assumptions.

Stable spectral side Always fix the archimedean infinitesimal character v for (~; Let
G' be an elliptic endoscopic group of G. Write f‘!, =11, fv! € CSO(G!(FV)), we have the
corresponding global test function f! = f‘!/lKv,! as usual. Set f':= fu! € CSO(G!(F)) SO
that

fv =% fa-
Moreover, (f !)’(, is assumed to be a simple test function [6, p. 556].

Denote the distribution in the stable trace formula for G' as §' = S¢'. We actually
work with S) =", S In this case, the compression of coefficients has been done in
[6, (8.6)]; we summarize as follows.
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Lemma 8.2.6. For every place v, denote by Cbbdd(GL)C the space of bounded L-parameters
of G' X p Fy. Abbreviate

Ppad(G)c = Ppaa(G,)c.
One can define distributions (f!)’(, — Sl!,((f!)“ , @) for every ¢ € ®paq(Ghc, such that
e cach S)(-,¢") is a linear combination of stable characters coming from
[Toev Pbda(Gyc;
v#uU

1
o for every f,, as above, we have

S = Y SO eI @)

¢'€Ppaa(GHc

Plug this into the expression If(fv) = ZG'ES & (G, G!)Si(f!) of Corollary 8.1.5.
‘e

Take fy € Hsimp(GV)F as in the beginning of this subsection. We shall use the map
¢ — f€(¢) of Definition 6.2.2 in what follows.

Lemma 8.2.7. One can define distributions fy > S (fi, @) for every ¢ € T¢(G)c such
that for every fy as above, we have

)= > IEUL @)
¢eT€(G)c
Proof. By Lemma 8.2.6,
IE(fv) =Y UG, GHSL (Y
G!
= Y UG, GHS, (Y. oH(FHY @),

(G'.9Y

where f' is a transfer of f, for each G' € 5e11(G;)-
For every pair (G', ¢') above, there exists a unique M' e ,C(M(!))/WG’(Mé) and ¢,y €

‘Dz,bdd(M!)tc/ wo' (M") such that Oy ¢'. By Lemma 3.3.14, there exists a unique pair
(M, s) such that we may complete (G', M") into a diagram

as endoscopic data

G' = GJ[s] _ell
endo.
Levi] Levi
M’ el M
endo

Therefore ¢, determines an element ¢y € Te‘?l(l\;l)c, which in turn maps to ¢ € Tg(é)(c.
On the other hand, to (G', ¢') is associated the sign factor w”(—1) by Remark 6.2.3,
satisfying
(@Y=" f(9)
——

independent of G!
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This is originally established for ¢ € T€(G), but extends easily to the present case by
meromorphic continuation. Collecting terms according to ¢ € T¢(G)c, we see that 1€ ( fv)
equals

S X w6 6hshhy. ohe' (=1 | FE @),

S
¢ G:=Gls]

the ¢' and @” in the inner sum are both determined by (¢, s) by the foregoing discussion.
Now set Iug(f"j, ¢) to be the inner sum. O

8.3. Proof of the main theorem: preparations

Now we can undertake the proof of Theorem 6.3.1. Let us begin with the local setup in

§ 6.

e Fix fz. By the meromorphic extension of stable tempered characters of each G', the
function ¢ — f € (¢) has obvious meromorphic extension to T¢ (G)c. In a similar vein,

¢ — fg“;(q)) extends to Tg(é)(c as well: this time we use the meromorphic extensions
of T+ fz(7) and of the spectral transfer factors (cf. the discussion at the end of §6.2).

e All the definitions in §6.3 extend to coverings of metaplectic type, say L =
[lic; GL(n;) x é\f)(Wb), by treating the GL-factors and é\f)(Wb) separately; the former
case is covered by [6]. For instance, Z--(L) — Z¢(L) is simply the ®-product of the
identity map on the GL-factors with Iﬁ(gf)(W'))) — 7€ (%(Wb)).

