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Abstract

For a polynomial f(x) € Q[x] and rational numbers c, u, we put f.(x):= f(x)+c,
and consider the Zsigmondy set Z( f,, u) associated to the sequence {f(u) — u},>1, see
Definition 1-1, where f is the n-st iteration of f,. In this paper, we prove that if u is a
rational critical point of f, then there exists an M > 0 such that My > max co{#Z(f., u)}.
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1. Introduction

For every polynomial f(x) € Q[x] and o € Q we put f,(x) := f(x) + «. Therefore, f,
can be considered as a one-parameter family of polynomials. For every u € Q we write

Spu={ceQ|{f(u) —u},> is infinite},

where f" is the nth iteration of f.. In particular, if u =0, we put S; :=Sy,.

We denote by val,(—) the p-adic valuation of Q normalized by val,(p) = 1. In keep-
ing with the terminology of [5], for every polynomial f(x)€Q[x], u€Q and n>1
we say that p is a primitive prime divisor of f"(u) —u if val,(f"(u) —u) >0 and
val, (f*(u) —u) <Oforall 1 <k <n.

Definition 1-1. The Zsigmondy set of the sequence { f" (1) — u},> is defined by

Z(f,u):={n=>1] f"(u) — u has no primitive prime divisor}.

The primary application of bounds on the Zsigmondy set is towards understanding arbo-
real Galois representations associated to iteration of rational maps over number fields. It was
first studied by Bang [1] and Zsigmondy [9]. Since then, there have been quite a few research
papers on characterising/bounding Zsigmondy sets of various sequences in various settings,
e.g., Carmichael [2], Schinzel [8], Rice [7], Ingram—Silverman [5], Doerksen—Haensch [3],
Gratton—Nguyen—Tucker[4], Krieger [6], etc.

In this paper, we are interested in the size of the Zsigmondy set of a sequence obtained
from the critical orbit of polynomials with rational coefficients of degree d > 2. We denote
by X the set of finite primes of Z and reserve p for a prime number.

We first state our main theorem.
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THEOREM 1:2. For every polynomial f € Q[x] of degree d =2 with a critical point
u € Q there is a constant My > 0, depending only on f (independent of ¢ € Q), such that

#Z(feou) <My
foreveryceSy,.

It is worth mentioning that Rice [7] was the first to prove the finiteness of Z( f, 0) for each
individual polynomial f(x) # x?. In [3], Doerksen—-Haensch prove Theorem 1-2 for the case
that f(x) =x“, u =0 and c € Z, which is generalised by Krieger in [6] to every ¢ € Q, see
[6, theorem 1.1]. Our contribution is to prove Theorem 1-2 for general polynomials which
are not necessary to be monic nor integer. As we consider polynomials f that are more
complicated than x“, we did not aim to get the sharpest uniform bound M.

Definition 1-3. A polynomial g(x) € Q[x] is called x>-divisible if it has degree d > 2 and
is of the form

gX) =ugx? + - 4 ux* € Qx].
At the last section we will prove that the following theorem implies Theorem 1-2.

THEOREM 1-4. Given an x*-divisible g(x) € Z[x] of degree d >3 there is a constant
M, > 0, depending only on g, such that

#2(g.,0) <M,

forevery c €S,.

Note that one can give an explicit expression of the lower bound M, when combining the
decomposition of S, in Proposition 2-2 with Propositions 3-3, 3-4, 3-7 and 3-8.

This paper is inspired by Krieger’s work in [6]. We generalise her result from the special
polynomial f(x)=x¢ to arbitrary polynomials in Q[x]. We first address the difficulties of
this generalisation as follows.

The first difficulty is from dealing with the non-monic case, in which the denominator
f(c) is no longer always equal to d"’s power of the denominator of c. To deal with it, we
introduce a factorisation of an integer with respect to the leading term u, of f, see (2-9),
which allows us to focus on the major factor of the denominator of f7(c).

