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Abstract

This paper presents a scheme for excitation of an electron-plasma wave (EPW) by beating two g-Gaussian laser beams in
an underdense plasma where ponderomotive nonlinearity is operative. Starting from nonlinear Schrodinger-type wave
equation in Wentzel-Kramers—Brillouin (WKB) approximation, the coupled differential equations governing the
evolution of spot size of laser beams with distance of propagation have been derived. The ponderomotive nonlinearity
depends not only on the intensity of first laser beam, but also on that of second laser beam. Therefore, the dynamics of
one laser beam affects that of other and hence, cross-focusing of the two laser beams takes place. Due to nonuniform
intensity distribution along the wavefronts of the laser beams, the background electron concentration is modified. The
amplitude of EPW, which depends on the background electron concentration, is thus nonlinearly coupled with the laser
beams. The effects of ponderomotive nonlinearity and cross-focusing of the laser beams on excitation of EPW have
been incorporated. Numerical simulations have been carried out to investigate the effect of laser and plasma parameters
on cross-focusing of the two laser beams and further its effect on EPW excitation.
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1. INTRODUCTION

Since the invention of laser (Maiman, 1960), exotic research
and amelioration in laser technology have ushered a new era,
where highly intense lasers are available. The interaction of
such highly intense laser beams with plasmas has opened
new vistas of potential applications such as laser-driven ac-
celerators (Tajima & Dawson, 1979; Faure et al, 2004;
Geddes et al., 2004; Mangles et al., 2004), inertial confine-
ment fusion (Deutsch et al., 1996; Hora, 2007), X-ray
lasers (Amendt et al, 1991; Eder et al., 1994; Faenov
et al., 2007), laser plasma channeling (Singh & Walia,
2010), etc. Propagation of laser beams through plasmas up
to several Rayleigh lengths is an important prerequisite for
the feasibility of all these applications. In the absence of an
optical guiding mechanism, the propagation distance is lim-
ited approximately to a Rayleigh length due to diffraction di-
vergence. Therefore, diffraction broadening is one of the
fundamental phenomena that negate the efficient coupling
of laser energy with plasmas. In conventional optics, diffrac-
tion of laser beams can be averted using optical fibers or
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relying on phenomenon of self-focusing. The phenomenon
of self-focusing arises due to nonlinear response of material
medium to the field of incident laser beam that leads to mod-
ification of its dielectric properties in such a way that the
medium starts behaving like a converging lens. In collision-
less plasmas, this modification of dielectric properties occurs
due to the ponderomotive force that expels electrons from the
high-field region to low-field region (Kaw et al., 1973; Max,
1976; Sodha et al., 1976).

Several nonlinear effects such as stimulated Raman scat-
tering (Salih et al., 2005; Fuchs et al., 2000), stimulated Bril-
louin scattering (Divol et al., 2003; Tikhonchuk ez al., 1997),
excitation of electron-plasma wave (EPW) (Rosenbluth &
Liu, 1972; Tajima & Dawson, 1979), filamentation of laser
beam (Campillo et al., 1973; Gupta et al., 2009), etc. come
into picture during the propagation of electromagnetic
beams through plasmas. Some of these phenomena lead to
anomalous electron and ion heating, others to scattering of
electromagnetic energy out of the plasma or to deteriorate
the symmetry of energy deposition to plasma (Brueckner &
Jorna, 1974). These nonlinear phenomena are therefore of
central importance in laser-driven fusion studies. Hence, to
have a deep understanding of laser—plasma interaction phys-
ics there have been ongoing conscious efforts to consistently
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improve upon the understanding of these phenomena by car-
rying out comprehensive studies encompassing theoretical as
well as experimental aspects.

