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ABSTRACT

In this paper we study the family of elliptic curves E/Q, having good reduction at 2
and 3, and whose j-invariants are small. Within this set of elliptic curves, we consider
the following two subfamilies: first, the set of elliptic curves E such that the quotient
A(E)/C(E) of the discriminant divided by the conductor is squarefree; and second,
the set of elliptic curves E such that the Szpiro quotient Og :=log |A(E)|/log(C(E))
is less than 7/4. Both these families are conjectured to contain a positive proportion of
elliptic curves, when ordered by conductor. Our main results determine asymptotics for
both these families, when ordered by conductor. Moreover, we prove that the average
size of the 2-Selmer groups of elliptic curves in the first family, again when these curves
are ordered by their conductors, is 3. The key new ingredients necessary for the proofs
are ‘uniformity estimates’, namely upper bounds on the number of elliptic curves with
bounded height, whose discriminants are divisible by high powers of primes.

1. Introduction

Every elliptic curve over Q can be uniquely represented as Eap : y*> = 2® + Az + B, where A
and B are integers such that there is no prime p with p* | A and p® | B, and such that A(A, B) :=
—4A3 — 27B% # 0. Given an elliptic curve E over Q, we denote its algebraic rank by 7(E) and
its analytic rank by 74, (E). The Birch and Swinnerton-Dyer (BSD) conjecture asserts that these
two quantities are equal, that is, we have r(E) = ran(F).

Foundational conjectures of Goldfeld [Gol79] (in the case of families of quadratic twists of
elliptic curves) and Katz and Sarnak [KS99] (for the full family of elliptic curves) assert that a
density of 50 % of elliptic curves have rank 0, and that 50 % have rank 1, and that the average
rank of elliptic curves is 1/2. Both these conjectures are formulated through a study of the
associated family of the L-functions Lg(s) attached to the elliptic curves E. The behavior of
Lg(s) at and near the critical point is used to control the distribution of analytic ranks, which,
assuming the BSD conjecture, can be used to give heuristics for the distribution of the algebraic
ranks.

The most natural way to order a family of L-functions is by their conductors, which, in this
case of L-functions of elliptic curves, is equal to the levels of the associated modular forms. Thus in
the Goldfeld and Katz—Sarnak conjectures, it is implicitly assumed that elliptic curves are ordered
by their conductors. However, when studying two-parameter families of elliptic curves, the curves
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LARGE FAMILIES OF ELLIPTIC CURVES ORDERED BY CONDUCTOR

Eap are usually ordered by their (naive) height H(E4p) = max{4|A|3,27B%}.1 Assuming the
generalized Riemann hypothesis, Brumer [Bru92|, Heath-Brown [Hea04], and Young [You06]
proved the successively better bounds of 2.3, 2, and 25/14 on the average analytic ranks of
elliptic curves when ordered by height. On the algebraic side, Bhargava and the second named
author [BS15] proved that the average rank of elliptic curves, when ordered by height, is bounded
by 0.885.

If elliptic curves are instead ordered by conductor, even asymptotics for the number of curves
are not known. The discriminant A(Eap) of E4p is (up to absolutely bounded factors of 2
and 3) —4A43 — 27B2. The conductor C(Eap) of Eap is (again, up to bounded factors of 2 and
3) the product over all primes p dividing A(Eapg) of either p or p? depending on whether Eqp
has multiplicative or additive reduction at p. Building on the work of Brumer and McGuinness
[BM90] on the family of elliptic curves ordered by discriminant, Watkins [Wat08] gives heuristics
suggesting that the number of elliptic curves with conductor bounded by X grows as ~ ¢X5/6 for
an explicit constant c¢. Lower bounds of this magnitude are easy to obtain, but the best known
upper bound is O(X 7€) due to work of Duke and Kowalski [DKO0].

The difficulties in determining precise upper bounds are twofold. First, it is difficult to rule
out the possibility of many elliptic curves with large height but small discriminant. Second, it
is difficult to rule out the possibility of many elliptic curves with large discriminant but small
conductor. It is interesting to note here that the second difficulty is exactly a nonarchimedean
version of the first. Indeed, curves F4p with large height and small discriminant correspond to
pairs (A, B) of integers, where 443 and —27B? are unusually close as real numbers. On the other
hand, curves E4p with large discriminant and small conductor correspond to pairs of integers
(A, B) such that 443 and —27B? are unusually close as p-adic numbers.

In this paper we focus on studying the second difficulty while entirely sidestepping the
first. To this end, we let £ denote the set of elliptic curves E over Q that satisfy the following
properties.

1. The j-invariant j(E) of E satisfies j(E) < log A(E).
2. FE has good reduction at 2 and 3.

Recall that the j-invariant j(Eapg) for the elliptic curve Eap equals A3/A(E4p) up to a
fixed constant. The condition j(Eap) < log A(E4p) then implies that A% < A(Esp)!™¢ and
also B?2 < A(Eap)'*¢ from the definition of A(E4p). In other words, the first of the above two
conditions excludes all elliptic curves F with A(E) < H(E)'~¢ and is critical for our results.
According to the Brumer-McGuinness heuristics [BM90], only a negligible number of elliptic
curves are being excluded by the assumption of this property, but this is unproven. The second
property is a technical assumption at 2 and 3. Our method also works with other local reduction
conditions at 2 and 3, as long as there is a uniform bound on the contribution to A(E) at 2 and
3, with the only change being the leading constant in Theorem 1.1 below. We will in fact have
to further restrict our families of elliptic curves. We define the families

Est 1= {E SO ggg; is squarefree},

E.={F €& :Pr <k}

! See, however, work of Hortsch [Horl6] obtaining asymptotics for the number of elliptic curves with bounded
Faltings height.
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for every x > 1, where the Szpiro constant Bg is defined to be log |A(E)|/log(C(E)). When
ordered by conductor, the family &; conjecturally contains 100 % of elliptic curves with good
reduction at 2 and 3, and & conjecturally contains a positive proportion of elliptic curves. We
prove the following result determining asymptotics for these families of elliptic curves, ordered
by their conductors.