The second difficulty is from the critical points of large multiplicities. Due to this reason,
some arguments in [6] do not work for our case. For example, Krieger uses Mahler’s theorem
to control | f"(c)| by | fc”*l(c) - f 1(0)|. However, this estimation might not be enough
when f"~!(c) is very close to a critical point with large multiplicity. It forces us to control
| f7(c)| in Proposition 2-11 by | "~V (c) — £,V (0)| for some relatively large N > 1.

c

2. Introduction of Proposition 2-2 and some estimates

We split this section into two parts. In the first part, we introduce our main tech-
nical result Proposition 2-2, whose proof will be given in Section 3, and prove that it
implies Theorem 1-4. In the second part, we focus on estimating In |A,|, which appears
in Proposition 2-2.

Let us first set conventions and introduce some notation.
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(1) WesetN:={1, 2, ...}tobe the set of natural numbers and for every n € N we denote
by [n] the finite set {1, 2, ..., n}.

(2) We denote by X the set of finite primes of Z and reserve p for a prime number. For
every n € Z\{0} the sum ) and the product [],, are taken over all its distinct
prime factors whose number is denoted by w (n).

We will always write an x2-divisible g(x) € Z[x] by g(x) = uyx? + - - - + u,x* € Z[x], and
define its length by

d—1
Ly=1+Y" |u;|/|ugl.

i=2

For every x2-divisible g(x) € Z[x], c€ Q and n >0 we write the (n + 1)th iteration
gr1(0) as

A
n+1 0) = o" — n
g (0)=g:(0) B
where B, > 0, A, are coprime and both depend on g and c. Clearly, we have ¢ = g.(0) =

Ao/ By.

Definition 2-1. For an x*-divisible g(x) € Z[x] and a set S in S, we call that g has rapidly
increasing numerators on S if there exists an integer N > 0 such that for every ¢ € § there
is a finite set J. with #J. < N such that for every n ¢ J. we have

In|A,| > Y In|A,,]. 1)

pln

We now state our main proposition, which is followed by the proof of Theorem 1-4.

PROPOSITION 2.2 (Main Proposition). Every x>-divisible g(x) € Z[x] has rapidly increas-
ing numerators on S,.

Proof of Theorem 1-4 in assuming Proposition 2-2. By [6, lemma 2.3 and corollary 2.4], if
nez(g.,0),then A, | [],, An/p and hence

pln

|4, < In|4,,|.

pln

Together with Proposition 2-2, this completes the proof.

The naive idea of proving Proposition 22 is to give a lower bound for In |A,| and an
upper bound for [],, [A,/,| such that the lower bound is always greater than the upper
bound when 7 is large enough. Consider that

In|A,|=1InB, +1In|g.(c)|. (2:2)
It is sufficient for us to control In B,, and In |g" (c)|.

2-1. Upper bounds for In B, and In |g! (c)|
LEMMA 2-3. Given any x*-divisible g(x) € Z[x] and c € Q, for every n > 0 we have:
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(1) InB, <d"In By;
2) Inlg'(c)] <d"In <2|ud| max {|c|, 4L,) )

Proof. (1) Since g"(c) can be written as A/, /B¢" for some A’ € Z, we have B, |B{ .
(2) It is enough to prove

dar

lgh (o) < (2|ud|)d;%ll<max {|c|, 4Lg} ) , foralln>0.

For n =0, we have |g"(c)| = || <max {|c|, 4L, } .
Assume that the desired inequality holds for some n > 0 and temporarily denote its right
side by 7,,. Then we have

d—1

187 (O < Juallgl (1 + Y luillgl @ + lel < lual (T, + L) T
i=2
dn+l

n+1_
<futa] 2T, - T = @lug) T (max {lel, 4L} )
The proof follows by induction.

2-2. A lower bound for In B,
Consider that

d .
Anti n+1 An 4 Ao
Ant1 _ —g ()= ut . 23
B,i1 g @)=¢ B, Py ! B, - By 23)

LEMMA 2-4. Given any x*-divisible g(x) € Z[x] and c € Q, for everyn > 0if p € 1(B,),
then we have

(i) pel(Byy1)and

(i1) val,(B,41) =dval,(B,) — val,(ug).

