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Abstract We generalize the result about the congruence subgroup property for GGS groups in [3] to
the family of multi-GGS groups; that is, all multi-GGS groups except the one defined by the constant
vector have the congruence subgroup property. New arguments are provided to produce this more general
proof.
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1. Introduction

Groups acting on regular rooted trees have been studied since the 1980s as examples of
groups with exotic properties. For instance, the Gupta–Sidki group [5] is well known
as a particularly uncomplicated answer to the general Burnside problem. It acts on
the ternary rooted tree and is two-generated by a rooted automorphism and a directed
one (see [3] for terminology and notation used here). A similar example, acting on the
4-regular rooted tree, was introduced by Grigorchuk in [4] and is now sometimes known
as the ‘second Grigorchuk group’. A generalization of these two examples is provided by
the family of Grigorchuk–Gupta–Sidki (GGS) groups.* Each group in this family acts on
the p-regular tree, where p ≥ 3 (but here, as in most papers where they are discussed, we
assume p is prime), and is also generated by a rooted and a directed automorphism. The
latter generator is defined according to a vector in F

p−1
p .

The classical congruence subgroup property for linear algebraic groups has a natural
analogue for groups acting on regular rooted trees. In this case, the principal congruence

* The name was coined by Baumslag and is not to be confused with generalized Golod–Shafarevich
groups, which also provide negative answers to the general Burnside problem, but are of a very different
nature.
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subgroups are the level stabilizers, stG(n), for each n ∈ N. Thus, the congruence subgroup
property is satisfied if every subgroup of finite index contains a principal congruence
subgroup; in other words, if the topology given by the finite index subgroups (the profinite
topology) coincides with the topology given by the level stabilizers.

In [1], a family further generalizing GGS groups was defined and studied. They were
called multi-edge spinal groups, but we prefer the term multi-GGS groups. Each group in
the family is defined like a GGS group, except that there are more directed generators.
In [3] we proved that a GGS group has the congruence subgroup property if and only if
it is not defined by the constant vector. In this note, we show that the result is true for
the whole family of multi-GGS groups.

Theorem A. Let G be a multi-GGS group. Then G is just infinite and has the
congruence subgroup property if and only if G is not the GGS group defined by the
constant vector.

2. Multi-GGS groups

Definition. A multi-GGS group G is a group of automorphisms of the p-regular rooted
tree, where p is an odd prime. The group G is generated by the rooted automorphism a
which acts on the first level of the tree by the cyclic permutation (1 . . . p) and by some
finite number r of directed automorphisms b1, . . . , br ∈ stG(1). Each bi is defined by a
vector ei = (ei,1, . . . , ei,p−1) ∈ F

p−1
p :

ψ(bi) = (aei,1 , . . . , aei,p−1 , bi)

and we require that the defining vectors e1, . . . , er be linearly independent.

We denote by G the group generated by a and b1, with b1 given by a constant vector.
(Note that all constant vectors yield the same group.)

Let us first mention some properties about multi-GGS groups that will be useful in the
proof of the main theorem. The first lemma is a collection of results from [1].

Lemma 1. Let G = 〈a, b1, . . . , br〉 be a multi-GGS group with defining vectors
e1, . . . er ∈ F

p−1
p .

(i) We may assume that ei,1 = 1 for all ei with i = 1, . . . , r.

(ii) If G is not G then

ψ(γ3(stG(1))) = γ3(G) × p. . .× γ3(G).

(iii) G/G′ ∼= Cr+1
p .

Lemma 2. If the multi-GGS group G is generated by r ≥ 2 directed generators,
then ψ(stG(1)′) = G′ × p. . .×G′. In particular, G is regular branch over its commutator
subgroup G′.

Proof. Since ψ(stG(1)) ≤ G× p. . .×G, we need only show the ‘≥’ inclusion in the
statement.

https://doi.org/10.1017/S0013091518000913 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091518000913


Multi-GGS groups have the congruence subgroup property 891

Suppose that b1 has non-symmetric defining vector (e1,1, . . . , e1,p−1); that is, e1,i �=
e1,p−i for some i. Either e1,i �= 0 or e1,p−i �= 0. Without loss of generality, suppose e1,i �=
0. As in the proof of Lemma 1 (i), we may assume that i = 1 and that e1,1 = 1 and
e1,p−1 = m �= 1.

