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The preferential attachment network with fitness is a dynamic random graph model. New
vertices are introduced consecutively and a new vertex is attached to an old vertex with
probability proportional to the degree of the old one multiplied by a random fitness. We
concentrate on the typical behaviour of the graph by calculating the fitness distribution of a
vertex chosen proportional to its degree. For a particular variant of the model, this analysis
was first carried out by Borgs, Chayes, Daskalakis and Roch. However, we present a new
method, which is robust in the sense that it does not depend on the exact specification
of the attachment law. In particular, we show that a peculiar phenomenon, referred to as
Bose-Einstein condensation, can be observed in a wide variety of models. Finally, we also
compute the joint degree and fitness distribution of a uniformly chosen vertex.
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1. Introduction

Preferential attachment models were popularized by Barabasi and Albert [1] as a possible
model for complex networks such as the world wide web. The authors observed that a
simple mechanism can explain the occurrence of power law degree distributions in real
world networks. Often networks are the result of a continuous dynamic process: new
members enter social networks or new web pages are created and linked to popular old
ones. In this process new vertices prefer to establish links to old vertices that are well
connected. Mathematically, we consider a sequence of random graphs (random dynamic
network), where new vertices are introduced consecutively and then connected to each
old vertex with a probability proportional to the degree of the old vertex. As proved
rigorously by Bollobas, Riordan, Spencer and Tusnady [5], this rather simple mechanism
leads to networks with power law degree distributions and thus offers an explanation for
their occurrence.
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There are many variations of the classic model to address different shortcomings: see,
for example, [13] for an overview. For example, a more careful analysis of the classical
model shows that one can observe a “first to market” advantage, where from a certain point
onwards the vertex with maximal degree will always remain maximal: see, for example,
[10]. Clearly, this is not the only possible scenario observed in real networks. One possible
improvement is to model the fact that vertices have an intrinsic quality or fitness, which
would allow even younger vertices to overtake old vertices in popularity.

Introducing fitness has a significant effect on the network formation. In particular, it may
provoke condensation effects as indicated in [4]. The first mathematically rigorous analysis
was carried out in [6] for the following variant of the model. First every (potential) vertex
i € N is assigned an independent identically distributed (say p-distributed) fitness F©.
Starting with the network G, consisting of the single vertex 1 with a self-loop, the network
is formed as follows. Suppose we have constructed the graph G, with vertices {1,...,n}.
Then we obtain G,.; by

e insertion of the vertex n+ 1 and
e insertion of a single edge linking up the new vertex to the old vertex i € {1,...,n} with
probability proportional to

F degg, (i), (1.1)

where degg (i) denotes the degree of vertex i in a graph G.

Borgs, Chayes, Daskalakis and Roch [6] compute the asymptotic fitness distribution
of a vertex chosen proportional to its degree. This limit distribution is either absolutely
continuous with respect to u (‘“fit-get-richer phase’) or has a singular component that puts
mass on the essential supremum of u (‘condensation phase’ or ‘Bose—FEinstein phase’).
In the condensation phase a positive fraction of mass is shifted towards the essential
supremum of u.

The model introduced above can be obtained from a particular branching process,
a Crump-Mode—Jagers process, by a random time change: see [3]. This allows them to
derive the results in [6] via a classical almost sure limit theorem of Nerman [17] combined
with a domination argument. Related techniques are also essential in [6], which leads to
severe restrictions on the model specifications. This is in strong contrast to the intuition
of physicists, which suggests that explicit details of the model do not have an impact.

The aim of this article is to present a new robust approach that allows us to deal
with general preferential attachment models with fitness. In particular we include models
where new vertices connect to a random number (or a fixed number larger than one) of
old vertices. In our analysis the crucial problem is to show convergence of the random
normalization. In the specific model above, the normalization is obtained by summing the
weights in (1.1).

In general, preferential attachment models feature a normalization which guarantees
that the number of edges established by new vertices is of constant order. In most
models convergence of the normalization is a direct consequence of its definition. For
instance, in classical preferential attachment the normalization is deterministic: see [5].
One exception is that of preferential attachment networks with sublinear weight functions.
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For a particular variant, these are again time-changed Crump—-Mode—Jagers processes and
the analysis can be based on the Nerman result: see [21]. Once the convergence of the
normalization has been established, the remaining analysis is robust with respect to the
model specification: see, for example, [12, 7, 14, §8].

Our approach is based on a bootstrapping argument. The idea is to start with a bound
0 on the normalization, from which we deduce a new bound T(0). Then, by a continuity
argument, we deduce that the correct limit of the normalization is a fixed point of T. We
stress that the mapping T is new and has not yet appeared in the physics literature on
complex networks with fitness. This is the basis for showing convergence of the asymptotic
fitness and degree distribution.

For the model with fitness, our proofs show that the condensation effect can be
observed irrespective of the fine details of the model. The phenomenon of Bose—Einstein
condensation seems to have a universal character; for an overview of further models
see [11]. The precise analysis of the dynamics in a closely related model are carried out
in [9].

2. Definitions and main results

We consider a dynamic graph model with fitness. Each vertex i € N is assigned an
independent p-distributed fitness F%, where u is a compactly supported distribution on
the Borel sets of (0,00). We call u the fitness distribution.

We measure the importance of a vertex i in a directed graph G by its impact

impg(i) := 1+ indegree of i in G.