Proof. Note that for every n > 0 we have

Ad
val, (udBd”) =val,(uy) +dval,(A,) — dval,(B,), (2-4)
MiAi .
val, ( Bi”) > —dyval,(B,), i=2,...,d—1, 2-5)
Ag
val,,(;) > —val,(By). (2:6)
0

Therefore, if p € I(B,), then we have val,(A,) =0 and

MdAZ Lt,‘Afl
valy (=" ) < (1= dyval,(B,) < val,, (= (27)

n n

for every 2 <i < d — 1. Note that the term on the right-hand side of this inequality does not
exist for the case d = 2.
We now prove this lemma by induction.
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For n =0 we have val,(By) > val,(u,). Combined with (2-3) and (2-7), this implies

A Ad
val, (?) =val, (”dB_do) =val,(uy) —dval,(By) < —val,(uq)
1

0

and hence p € I (B)).
Now we assume that this lemma holds for every 0 < k < n.
() If p & I1(By), we have

val, (By) < val,(ug) < val,(B,).

Combined with (2-3) and (2-7), this implies

A, Al
val,, ( “) = val, (”dBd"> = val,, (uy) — dval,(B,) < —val, (i)

n+1 n

and hence p € I (B,+1).
(2) If p € I(By), then by induction, we have p € I (B,) and

n—1

val,(B,) = d"val,(By) — val, (its) ¥ _ d' > val,(By).
i=0

Combining (2-3) with (2-7), we also obtain (2-8). This completes the induction.
For every a € Z we denote
I(a) ={peX|val,(a) > val,(us)},

and put

a= l—[ pval,,(a).

pel(a)

When I (a) is empty, we put @ := 1. Note that we always have

la| < luqal.

(2-8)

(2-9)

(2-10)

LEMMA 2-5. Given any x*-divisible g(x) € Z[x] of degree d >3 and c € Q, for every

0 <n' <nwehave
n—n'

InB, > lnf};.

Proof. If B, =1, it is trivial.

Now we assume that B, > 2. It is enough to show that every prime p € I (B,,) satisfies

n—n'

val,(B,) > val, (B,) .

Using Lemma 2-4 inductively, we have

i=0

2-11)

n—n'—1 n—n'—1
val, (B,) =d" " val,(By) — val,(ug) Y  d' > (d"—"’— > dl‘) val, (B,).
i=0
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From our assumption that d > 3, we have

n—n'—1

) . , , 1 ,
ar" — Z d' 2 4 —oqnn —1 > 5am—n ,
=0

which completes the proof.

2-3. The lower bound for In |g" (c)|

LEMMA 2-6. Given any x>-divisible g(x) € Z[x] and c € Q, if Igg/(c)l > max {4Lg, |c|}
for some n' > 0, then for every n > n’ we have

’

dann - ’ dn—n/
g @

ge () =27
Clearly, in this case c is in the basin of infinity for g..

Proof. The proof follows from induction. For n = n’ this lemma is trivial.
Assume that this lemma holds for some n > n’. Then we have

_d

n—n’ _ , - ' g
g () =27 g ()| = max{4L,, [e|} - |4L,/2] 7T >max{4Ly, |el},

and hence

d
18270 = luallgl (@1 =Y lusllgl (@)1 = |c]
=2

> fual (1821 = Llg 1" ) =182 Jual (182(c)] = Ly )
d»x—n’+l

n d — g n'
218 ()| /222" "= - [g; (c)] . (2-12)

COROLLARY 2.7. Given any x*-divisible g(x)ecZ[x] and ce€Q, if |g:,’/ (] =
max {4Lg, lc] } for some n' > 0, then for every n > n’ we have

In|gl(e)| =d" ™" In|gl (c)/2l.
Proof. It follows directly from Lemma 2-6.

Given an algebraic number y € C of degree ¢ with conjugates y; ==y, y», ..., ¥, over Q,
let ay be an integer such that the coefficients of the polynomial g(X) = a, ]_[f:1 (X —y;) are
integers of gcd 1, then we define the Mahler measure of y by

4
M (y) = lao| | [ max(1, |y:).

i=1

Notation 2-8. For every r > 1 and § > 0 we put

W(r,8):=2x10’8"*-In4r - Inln 4r.
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THEOREM 2:9 ([10, theorem 1]). Let 0 < § < 1. Then for every algebraic number y of
degree r > 1, there are at most W (r, §) solutions a/b € Q to

la/b—y|<M(a/b)"° (2-13)
with M (a/b) > max{4*?, M(y)}.

Theorem 2-9 implies the following result.