This allows an inductive structure in our proof of Theorem 6.3.1. The following
hypothesis will be in force throughout this section.

Hypothesis 8.3.1. We assume the validity of Theorem 6.3.1 for all §f)(Wb) with
dimp W® < dimp W = 2n.

Thus Theorem 6.3.1 also holds for coverings of metaplectic type of the form L =
[lic; GL(n;, F) x Sp(W”). Note that the case W” = {0} is trivially true. Our global
arguments will be based on the two simple facts below.

Lemma 8.3.2. If f eICl;;p(é), then (41) holds for all ¢. Same for L in place of G,
where L € L(M).

Proof. It amounts to show the commutativity of (40), in which all Z..(- - -) are replaced
by their cuspidal avatars so that the subscripts gr become superfluous. We are reduced
to tautology. O

Lemma 8.3.3. If ¢ € T¢(G)c ~ Tegn(é)@, then (41) holds for ¢ and all fg.

Proof. Let L € L(My), L # G and assume ¢ comes from ¢ € Tegu(f,)(c. As L is of the
form [],.; GL(n;) x Sp(W"), the diagram

iel
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Z--(L) — Z¢(L)

o

Top(L) —— TE(L)

commutes by assumption; moreover, every arrow is a WY (L)-equivariant isomorphism.
Now consider the diagram

Z--(G) €()
\
I (G) 75(6)
J
T (DWW ()W Ww
\ \
T (D)D) Igr(Z)WG(U

in which:
° Igr(é) — Igr(f,)WG(L) and Igr(é) — Iggr(i)WG(L): restriction maps,

e Z--(G) > Iﬁ(Z)WG(L): parabolic descent of test functions,
° Ig(é) _Z Ig(I:) wew, for any L'e 8611(1:), the L!—component of f“: is fL! €
SZT(LYW" @ in the notation of Definition 5.1.7.
The bottom layer of the diagram is commutative. We claim that all the four walls are
commutative. Indeed:

(a) for the two walls of shape [1, use the compatibility between parabolic descent
and geometric transfer (Theorem 3.4.6);

(b) for the leftmost wall D, use the compatibility between parabolic descent and
induction (see (10));

(c) the rightmost wall D may be treated in a similar fashion, by carefully unwinding
the z[s]-twists in Z(G) — Z8 (L)W D) — &)V ® and T8(G) — I5.(G).

Now recall the arguments in Remark 6.3.2. Establishing (41) for all T¢(L) > ¢ —
¢ and all fz is equivalent to showing the commutativity of the top layer upon
composition with Iggr(é) — Igr(Z)WG(L), or more concretely with the restriction map
to Te“fl(i) /WO (L). A straightforward diagram chasing suffices. O
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Therefore we are reduced to showing (41) for ¢ € Te%l(é)' For fg € Z--(G) and fg =
Tg(f(;), define

o= Y Aoff@), tel(G. (55)
¢eTE(G)

It admits meromorphic continuation to T_(G)c. By Lemma 6.2.6 we have fg(qb) =
> Ag, ‘E)fgr(l')7 and (41) is equivalent to the assertion

fE @ = fe(0. (56)

By the definition of A, showing (41) for elliptic ¢ amounts to showing (56) for t €
Teu’,(é). This is what we actually prove.

Write

Tpara,—(G) =T_(G)~ Tell,—(G)y

a union of connected components. Define Tpara,_(é)c, fpara,_(é) and fpara,_(é)c in
a similar fashion. By the foregoing discussion, we already have fgr(r) = fg(z) for T €
Tpar&_(é)@. Now switch to the global setup.

Assumption. Henceforth we suppose ‘Ehat p:G — G(F) is isomorphic to the

localization at u of the adélic covering p: G — G(A) (as coverings), with the notations
in §§8.1-8.2: here u € V is a distinguished place of the number field F. We also keep
the conventions on the test function fy = ffy € Hsimp(év) in §8.2. The choice of
fe Cé’f’,,(é) is free.