Propagation of intense laser beams through plasmas can
excite natural modes of vibration of plasmas i.e., EPW or
ion acoustic waves. The plasma waves can be driven either
by beating two co-propagating laser beams, differing in fre-
quencies by plasma frequency or by a single short laser pulse
of duration equal to the plasma period. Excitation of EPW by
beating two laser beams has become an appealing process in
view of its potential applications such as electron acceleration
(Tajima & Dawson, 1979), plasma heating and current drive
in tokamak (Cohen et al., 1972; Kaufman & Cohen, 1973),
controlling (Stenflo et al, 1986) and sounding (Weyl,
1970) ionosphere, plasma lasers (Milroy et al., 1979). The
EPW excited by beating of two intense laser beams can
also be used as a diagnostic tool for obtaining information
of plasma parameters (Kroll et al., 1964; Cano et al., 1971;
Weibel, 1976). The excited EPW can scatter third laser
beam, and, using the known frequency difference, one can
accurately estimate the plasma density. Such a method of ex-
citation and detection has the inherent advantage of not re-
quiring that a probe be inserted in the plasma. It could thus
be used in measuring the properties of space plasmas
where probing is difficult and costly. Another interesting fea-
ture of the optical beating to excite EPW lies in the fact that if
one uses only one laser, the plasma is heated in the portion of
laser beam where the frequency is equal to the plasma fre-
quency. If one uses two lasers, however, there will be a
second stage of heating, when the plasma has expanded suf-
ficiently, so that the plasma frequency, in the volume of inter-
action of the two beams, is now equal to the difference
frequency of the laser beams (Weyl, 1970; Xu et al., 1988).

Excitation of EPW by beating of two laser beams in the
plasma has been investigated extensively both experimental-
ly as well as theoretically by a number of workers in the past.
First theoretical analysis of the plasma wave excitation by
beating two laser beams and consequent application in the
charged particle acceleration was proposed by Rosenbluth
& Liu (1972) and subsequently by Tajima & Dawson
(1979). Darrow et al. (1986, 1987) have reported a model
for the excitation of EPW in rippled density plasma. Gupta
et al. (2005) investigated the effect of cross-focusing of
two coaxial laser beams on the excitation of EPW in an
underdense plasma where relativistic and ponderomotive
nonlinearities are operative. Tiwari & Tripathi (2006) inves-
tigated the beat-wave excitation of plasma waves in a clus-
tered gas. Experimental studies on the detection of beat
plasma waves in a long-scale-length plasma were first report-
ed by Amini & Chen (1984). They showed that collective
Thomson scattering by optical mixing of two antiparallel
CO, laser beams in a plasma gives a precise measurement
of the plasma wave frequency.

Laser beams with different intensity profiles behave differ-
ently in the plasmas. Most of the investigations on excitation
of EPW outlined above have been carried out under the
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assumption of uniform laser beams or laser beams having
the Gaussian irradiance of intensity along their wavefronts.
In contrast to this picture, investigations on intensity profile
of Vulcan Petawatt laser at the Rutherford Appelton labora-
tory by Patel et al. (2005) and Nakatsutsumi et al. (2008)
suggest that the intensity profile of the laser beam is not ex-
actly Gaussian, but is having deviations from it. The suggest-
ed intensity profile that fits with the experimental data is
g-Gaussian of the form f (r) = £ (0)(1 + r?/qr}) ", where
the values of relevant parameters g and ry can be obtained
by fitting the experimental data. The average square of the
electric vector in case of g-Gaussian irradiance is much
higher in the case of ¢g-Gaussian irradiance. Hence, for the
sake of completeness of analysis on beat wave excitation of
EPW it becomes vital to take into account the deviation of
intensity profile of laser beams from Gaussian distribution.
A review of literature reveals the fact that no earlier theoret-
ical investigation on excitation of EPW has been carried out
for the laser beams having g-Gaussian irradiance of intensity
along the wavefronts of the laser beams. The aim of this
paper is to investigate for the first time the cross-focusing
of two g-Gaussian laser beams in collisionless plasmas and
to delineate its effect on excitation of EPW at beat frequency.

This paper is structured as follows. In Section II, the di-
electric function of the plasma under the effect of pondero-
motive nonlinearity has been obtained. In Section III, the
nonlinear coupled differential equations governing the evolu-
tion of spot size of the laser beams have been derived with
the help of moment theory approach. The normalized
power of excited EPW has been obtained in Section IV.
The detailed discussion and conclusions drawn from the re-
sults of present investigation have been summarized in Sec-
tions V and VI, respectively.