For technical reasons, we set impg(i) := 0 if i is not a vertex of G.
The complex network is represented by a sequence (Gp),en Of random directed
multigraphs without loops that is built according to the following rules. Each graph

G, consists of n vertices labelled by 1,...,n. The first graph consists of the single vertex 1
and no edges. Further, given G,, the network G, is formed by carrying out the following
two steps:

e insertion of the vertex n+ 1,
e insertion of directed edges n+ 1 — i for each old vertex i € {1,...,n} with intensity
proportional to

FO - impg (i). (2.1)

Note that this is not a unique description of the network formation. We still need to
clarify the explicit rule for how new vertices connect to old ones. We will do this in terms
of the impact evolutions: for each i € N, we consider the process Z” = (Z,”),en defined by

7)) = impg, (i).

Since all edges point from younger to older vertices and since in each step all new edges
attach to the new vertex, the sequence (G, ),en can be recovered from the impact evolutions
(Z® i € N). Indeed, for any i, j,n € N with i < j < n, there are exactly

(i) . i) i)
ATV, =1 -1,
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links pointing from j to i in G,. Note that each impact evolution Z” is monotonically
increasing, Ny-valued and satisfies Z” = 1 and Z? = 0 for i > n. Moreover, any choice
for the impact evolutions with these three properties describes uniquely a dynamic graph
model. We state the assumptions in terms of the impact evolutions. For a discussion of
relevant examples, we refer the reader to Examples 2.2 and 2.3 below.

Assumptions. Let 1 > 0 be a parameter and define

_ N
= 70 — T
]:n ;un;]: n /1n<f’ Vl>9

where Z,, := (Z?)ien.

We assume that the following three conditions are satisfied:
(A1)

. ].‘(i) I(i)
E[Afmgn] = ]_:Vl ’

n

(A2) there exists a constant C¥?" such that
Var(AZ)|G,) < C*™E[AZ|Ga],

(A3) conditionally on G,, for i# j, we assume that AZ? and AZY are non-positively
correlated.

By assumption the essential supremum of p is finite and strictly positive, say s. Since
the model will still satisfy assumptions (A1)~(A3) if we replace F@ by F¥ = F0/s we
can and will assume without loss of generality that
(A0)

esssup(u) = 1.

In the following, if we omit the domain of integration, we will always mean that any
integral is taken over the interval (0, 1]. Moreover, if we condition on G, as in assumptions
(A1)—(A3), we always mean that the corresponding o-algebra contains the information
about the fitness F" of vertices i = 1,...,n, but not for i > n.

Remark 2.1. Assumptions (A1)—(A3) guarantee that the total number of edges in G, is
of order An: see Lemma 3.2.

Let us give two examples that satisfy our assumptions.

Example 2.2 (Poisson outdegree (M1)). The definition depends on a parameter A > 0. In
model (M1), given G,, the new vertex n+ 1 establishes for each old vertex i € {1,...,n}
an independent Poisson-distributed number of links n + 1 — i with parameter
f(i) I’(ll)
nFp
Note that the conditional outdegree of a new vertex n + 1, given G, is Poisson-distributed
with parameter /.
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Example 2.3 (fixed outdegree (M2)). The definition relies on a parameter 4 € N denoting
the deterministic outdegree of new vertices. Given G,, the number of edges connecting
n+ 1 to the individual old vertices 1,...,n forms a multinomial random variable with
parameters / and

i 70 _ 1 <
('7: e ) ,  where F, = - Z FOL.
n '7:71 i=1,..,n AN i=1

=1,...,

The model (M2) with 2 =1 is the one analysed in [6].

We analyse a sequence of random measures (I',),en on (0, 1] given by
I,
I, := ; XI:I;L) 5.7:(")’
im

the impact distributions. These measures describe the relative impact of fitnesses. Note
also that, up to normalization, I', is the distribution of the fitness of a vertex chosen
proportional to its impact.

Theorem 2.4. Suppose that assumptions (A0)—(A3) are satisfied. If

f
/ L > 2

we let 0 > 1 denote the unique value with

f »
[ g man =
and otherwise set 0* := 1. We have

lim F, = 0", almost surely
n—o0

and we distinguish two regimes.

(1) Fit-get-richer phase. Suppose that

f
P — = A
/ = fu(df) > 7
(T'))) converges, almost surely, in the weak® topology to T", where
r = .
(df) = G 1)
(i1) Bose—Einstein phase. Suppose that
I
[ L man <.

(")) converges, almost surely, in the weak® topology to T', where

) = )+ (14~ [ 2 ar) ) i

https://doi.org/10.1017/50963548314000157 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000157

Robust Analysis of Preferential Attachment Models with Fitness 391

Remark 2.5. In particular, the two phases can be characterized as follows. In the fit-get-
richer phase, that is, if

f A
/ L > 2

then the limit of (I',) is absolutely continuous with respect to u. However, in the Bose—
Einstein phase, that is, if

/ % wdf) < i,

then the limit of (I',) is not absolutely continuous with respect to u, but has an atom

in 1. The explanation for this phenomenon is that a positive fraction of newly incoming

edges connects to vertices with fitness that is ever closer to the essential supremum of the

fitness distribution u, which in the limit amounts to an atom at the essential supremum.
If u itself has an atom in its essential supremum, that is, if w({1}) > 0, then

f
/ ﬁﬂ(df) = 0,

so we are always in the fit-get-richer phase and 0* > 1.

Next, we restrict our attention to vertices with a fixed impact k € N. For n € N we
consider the random measure

1 n
k) .
F(”) = ; E H{Ii‘i):k}éj:(i),
i=1

representing — up to normalization — the random fitness of a uniformly chosen vertex
with impact k.