Fix an archimedean infinitesimal character v for G. From Corollary 8.1.5 we have
I, (fy) = I£(fv). By Lemma 8.2.7 and the inversion formula, I€(fy) equals

Yo S @) =Y I 9)AG, D fE (@)
$eT¢(G)c R
= Y KUoffo.
1eT_(G)c/S!

where we put
IS0 =y IS $AG, D).

$eT€(G)c

for every t € T_(G)c.

Lemma 8.3.4. For any fy as above, we have

IE(f 0 = L(fe 1), TeTy (G,

and

> oo (Fo-sm)= Y (WD - UL D) f60
‘[ETeH,,(G)/Sl TETpara,f(G)(C/Sl
for every v.
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Proof. From Lemma 8.2.5 and I,(fy) = If(fv)7 we obtain

> (Eutoff@- LU nem) =o.

1eT_(G)c/S!

No need to worry about Tell,—(é)(C ~ Teu,_(é) in the sum. Given 7 € Teu,_(é), choose
f& € T -- (G) to be a pseudo-coefficient at 7. Note that (56) holds for this fz by Lemma
cusp

8.3.2. The first assertion follows. Now resume the setting of an arbitrary fz, we have
u gr
> U (fFo - f6m)
reley —(G)/S!
= Y (DGO -EU o).

TETpara,f (G)C/Sl

We have verified (56) for 7 € Tpara,,(é)(c. Plugging this into the previous displayed
equation yields the second assertion. O

Observe that the function
he : T > fgr(r) —fz(v), teT-(G) (57)
has been shown to be supported on Teu,,(é). It satisfies the other conditions

(Sl—equivariance and finite support, cf. Lemma 6.2.5) characterizing the Paley—Wiener
space PW--(G), hence comes from an element of Z -- (G) which we still denote by & .
cusp

Proposition 8.3.5 [6, Lemma 9.3]. We have If(f"j, ) = L,(fy. 1) for every te
Tpara,—(é)(c and every infinitesimal character v.

Proof. Let Q be a connected component of Tpara,_(G). Set
PW--(Q) := {a € PW--(G) : Supp(a) C sz} .

For w € PW--(Q), let f, € C*_(G) be such that Vr, f0.6(1) = 0(1). As the first step,

c,” "

let us prove that for every linear functional I : Z -- (G) — C, there exists F € C®(Q)
cusp

such that F(zr) = zF(t) for all z € S}, 7 € Q, and
O .
I (fw’é w,G) /Q/Sl Fo, VoePW--(Q). (58)

ViaT¢:7 -- (G) > Icgusp(é), we transport I to a linear functional J : Ifusp(é) — C.
cusp

Let f € Cﬁ‘l(é). Lemma 8.3.2 applied to (57) implies that Tg(hé) sends any ¢ € Tﬁl(é)
to

YA DG =Y A6 D (FE @O~ fe0) = FF@O - 1@, (59)
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As a by product, we conclude that f €_ fg“i comes from some element 7€ € Ifusp(é).
Specialize to the case f = f,. Claim: the function

w1 (f(iré - w’g) =J (fcf - figr)

=:h

.G =h§

is a finite linear combination of functions of the form
o> hi©0), oelh, 1(G).

Indeed, the normalized stable orbital integrals a > a(c) are (weakly) dense in SZ(G')

for each G'; since h € Ifusp(é) = @Gyegen(é) SZ(G'), Howe’s conjecture on finiteness

[11] applied to each endoscopic group G' implies our claim.
It remains to fix o and show that hi(a) = fSZ/S‘ F(o,t)w(t)dt for some smooth

function F that is independent of @ and verifies Vz € S!, F(o, z1) = zF (0, ). We apply
Lemma 6.1.8 together with (59) to obtain

HE () = / _ S(o. OHE(@) do
$eT5,(G)

= S(o, ))A(p, T)h  ~(T)d
/¢ . > S 9)A@. Dhy, (r)dd

telen, —(G)/S!

where S(-, -) is the ‘collective’ version of the smooth functions SG!(~, -) restricted to the
elliptic parameters (o, ¢). Changing variables using Lemma 6.2.7, we arrive at

/ Y Se.hAG, DRy, (1) dT.
Ten,— (G)/S!