COROLLARY 2-10. Given any x>-divisible g(x) € Z[x], for every L >0, NN, c €
[—L,L1NQ and y € C such that g"(y) =0, there is an integer D > 0, independent of

¢, such that
1
b— — 2-14
la/b—yl < 3bD)’ (2-14)
has at most W(d™ , 1/10) rational solutions a /b with b > max {420, (|ud|BoD)dN} .
Proof. Let y.1, ..., Yeqv be the roots of g?’ (x) =0 in C which are not necessary to be

distinct. Since giv (x) is continuous as a function of x and c, there exists an integer D > 1
such that for every c € [-L, L]NQ and 1 <i <d" we have

[Veil < D. (2-15)

Without loss of generality, we put y := ., and h(x) :=aq ]_[f:1 (x — ¥..;) to be the minimal
polynomial of y with integer coefficients of ged 1.
Since BgN g¥(y)=0 and BgN g¥(x) is a polynomial with integer coefficients, we have
h(x)IBgN g¥ (x). Combined with Gauss’s lemma, this implies
ol (ua Bo)". (2-16)
Combining (2-15) with (2-16), we have
M(y) < (lua| B)" D*. (2:17)

On the other hand, for every rational number a/b in the lowest terms such that |a/b| < 2D
we have

b< M(a/b) <2bD. (2-18)
Note that Theorem 2.9 still holds when we do the following modifications.

(1) Restricting this theorem to a set of algebraic numbers and changing M(y) to a
function of y which is larger than M (y) for every y in this set.

(2) Changing the right-hand side of (2-13) to a function of a/b which is less than
M (a/b)~>~° for every rational number a /b.

(3) Changing the second M (a/b) in Theorem 2-9 to a function of a/b which is less than
M (a/b) for every rational number a/b.

Therefore, combined with (2-17) and (2-18), Theorem 2-9 implies that there are at most
W (¢, &) rational solutions a/b to

la/b—y| < (2bD)™*° (2-19)
such that |a/b| < 2D and b > max{4*?, (Juy|Bo)*" D'}.
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For rational number a /b such that |a/b| > 2D we have
la/b—y|>D>1> (2bD) >7°.
Together with (2-19), this shows that there at most W (£, §) rational solutions a/b € Q to
la/b—y| < (2bD)™** (2:20)

with b > max {42/, (lug|By)?" D'}.
Take & := 1/10. Combining W (¢, 1/10) < W(d", 1/10) with the modification(3) above,
we can replace £ by d" and —2 — 1/10 by —3, which completes the proof.

Now we consider |c| <4L,. Recall that S, is the set that contains all rational number
¢ such that {g”(0)} is infinite. By Corollary 2.7 with n’ =0, for every ¢ € (—oo0, —4L,]U
[4L,, co) we have lim,,_. In |g” (c)| = oo and hence S, D (—00, —4L,] U [4L,, 00).

We denote by Ug the finite subset of S, N [—4L,, 4L,] consisting of all the rational num-
bers with denominator dividing u,; and put U, :=[—4L,, 4L, N (Sg\[Ug). The following
proposition aims at dealing the case ¢ € U,. It is worth noting that By>2forallce U,.

PROPOSITION 2-11. For an x*-divisible g(x) € Z[x] and a real number o € [—4L,, 4L,]
such that g(x) # ugx® or o # 0, there exists 0 <8 < Ly, C > 0 and an integer N > 0 such
that for every c € (0 — 8, a +8) NS, if 1/3; =2 for some n' =0, then there is a finite set
S. C N of bounded cardinality N + n’ such that for every n & S. we have

In|g"(c)] =min{(—1 +1/d)In B, +1nC, Ins}.

Proof. Let

N 21n3 |
0= (lnu/(d— 1»} b

which satisfies

9d — DNt g™ (2:21)
Let y1, ..., ¥, € C be the distinct roots of g;\"’ (x) = 0 of multiplicity m,, . .., m,, respec-
tively. Choose an 0 < € < 1 small enough such that for any two distinct i, j € [r] we have

lyi —vil > 3e.

By continuity of g~ (x) as a function of x and c, there exists 0 <§ < L, such that for
every 1 <i<r and o, B €R with |&' —«a| <§ and || < § there are exactly m; roots of
g¥(x) — B=01in the disk O(y;, €) C C.