2. DIELECTRIC FUNCTION OF PLASMA

Consider the propagation of two coaxial, linearly polarized
laser beams having ¢-Gaussian intensity distribution
(Sharma & Kourakis, 2010; Singh & Gupta, 2015) along
their wavefronts, through an underdense plasma of equilibri-
um electron density 7

Ej(r,z,1) = A(r, )¢ e, 6]
rz qj

AAY o =FE4[1+—] . 2

I |4_0 ]0( +q]l’]2) ( )

where j =1, 2, and w, k;, respectively, are the angular fre-
quency and vacuum wave numbers of the fields of the laser
beams, e, is the unit vector along the x-axis, 7; are the radii
of laser beams at the plane of incidence, that is, z = 0. The
parameter g; describes the deviation of intensity distributions
of the laser beams from the Gaussian intensity distribution.
As the value of g; increases, the intensity distributions of
the laser beams converge toward the Gaussian distribution
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and become exactly Gaussian for g; = oo, that is,

. 2 1R
Jim AA =Eje /.
For z > 0, energy-conserving ansatz for the intensity distri-
bution of g-Gaussian laser beams are

E2 r2 —q;j
AA; =2 (1 + 22) , 3)

where rjf; are the instantaneous radii of the laser beams.
Hence, the functions f; are termed as the dimensionless
beam width parameters that are measures of both axial inten-
sity and spot size of laser beams.

When such high-amplitude g-Gaussian laser beams prop-
agate through the plasma, due to nonuniform intensity distri-
bution along their wavefronts, the plasma electrons
experience the ponderomotive force (Max, 1976)

|
FP:__VZEEJE/" (4)
JjoJ

where e and m are the charge and the mass of electrons, re-
spectively, which results in their ambipolar diffusion from
the high-field to the low-field regions. The electron density
n responds to the laser electric fields according to Max
(1976)

n=npe 2 BEE )

where B; = ¢*/8mw; ToKy is the coefficient of the pondero-
motive nonlinearity, T, is the equilibrium temperature of
plasma, and K, is the Boltzmann constant. In this paper,
we shall be considering the case where light beam varies in
the space, but propagate in a steady-state manner in time.
Consequently, the ponderomotive force completely domi-
nates ion inertia, and must be balanced by pressure forces.
The formal conditions for Eq. (5) to be valid are (Max,
1976): macroscopic scale length L must satisfy L >> A4; mac-
roscopic velocities must be small compared with the sound
speed ¢, = (T,/ M,-)l/ 2 and macroscopic time scales must be
long compared with (L/cy).

The redistribution of electrons results in the modification
of dielectric properties of the plasma. The modified dielectric
function of the plasma can be written as

2
Yoo N BEE

ejzl__one Z,ﬁzu’ ©6)
@i

where
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is the plasma frequency in the absence of laser beams. Equa-
tion (6) can be written as

€ = € + b (AIA], AAT)

where

2
w:
@=1--5 ©)

J
are the linear parts of the dielectric function and

2
(V) *
AT A2A]) =B 1 — e 200 ) ®
J

are the nonlinear parts of the dielectric function.

3. CROSS-FOCUSING OF LASER BEAMS

Starting from Ampere’s and Faraday’s laws for an isotropic,
nonconducting, and nonabsorbing medium (J =0, p =0,
u=1), we get

10D;
VxB =-—1, 9
X B c ot ©)
10B;
E—=_-2J 1
V x E; o (10)

where E; and B; are the electric and magnetic fields associ-
ated with the laser beams and D; = €E; are the electric dis-
placement vectors. Eliminating B; from Eqgs. (9) and (10), it
can be shown that the electric fields E; of the laser beams sat-
isfy the wave equation

2 w;
\Y% Ej— V(VEJ)+67€/EJIO (11)

Even if E; has longitudinal components, the polarization
term V(V - E;) of Eq. (11) can be neglected by assuming
that the root-mean-square radii of laser beams are much
greater than their vacuum wavelengths or the laser frequen-
cies are much greater than the plasma frequency (Lam
et al., 1977). Under this approximation Eq. (11) reduces to

g LY
VZE; + Sk =0. (12)

Using Eq. (1) in Eq. (12) we get

dE; 1 _, k;
— = V2E + L (AIA], ALADA;. 13
ldz 2% 1 ]+280j¢]( 1A], A2A) j (13)

Equation (13) is a well-known nonlinear Schrédinger wave
equation that describes stationary beam propagation in the
z-direction with an assumption that wave-amplitude
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scale length along the z-axis is much larger as compared with
characteristic scale in the transverse direction.