To prove convergence of (I'V), we need additional assumptions. Indeed, so far our
assumptions admit models for which vertices are always connected by multiple edges, in
which case there would be no vertices with impact 2.

We will work with the following assumptions:

(A4) For all k € N,

) f{“I{il
sup ]l{z‘“fk} n|P(AZY = 1|G,) — j_” | = 0, almost surely.
i=1,..n "

,,,,, nFu

Further, we impose a stronger assumption on the correlation structure:

(AS5) Given G, the collection {AZ"}"_, is negatively quadrant dependent in the sense that
for any i # j, and any k,/ € N,

PAZY < k; AL < /1Gy) < P(AZY < k|GP(AZ) < Z1Gy).

Remark 2.6. Note that both Examples 2.2 and 2.3 also satisfy these additional as-
sumptions. Assumption (A4) guarantees together with assumption (A1) that the expected
conditional increment of Z\ is dominated by the case that exactly one new vertex connects
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to i. Assumption (AS) is obviously stronger than non-positive correlation (A3), but it is
still satisfied in most natural model specifications.

Theorem 2.7. Suppose that assumptions (AQ)—(AS) are satisfied, and let 0* € [1,00) be
defined as in Theorem 2.4. Then we have that, almost surely, (I'V') converges in the weak”
topology to T'™, where

1 0
rowdf) == - u(df). (22)
eIl

7 M
f

The theorem immediately allows us to control the number of vertices with impact
k € N. Let

1 n
pulk) = =3 g0y =0, 1),
i=1

Corollary 2.8. Under the assumptions of Theorem 2.7, we have that

« k—1

hm W(k) = / . df), almost surel
k)= | - T ] H T u(df), y.

Outline of the article. Section 3 starts with preliminary considerations. In particular, it
introduces a stochastic approximation argument which, among other applications, has
also appeared in the context of generalized urn models: see, for example, the survey
by Pemantle [19]. Roughly speaking, key quantities are expressed as approximations
to stochastically perturbed differential equations. The perturbation is asymptotically
negligible, and we obtain descriptions by differential equations that are typically referred
to as master equations.

Section 4 is concerned with the proof of Theorem 2.4. Here the main task is to prove
convergence of the random normalization (F,). This goal is achieved via a bootstrapping
argument. Starting with an upper bound on (F;) of the form

limsup 7, < 0, almost surely,

n—o0

we show in Lemma 4.2 that this statement remains true when replacing 0 by

1 f0-—1
TO) =14~ | —— f w(df). 2.3
0 =1+ [ G=5 1 wta (23
For the proof of Theorem 2.4, we will iterate the argument to obtain convergence of the

normalization to the largest fixed point of T, which we will denote by 0. Moreover, we
see that 0* > 1 if and only if

/ X o) > 4,
1—x
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which corresponds to the fit-get-richer phase. In this case, if in addition w({1}) =0, T
also has the fixed point 1. But one can check that only the larger fixed point 0° is stable.
However, in the condensation phase, T has only a single fixed point, that is, 0* = 1, which
in that case is also stable. See also Figure 1 for an illustration.

Section 5 is concerned with the proof of Theorem 2.7. The proof is based on stochastic
approximation techniques introduced in Section 3. In our setting these differential
equations are non-linear because of the normalization F,. However, since we can
control the normalization by Theorem 2.4, in the analysis of the joint fitness and degree
distribution, we arrive at linear equations (or more precisely inequalities) for the stochastic
approximation. The latter then yield Theorem 2.7 via an approximation argument.

3. Preliminaries

We first recall the general idea of stochastic approximation, which goes back to [20] and
can be stated, for example, for a stochastic process (X,),>0 taking values in R?. Then,
(Xu)n>0 is known as a stochastic approximation process if it satisfies a recursion of the
type
1

Xn+1 — Xu ?F(Xn) + Rn+1 Ry, (31)
where F is a suitable vector field and the increment of R corresponds to an (often
stochastic) error. In our setting, we could, for example, restrict to the case when u is
supported on finitely many values {f1,..., f4} = (0,1], and let

1
X0 = ST o,
i=1

denote the proportion of vertices that have fitness f; weighted by their impact. Then, one
can casily calculate the conditional expectation of X,+1(k) given the graph G, up to time
n. Indeed, as we will see in the proof of Proposition 4.1, under our assumptions we obtain
that

B0 ()~ X,06) |G = - <u({fk}) - Xn(m).

Therefore, we note that X, = (Xn(k))g:1 satisfies

f

Xk = 2,00 = o () + 2000 = X80 ) + Rt = Rl

so that X, = (Xn(k)),’f=l satisfies an equation of type (3.1), provided we take
Ryt1(k) = Ry(k) = X1 (k) — E[Xp11 ()Gl

which defines a martingale, for which we can employ the standard techniques to show
convergence.

Provided that the random perturbations are asymptotically negligible, it is possible to
analyse the random dynamical system by the corresponding master equation

X, = F(x;).
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There are many articles exploiting such connections, and an overview is provided by
Benaim [2]. The connection to general urn models is further explained by Pemantle [19].
In preferential attachment models, these techniques only seem to have been used directly
in the work of Jordan (see, e.g., [15, 16]), covering only the case of finitely many fitness
values completely. More generally, the resulting differential equation is closely related
to what is known as the master equation in heuristic derivations: see, for example, [18,
chapter 14].