Now we consider an arbitrary ¢ € (¢ — §, o« +8) N'S,.

Let T' be the multiset consisting of all the roots of g(x) =0, i.e. two elements in I'
could be the same. From the argument above, for every n > N, if |g/(c)| < §, then there
exists 1 < iy < r such that g{,”N” (c) € O(y4,, €). We put

' =I\O0W,,,€) and T, =T N0, e€).
Note that we have

I'=T,UT,, #(T)=d" and #(,) =m;,. (2:22)
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Now we count the distance between g”~"(c) and the points in T.
For every & € I'}, from our choice of €, we have

& — ' M ()| >3 —2e =e. (2:23)

For every & € I';, by Corollary 2-10 with L := 4L, and N := Ny, there is an integer D > 0,
independent of ¢, such that

1

has at most W (d™, 1/10) rational solutions a/b with b > max{4%, (luy|ByD)*"}.
Put

N; = [log, 120| + Ny and N, :=[3log, log,(uiD + 1)] + 2Nj.

Then for every n > Ny, by Lemma 2-5, we have

"= No dn—No

In Bn+n’—NU z— 3 In Bn

In2>20In4.

If ﬁo =1, by Lemma 2.5, (2-10) and the choice of N,, for every n > N, we have

dn—No P d”—No

s InBy > In2>d"™ In(u;D) > d" In(Jug| ByD).

In Bil+n’—N0 2

If Bo 2, by Lemma 2-5 and (2-10) again, for every n > N, we have

dn—No e dn—No ~
In By, > ——In B@( 3 —dN°> In2+d" 1n B,
> d™ In(u?ByD) > d™ In(|uy| ByD).

Therefore, there are most W (d"°, 1/10) many integers n > max{N; +n’, N, +n'} such
that gf‘NO (c) 1s a rational solution to (2-24). Combined with

si@1=lg* (s @) 1= [1g: @ —&1=[ [ 1&™™ @ &1 [T 1s: ™) -

gel gel §el’

this implies that for all but at most #I', - W(d™°, 1/10) many n > max{N, +n’, N, +n'} we

have

In|g"(c)| = #I'| -Ine —3-#I, In (2D B,_y,) - (2-25)
Combining (2-22) and our assumption 0 < € < 1, we have

#T-Ine —3-#TIn (2DB, y,) >d" In (SD )= 3#2In B,

From our assumption that g(x) # uyx“ or a # 0, we have

#0y =m;, < (d — 1)™.
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Therefore, the previous statement implies that for all but at most (d — 1) W (d™, 1/10)
many n > max{N, +n', N, + n’} we have

€
n > No _ — NO .
In|g"(c)| = d™ In <_8D3> 3d — D™ 1n B,_y,. (2:26)

By (2-10) and (2-21), we have

dM=1(d —1) dN=1(d — 1)

3d =DM B, y, <~ In By, < ————— In(ug| Bro,).

By Lemma 2-5, we obtain

dNofl(d _ 1) . dNofl(d _ 1) d—1
— 3 In(|ug|B,—n,) < —s In |uy| + In B,
<d™1n |ug| + —— In B,.

The two inequalities above imply that

right-hand side of (2-26) > d™ In ( ) +(—=1+1/d)InB,,

€
8|uy| D

which completes the proof.

3. Proof of Proposition 2-2

The basic idea of proving Proposition 2-2 is to show that for each x2-divisible g (x) € Z[x]
there exists a finite cover of S, as follows:

(1) (=00, =4L,JU[4L,, 00);
(2) (=844, 0+ 8,q) NU, for finitely many o in [—4L,, 4L, with 0 <8, < Lg;
(3) the finite set T,

such that g has rapidly increasing numerators on every set in this cover.
Recall that for every n € N we denote by w(n) the number of its distinct prime divisors.

For convenience, we put s,(n) = oind ». Then we have the following estimation.