By the same argument as in [2, Lemma 3.4],

ψ([b1, ba1 ][ba
−1

1 , b1]m · · · [ba1 , ba
2

1 ]m
p−1

) ≡ ([a, b1]1−m, 1, . . . , 1)

where the congruence is modulo γ3(G) × p. . .× γ3(G). Part (ii) of Lemma 1 implies that
([a, b1]1−m, 1, . . . , 1) ∈ ψ(stG(1)′) and therefore ([a, b1], 1, . . . , 1) ∈ ψ(stG(1)′) because
m �= 1. By a general fact about commutators,

[an, b1] = [a, b1]a
n−1

[a, b1]a
n−2 · · · [a, b1]a[a, b1]

for any n ∈ Z.
From this and the fact that ψ(stG(1)) ≤ G× p. . .×G is a subdirect embedding, together

with the fact that stG(1)′ � stG(1), we obtain ([an, b1], 1, . . . , 1) ∈ ψ(stG(1)′) for any n.
Moreover, since stG(1)′ � G, we may conjugate the above element by a suitable power of
a to conclude that (1, . . . , 1, [an, b1]) ∈ ψ(stG(1)′) for any n.

For any other directed generator bi,

ψ([b1, bai ]) = ([a, bi], 1, . . . , 1, [b1, aei,p−1 ]).

Therefore, by the above, ([a, bi], 1, . . . , 1) ∈ ψ(stG(1)′). Thus, (x, 1, . . . , 1) ∈ ψ(stG(1)′)
for each normal generator x of G′. Once again the subdirect embedding ψ(stG(1)) ≤
G× p. . .×G allows us to conclude that 1 × p−1. . . × 1 ×G′ ≤ ψ(stG(1)′) and since G acts
transitively on the first level of the tree we also have that G′ × p. . .×G′ ≤ ψ(stG(1)′).

Now suppose that all bis are defined by symmetric vectors (ei,j = ei,p−j for every
i, j ∈ {1, . . . , p− 1}). By (i) in Lemma 1 we may assume that ei,1 = 1 for i = 1, . . . , r.
Replacing each ei by ei − e1 for i = 2, . . . , r we obtain the same group. Thus we have
ei = (0, ∗, . . . , ∗, 0) for i = 2, . . . , r. Let e2,j be the first non-trivial entry in e2. Then there
exists k ∈ Fp such that e1,j − ke2,j = 0, so we can also replace e1 by e1 − ke2 �= 0 so that
e1,j = 0. We thus obtain that

ψ([b1, bai ]) = ([a, bi], 1, . . . , 1),

for i = 2, . . . , r, and

ψ([ba
j

1 , b2]) = (1, . . . , 1, [b1, ae2,j ], 1, . . . , 1, [ae1,p−j , b2])

= (1, . . . , 1, [b1, ae2,j ], 1, . . . , 1, 1),

where the last equality follows because e1,p−j = e1,j = 0. Repeating the same argument
as in the previous case, we obtain the result. �

Because of the above lemma (and [3, Proposition 2.4]), in order to show that a multi-
GGS group G as in the lemma has the congruence subgroup property, it suffices to show
that G′′ contains some level stabilizer. This will be shown in Corollary 7.
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Lemma 3. Let G be any multi-GGS group. Then stG(1)′ ≤ γ3(G).

Proof. Since stG(1) is normally generated by b1, . . . , br (equivalently, generated by the
conjugates of b1, . . . , br by powers of a), we have that stG(1)′ is normally generated by
commutators of the form [ba

m

i , ba
n

j ] with i, j ∈ {1, . . . , r} and m,n ∈ Fp. Now notice that
[ba

m

i , ba
n

j ] = [bi[bi, am], bj [bj , an]], which is congruent modulo γ3(G) to [bi, bj ] = 1. Thus,
all normal generators of stG(1)′ are contained in γ3(G) � G, which proves our claim. �

Lemma 4. Let G �= G be a multi-GGS group. Then

ψ(G′) ≤s G× p. . .×G.

Proof. Let G = 〈a, b1, . . . , br〉 be a multi-GGS group; without loss of generality, we
may assume that all defining vectors are non-constant. Let Gi = 〈a, bi〉 be the associated
GGS group for each 1 ≤ i ≤ r. From [3, Lemma 2.5], we have that ψ(G′

i) ≤s Gi × · · · ×Gi
for 1 ≤ i ≤ r. Hence ψ(G′) ≤s G× · · · ×G, as G is generated by a, b1, . . . , br. �

Lemma 5. Let G = 〈a, b1, . . . , br〉 be a multi-GGS group with r ≥ 2. Then

ψ2(G′′) ≥ G′ × p2. . .×G′.