THEOREM 1.1. Let 1 < k < 7/4 be a positive constant. Then we have

1++/3T(1/2)(1/6) 11 1N g
CNCRERNCTE) '}1(” )

W p2  pl3/6
' 1++/31(1/2)T(1/6) 1 1 1 1
#{Ee& CE)< X}~ 60v3  T(2/3) .135[<1_P> <1+p5/3+p11/6+p17/6>
p=

1 1 1\ ! 2 2 5/6
(-0) () (o)

#{Ee&:|AE) <X}~ 163fr(1/22/31/6 11 (1 >X5/6.
p=5

#HEc&s:CE)< X}~

(1)

We expect Theorem 1.1 to hold for all k. Furthermore, since the abc conjecture implies that
for k > 6 [Oes88], all but finitely many curves in € belong to &, we expect these asymptotics
to also hold for the family £. We note that the Euler factors appearing in Theorem 1.1 arise
naturally from the densities of elliptic curves over Q, with fixed Kodaira symbol. These densities
are computed in Theorem 1.6.

Our next main result is on the distribution of ranks of elliptic curves in &;. As in [BS15],
we study the ranks of these elliptic curves via their 2-Selmer groups. Recall that the 2-Selmer
group Sels(E) of an elliptic curve E over Q is a finite 2-torsion group which fits into the exact
sequence

0 — E(Q)/2E(Q) — Selz(E) — g[2] — 0, (2)

where [II denotes the Tate-Shafarevich group of E. Our result regarding the 2-Selmer groups
of elliptic curves in & is as follows.

THEOREM 1.2. When elliptic curves in £ are ordered by their conductors, the average size of
their 2-Selmer groups is 3.

Theorem 1.2 has the following immediate corollary.

COROLLARY 1.3. When elliptic curves in E € & are ordered by their conductors, their average
2-Selmer rank is at most 1.5; thus, their average rank is at most 1.5 and the average rank of
g [2] is also at most 1.5.

Corollary 1.3 provides evidence for the widely held belief that the distribution of the ranks of
elliptic curves is the same regardless of whether the curves are ordered by height or conductor.
Moreover, as expected, the average size of the 2-Selmer groups of curves in &y is the same
as the average over all elliptic curves ordered by height obtained in [BS15, Theorem 1.1]. We
remark that our methods are flexible enough to recover versions of Theorems 1.1 and 1.2 where
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the families & and &, are restricted so that the curves in them satisfy any large set of local
conditions. This result is stated in Theorem 7.1.

Uniformity estimates

The key new ingredients required for proving the main results are ‘uniformity estimates’ or ‘tail
estimates’. These are upper bounds on the number of elliptic curves in our families whose dis-
criminants are large compared to their conductors. For the proof of Theorem 1.2, we additionally
need bounds on the sum of the sizes of the 2-Selmer groups of elliptic curves in & with large
discriminant and small conductor. To this end, we prove the following result for the family &.

THEOREM 1.4. For positive real numbers X and M, we have

A(E)

X'5/6+€
#{(E,J) Ee&,C(F)< X, ——=>M,o € Selg(E)} <

C(E) M6

We note that up to the power of X¢, this is expected to be the optimal bound.
For the family &, we prove the following result.

THEOREM 1.5. Let k <7/4 and 6 > 1 be positive constants. Then there exists a positive
constant 0, depending only on § and k, such that for every X > 0, we have

#{E €&, :C(E) < X,Bp > 6} < X070+,

Weaker versions of these uniformity estimates have been obtained previously. In [BS15,
Theorem 2.13], the authors bound the average number of 2-Selmer elements in elliptic curves F,
where the height H(E) is bounded and A(E) is divisible by the square of a large prime. These
estimates were used to obtain asymptotics on the number of elliptic curves with bounded height
and squarefree discriminant, as well as to compute the average size of the 2-Selmer groups of these
elliptic curves. In a different direction, Fouvry, Nair, and Tenenbaum [FNT92] prove bounds on
the number of elliptic curves E with large Szpiro constant Gg, when these curves are ordered by
height or discriminant. Strikingly, they do not require any assumption bounding Sg from above!
However, neither of these results in [BS15] or [FNT92] allows for the elliptic curves in question
to be ordered by conductor.

The main difficulty we face in proving Theorems 1.4 and 1.5 is that the heights and dis-
criminants of curves with bounded conductor can grow very rapidly. Indeed, the height (and
discriminant) of E € &¢ with C(E) = X can be as large as X2. As a consequence, the error term
arising from the use of the Ekedahl sieve, a key input in the uniformity estimates of [BS15], is
0]0.¢ 4/ 3), which is much too large. Subsequent improvements to the Ekedahl sieve by Taniguchi
and Thorne [TT20], in which the sieve is combined with equidistribution methods, are also
insufficient for our purposes.