LEMMA 3-1. For every d > 2 and every n > 30, we have s;(n) < ds.
Proof. For every integer n > 2 we have n > 2™ and hence
o(n) <log, n. (3-1)
Since for every prime divisor p of n we have n/p < n/2. Combined with (3-1), we have
sa(n) <d?w(n) <d?log,n. (3-2)
On the other hand, for every n > 30 we have
log,n <5 <22<d,

Together with (3-2), this finishes the proof.
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LEMMA 3-2. Given any x*-divisible g(x) € Z[x] and c € Q, for every n > 30 we have

Y In|A,,|<d¥In (2|ud|2§0 max {|c|, 4L, ) )

pln
Proof. By Lemma 2.3, for every n > 0 we have
Y A, <Y d (2|ud|Bo max {|cl, 4L,) )
pln pln
Together with Lemma 3-1 and (2-10), this completes the proof.

PROPOSITION 3-3. Every x2-divisible g(x) € Z[x] of degree d >3 has rapidly increasing
numerators on (—oo, —4L,]U[4L,, 00).

Proof. Let ¢ be an arbitrary rational number in (—o00, —4L,]U [4L,, 00).
By Lemma 2.5, Corollary 2.7 with n’ =0 and |c| > 4L, > 4, for every n > 0 we have

n n

d ~ _d ~
In|A,| >d" 1n|c/2|+?lnBo2?1n|cBo|. (3-3)

Combined with Lemma 3-2 and |c|>4L,, this implies that for every n>30
we have

In |4, = 310 [Au, | > =¥ n@lugP) + (d7/3 = d* ) In[cBy].

pln

Therefore, there exists an integer N > max {% log, 3, 30}, which only depends on g, such
that for every n > N and every rational number ¢ € (—o0, —4L,] U [4L,, 00) we have

In|A,| > Y In|4,,|.

pln

Thus we prove this proposition.
We next prove the following.

PROPOSITION 3-4. Every polynomial g(x)=uyx? € Z[x] of degree d >3 has rapidly
increasing numerators on (—1/]4uq|, 1/|4u4]) N'S,.

Since 0 ¢ S,, it is sufficient to show the following two lemmas.

LEMMA 3-5. Every polynomial g(x) = uyx® € Z[x] of degree d > 3 has rapidly increas-
ing numerators on (0, 1/4lu,]) N'S,.

Proof. Forevery ¢ € (0, 1/4|uq]) N'S; and n > 0 we have

el < 1820 < (gl + 1) 77 [e] < (lual + D® e] (34

and ﬁo >2.
Combining Lemmas 2-3(1), 2-5 for n’ = 0 with (3-4), for every n > 0 we have

.~
In|A,| — Z In|A,,| >0 —w®m)n|c+ 3 In By — s4(n) In ((|uq| + 1) Bo).
pln
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Together with (2-10) and Lemma 3-1, this implies that for every n > 30 we have

3n dn 3n -
In|A,| — Zln |Aup| = —d ™ In ((ugl + Dlugl) + (; - ds) In By.

pln
From l?o > 2, there exists an integer N > 30 such that for every n > N we have
In|A,| — Z In|A,,|>0,
pln
which completes the proof.

LEMMA 3-6. Every polynomial g(x) = uyx® € Z[x] of degree d > 3 has rapidly increas-
ing numerators on (—1/4|uy|, 0) N'S,.

Proof. Note that when d is odd, we may replace ¢ with —c and the forward orbit of 0 will
be unchanged, modulo sign. By Lemma 3-5, we immediately prove this case.

Therefore, it is sufficient to study the case that d is even. We first show that for every
c € (—1/4|uy], 0) and every n > 0 we have

lel(1 = Jugllel™") < gl ()] < el. (3-5)

For n =0, we have |g9(c)| = |c|. Assume that (3-5) holds for some n > 0. Since g.(x) is
negative and decreasing on (—1/4|u,|, 0), we have

lel(1 = Juallc]™") = 1ge(@)] < Ige (&2 N < | f ()] =cl,
which proves (3-5) by induction.
Combining Lemmas 2-3(1), 2-5 with (3-5), we have

d—1 d" n
In|A,| — Zln |A,/p| >1n <|c| (1 = Jugl|cl )) +5 In By — s,(n) In By — w(n) In |c|

pln

dl‘l —~
>1In(1 — |uglle|*™) + 3 In By — s4(n) In By.