Due to its symmetry properties the wave Eq. (13) poss-
esses a number of conserved quantities that can be obtained
directly from the Noether’s theorem (Rasmussen & Rypdal,
1986; Rypdal & Rasmussen, 1986). In view of self-focusing
of the laser beams the two most important invariants are

2m oo
Iy = J J |Aj|*rdrd, (14
0 Jo
2
Hf:j j — (VL Aj|* = F))rdrds, (15)
0 Jo 263 - :
where
1 (44
E:Fo_,-jo GjAIAT, A A )d(AA]). (16)

The first invariant [; is merely a statement of the conserva-
tion of energy of the laser beams and second invariant H; re-
lates the wavefront curvature of the laser beams to the plasma
nonlinearity (Schmitt & Ong, 1983).

Now from the definition of second-order spatial moments
of the intensity distribution, the mean-square radii of the laser
beams are given by

1 21 oo
<R}(z)>=_j j r*AjA; rdrd®. 17)
IojJo Jo '

Following the procedure of Lam et al. (1975, 1977), we get
the following differential equation governing the evolution of
mean-square radius of the laser beams with distance of
propagation

&, H 4™
—= <R/@> —4———j j Qjrdrd9, (18)
dz? loj I 0 !
where
1 N
0 = EjA,Aj &; — 2F;, (19)

Using Egs. (3), (14), and (17) it can be shown that

1 -1
10,-:nr]?Egj<1 ——) , (20)
q;
2 -1
2 _ 202
<Rj>_rj]§<l—q—/) ) 1)

Using Eqgs. (15), (19)—(21) in (18) we get the following cou-
pled differential equations governing the cross-focusing of
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the two laser beams.

@+1<@>2: (1-1/g1)(1 = 2/q1)
et fi\dk

(1+1/q1)

x%—Z(l—i>(l—£>h7
i q1 q1
F R r IR NI ES

ae2  H\ dt r) \w2) \€p

() - 0-2]

(23)

(22)

where & = z/k r% is the dimensionless distance of propaga-
tion, and
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r
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For initially plane wavefronts Egs. (22) and (23) are subject-
ed to boundary conditions f; =1 and df; / d§ =0 at £ = 0.

4. EXCITATION OF BEAT WAVE

In the dynamics of excitation of EPW, it must be mentioned
here that the contribution of ions is negligible because they
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only provide a static positive background, that is, only
plasma electrons are responsible for the excitation of EPW.
The background plasma density is modified via ponderomo-
tive nonlinearity. Therefore, the amplitude of EPW, which
depends on the background electron density, gets strongly
coupled to the laser beams. The dynamics of generated
plasma wave is governed by

e Equation of continuity:

N, V(NV) =0,

ar (24)

e Equation of motion

d KoT,
m—vz—eE—3 070

VN
dt N ’

(25)
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e Poisson’s Equation

V -E = —4neN, (26)
where N is the total electron density, E is the sum of elec-
tric fields of laser beams and EPW

N=ny+1n,
E=) Ej+E,
j

v = v, = oscillatory velocity of electrons using the linear
perturbation theory, we get the following wave equation
governing the dynamics of EPW

otn’

e 27)

e
— i,V + i’ ==V Y E.
p ’
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Fig. 1. Variation of normalized intensity of first beam with normalized distance of propagation ¢ and radial distance r/ry, keeping
(wpori/c)” = 12, BE}, = 1.50, BE3, = 1.0, g» =3 fixed and at different values of g, (a) ¢, =3, (b) ¢1=4, (¢) ¢, =5, and

(d) g1 = o0, respectively.
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Fig. 2. Variation of normalized intensity of second beam with normalized distance of propagation & and radial distance r/r,, keeping
(wpor1/¢)* =12, BE%, = 1.50, BE3, = 1.0, ¢» =3 fixed and at different values of ¢, (@) ¢, =3, (b) ¢; =4, (¢) ¢ =5, and
(d) g; = oo, respectively.
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where w = w, — w; and k =k, — k|, we get the density , Y 29
perturbation associated with the plasma wave » Z % (1 4 r2 2) 2 .
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Fig. 3. Variation of normalized intensity of first beam with normalized distance of propagation ¢ and radial distance r/r;, keeping
(wpori /e =12, BE}, = 1.50, BE3, = 1.0, q; =3 fixed and at different values of g», (a) g2=3, (b) ¢=4, (¢) g2 =5, and
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1
“)1%0 2
T
we get
vV 1 20
=2(=2)(1 == p
L (C)( q1> r2k2w4
(30)
® 1
— X(Eo, Ex)dx,
jo D(wy, w7) (Ero. Exo)dx
where
2
k*v2 w2
D 5 = 1 — th _ 7;’(; s
(w1, w2) { R —— (x)
2!
E
X(Eyg, Ex) = | =2 (1 —|——> 2
fi q