However, in our setting this method is not directly applicable. First of all, we would
like to consider arbitrary fitness distributions (i.e., not restricted to finitely many values),
and secondly, the resulting equation is not linear, because of the appearance of the
normalization F,. The latter problem is addressed by using a bootstrapping method (as
described in the Introduction). However, this leads to an inequality on the increment,
rather than an equality as in (3.1). Fortunately, the resulting vector field F has a very
simple structure and so we can deduce the long-term behaviour of (X,),>0 by elementary
means; the corresponding technical result is Lemma 3.1. By using inequalities, we also
gain the flexibility to approximate arbitrary fitness distribution by discretization.

In order to keep our proofs self-contained, we will first state and prove an easy special
case of the technique adapted to our setting.

Lemma 3.1. Let (X,),>0 be a non-negative stochastic process. We suppose that the follow-
ing estimate holds:

1
Xn+1 - Xn < 7(An - Ban) + Rn+1 - Rm (32)
n+1
where

(1) (4,) and (B,) are almost surely convergent stochastic processes with deterministic limits
A,B >0,
(i1) (Ry) is an almost surely convergent stochastic process.

Then we have that, almost surely,
A
li X, < —.
11:1_)S£p B
Similarly, if instead, under the same conditions (i) and (ii),

1
Xn-‘rl _Xn 2 n

?(An - Ban) + Rn-‘rl - Rnn

then almost surely

liminf X,, >

n—oo

SVTINS

Proof. This is a slight adaptation of Lemma 2.6 in [19]. Fix € (0, 1). By our assumptions,
almost surely, we can find ny such that, for all m,n > ny,

A, <(14+0)4, B,>(1—-9)B, |Ry,—R, <0.
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Then, by (3.2), we have that, for any m > n > ny,

Xm _Xn < Z m(AJ - B]XJ) + ‘Rm - Rn|

m=—1 1 (33)
< ; m(u +0)4 — (1 — 8)BX)) +96.
=Y;
Let
_(1+9)4
C = T=95"

For each index j > no with X; > C 4 ¢, we have that
Y; <—B(1—=9)5/(j+1).

Since the harmonic series diverges, by (3.3) there exists my > ng with X,,,, < C 4.

Next, we prove that for any m > my we have X, < C + 36 provided that ng is chosen
sufficiently large (i.e., ﬁ(l + 3)A < ). Suppose that X,, > C + 6. We choose m; to be
the largest index smaller than m with X,,, < C 4 6. Clearly, m; > my and an application

of estimate (3.3) gives

(I1+0)4
Xn < Xy + Yy +0<C+20 + m1+1(1+5)A< C+30= m-ﬁ—%.
Since J € (0,1) is arbitrary, we get that, almost surely,
A
limsup X, < —.
S B
The argument for the reverse inequality works analogously. |

As a first application of Lemma 3.1, we can show that the total number of edges
converges if properly normalized.

Lemma 3.2. Almost surely, we have that

1 n
im LS 70 =14
nlglgcn — Li=1+4

Proof. Define

.
Yn = ﬁ;I;)
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Then we calculate the conditional expectation of Y, given G,, using that I"*l1 =1 by
definition, that is,

E[Y,116,] = +1<ZIE (70,16, +1)

1 _
= N (@) _
=Y, + —— <1 + ?:1 E[ATZ}|G,] Yn)

1
=Y, 1 A_Yn»
+n+1( + 4 )

where we used assumption (A1) on the conditional mean of AZ? and the definition of F,.
Thus we can write

1 ,
Yn-H - Yn = m(l + A — Yn) + Rn+1 - Rna (34)

where we define Ry = 0 and
ARn = Rn+1 - Rn = Yn+1 - E[Yn-t-l‘gn]'

Therefore, R, is a martingale and R, converges almost surely if we can show that
E[(AR,)?|G,] is summable. Indeed, first using (A3), which states that impact evolutions of
distinct vertices are non-positively correlated, we can deduce that

E[(AR,)*(Ga] < (+1 (ZE[(AI —E[ :;>|gn])2|gn]+1)
1 var (i)
<GIIr (c ZEAZ 1G] + )
ARSI

which is summable.
Hence, we can apply both parts of Lemma 3.1 together with the convergence of (R;)
to obtain the almost sure convergence lim, ., Y, =1+ 4. ]

Later on, we will need some a priori bounds on the normalization sequence.

Lemma 3.3. Almost surely, we have that

%/X,u(dx) < liminf &, < limsup 7, < -T2

n—0o0 H—00 A

Proof. For the lower bound, notice that by definition Z? > 1, and therefore

n

1 |
(D)) m 1 () —
llirllorolff = llﬁr_l)lcf{lf g FOLO > h,,m_,l;lf n E F 1 /X,U(dx).
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For the upper bound, one can use that the 7 < 1 and combine with

n

1 A
im LS 70 =14
}Lr&n‘_lz” L+4,

which we proved in Lemma 3.2. U]

4. Proof of Theorem 2.4

The central bootstrap argument is carried out at the end of this section. It is based on
Lemma 4.2. Before we state and prove Lemma 4.2, we prove a technical proposition which
will be crucial in the proof of the lemma.

Proposition 4.1.
(i) Let 0 > 1. If

limsup F, < 0, almost surely,

n—0o0

then for any 0 < a < b < 1 we have

1< 0
liminf = " LrocupZy = | —— uldf),
im in n; (Foeb) Ln /(a,b] Q_f'u( 1)

almost surely.
(ii) Let 0 > 0. If

liminf 7, > 0, almost surely,

n—0o0

then for any 0 < a < b <0 A1 we have

1 , 0
li - 1~ AURS — u(df),
imsup > Bocu T /(a’b] o )

n—oo .
i=1

almost surely.