Proof. By Lemma 4 we know that there exist x, yi ∈ G′ such that ψ(x) = (a, ∗, . . . , ∗)
and ψ(yi) = (bi, ∗, . . . , ∗) for each i ∈ {1, . . . , r} (where ∗ denotes unknown, unimportant
elements). On the other hand, by Lemma 2, for each h ∈ G′ there is some g ∈ G′ such that
ψ(g) = (h, 1, . . . , 1). Thus ψ([x, g]) = ([a, h], 1, . . . , 1) and ψ([yi, g]) = ([bi, h], 1, . . . , 1) for
i = 1, . . . , r. Now, [x, g], [yi, g] ∈ G′′ implies that

ψ(G′′) ≥ γ3(G) × p. . .× γ3(G).

Finally, Lemma 3 and another application of Lemma 2 yield the result. �

3. Proof of the main theorem

Theorem 1 follows from [3, Theorems A and B] (the GGS group case) and from the result
in this section.

Let us first establish some notation. For all n ∈ N, set

Gn =
G

stG(n)
, Gn =

Gn
G′
n

, Ĝn =
Gn

stGn
(1)′

,

and write G0 = 1. Observe that in the same way in which ψ : stG(1) → G× p. . .×G holds,
we also have ψ(n) : stGn

(1) → Gn−1 × p. . .×Gn−1. Denoting by πn the projection from G
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to Gn, the following diagram commutes:

stG(1)
ψ−−−−−−−→ G× p. . .×G⏐⏐⏐�πn

⏐⏐⏐�πn−1× p...×πn−1

stGn
(1)

ψ(n)−−−−→ Gn−1 × p. . .×Gn−1.

Moreover, since ψ : stG(1)′ −→ G′ × p. . .×G′ is an isomorphism, the map

ψ̂(n) :
stGn

(1)
stGn

(1)′
−→ Gn−1 × p. . .×Gn−1

is well defined.

Proposition 6. Let G = 〈a, b1, . . . , br〉 be a multi-GGS group. Then we have
G′ ≥ stG(r + 1).

Proof. We will prove by induction on n ∈ N that d(Gn) ≥ n for n = 2, . . . , r + 1. This
implies in particular that Gr+1 is generated by r + 1 elements, and then |Gr+1| = |G : G′|,
which implies that G′ = G′ stG(r + 1), and the result follows.

Observe that d(Gn) = d(Gn) = d(Ĝn), because Gpn ≤ G′
n and then Φ(Gn) = G′

n. Since
G′
n and stGn

(1)′ are contained in Φ(Gn), the minimum number of generators does not
change.

The case n = 2 is obvious because if G2 is generated by one element, then stG(1) =
stG(2), and this cannot happen. Let us suppose the statement is true for n ≤ r, that is,
d(Gn) ≥ n. Since Gn is elementary abelian, and it is generated by the projections of the
generators of G, we can choose a basis and we may assume that Gn = 〈a, b1, . . . , bn−1, . . .〉,
where the first n generators are linearly independent in Gn. We want to prove the
case n+ 1. Suppose for a contradiction that Ĝn+1 can be generated by n elements.
In order to generate Ĝn+1, we need some element congruent to â modulo stGn+1(1)′.
On the other hand, by the Burnside basis theorem, since stGn+1(1)/G′

n+1 has rank at
most n− 1 because we assumed that d(Ĝn+1) ≤ n, we can choose a basis b̂1, . . . , b̂n−1

of stGn+1(1)/ stGn+1(1)′ (these elements are linearly independent because they map onto
b1, . . . , bn−1, respectively, which are assumed to be linearly independent). We may thus
suppose that Ĝn+1 = 〈â, b̂1, . . . , b̂n−1〉. Then

b̂n = b̂
i1,0
1 (̂bâ1)i1,1 · · · (̂bâp−1

1 )i1,p−1 · · · b̂in−1,0
n−1 (̂bân−1)

in−1,1 . . . (̂bâ
p−1

n−1 )in−1,p−1

with ij,k ∈ Fp. But then the images under ψ̂(n) of the elements on the left- and right-
hand sides must be equal in Gn. Since ψ̂(n)(̂bn) = (aen,1 , . . . , aen,p−1 , bn) we are forced to
have ij,k = 0 for k �= 0. This means that en = i0,1e1 + · · · + i0,nen−1, which is impossible,
because the defining vectors are linearly independent. Thus, d(Ĝn+1) ≥ n+ 1 and the
theorem follows by induction. �

Corollary 7. Let G be as in Proposition 6. Then G has the congruence subgroup
property.
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As remarked previously, it suffices to show, by [3, Proposition 2.4] and Lemma 2, that
G′′ contains some level stabilizer. Lemma 5 and Proposition 6 yield that

ψ2(G′′) ≥ stG(r + 1) × p2. . .× stG(r + 1) ≥ ψ2(stG(r + 3)).

Thus G′′ ≥ stG(r + 3).
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