Our new methods, in addition to obtaining Theorems 1.4 and 1.5, also yield a significantly
stronger version of [BS15, Theorem 2.13], bounding the number of GLy(Z)-orbits on integral
binary quartic forms f with bounded height, such that the discriminant of f is divisible by the
square of a large prime. This result is stated as Theorem 6.5, and is proved in § 6, using as input
the results of §4. This improvement has several applications. First, it is a necessary ingredient
to obtain a power-saving error term for the count of the average size of the 2-Selmer group of
elliptic curves when ordered by height. Second, as we prove in a forthcoming note, this improved
estimate leads to a proof of Lenstra’s conjecture [ABZ07, Conjecture 1.1] in the degree-4 case.
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TABLE 1. Local invariants of elliptic curves.

Kodaira symbol

of E Congruence condition Cp(E) AL(E) Qp(E) D,(E) Density
Ip Pt A(f) 1 1 1 1 (r—1)/p
L, (n>1) pta, p"/21 b, p" | c p pr plv/2l pn (med2) ()2 /pnt2
II pla, p|b plec p? p? 1 p? (p—1)/p°
111 pla, plb p*|c p? p* p p (p—1)/p"
Y% pla, p*|b, p*|c p? p* p p* (r—1)/p°
I5 pla, p*|b, p*le, p"1A(f)  »? p° p* 1 (p—1)/p°
I (n>1) pllapMm2+2 b, prt3 e p2 prtC pIn/2E3 g (mod2) () 1)2 /pntT
v+ p*la, p* b, p* e p? p® P’ p? (r—1)/p®
I~ p*la, pPIIb, p°|c p? ? p? P (p—1)/p°
IT* p*la, p*|b, p°| ¢ p? p*° p* p? (p—1)/p'°

Outline of the proofs

We now describe the proofs of our main theorems. We study the ratios A(E)/C(E) of elliptic
curves E : y> = f(z) in our families by considering the associated family of cubic rings Ry :=
Z[x]/ f(x) and cubic algebras Ky := Q[z]/f(x) over Q. Let Oy denote the ring of integers of K.
Then Ry is a suborder of K. Define the invariants

Q(E) :=[Oy : Ry],
D(E) := Disc(Ky)

which satisfy the relation
A(E) = Disc(Ry) = Q(E)*D(E).

For primes p, we let Cp(E), Ap(E), Qp(E), and D, (E) denote the p-parts of C(E), A(E), Q(E),
and D(E), respectively. The local invariants C,(E), Ap(E), Qp(E), and D,(E) depend only
on the Kodaira symbol of E. The starting point of our proof is a determination of these local
invariants along with a computation of the density of elliptic curves over @, with fixed Kodaira
symbol.

THEOREM 1.6. Fix a prime p > 5 and a Kodaira symbol T. Let E : y*> = f(z) be an elliptic
curve over Z, such that the Kodaira symbol of E is T. Then the local invariants of F are as
given in Table 1. Furthermore, there exists an element t € Z, such that coefficients of f(x +t) =
23 + ax? + bx + ¢ are as given in the second column of Table 1. Finally, the density of all elliptic
curves with Kodaira symbol T is as given in the last column.

These density computations are straightforward, and indeed many of them are implicit in
the work of Watkins [Wat08, §3.2]. However, we include a proof since our use of a G,-action on
the space of monic cubic polynomials simplifies the computations.

We use three different techniques to prove the estimates of Theorems 1.4 and 1.5. First, we
fix a prime p > 5 and a Kodaira symbol T'. The set of elliptic curves that have Kodaira symbol T
at p is cut out by certain congruence conditions S modulo ¢, some power of p. Working modulo g,
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we compute the Fourier transform of the characteristic function of S. An application of Poisson
summation then yields baseline estimates for the number of elliptic curves with bounded height
having Kodaira symbol T" at p.

Our next two techniques average over primes p in a crucial way. Suppose that E : y? = f (x)
is an elliptic curve in & such that the ratio A(E)/C(F) is large. Then for any prime p > 5,
the Kodaira symbol of E at p is Iy, I3, Is, II, or III. We prove that either the discriminant of
the algebra K is small, or the shape of the ring of integers Oy of K is very skewed. The work
of Bhargava and Harron [BH16] proves that the shapes of rings of integers are equidistributed
in the family of cubic fields. Furthermore, the forthcoming thesis of Chiche-Lapierre [Chil9]
determines asymptotics for the number of cubic fields such that the shapes of their ring of
integers are constrained to lie within 0-density sets. Using ideas from these works, we prove
bounds on the number of possible cubic algebras K corresponding to elliptic curves in & with
bounded conductor, along with bounds on the average sizes of the 2-torsion subgroups Cla(Ky)
of the class groups of K. In combination with the work of Brumer and Kramer [BK77], relating
the size of Sely(E) to #Cla(Kf), we deduce Theorem 1.4.