$eT5(G)

The function F(o, 1) := Z¢ S(o, )A(¢, t) is smooth in o and t (use the smoothness of
A), it also has the right S'-equivariance so that the integral makes sense. Hence (58) is
established.

We are now ready prove the Proposition for t € Q; the case v € Q¢ will follow by
analytic continuation. Consider the genuine invariant distribution I : k > I, (fy/k), where
fi is fixed and k € C2°_(G). Recall that

c,”

L(fE=fe)= Y Lo (fEo-rfm).

1€Ten,—(G)/S!

Take f = f, for w € PW--(Q) as before. Using Lemma 8.3.4,

Lo = Y (LU o- I D) e,

1eQc/S!
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By fixing fy and €, the possible K-types of the automorphic representations in the
spectral expansion of I,(fy) are pinned down. By of [33, Proposition 7.4], only finitely
many automorphic representations contribute to I, (fy), and that is why we opt to fix v;
in particular the sum over t is actually finite. On the other hand, I, (h 0.6) also equals

fQ/Sl F(t)w(t)dt for some F € C®(Q) with Yz € S!, F(zt) = zF (1), by (58).
Write Q = Qp/W(R) where M € L(My), Q) is a connected component of Ten, _(M)
and W() := Stabyc ) (Q2m); let Qu be the inverse image of €y in Tell _(M). Then

F may be viewed as a W(Q)-invariant smooth function on Qu, so do (I,;g(f”,- —
Ivg (fv» ). The symmetry constraints on w can thus be removed so that

F dt = I, “ —If “
/@M/SI @o@dr=" 3 (L0~ G0 oo

TE{ZMyc/SI
finite sum

holds for every Paley—~Wiener function w on the compact torus €j,/S!; here we got rid
of Sl-equivariance by trivializing the torsors as in Remark 6.1.1.

Via Fourier transform we obtain an equality between distributions on the Pontryagin
dual of /S', which is a lattice. The left-hand side gives a rapidly decreasing
function, whereas the right-hand side gives a finite sum of C*-valued characters. The
only possibility is that F = I,(fy, ) — If(f&, -) = 0; this is elementary, see [50, §2.7,
Lemme]. O

Corollary 8.3.6. Let hg < Ic{lép(é) be attached to fgr—fé as in (57). Pick any h €
Co © _(G) mapping to hg, we have
L(fyhy= > L(f{, Dhg) =0
€T, - (G)/S!

for every fy and every infinitesimal character v. Consequently, I(fyh) =0.

Proof. Apply Lemma 8.2.5 plus the second equality of Lemma 8.3.4, and recall that
1=Y1,. O
8.4. Proof of the main theorem: local-global argument

The local-global loop is now to be closed. We revert to the given local covering p : G —
G (F) attached to (W, (-|-)) and try to embed it into an adélic one, by suitably choosing
F , etc.

We globalize the data of linear algebra by which G and A are defined; the additive
character ¥ will be globalized only up to F*2.

Proposition 8.4.1. Let T be an elliptic mazimal F-torus of G. For everyr > 1, there exist
e a number field F,

e a non-trivial additive character § = [, ¥ : AJF — S,

e a symplectic F -vector space (Vi/, 19 p);
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e ug, ..., u,: distinct non-archimedean places of F,

e a mazimal F-torus T of G,

such that the following properties are satisfied for the adélic metaplectic covering p : G —
G(A) attached to (W, o (-]) ).

1. Fori=0,...,r, we have F,, — F, under which (W, (:|) ) ® p Fu; — (W, (:|)); fiz
such identifications.

2. The natural homomorphism H'(F,, T,) — Hl(A/Ig’, T) (see [36, §3.1.2]) is an
isomorphism at v = uq, ..., Uy.

3. There exists a; € F* such that

VieF, Y, =¥

4. As coverings, éui — é(l%ul.) s isomorphic to G — G(F). Moreover, the geometric
transfer factors Ay nry on Gy, and G agree under this isomorphism.