O

Proof. (i) First we prove that, under the assumptions of (i), for 0 < f < ' < 1 we have

0

—F w((f, f']), almost surely. 4.1)

NS ,
hm lnf — Z ﬂ{}“"'e(f,f’]} Z,(,;) 2
i=1

n—ow n

Fix0<f < f <1 and let

X, =T 1) = - ST,

i€l,

where for notational convenience we let

L =1L,/ = {i € {L....n} : F" € (1. f1}.
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We will show (4.1) with the help of the stochastic approximation argument explained
in Section 3, and stated formally in Lemma 3.1. We need to provide a lower bound
for the increment X,,; — X,. Using assumption (Al), we can calculate the conditional
expectation of X, :

1
E[X,11G,] = +1ZE LylGn] + PP € (£.1)

IEH,, n+l

=Xt @E [AZ})(G,] — X + u((ﬁ]”]))
=5+ g (S0 %)

Hence, rearranging yields

BU1G) ~ X, > o (i = (1- L)),
n+1 SUPy>p Fmn
Thus, we can write
Yo =X, (= (1= L )x) + R - R,

n+1 SUPy>y Fn

where R, is a martingale defined via Ry = 0 and
ARn = Rn—H — R, = Xn-H - E[Xn-‘rl‘gn]'

If we can show that R, converges almost surely, then Lemma 3.1 together with the
assumption that limsup,_,., F, < 0 shows that

imint X, > 5 (7. ).

which is the required bound (4.1).
The martingale convergence follows if we show that E[(AR,)?|G,] is summable. Indeed,

1 ,
n+ 1 I1(1l+1 I(l+1|gn]) P 1 (11 D e(f,f1) —u(f, f ]))

i€l

}’l

The second moment of the last expression is clearly bounded by

e g}

which is summable, so we can concentrate on the first term. Now, we can use (A3), the
non-positive correlation of AZ, and then (A2), (A1) and the definition of F, to estimate
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the conditional variance to deduce that
1 1 1
MEKZ(% [I<+1gn]>)

2
;
i€l,

1 . :
— mﬂi KZ(M;;' — E[Azmg,,]))

icl,

> Var(AZ}|G,)

i€l,

1 ]_‘(UI(") 1
< Cvar — n g CVal'/’L
(n+ 1) ; nF, (412

o]

\n+

The latter is obviously summable, so R, converges almost surely.
Note that the assertion (i) follows from (4.1) by a Riemann approximation. We partition
(a,b] via a = fo < -+ < f;, = b with an arbitrary /7 € N. Then it follows from (4.1) that

n—oo N

(—1
liminf — Z L roe@m, Z = fk W((fx> fr+1]), almost surely,
k=0

and the right-hand side approximates the integral up to an arbitrary small constant.

(ii) It suffices to prove that for 0 < f < f' < 0 A1 we have

hr”n_,sol.}p ;]lff,)eff]}In ST f’ u((f, 1), almost surely. (4.2)
This is completely analogous to part (i) using Lemma 3.1. Then the statement (ii) follows
as above by a Riemann approximation. U]

The next lemma takes the lower bound on the impact distribution obtained in
Proposition 4.1 to produce a new upper bound on the normalization. For 0 > 1 we
set

1

T(0):=1 + f u(df). (4.3)

0 f

Lemma 4.2.
(i) Let 0 > 1. If

limsup F, < 0, almost surely, (4.4)

n—0o0

then

limsup F, < T(0), almost surely.

n—oo

(i1) Let 0 > 0 and suppose that

liminf F;, > 0, almost surely. 4.5)

n—oo
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We have, almost surely,

liminf F, >

n—0o0

T(0) if0>1,
04+ %(1—u((0,0)) if6e01]

Remark 4.3. If we define

T(1) =1+ u({1))

then it follows by dominated convergence that

. 1 0—
lg?llT(G)—hin(l—i-i/ 7]" (df))

In particular, the lower bound in part (ii) of Lemma 4.2 is continuous at 6 = 1.

Proof of Lemma 4.2. (i) Fix 0 > 1 and assume that (4.4) holds. Define a measure v on
(0, 1] via

0
v(df) == m u(df).
Further, set v/ :=v + ((1 + 1) — v((0, 1]))01. Using first that, by Lemma 3.2,

(i)
31_{1310 " ZZ 1 + 4, almost surely,
and secondly the assumption (4.4) so that we can apply Proposition 4.1(i), we deduce that,
for every t € (0, 1), almost surely,

n

1
lim sup — Z Uy roeemZy, =1+ 4 —liminf - Z U rocomZy
n—o0 i=1 n— i=1 (4'6)

< 14+ 2—=v((0,2]) = Vv/'((t,1]).

This allows us to compute a new asymptotic upper bound for (F,). Letting m € N, observe
that, almost surely,

n m—1
1 1 .
e LT DS S TE

i=1 i=1 " j=0

1 m—1
>J/m1
so that by (4.6)
1 m—1
limsup 7, < T Zv’((j/m, 1]), almost surely.
n—o0 u

j=0
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The latter expression tends with m — oo to the integral

3 [van

lim sup F;, < %/fv’(df).

and we finally get that, almost surely,

n—ao0

It remains to show that the latter integral is equal to T'(6) as defined in (4.3). Indeed,
using that p is a probability measure so that

i 0 i
[atsuan = [ Lrwan+ [ G2 wan = [ L wan +1

it follows from the definition of v/ that

/f (df) = (14—/1 /9 f df)—i—@/e f df)>

=145 [ G ) = T0)

as claimed.