One may view the smallness of the discriminant of Ky and the skewness of the ring of
integer Oy above as archimedean constraints on the cubic algebra Ky which allowed us to obtain
enough savings to count elliptic curves in & and their 2-Selmer elements. However, primes p with
Kodaira symbol IV or I,, with n > 3 do not impose any of these constraints as D,(E) = Cy(E)
and Ap(FE) is large. These reduction types do not appear for elliptic curves in & but they do for
the family F,. This is the main obstruction to obtaining 2-Selmer averages for the family FE.
These primes do impose p-adic conditions in the sense that p divides both the index Q(E) of Ry
in Oy and the discriminant D(E) of K. To exploit this, we proceed as follows. The set of integer
monic traceless cubic polynomials f with p | Q(E) embeds into the space of binary quartic forms
with a rational linear factor. This embedding o is defined in (20). The group PGL2 acts on the
space of binary quartic forms, and the ring of invariants for this action is freely generated by
two polynomials I and J. Restricting to the space of reducible binary quartic forms gives an
additional invariant Q). Explicitly, if g(z,y) is a binary quartic form with coefficients in Q, and
g(a, 3) = 0, then define

gy - I@y)
Q(g(l‘ay)v[a'ﬁb_ ﬁx—ay( 7ﬂ)

This new invariant @ is an exact analogue of the @Q-invariants used in [BSW16] to compute
the density of polynomials with squarefree polynomials. As there, for every fixed root [ : 3] €

PY(Z), the discriminant polynomial on the space of integer binary quartic forms g with g(a, 3)
is reducible, and in fact divisible by Q2. We also define

D(g(z,y), [ : 8]) := A(9)/(Q(g(z, y), [a : B]))>.

Our embedding o satisfies Q(E) = Q(c(F)) and D(E) = D(o(E)). Then the required esti-
mates on elliptic curves E € &; with large A(E)/C(FE) translate to estimates on the number
of PGL2(Z)-orbits on integral reducible binary quartic forms with bounded height and large
Q- and D-invariants. We prove the required estimates by fibering over roots, and then combining
geometry of numbers methods with the Ekedahl sieve.

This paper is organized as follows. In §§2 and 3 we work locally, one prime at a time.
Theorem 1.6 is proved in §2, while the Fourier coefficients corresponding to a fixed Kodaira
symbol are computed in § 3. The computation of the Fourier coefficients is then used to obtain

1543

https://doi.org/10.1112/50010437X21007193 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007193

A. N. SHANKAR, A. SHANKAR AND X. WANG

estimates (see Theorem 3.1) on curves with fixed Kodaira symbols at finitely many primes. We
prove bounds on the number of cubic fields K, weighted by |Cla(K)|, in §4, and obtain estimates
on the number of reducible integer binary quartic forms with large - and D-invariants in § 5.
The results of §§3-5 are combined in §6 to prove the uniformity estimates Theorems 1.4 and
1.5. Finally, in § 7, we prove the main results, Theorems 1.1 and 1.2.

2. Reduction types of elliptic curves

Throughout this section we fix a prime p > 5. Let U denote the space of monic cubic polynomials.
Then for any ring R, we have

U(R) = {2° + az® + bz + c: a,b,c € R}.

We denote the space of traceless elements of U (i.e. a = 0 in the above equation) by Uy. The
group G, acts on U via (t - f)(z) = f(z + t). Given any element f € U(Z,), there exists a unique
element y € Z, such that fo(z) = (v - f)(x) belongs to Uy(Z,). Thus we may identify the quotient
space Z,\U(Zp) with Uy(Z,). We denote the Euclidean measures on U(Z,) and Uy(Z,) by dg =
dadbdc and df = dbdc, respectively, where da, db and dc are Haar measures on Z, normalized
so that Zj, has volume 1. Then the change-of-measure formula for the bijection

Zy x Uo(Zp) — U(Zyp)
(t f(zx)) = g(@) = (t- f)(z) = flz+1)

is dt df = dg, where dt is again the Haar measure on 7Z, normalized so that Z, has volume 1.

3)

Given an element f(z) € U(Z,) such that the discriminant A(f) is nonzero, we consider
the elliptic curve Ey over Q, with affine equation y* = f(z). An element f(z) € U(Z,) with
nonzero discriminant is said to be minimal if A(f) = A(Ey). Equivalently, f(z) is minimal if
fo(z) = 2% + Az + B, the unique element in Uy(Z,) in the Zy-orbit of f, does not satisfy p* | A
and p% | B. Another equivalent condition is that the roots of fo(x) are not all multiples of p?.
We denote the set of minimal elements in U(Z,) by U(Z,)™", and denote U(Z,)™" N Uy(Z,) by
Uo(Zp)™10. The map f — Ey is then a natural surjective map from Z,\U(Z,)™" (equivalently
Uo(Z,)™™) to the set of isomorphism classes of elliptic curves over Q,.

The twisting-by-p map is a natural involution on the set of isomorphism classes of elliptic
curves over Q,. This yields a natural involution o on Z,\U(Z,)™®. If f € U(Z,)™" such that
fo(x) = 23 + Az + B with p>{ A or p® | B, then we say f is small, and in this case o(f)o(x) =
o(fo)(z) = 23 + p? Az + p? B. Otherwise, if fo(x) = 2® + Az + B with p? | A and p3 | B, then we
say f is large and in this case, o(f)o(x) = o(fo)(z) = * + p~? Az + p3B. We have A(E, ;) =
pPA(Ey) if f is small and A(E, ) = p”®A(Ey) otherwise. Let U(Zy)™ denote the set of small
elements f € U(Z,).

Let E be an elliptic curve over Qp, and let 2" be a minimal proper regular model of E over
Zy,. For brevity, we will say that 7', the Kodaira symbol associated to the special fiber of 27,
is the Kodaira symbol of E. Define the index of E by ind(F) := A(E)/C(E). Then the index
of E is 1 if and only if the Kodaira symbol of E is Iy (when E has good reduction), Ij, or
II. Given f € U(Z,)™", we define the index of f to be ind(f) :=ind(E). We also define two
other invariants associated to elements f € U(Z,)™". Let K; denote the cubic étale algebra
Ky :=Qplx]/f(x), let Of denote the ring of integers of Ky, and let R; denote the cubic ring
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Z|z]/ f(x). We define

Qp(f) = [Of : Rf]a
Dy(f) := Disc(Ky).