5. Under the identifications above, the localization of T at each u; is conjugate to T';
i particular, T is F-elliptic.

6. The localization map T(F)— T(F) at any u; has dense image.

Proof. The parametrization of conjugacy classes of T can be deduced from that of regular
semisimple elements [30, §3.1]. They are in bijection with equivalence classes of data
(L, 7, c), where

e L is a finite-dimensional étale F-algebra,

e 7: L — L is an F-involution, whose fixed subalgebra we denote by LF,

ec € L*/Ny (L) satisfies T(c) = —c, equivalently tr; ;:(c) = 0.

Here NL/L; (x) = xt(x), trp e (x) = x + t(x), and there is an evident notion of equivalence
between these triples. The condition is that the F-vector space L together with the
bilinear form (a, b) — try,r(at(b)c) is isomorphic to (W, (:|-)) as symplectic F-vector
spaces. The torus T so obtained is isomorphic to kerNy ;¢. Call (L, 7,¢) or (L, 7) split
if L~ (Fx F)", where 7 : (x,y) — (y,x) on each factor F x F; split triples correspond
to split maximal F-tori.

The same parametrization works for any field of characteristic # 2; the base change
relative to any field extension E/F is straightforward — simply apply — ®F E to étale
F-algebras with involution. We proceed to globalize (L, t, ¢).

The data (L, t,c) parametrizing T can be described via Galois descent, say by
comparison with the split one. We shall treat the pair (L, t) first. Let E/F be a Galois
extension splitting (L, 7). Take a number field £’ with a place w’ such that there is an
isomorphism E;}, = E, which we fix. Therefore Gal(E/F) acts on E’; denote its fixed
field by F’. Then Gal(E/F) = Gal(E'/F).

Let u’ be the place of F’ such that w'|u’, then E:U, S E restricts to F;, > F. In fact,
w’ is the unique place of I above u’. Fix an algebraic closure of E’ and pick a Galois
extension F / F’ therein, of degree > r over which u’ splits completely. Therefore we obtain
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distinct places uo, ..., u, with I%u,. S F for all i. Consider
E:=E'F

F u;

For each i, take place w; in E such that w;i|u;. By the foregoing discussion, it satisfies
the identification

Gal(Ey, /F,;) = Gal(E! /) = Gal(E/F), (60)

and E,, ~ E,, is a field.

Plugging these into the machine of Galois descent, we produce a global pair (Ii, £) over
F that splits over E and localizes to (L, t) at each u;. Let us globalize the remaining
piece c¢. We claim that the simultaneous localization map

-
{¢el* (@) =0} /NL*) — [[{c e L* = L}, : tr(c) = 0} /N(L™),
i=0
is surjective, where N (resp. tr) denotes the relevant norm (resp. trace) map. Since N(L*)
is open in L?*, it suffices to show the density of {¢: #(¢) = —¢} in [Ti_ifc:t() =—c}.
Indeed, weak approximation holds for the rational variety defined by tr = O for any finite
set of places S; here we take S = {uo, ..., u,}.

Therefore ¢ can also be globalized to ¢. Consequently we get (W, (") #) which localizes
to (W, {-]-)) at each u;, together with the maximal torus T of G parametrized by (L,%,¢)
that localizes to T modulo conjugacy. Moreover, T splits over E.

The proof of Hl(l%u,., fu,-) = HI(A/F, T) is based on (60). One can either (a) invoke
Tate-Nakayama duality as in [2, p. 528] to describe these H!, or (b) use the explicit
description of these groups in [36, § 3.1.3] together with the Galois descent construction.