(ii) Fix 0 > 0 and assume that (4.5) holds. Let 8’ € (0,0) if 6 < 1 and set ' =1 if 0 > 1.
Then, consider the (signed) measures vgr and v;, defined by

v (df) = fﬂ{fe(O() 1 u(df)

and
vo = v + (1 + A —vyp((0,1]))dp.

As above we use the assumption (4.5) and conclude with Proposition 4.1 that for t < ¢,
almost surely,

liminf > BpoeeaZy > 1+ 2= vo((0,6) = vi((t, 1), (4.7)
i=1

We proceed as above and observe that, for any m € N,

1
_ 1 n 0, m— ‘
— E § . (i)
f.n - E n / /ln i)>#9/}-’[nl
0 m— 1

Z Z ]l{]-")>’9’

which by (4.7) yields that, almost surely,

lim inf F,, > Z ((L0,1
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Since m € N is arbitrary, we get that, almost surely,
0—f
0o 0—f

We distinguish two cases. If 0 < 1, we use that the latter integral is dominated by u((0,0'])
and let 0’ T 0 to deduce from (4.8) that

S = 1
liminf F, > -
n— A Joo

fvpldf) = % (9/(1 +4)—0 M(df)>- (4.8)

n—0o0

- 0
liminf F, > 0 + 7(1 — u((0,0))), almost surely.

If 0 > 1, we have defined 0’ = 1, so that vo = v and vj, = v’ (for v,v’ defined in part (i))
and, by the same calculation as at the end of part (i), the right-hand side of (4.8) is equal
to T(0). L]

Finally, we can prove Theorem 2.4, where we first show that the normalization converges
using a bootstrap argument based on Lemma 4.2. Then, we use the bound on the impact
distribution obtained in Proposition 4.1 to show convergence of the impact distribution.

Proof of Theorem 2.4. (i) Fit-get-richer phase. Assume that 0® > 1 is the unique value

such that
f .
af) = A
[ g guan =
We will first show that limsup,_,, F, < 0" using a bootstrap argument and then show
that the impact distributions converge. Finally, we will deduce the full convergence of F,
from the convergence of the impact distributions.
For the asymptotic upper bound on the normalization F,, suppose that 0** is the
smallest value in [0, 00) with

limsup F, < 0%, almost surely. (4.9)

n—0o0

Such a value exists due to Lemma 3.3.
We prove that 8" = 0" by contradiction. Suppose that 8** > 0*. We apply Lemma 4.2
and get that

limsup F, < T(0™), almost surely, (4.10)

n—aoo

where we recall that T is defined in (4.3) as

TO)=1+ }I/g:]l,fﬂ(df), for 0 > 1,
and we set
T(1) =1+ zu({1))

Now we note that T is continuous on [0%,0"°]. For the case 0" =1, we refer to
Remark 4.3 and observe that then by definition of 6" necessarily u({1}) =0, so that
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T(1) = 1. Moreover, T is differentiable on (0%, 0"") with derivative

iy L[ fA =) -
T'(0) = =7 u(df), for 6 € (07,07).
For 0 > 6" > 1, we thus obtain
, Lr f
T'(0) < < a7 7 u(df) <1, (4.11)

where for the last inequality we used that 0 > 0" and 0 satisfies

| man =

by definition. Also, by definition 0° is a fixed point of T. Therefore, by the mean value
theorem,

T(0™) = T(0")+ T'(0)(0"" — 0") < 0™

for an appropriate 6 € (0*,0""). Together with (4.10), this contradicts the minimality
of 6.
We now turn to the convergence of the measures I',,, which we recall are defined by

1 n
= % E I;;)éf(i).
i=1

Note that the measure I' defined by
0*
I'(df) = =7 wdf)

has total mass 1 + 4, since by definition of 0* and the fact that u is a probability measure,

(0, 1]) = /0*_ u(df) = df)-l—/@*_ wdf) =1+ 7

Here, we have implicitly used that if 8" =1, by definition

/i%MM<w

so that all occurring integrals are well-defined. By Lemma 3.2,

n

Lo =317

i=1
tends to 1+ A, almost surely, so that one can apply the portmanteau theorem to prove
convergence of (I',). Let

D=J27zZnl0.1]
neN

denote the dyadic numbers on [0, 1]. We remark that the number of dyadic intervals (a, b]
with endpoints a,b € D is countable so that, by Proposition 4.1, there exists an almost
sure event Qp, such that, for all dyadic intervals (a, b],

liminf I',((a, b]) > I'((a,b]) on Q.

n—o0
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Now let U < (0, 1) be an arbitrary open set. We approximate U monotonically from within
by a sequence of sets (U, )men, With each U, being a union of finitely many pairwise
disjoint dyadic intervals as above. Then, for any m € N, we have

liminf T,(U) > liminf Tw(Uy) > T(Un) on Qo

n—a0 n—ac0

and by monotone convergence it follows that liminf,_,., [,(U) > I'(U) on €. As noted
above, the total masses also converge, that is, lim, . I',((0,1]) = I'((0, 1]) almost surely,
so that we can conclude from the portmanteau theorem for finite measures that

I, = I, almost surely.