These quantities are clearly invariant under the action of Z, on U(Z,) and satisfy the equation

A(f) = A(Rf) = Dp(f)Qp(f)2-

The following lemma will be used repeatedly in the proof of Theorem 1.6 to deduce
maximality of cubic rings.

LEMMA 2.1. Let p be a prime. Let f(x) = ux® + pax? + pbx + pc be a monic cubic polynomial
with a,b,c € Z, and u € Z, . Then the ring Ry = Zp[z]/(f(x)) is maximal in Ky = Qy[z]/(f(z))
if and only if p 1 c.

Proof. We may assume without loss of generality that « = 1. Under the Delone-Faddeev cor-
respondence, the ring Ry is isomorphic to the cubic ring associated to the binary cubic form
23 + pax?y + pbxy? + pcy? using the normal basis {1, z, 2% + bz + c¢}. The paragraph following
Lemma 13 in [BST13] then implies that Ry is nonmaximal if and only if there exists r € Z,, such
that p divides the linear coefficient of f(z + r) and p? divides the constant coefficient of f(z + 7).
Any such r with p dividing the constant coefficient of f(z + r) must be in pZ,, in which case
the linear coefficient of f(x + r) is always divisible by p and the constant coefficient of f(z + )
is congruent to pc mod p?. Therefore, Ry is nonmaximal if and only if p | c. g

We now prove Theorem 1.6.

Proof of Theorem 1.6. Let f € U(Z,)™". A direct computation shows that there always exists
t € Zy, such that t - f has coefficients satisfying the congruence conditions detailed in one of the
rows of column two of Table 1. We now assume that f satisfies one set of congruence conditions
detailed in column two of Table 1. Carrying out Tate’s algorithm (as detailed in [Sil94, pp.
366-368]) for each congruence type in column two verifies for us the first four columns of Table 1.
Finally, looking at fy € Up(Z,)™™ in the Z,-orbit of f yields that the Kodaira symbol of E ¢ is
I, II, III, or IV if and only if f € U(Z,)™.

It remains for us to verify the last three columns of Table 1. We will begin by verifying the
fifth and sixth column, leaving the density computation to Proposition 2.2. We first deal with
small elliptic curves, that is, when the associated Kodaira symbol is L, II, III, or IV. Without
loss of generality, we assume that f(x) satisfies the congruences in one of the rows of column
two (as mentioned above, we may do this by replacing f by a Z,-translate). The result is clear
if F+ has good reduction, which happens precisely when A,(Ey) = 1.

First assume that E; has additive reduction, in which case C,(E) = p?. Then the Kodaira
symbol of E; is II, III, or IV. In the first case, Lemma 2.1 yields that R; is indeed the maximal
order, thereby verifying the fifth and sixth columns for elliptic curves having Kodaira symbol
II. In the second case, Lemma 2.1 also yields that Ry is nonmaximal. As the discriminants
of Oy and Ry differ by a perfect square, it follows that Q,(f) = Dp(f) = p, thereby verifying
the fifth and sixth columns for elliptic curves having Kodaira symbol III. In the third case, we
write a = pai, b = p*by, and ¢ = p?cy, with p{co. We see that Ry is a suborder of index p of
the maximal order @ corresponding to the binary cubic form pz> + paz?y + pbozy? + coy® with
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A, (O) = p?. Note the maximality of O follows from Lemma 2.1 applied to the polynomial g(z) =
cox® + pbox®y + pazy® + p as Ry, ~ O. This confirms the fifth and sixth columns of Table 1 in
the case where E¢ has additive reduction and f € U(Z,)™™.

Next, assume that Ey has multiplicative reduction. In this case, f mod p has one simple
root (necessarily defined over F),) and one root with multiplicity 2. Hensel’s lemma implies that
f(x) factors as a product of a linear polynomial ¢(x) and a quadratic polynomial g(x) (we make
no assumptions about whether ¢(x) is reducible or not) over Z,. Therefore, D,(f) must equal
either p or 1,2 depending on whether A,(f) =nis odd or even. It follows that Dy = p" (mod 2)
and Q,(f) = p™2]. We have now verified columns five and six for all small elliptic curves.

We now turn to large elliptic curves. Let E be a large elliptic curve over Z,. Let E’ denote
the twist of E by p. Then the Kodaira symbol of E’ is I,,, I, III, or IV, depending on whether
the Kodaira symbol of E is I*, IV*, III*, or II*, respectively. Let 32 = f(z) be a model for E’,
where the coefficients of f(z) = 2% + ax? + bx + c satisfy the congruence conditions of Table 1.
Then 3? = g(z) = 2> + pax? + p?bz + p3c is a model for E. Furthermore, K, = K; and R, has
index p? in R 7. It follows that the local invariants of £ are as in Table 1. Theorem 1.6 follows
the density computations in the following proposition. ]

PROPOSITION 2.2. The density of elliptic curves over 7Z, having a fixed Kodaira symbol is as in
Table 1.