Next, let us globalize ¢ : F — S!. Fix 4 : A/F — S!. For each i, there exists b; € F*
such that V¢, ¥ (1) = 1/70,,4,. (bjt). Since F*? C F* is open, weak approximation for the
rational F-variety Ga (take S = {uo, ..., u,}) yields be F* and ag, ...,a, € F* such
that

b/bj=a?, i=0,...,r.
The additive character ¢+ l/of(t) = ﬁo(l;t) satisfies our requirements. From the
description of metaplectic coverings in terms of Maslov cocycle [30, §2.4], the covering
G — G(F) is determined by ¥ o (<.|.) mod FXZ); indeed, this just reflects the properties
of Weil index yy (---). Hence the requirements on the localization of coverings are also
satisfied. The coincidence of transfer factors follows by the same reason: see the formulas
in [30, §4 and §5.3].

It remains to show that the localization map T(F) —> T(F), say at the place ug, has
dense image. To this end, we apply the weak approximation in [27, Lemma 1(b)] to T
with K = E, w = uj and S = {up}, noting that Eu,- is a field. O
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Fix the local data (T, ---) and their globalization obtained thus far, with r = 2. Set
u := ug. The next step is to apply simple trace formula with
e a large finite set V O Viam U {uy, uz, u} of places,
e the distinguished place u,
e a suitable test function fy = fyh
under the formalism of §8.3; here h € C(??,,(G).

In what follows, we fix y € ]o}eg(lj“ ) and denote by y € Treg(F) its localization at u.
Recall that the data (W, ---) carry an oy-model for large enough V.

Proposition 8.4.2. Given h € C _(G). We may choose a sufficiently large finite set of

c,” "

places V' O Viam U{uy, uz, u} and choose fy = Hvi\/ fv, satisfying
vFEU
(i) y has regular reduction outside V relative to the oy-model which is a part of our
adélic covering.;
(ii) for everyv € V, v # u, fv & is sufficiently close to an anti-genuine Dirac measure
concentrated at the image of y in é(ﬁv);

(iii) for v =uy, uz, we assume in addition that f, &~ €T -~ (Gy)
»Gv cusp

such that

f&h € Hsimp,adm(GV)7
L(fyh) = I(fy. Mha),
I(fy.7) #0.

Proof. The admissibility of f{/h depends only on its support. Thus upon enlarging V
(cf. Remark 8.1.3), one may assume that fy = fh e Hsimp,adm(GV) is chosen so that
Supp(f) > ¥, and that (i) is satisfied. Lemma 8.2.2 gives

depending only on §
—_—~

I(fv)y= Y. I(f§.Hhg6) (61)
aercll,rcg (G)
= Y dCGI%6. . (62)

SEé(ﬁ)ell,ss/Conj

Recall the recipe in [35, §5.2] for passing from (62) to (61). Any regular semisimple

class § with I é(é , f ) # 0 must admit a representative (called an admissible representative
in loc. cit.) with image in é(A) of the form 8y 8", such that 8, € K, has regular reduction
for all v ¢ V. Indeed, this is just a paraphrase of the notion of V-admissibility in [34,
Définition 5.6.1]. We extract the components in V of § in the following manner: using

o o 3 3V
the splittings G(F) < G and KY < G , one can pick any appropriate representative
of § as above, and write
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Denote this procedure as
§ ~ by
Attention: this is not necessarily a map from global conjugacy classes into 1",“3g((~;\/)7 but
only a correspondence.
Let (8,)pey € [Toev G, be such that (§,)yey > dy. Our assumptions outside V imply
Ié(g, f) =19V (§y, ) =T1lev U,GU(SU)' Set & :=34,. By collecting the contributions

from all such § and averaging over ig, we get the summand in (61) indexed by §.

Claim 1: we can choose f}; in the foregoing construction so that every § with 1 Gu(é, f )#0
must be conjugate to y in G(F) at every place v # u. Indeed, the adjoint quotient of Gis
an affine F-variety. Thus by taking f, sufficiently close to an anti-genuine Dirac measure

concentrated at the image of y in G(Fy), for each v € V ~ {u}, the condition Ié(g, f) #0
will force § to be stably conjugate to y at every place. Since both classes intersect K, for
v ¢ V, this implies ordinary conjugacy outside V by a result of Kottwitz [34, Proposition
5.6.2]. As to the places v € V ~ {u}, we take f, so close to an anti-genuine Dirac measure
to force ordinary conjugacy.