Together with (2-10), Lemma 3-1 and |c| < 1/4|uy|, this implies that for every n > 30
we have

3n dn 3n -~
In A, =Y In|A,,|>InG3/4)+d ¥ Inuy| + (? — d5> In B,. (3-6)

pln

On the other hand, for every c € (—1/4|uy|, 0), we have ﬁo > 2. Combined with (3-6),
this proves that there exists an integer N > 30 such that for every n > N we have

In|A, =) In|A,,|>0,
pln
which completes the proof.
PROPOSITION 3.7. Given any x>-divisible g(x) € Z[x] of degree d >3 and ac

[—4L,, 4L,] such that g(x) # ugx® or a # 0, there is an 0 < § < L, such that g has rapidly
increasing numerators on ¢ € (o — 8, o + 8) N U,.
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Proof. Note that for every c € U, we have B’B > 2. By Proposition 2-11 with n’ = 0, there is
a3-tuple 0 <6 < L,, C > 0and N; > 0 such that for every ¢ € (o« — §, o 4+ 6) N U, there is
a finite set S, C N of bounded cardinality N, such that for every n & S. we have

In|gl(c)| 2min{(—-1+4+1/d)InB, +1InC, Iné},

and therefore
1
1n|A,,|>min{3lnB,,+lnC, lan—I—lnS}. 37
On the other hand, by Lemma 2.5, we have

3n feny dn 3n o 3n
In(B,) +1n8 —d~ In|2cu}Bo| > Iné + (? — d5> In By —d5 In|2cu?],

n—1

1 3n 275 d 3n = 3n 2

- In(B,) +InC —d~ In|2cujBo| >InC + —d5 |1InBy—d5 In|2cuj|.
Combined with Lemma 3-2, (3-7) and |c| < 5L,, this implies that there exists an inte-

ger N, > 30 such that for every rational number c € (¢ — 5, « +6) and n € {N,, N, +

1,..., }\S. we have

In|A,l > Y In|A,,].

pln

Taking N := N; + N,, we prove this proposition.
Now we turn our attention to the finite set Ug.

PROPOSITION 3-8. Every x*-divisible g(x) € Z[x] of degree d >3 has rapidly increasing
numerators on the finite set Ug.

Proof. 1t is sufficient to show that for each individual rational number in Ug there are finite
many n € N satisfying (2-1).

Let ¢ be an arbitrary rational number in Ug. We first show that there must exist an integer
n’ such that either | g;‘/ (¢)] >4L, or E; > 2. Suppose that for every n > 0 we have 1/9: =
1, ie., B,|lug. Since c € S, and there are only finitely many integers in [—4L,, 4L,] with
denominator dividing Ug, We know that there must exist an n’ > 0 such that |g" (¢)| > 4L Pe

c

(1) When |c| <4L,, By=1 and there exists an integer n’ > 1 such that lg” (c)] > 4L,.

Combining these conditions with Corollary 2-7 and Lemma 3-2, for every n > max{30, n'}

we have
n 2 n—n' | _n
In|A,l =Y In|A,,| > —d InBL,Juql*) +d"™ |8 (©)/2].
pln
Clearly, there exists an integer N > max{30, n'} such that for every n > N we have
In|A,| > In|A,,|.
pln

(2) When |c| <4L,, ﬁo =1 and there is an integer n’ > 1 such that 1/3; > 2. Similar
to Proposition 3-7, we combine Lemma 2-5 with Proposition 2-11, and obtain a finite set
S. C N, an integer N, §. > 0 and C, > 0 such that for every n > n’ if n € S, then

https://doi.org/10.1017/50305004121000025 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000025

582 RUFEI REN
In|gl(c)|Zmin{(-1+1/d)InB, +InC,, Iné.},

and therefore
1
ln|An|>min{Elan+lnCC, lan—{—lnéc}. (3-8)

On the other hand, by Lemma 2.5, we have

n—n'

3n f d _ 3n
In B, +1nd, —d> In|2cu}By| > Ind. + In B, —d> In|2cujl,

n—n'—1

1 3n f - 3n
SInBi+InC.—d*n 12cujBo| >InC, + In B, —d> In[2cuj|.

Combined with Lemma 3-2, (3-8) and |c| < 4L,, this implies that there exists an integer
N; > max{n’, 30} such that for every n € {Ny, Ny + 1, ... }\S. we have

In|A,| > Y In|4,,].

pln

Put N :=#S. + N,. Then we complete the proof.