Proof. Let T be a fixed Kodaira symbol. Let U(Z,)™) (respectively, Uy(Z,)")) denote the set of
elements f € U(Z,)™" (respectively, f € Uy(Z,)™") such that Ef has Kodaira symbol 7. Then
the density of elliptic curves with Kodaira symbol T is Vol(Up(Z,)")) = Vol(U(Z,)(")), where
the equality holds since Z, - Up(Z,)™) = U(Z,)™) and the Jacobian change of variables of the
map (3) is 1.

We start with Kodaira symbol Ty. The set U(Z,)0) consists of those f € U(Z,) such that
f(z) (mod p) has three distinct roots in F,. Denote these roots by a1, as, and as. Either the ;
all belong to I, or a1 € F) and a2, a3 are a pair of conjugate elements in F,2\F, or the «; are
conjugate elements in F)3\IF,. Thus, we have

pp—1)(p—-2) p@*—p) p*-p
6p> 2p3

Vol(U (2,,) 1)) =

as required.

Second, we consider the Kodaira symbol I,, for n > 1. Suppose f(z) € U(Z,)'". Then f(z)
has exactly one double root modulo p. We therefore have f(z) = g(z)(x — ), where g(x) has a
double root modulo p, and p { g(«). Clearly, we have Ap(g) = Ap(f) = p", since A, (Ey) = p". We
write the quadratic factor g(x) in unique form as g(z) = (z + 3)? + . The discriminant condition
translates to p™ || v, and the condition that pt g(«) translates to p{ (a4 [3). Therefore, every
element of U(Z,)™ can be expressed uniquely in the form

(z+B)* +)(x—a) =2+ (28 — a)2® + (8° — 208 + )z — af® — a,

2 The étale Qp-algebra corresponding to f is a product of Q, and an étale quadratic Q, algebra. The latter has
discriminant p if it is a ramified quadratic extension of Q,, and is 1 otherwise.
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such that p” || v and p 1 (e + ). The Jacobian change of variables for the map («, 3,7) — (a,b, c)
is —2(a + 3)? — 27, which is always a unit. Thus, we have

Vol(U(Zy)'™) = Vol(p"Zy\p" ' Zy)Vol({(a, B) € Zp : pt (a+ B)})
=(p—1)%/p""?,

as required.

Third, we consider the Kodaira symbols II, III, and IV. If f € Uy(Z,) is such that the Kodaira
symbol of E; is one of the three above, then f(z) =23 + Az + B has a triple root modulo p,
which implies that p divides A and B. By examining the second column of Table 1, we see that
the Kodaira symbol of Ey is IT if and only if p | A and p || B; I if and only if p || A and p? | B;
and IV if and only if p? | A and p? || B. Hence the volumes of Uo(Zp)(T), for T' =11, III, and IV,
are respectively (p —1)/p>, (p —1)/p*, and (p — 1)/p?, as required.

Finally, we turn to the large Kodaira symbols, that is, those corresponding to large elliptic
curves. Consider the map

o:U(Z,)"™ — U(Zp)
23 + ax?® + bx + ¢ — 23 + pax? + p*bx + pie.
Clearly, if S C U(Z,) is any measurable set, then Vol(o(S)) = p~Vol(S). Furthermore, we set
o(l,) =1, o(Il) = IV*, o(III) = III*, and o(IV) = II*. Then o sends f of Kodaira symbol T to
o(f) of Kodaira symbol o(T"). Moreover, we have o(t - f) = (pt) - o(f). Hence we have

‘7<U(Zp)(T)) =0(Zp- UO(ZP)(T)) = (pZyp) 'U(UO(ZP)(T))-

Fix any g € UO(ZP)("(T)). There exists ¢t € Z, such that the coefficients of t-g are as in the
second column of Table 1. Hence there exists f € U(Z,)") with o(f) =t - g. Then o(fo) is Z,-
equivalent to g. Since o(fy) and g both belong to Uy(Z,), we must have o(fy) = g. Hence we
have o(Up(Z,) ")) = Uy(Z,) @), Therefore, we have

Vol(U(Zp)(a(T))) = Vol(Z, - UO(ZP)(J(T)))
= p - Vol(pZ, - Up(Z,) "))
= p-Vol(o(U(Z,) D))
= p*Vol(U(Z,)™).
This concludes the proof of Proposition 2.2, and thus of Theorem 1.6. 0

Theorem 1.6 has the following immediate corollary, which will be useful in what follows.

COROLLARY 2.3. Let p > 5 be a prime. The density of elliptic curves E over Q, with good,
multiplicative, or additive reduction, such that ind(F) = A,(E)/Cy(E) = p*, is as given in
Table 2.

3. Fourier coefficients of polynomials with fixed Kodaira symbol

Let p > 5 be a prime, and let U(Z,)™" and U(Z,)*™ be as in §2. Recall that to each f(z) €
U(Z,)™" we associate the Kodaira symbol of the elliptic curve E¢. By (the proof of) Theorem 1.6,
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TABLE 2. p-adic densities of elliptic curves with given index.