Property (ii) is thus inherent in our construction. Moreover, (iii) is also satisfied since
T is elliptic. Shrinking the support does not destroy admissibility, therefore our choice
of fy is accomplished.

Claim 2: § and y are also conjugate in G(F,). By [36, §3.1.2], there is a exact sequence
HY(F,T) —— @, H\(F,, T,) —— H'(A/F.,T)
(Ay)y ——> Y, (image of Ay)

in which the first term measures global conjugacy classes in a stable class intersecting
T, and the second measures the local situation. Apply this to ¥ and § and notice that
HY(F,, T,) = H'(A/F,T) to get Claim 2. Hence I(fv) = I(f¥, 7)hg (7).

It remains to prove I(fy;, ¥) # 0. At this stage we may vary & and it suffices to show
I(fy) # 0. The rational clgsses § contributing to I(fy) become conjugate in G(A). If
they are also conjugate in G, the non-vanishing will follow at once by taking A a(7) #0,
since aé(g) > 0. To show this, suppose that §; (i = 1,2) are elliptic, semisimple regular
elements such that

e 166, f)#£0fori=1,2,
° 501' ~ SV,,' fori=1,2,
° Sv,l = sgv,z as conjugacy classes in Gy, where € € Rg.
It remains to show € = 1. For each place v, set

+ .
Oy, ~ Oy,

A(}’1,0),1) =
107, — Oy,
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with the notations in §2.2. This is a locally constant function on Gv,reg; it is essentially

the transfer factor for (n,0) € SeH(Gov). Let ¥ € G with an inverse image (X,)y € ]_[/UGU.
Suppose that p(X) € G(A) is locally stably conjugate to an element of Greg(F), we define

Aw0)®) = [[Am0.@E)
v

with the following properties.
(a) The infinite product [], Aw,0),v(Xy) is well defined: almost all terms are 1. It

depends only on the conjugacy class of x.
(b) If ¥ € G(F), then A, 0)(X) = 1.
(c) If v ¢ V and 8, € K, has regular reduction, then A, g),(8y) = 1.
(d) Aw.0).0(€Xy) = €A@.0).0(Fy) for all g € pg and %, € Gy.
Since (@;v - 61/_/,v)(i) = 0Oy, (—x) for all place v and regular semisimple X e G,
(Definition 2.2.2), these properties are consequences of [30, Théoreme 4.28, Proposition

4.21] and the genuineness of the Weil representations, in that order.
Apply this to §;, 52, we see

1= Awo) = (H A(n,O),u) Gv.i), i=1,2.

veV
A comparison using (d) gives € = 1, as asserted O

Proof of Theorem 6.3.1. Let f € C®_(G). From f we deduce the function h¢ €

c,”

T -- (G) by (57). In view of the reduction steps in §8.3, it remains to show that iz = 0.
cusp

This amounts to hz(y) = 0 for all y € Treg(F) and any y € p~(y), where T is any given
elliptic maximal F-torus of G. Globalize the data (T, G— G(F),--+) by Proposition
8.4.1 with r = 2. Choose the fy; from Proposition 8.4.2 for any given y € Treg(ﬁ). Choose
heC®_(G) mapping to &g, then Corollary 8.3.6 asserts

>
I(fyh) =0.
Meanwhile, Proposition 8.4.2 says
I(fyh) =1(fy. V) he @),
P

where y is any inverse image of the u-component of y. Hence hz(y) = 0. Since T(F) —>
T (F) has dense image, we conclude that hz = 0 by the continuity of orbital integrals. [
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cocycle condition, 52
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translation functor, 58

standard isomorphism, 46
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