7P 2

_2
Ex (nfi)*(, .2 (nAY) 2
* f (rzfz) <]+qz (rzfz)

https://doi.org/10.1017/5026303461500097X Published online by Cambridge University Press

5. DISCUSSION

Equations (22) and (23) are the coupled nonlinear differential
equations governing the cross-focusing of the two coaxial
g-Gaussian laser beams in collisionless plasma. Equation
(30) gives the normalized power of EPW generated as a
result of beating of the two laser beams. Numerical compu-
tational techniques are used to investigate the beam dynamics
as analytic solutions of these equations are not possible. It is
worth noting to understand the physical mechanisms of var-
ious terms on the right-hand sides (RHS) of Egs. (22) and
(23). The first terms on the RHS of Egs. (22) and (23) are re-
sponsible for diffraction divergence of the laser beams and
have their origin in the Laplacian Vi, appearing in nonlinear
wave Eq. (13). The second terms on the RHS of these equa-
tions arise due to the combined effect of ponderomotive non-
linearity and nonlinear coupling between the two laser
beams. These terms are responsible for nonlinear refraction
of the laser beams. It is the relative competition between
the diffractive and refractive terms that determine the focus-
ing/defocusing of the laser beams in the plasma.

To analyze the effect of deviation of intensity distribution
of laser beams from the Gaussian distribution and plasma
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Fig. 4. Variation of normalized intensity of second beam with normalized distance of propagation & and radial distance r/r,, keeping
(wpory/ o =12, ﬁE]ZO = 1.50, [SE%O = 1.0, ¢g; =3 fixed and at different values of decentered parameter, (a) g, =3, (b) g, =4,

(¢) g2 =5, and (d) g, = oo, respectively.

density on cross-focusing of the laser beams as well as beat
wave excitation of EPW, Eqgs. (22), (23), and (33) have
been solved for following set of laser—plasma parameters

w; = 1.78 x 10" rad/s; w, = 1.98 x 10" rad/s,
ry =15 pm; r, = 16.67 um,
To= 10° K.

Figures 1 and 2 illustrate the effect of ¢, that is, the deviation
of intensity distribution of the first laser beam from Gaussian
distribution on focusing/defocusing of the two laser beams.
The plots in Figure 1 depict that the increase in the value of
q1 leads to the decrease in the extent of self-focusing of the
first laser beam. This is due to the fact that as the value of
q1 increases toward higher values, the intensity of the first
laser beam shifts toward the axial region of the wavefront
and the diffraction divergence of axial rays is stronger as
compared with off-axial rays. It is also observed from
Figure 1 that the laser beams with higher g-values possess
faster focusing. The underlying physics behind this fact is
the slower focusing character of the off-axial rays.
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The plots in Figure 2 depict that increase in the value of
g1 leads to increase in the extent of self-focusing of the
second laser beam. This is due to the fact that the increase
in the value of ¢ leads to the increase in the magnitude of
refractive term as compared with the diffractive term in Eq.
(23).

The plots in Figures 3 and 4 also depict the same result that
increase in the value of ¢, leads to increase in the extent of
self-focusing of the first laser beam and decrease in that of
the second laser beam.

Figures 5 and 6 describe the effect of plasma density on
focusing /defocusing of the two laser beams. It is observed
that the increase in plasma density leads to the increase in
the extent of self-focusing of both the laser beams. This is
due to the fact that increase in the plasma density leads to in-
crease in the number of electrons contributing to the ponder-
omotive nonlinearity.