Good Multiplicative Additive
Index reduction reduction reduction Total
1 (p—1)/p (»—1)2/p® (»—1)/p* »* - 1)/p?
p 0 (p—1)%/p* (»—1)/p" (»—1)/p°
P? 0 (p—1)/p° (p—1)/p° (»—1)/p*
p° 0 (p—1)%/p° 0 (p—1)%/p°
p! 0 (p—1)%/p" (p—1)/p° 2p—D(p—-1)/p"
pF k=678 0 (p—12/p* -1 -1)/p"*  Bp-2)(p-1)/p*"
pF,k=50rk>9 0 (p—1)%/p"*? (p—1)%/p"*® 2(p — 1) /ph*?

an element f(z) € U(Z,)™™ belongs to U(Z,)™ and satisfies A(f) # C(f) if and only if the
Kodaira symbol of f is III, IV, or I,, for n > 2. Denote the set of polynomials f(z) € U(Z) such
that f € U(Z,)™™ for all primes p by U(Z)™". Given f(x) € U(Z)™™" and a prime p, we say
that the Kodaira symbol of f at pis T, the Kodaira symbol of f(x) considered as an element in
U(zp)min.

Let X be a set consisting of the following data: a finite set {p1,...,px} of primes p; > 5 along
with a Kodaira symbol T'(p;) which is III, IV or I,,>9 associated to each prime p; in the set.
We say f € U(Z) has splitting type ¥ if f has Kodaira symbol T'(p;) at each prime p; in X. Let
U(Z)s, denote the set of elements f € U(Z) with splitting type X. Given such a collection X,
we define the constant Q(X) to be [], pi*, where a; = 1 if T'(p;) is Il or IV, and a; = [n/2] if
T(p;) is I,. Note that if f € U(Z)sx, then Q(X) | Q(f). We define mr(X) to be the product of
all primes p such that T'(p) = T. We also define my,qq(X) to be the product of all primes p in 3
such that o(p) = I,, for some odd integer n. Finally, we define v(X) to be the product over the
primes p in ¥ of the density v(T},), that is, the p-adic volume of the set of elements in U(Z,)™"
having Kodaira symbol T'(p).

Define the height function H on U(R) to be

H (2 + ax® + bz + ¢) := max{|a|’, |b]3, |c|*}.

The goal of this section is to obtain a bound on the number of elements in U(Z) that have
bounded height and specified Kodaira symbols III, IV or I,,>2 at finitely many primes. We prove
the following theorem.

THEOREM 3.1. Let X be as above and, for every Kodaira symbol T, denote Q(X), moqq(X), and
mp(X) by Q, moqq, and myp, respectively. Then we have
Y
. 5 + Qmodd YE,
Q*mimmiymoedd  MIv

#{feU@Z)s  H(f) <Y} <
where the implied constant is independent of Y and 3.

Theorem 3.1 will be used in §6.2, where we sum over all possible reduction types such that
ML, MIV, Meven, Modd, and @ belong to specified dyadic ranges, to prove Theorem 1.5.

This section is organized as follows. First, in §3.1, we recall some preliminary results from
Fourier analysis. In particular, the ‘twisted Poisson summation’ formula of Proposition 3.2 will
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be our main tool in proving Theorem 3.1. Also, in (6), we determine how the action of G, on U
changes the Fourier coefficients of functions. Next, in § 3.2, we compute the Fourier coeflicients of
a slightly modified version of the characteristic functions of the set of monic polynomials having
Kodaira symbol T, for T' = III, IV, and I,;>2. Finally, in §3.3, we use these computations and
the twisted Poisson summation formula to prove Theorem 3.1.

3.1 Preliminary results from Fourier analysis

We fix a positive integer N with (V,6) = 1, and consider the space U(Z/NZ) dual to U(Z/NZ).
We write elements x € U(Z/NZ) as triples x = (a,b,¢) € (Z/NZ)3, and view y as the character
given by

(4)

a-a+b-b+c-c
N )

X(x3+a$2+bx+c):e<

where e(z) := exp(2miz). Given a function ¢ : U(Z/NZ) — C, we have the Fourier dual ¢ :

—

U(Z/NZ) — C defined to be
600 = Y eHx(),

FeU(Z/NZ)
and Fourier inversion yields the equality
1 .
N3 Z¢(X)X( )= o(f)-
X
The additive group Z/NZ acts on the space U(Z/NZ) via the action (r - f)(z) = f(z + 7).
Identifying U(Z/NZ) with the coefficient space (Z/NZ)3, we write the action explicitly:
r-(a,b,¢) = ((a+3r), (b+2ra+ 3r?), (c+ rb+ r’a + r?)).

Given a function ¢ : U(Z/NZ) — C and an element r € Z/NZ, we define r- ¢ : U(Z/NZ) — C

—

to be (r-¢)(f) :== ¢((—r) - ). We also define an action of Z/NZ on U(Z/NZ) by
r-x = ((@+2rb+r%¢), (b +ré), é), (5)

for x = (a,b,¢). Then we have

r () =3 (- D) (X)) =D o((=r) - Hx(H) =3 e(f)x(r - f)
f f f
aa+b(b+2ra) + é(c+rb+ra)\ (3ar + 3br? + e
= Y s(pe( T .
f:(a7b7c) ( N ) < N >

3ar + 3br? + ¢’ (d—l—?ré—i—r%)a—i—(i)—l—ré)b—l—éc
=e< N ) > ¢<f>e< N )

f=(a,b,c)
= \IIT(X)é(T : X)a (6)

where we set

3ar + 3br2 + ¢
U, (x) = e( N )
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Note that if we identify elements x = (a, b, ¢) € UW Z) with binary quadratic forms

Py (z,y) := az? + 2bxy + éy?,

—

then the action of Z/NZ on U(Z/NZ) in (5) corresponds exactly to the natural action
Pr-x(xa y) = PX($, y+ T‘T)'

We define Ay(x) = b*> — aé. Then Ay is invariant under the action of Z/NZ. Throughout the

rest of this section, we will thus identify the space U (Z/W Z) with the space V2(Z/NZ), where
Vo = Syms(2) is the space of binary quadratic forms with middle coefficient a multiple of 2.
Finally, we recall the following ‘twisted Poisson summation’.