Since
_ 1
F=5 [1ruan.

we deduce that, almost surely,

lim F, = %/fl"(df) =0

n—0o0
(ii) Bose—Einstein phase. Suppose that

f
——u(df) < 2

[ Eutan <2,
so that by definition 0* = 1. We start as in (i). Let 0** denote the smallest value in [1, 00)
with

limsup F, < 0", almost surely.
n—oo

As in the first part of (i), a proof by contradiction proves that 0** = 1. The only
modification is that we use that

[ g man <

in the justification of (4.11). Also, we use that in this case necessarily p({1}) =0, and
therefore by Remark 4.3 with T'(1) := 1 the mapping T is continuous on [1, c0).
Next, let 0.. denote the largest real in (0, 1] with
liminf 7, > 0.., almost surely. (4.12)

n—oo
By Lemma 3.3, such a 0.. exists and we assume that 0.. < 1. By Lemma 4.2, the inequality
(4.12) remains valid for

0.
2 (1= ([0, 0..))).

Since ess sup ¢ = 1, this expression is strictly greater than .., contradicting the maximality
of 0... Hence,

0** +

lim 7, = 1, almost surely.
n—oo
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Therefore, by Proposition 4.1 we have for 0 <a < b <1

lim I',((a,b]) = /( ) ﬁ (df) = T((a, b]), almost surely,

and, hence by Lemma 3.2 for 0 <a< 1,

lim I',((a,1]) =14+ 2 — lim I',((0,a]) = I'((a, 1]), almost surely.

h—o0 n—oo

The rest of the proof is in line with the proof of (i). U]

5. Proof of Theorem 2.7

The proof is achieved via a stochastic approximation technique as discussed in Section 3.

Proof of Theorem 2.7. We prove Theorem 2.7, which claims that, for each k =1,2,...,
the measure

1 n
(k) . E . .
Fn — E ]l{I,(,”:k}éj:m
i=1

converges almost surely in the weak* topology to I'¥ defined by

« k=1
1

O o o i
rwn.k+%f£L+%m#>

We prove the statement via induction over k. The proof of the initial statement (k = 1) is
similar to the proof of the induction step, and we will come back to it at the end.

Induction step. Let k € {2,3,...}, and suppose that the statement is true when replacing
k by any value in 1,...,k — 1. We fix f, ' € [0,1] with either u({f,f'}) =0 or f' =1 and
w({f}) = 0. Suppose that u((f, f']) > 0, and consider the random variables

Xy =T, 1)
for n € N. We claim that

(k= 1) [ py x T*(dx)

0 +kf’ ’ G-

liminf T3'((f, f']) = liminf X, >

which we will show by applying Lemma 3.1.

In the first step we derive a lower bound for the increments of (X)) that is suitable for
the application of Lemma 3.1.

We restrict our attention to vertices with fitness in (f, f'] and let

L= LS =i € {L...,n} - 7 € (.11},
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Note that since by definition Iffﬁ) =1 < k, we can ignore the corresponding term in the

definition of X,,; and thus obtain

E[X,+1/Ga] = —ZZH o_pP(AZY =k —/1G,)
i€l, /=1
= Xn + %I: <Z ﬂrIU /1 AIU k— /‘gn)

. X,
— 1 70_, DAL # 0|9n)> o Ed (5.2)

k—1
1 .
> X+ —— [E <§ 10 PAALY =k —/|Gy)

n+1
+ icel, \/=1

~ g, (JP’(A 0 £ 0[G,) — f;‘)) - (1 + g‘)x]

n

Hence, we can write a lower bound on the increment of (X;,) as

1
Xn-‘rl - X 2 (An + Ban) + Rn+1 - Rna
n+1

where we define

. ]_'(l)k
Z(Zn 0_nP(AL) =k = £1G,) = 1,70 _, (IP(AI” 7 01G) =~ ))
iel, = n

'k
B, =1+ —,
F

n

n

R, == (Xi —E[Xi|Gi1]),

i=1
with Gy the empty graph. By Lemma 3.1, the claim (5.1) follows immediately if we can

show that, almost surely,

(5.3)

(i) lim B, =1+ 7.

(iii)  lim R, exists.

n—0o0

Observe that by the assumption that u((f, f’]) > 0, the limit of A, is strictly positive.

(i) Convergence of A,. We write
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for

A =>" lyo_nPAL) =k —=£1G,), £ € {1,....k =1},

iel,
. Fok
=Y 10_.,(PAIY #0G,) — —=),
2}; iz (AT #01G,) — =)

and show convergence for each of the terms, where we will see that only the limit of A%
will be non-zero.
Indeed, for / =k — 1,

(k n__ / % dx
an (1]

1
- Z ]I{I,ﬂ"’=k71}P(AZ(’ = 1|Gy) — k- = / x T (dx)
iel Fu Jum
(k — 1)FO
< 0 , n[PAZY = 1]G,) — —— "
sup =) ( 1G0) = nF,
k —1 - -
- xdIy(dx) — x I (dx)|,
n G (1]

and the former term tends to zero due to assumption (A4) and the latter term tends to
zero by the induction hypothesis. Here, we use the assumption hat T*~1 puts no mass
on f and f’ or that f' =1, so that we can apply the portmanteau theorem. Combined
with the fact that under assumptions (A0)—(A3) Theorem 2.4 implies that lim,_,., 7, = 0*
almost surely, we obtain

lim A% = k—1

n—00 o*

/ xI'*"(dx), almost surely. (54)
(f.11

Now, for 7 € {1,...,k — 2}, we have by assumption (A1) that
Ap=>" U zo_p PAAZY = k —7|G,) < sup I z0_,nP(AZ, > 2/G,)
=1,...,n "

iel,
< Sup ]1{1'” /InE[AI ﬂfAz}f)}z}‘Q”] (55)
) sup. 1,70 _/1n\f“ —P(AZY = 1|G,),

i=

which by assumption (A4) converges to 0 almost surely.
For the final term, we have that

| Folk
AL < D21z |PATY #01G,) — =
< o (5.6)
<D gy [PATY = 11G,) — | + sup nP(AT] > 2(G,).
iel, n =1,...n

where the two terms on the right-hand side converge to O by assumption (A4) for the
first term and by the same calculation as in (5.5) using assumptions (A1) and (A4) for the
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second term. Combining (5.4)-(5.6), we have shown that (4,) converges to the expression
claimed in (5.3).