Figures 7 and 8 illustrate the effect of deviation of intensity
distributions of the laser beams from Gaussian distribution
on power of generated plasma wave. It is observed that am-
plitude of the generated plasma wave is maximum at the
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Fig. 5. Variation of normalized intensity of first beam with normalized distance of propagation ¢ and radial distance r/r;, keeping
[SEfO = 1.50, ﬁE%O = 1.0, g; = 3, ¢» = 3 fixed and at different values of normalized density, (a) (wporl/c)2 =12, (b) (u)porl/c)2 =14,

(€) (wpor1/¢)* = 16, and (d) (wpor1/c)* = 18, respectively.

focal spots of the two laser beams. This is due to the fact that
the focal spots of the laser beams are the regions of very high
intensity and hence act as the source for plasma wave gener-
ation. It is observed from Figure 7 that increase in the value
of ¢, leads to the decrease in the amplitude of the plasma
wave at the focal spots of the first laser beam; whereas
there is an increase in the amplitude of plasma wave at the
focal spots of the second laser beam. This is due to the fact
that an increase in the value of ¢ leads to decrease in the
extent of self-focusing of the first laser beam and to increase
in that of the second laser beam. Similarly, the plots in
Figure 8 depict that an increase in the value of g, leads to
the increase in the amplitude of the plasma wave at the
focal spots of the first laser beam and decrease in the ampli-
tude of plasma wave at the focal spots of the second laser
beam.

Figure 9 illustrates the effect of plasma density on focus-
ing/defocusing of the two laser beams. It is observed that
an increase in the value of the plasma density leads to an in-
crease in the amplitude of plasma wave. This is due to the fact
that an increase in the plasma density enhances the extent of
self-focusing of both the laser beams.
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6. CONCLUSION

In this paper, the authors have investigated the cross-focusing
of the two intense coaxial g-Gaussian laser beams in the col-
lisionless plasma and subsequently its effect on beat wave ex-
citation of EPW. Following important conclusions have been
drawn from the present analysis:

o Greater is the extent of deviation of intensity distribution
of one laser beam from Gaussian distribution, greater is
the extent of its self-focusing and lesser is the extent of
self-focusing of other laser beam.

e Increase in plasma density enhances the extent of self-
focusing of both the laser beams as well as the ampli-
tude of the generated plasma wave.

o Amplitude of generated plasma wave is maximum at the
focal spots of the two laser beams.

e Increase in the g-value of one laser beam leads to the de-
crease in the amplitude of generated plasma wave at its
focal spots, while there is an increase in the amplitude of
the generated plasma wave at the focal spots of the other
laser beam.


https://doi.org/10.1017/S026303461500097X

Excitation of electron plasma wave in collisionless plasma

a)

c)

n’r2 -10 0 g

2

2
IEI/E

239

b)

20

r/r -10 0 ¢

d)

2
n’r:2 -10 0 g

Fig. 6. Variation of normalized intensity of first beam with normalized distance of propagation & and radial distance r/r;, keeping
ﬁEfo = 1.50, ﬁE%U = 1.0, ¢, = 3, g, = 3 fixed and at different values of normalized density, (a) (wyori/ ¢)? =12, (b) (wpory/ c)? = 14,

() (wpory/ ¢)* = 16, and (d) (wport/ ¢)* = 18, respectively.
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Fig. 7. Variation of normalized power 1 of beat wave with normalized dis-
tance of propagation &, keeping (wpori/c)” = 12, BE3, = 1.50, BE3, = 1.0,
¢» = 3 fixed and at different values of ¢, ¢; = 3, 4, 5.
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Fig. 8. Variation of normalized power 1 of beat wave with normalized dis-
tance of propagation &, keeping (wpori/c)” = 12, BE3, = 1.50, BE3, = 1.0,
g, = 3 fixed and at different values of ¢», g» = 3, 4, 5.
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Fig. 9. Variation of normalized power n of beat wave with normalized dis-
tance of propagation &, keeping BEZ, = 1.50, BE3, = 1.0, ¢, =3, ¢ =3
fixed and at different values of normalized plasma density (wyor;/ o)} =
12, 14, 16.

The results of the present analysis may be of importance in
various contexts of laser plasma physics. Besides its obvious
relevance to inertial confinement fusion and beat wave accel-
erators, these results can also be helpful in other applications
requiring laser beams with localized energy. The present in-
vestigation may be useful for the experimentalists working in
the area of laser plasma interactions.
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