Proof of Proposition 2-2. By Proposition 3-7, for every g(x) #ugzx? or « 20 and every

real number « € [—4L,, 4L,], there is an 0 <, , < L, such that g has rapidly increasing
numerators on ¢ € (o« — 8;., & + 85.) N U,.

For g(x) =uyx? and o =0, if we put 84,0 = 1/4|uy|, then we proved in Proposition 3-4
that g has rapidly increasing numerators on ¢ € (=8 4, 84.4) N U,.

Now for every x2-divisible g(x) € Z[x] we obtain a cover of S, as

(=00, 4L | UL, o) UTRU () (@=8pera+8,0NT,).  (39)
a€[—4Ly,4L]

Note that

U (O[ - (Sg,ou o+ (Sg,a)

ae[—4L,,4L,]

is an open cover of the closed interval [—4L,, 4L,], which has a finite cover. We use the
center o to represent the interval (o — 8, o, @ + 8, o) in this finite cover, and put T to be the
index set of «.

Therefore, we obtain a finite cover of S, as follows:

(=00, =4L,|U[4L,, 00) UTR U (@ = by @+ 800) NT, ).

aeT

By Propositions 3-3, 3-4, 3-7 and 3-8, we know that g has rapidly increasing numerators
on each set in this cover. It implies that g also has rapidly increasing numerators on S,,
which completes the proof.

4. Theorem 1-4 implies Theorem 1-2

At the end of this section, we will prove that Theorem 1-4 implies the following
proposition which leads to Theorem 1-2.
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PROPOSITION 4-1. For every x2-divisible polynomial g(x) € Q[x] there is a constant
M, > 0, depending only on g, such that

#Z2(g., 0) <M,
forevery c €8,.
For every n € Z\{0}, we denote by w(n) the number of distinct prime factors of n.

LEMMA 4-2. Let g(x) € Q[x] be x>-divisible and a € Z\{0}. Then with h(x) = g(ax)/a
we have

[#2(8c, 0) —#Z(hesa, O)| S w(a)  foreveryceQ.
Proof. Consider that
gl (ax) = uh:f/a (x) and gl(0)= ah’c’/a 0).

For every p {u we have p is a primitive prime divisor of g”(0) if and only if it is a primitive
prime divisor of A, (0). Therefore, the difference between #Z(g., 0) and #Z(h,,,, 0) can

cla

not exceed the number of prime factors of a, which completes the proof.

LEMMA 4-3. For any x?-divisible g(x) € Q[x] and t € Q\{0}, Proposition 4-1 holds for
g if and only if it holds for g(tx)/t.

Proof. Let t =a/b be an arbitrary rational number. Put
1 1
h(x) = ;g(tx) and K (x):=—g(ax).
a
Note that i (x) = %h(bx).
By Lemma 4-2 for every ¢ € Q we have

[#Z(8c, 0) = #Z((h1)¢jas 0) S (),
[#Z (hesi, 0) —#Z2((h1) e, 0) S @ (D),

which implies
[#Z(8c, 0) = #Z(hesr, )| S w(a) + o (D).
Since w(a) and w(b) are both independent of ¢, we complete the proof.
PROPOSITION 4-4. Theorem 1-4 implies Theorem 1-2.

Proof. Step 1. We first prove that Theorem 1-4 implies Proposition 4-1.

Given any x2-divisible polynomial g(x) € Q[x] of degree d > 2, if d =2, then we can
find # € Q such that g(tx)/t = x*>. Combining Lemma 4-3 with [6, theorem 1.1], we prove
Proposition 4-1 for this case.

If d > 3, there is t € Z such that g(¢x)/t € Z[x]. Combined with Lemma 4-3, this proves
Proposition 4-1 for this case.

Step 11. Now we prove that Proposition 4-1 implies Theorem 1-2.
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For every polynomial g(x) € Q[x] with a critical point u € Q, if we put f(x) =g +
u) — u, then we know that O is a critical point of f and for every ¢ € Q we have f(0) =
g2 (u) — u and hence

Z(gcv M) = Z(f07 0)

This completes the proof.
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