(ii) The convergence of (B,) follows immediately from lim,_., F, = 0*, almost surely,
which holds by Theorem 2.4 under assumptions (AOQ)—(A3).

(iii) Convergence of the remainder term (R,). We first show that we can write the process
(R,) as the sum of two martingales. Indeed, we find that for any i € {1,...,n},

1 (T =k} = ]1{1,‘,’+1 =k TV<ky = H{I‘nﬁpk Ok — ]1{1;11>k,1,‘,”<k}
= Tgoy + Uiz S 20y = Liz0) srzicny-

Therefore, an increment of R, is equal to

AR = Rn+1 - R = Xn+1 - ]E[Xn+1|gn]
n + 1 Z I(l =k IP(I‘_;'_I - k|g)‘l)) = AM}('II) - AM;’Z)’
i€l

where M|’ and M| are martingales defined by

. 1) . B
Mn+1 —M + (E ]1;2'(11 <kI”_H/ E E H{I;x)<k’z’(lil2k}|gn )»

i€l, -i€l,

and

M I—M2>+ (Z ]l,In kT k) —E ZHJI},’ <zl >k}|gn ), (5.7

1
i€l, -iel,

both starting in 0. Since both martingales are the same up to a shift of parameter k, we only
have to show that either converges almost surely for fixed k € N. We will show that M©
converges by showing that its quadratic variation process converges almost surely. Indeed,
we will show that E[(AM?)?|G,] is almost surely summable, where AM? := M — M.

First using assumption (AS5), that is, the conditional negative quadrant dependence of
AZY, we find that

E[(AM;, ‘2’)2 |Gn]

2
(n +1 12 ZEK (ZO<k T >ky — P(Z) < kT, > k|gn))

i€l,

< T 1 —Y 170 P(AZ, > 11G,)

iel,

G|

”

+ Vs
(n+ 1)

t)I
nF,

]P(A ” 1|gn) -

sup nIl,I,><k,

.....

X

(n+1);

where we used the definition of F, in the last step. By the same calculation as in (5.6),
assumptions (A1) and (A4) guarantee that the first term converges to 0, so that the whole
expression is indeed almost surely summable.

This completes the proof of (i)—(iii) in (5.3) and therefore the claim in (5.1) holds.
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Completing the induction step. We recall that by (5.1), we have shown that, for any
f.f €[0,1] with f < f" and either u({f,f'}) =0 or f'=1 and u({f}) =0, we have
almost surely

lim inf TY((f, f']) > (k= 1) gy T 0)

n—o0 0* +kf/ 2 (58)

We can drop the assumption that u((f, f']) > 0, since the statement holds trivially in that
case. We now pick a countable subset F < [0, 1] that is dense such that for each of its
entries f we have u({f}) =0 or f = 1. Since F is countable there exists an almost sure
set Qp on which (5.8) holds for any pair f, f' € F with f < f'. Suppose now that U is an
arbitrary open set. By approximating the set U from below by unions of small disjoint
intervals (f, f'] with f, f’ € F, analogous reasoning to the proof of Proposition 4.1 shows

that

liminf TW(U) > (k — 1 r“"(d

minf T(U) > (= 1) [ G ran
on Q. The proof of the converse inequality, namely that, almost surely, for any closed A4,
we have

li r4) < (k—1 T (dx),

msupT(0) < (k= 1) | G T )

is established analogously. We thus obtain that I'% converges almost surely, in the weak”
topology to I'® given by
k

T%(dx) = (:x;lg)f (dx) = H(; +1;* I (dx).

Initializing the induction. To complete the argument, we still need to verify the statement
for the initial choice k = 1. As before, we fix f, f' € [0, 1] with u({f, f'}) = 0, u((f, f']) > 0.
Then, we define X,, := T'V((f, f']) and we set

=L((f.f D) = {ie{l.....n} : F" € (£.]}.

Then, it follows that, since I:I"_H) =1 by definition,

1
E[X01/G:] = - SR, = 106, + —PFE ()
i€l

B { S o PATY # 01G,) — X, + u((f. 1) .
i€l,
Thus, in analogy to the induction step, one can show that
1
Xn+1 - Xn P 7(1471 - Ban) + Rn+l - Rm
n+1

where 4, — p((f,f']) and B, - 1+ f'/0" and R,;1 — R, = X,,;1 — E[X,11|G.]. The re-
mainder term R, can then be decomposed as M) — MY + I, as above, with M’ =0, MY
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defined as in (5.7), and the additional term defined by
1

I, =-
n

(Trmecrpny — PF" € (f,11))-

We have already seen that M® converges. Moreover, an elementary martingale argument
(for iid. random variables) shows that > _I, is finite almost surely. Therefore, by

neN
Lemma 3.1 we can deduce that
e 0"
lim inf X, > Fir w((f, f'D.

Repeating the same approximation arguments as before, we obtain that I'" converges
almost surely in the weak™* topology to I'V given by

*

M) = 5 uld),

which completes the proof by induction. ]
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