PROPOSITION 3.2. Let 1) : U(R) — R denote a smooth function with bounded support. Let ¢ :
U(Z/NZ) — R be any function. Then, for every positive real number Y, we have

a b c Y (YV6q Y3 Y26 L
Z ¢<y1/6’yl/3’y1/2)¢<a’bvc>:Ng Z A¢< N ' N N >¢(aabac)'
(a:b,c)€U(Z) X=(a,b,8) €T (Z)

The 1[1 on the right-hand side is the usual Fourier transform over R and so decays faster than
any polynomial.

Proof. Fix a complete set of representatives in U(Z) for the quotient map U(Z) — U(Z/NZ). We
abuse notation and identify these representatives with the corresponding elements in U(Z/NZ).

Then
a b c
Z ¢<Y1/6’ y1/3’ Y1/2>¢(a7b’ c)
(a,b,c)eU(Z)
a1+ Nas by + Nby ¢+ Neo
= > ¢(ar, b1, c1) > 1/}( Pal ) mEAL N >
(a1,b1,¢1)€U(Z/NZ) (a2,b2.00) €U (Z) Y1/ Y1/ y1/
- Z ¢(CL b1, c )ﬂe a1d Y1/3e @ Y1/2e ié
1,V1,C1 N N N N ¥ N
(a1,b1,¢1)€U(Z/NTZ)
(Y VSs vI/Bh v1/2¢
X " ’ 7
> (5
x=(a,b,) U (Z)
(YVSq Y3h Y126\ . .
:m Z N ’ N ) N >¢(a,b,c),
x=(ab.2) €U (Z)
where the second equality follows from Poisson summation. 0

3.2 Bounds on Fourier coefficients

Let p > 5 be a fixed prime. The conditions imposed by the choice of Kodaira symbol T' being
equal to III, IV or I,>o are defined via congruence conditions modulo N = N,(T), where N is
p?, p? or p*, respectively. Hence, when we refer to an element f having one of the above Kodaira
symbols, we will be implicitly assuming that f belongs to U(Z/NZ), where N is the appropriate
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power of p. Naturally, in this context, we will also assume that elements y belong to U (Zﬁﬁ 7),
and represent them as triplets (a,b,¢) € (Z/NZ)3.
For a Kodaira symbol T' € {III,IV,I>2}, we define the set So(7') to be

{3+ az? +br+c:plap|bp?|ct CcUZ/P*Z) if T =111,

{3+ az? +bx+c:pla;p®|bp?|ct CcUZ/p?Z) if T =1V,
{23+ az? +br+c:p" | b,p*™ | c} CU(Z/P*"Z) if T = Iay,

{23 +ax?® +bx +c:p"t | b,p? L | e} CUZ/P*Z) i T =lopya.

From the second column of Table 1, it follows that every element having Kodaira symbol T
is contained within some G, translate of So(T"). Let ®g 7 denote the characteristic function of
So(T'), and define the function &7 by

P = Z - ®o,r,

re€Z/MZ

where M = M,(T) is p if T =111V, p" if T = Iy,, and p"™! if T = I,1;1. The next lemma,
determining the Fourier transforms of the sets ®q 7, follows quickly from the definitions.

LEMMA 3.3. Let p > 5 be a prime number. Let T' be one of the three Kodaira symbols, and let
N = N,(T) denote the appropriate power of p. For x = (a, b,é) € U(Z/NZ), we have

y . . . .
— _[p® ifpla,p|b, — _[p ifp]a,
|Po,m(x)] = {0 otherwise; [@ov () = 0 otherwise;

|g\(x)| _ p3n l'fp2n | d’pn | 67 |(I>/\ (X)| _ p3n+1 jfp2n+1 ’ d7pn | B,
0.Izn 0 otherwise; 0Ian+1 0 otherwise.
As an immediate consequence, (6) yields the inequality
|D7(x)| < P*Trr(x), (7)

where kr is 2, 1, 3n, or 3n + 1 depending on whether 7T is III, IV, Is,, or Is,41, respectively,
and r7(x) is the number of r» € {0,..., M — 1} such that (r - x) belongs to the support of ®q 7.
To bound &7 (), it then remains to bound r7(y).

LEMMA 3.4. We have the following assertions.

1. Let T =1III. Then rp(x) = 0 unless p | Aa(x). In that case, rr(x) = 1 if pt x and rr(x) =p
otherwise.

2. Let T =1V. Then rr(x) < 2 if p{ x and rr(x) = p otherwise.

3. Let T =1y,. Then ry(x) = 0 unless x is Gq-equivalent to some element (0, p" b, p/¢), for i
and j nonnegative integers and p { bé. Then rp(x) < p™n®:Li/2]),

4. Let T = Iy,4 1. Then rp(x) = 0 unless x is Gq-equivalent to some element (0, p" b, pi &), for
i and j nonnegative integers and p { bé. Then rp(x) < p™n([3/21),

Proof. We prove the above lemma in the case where T = Iy,,. Assume that x is G,-equivalent

to (0,p" b, p7¢), for i and j nonnegative integers and p { bé. Note that the entry p?¢ does not
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change under the G,-action. Then, by definition, we have
rr(x) = #{r € Z/p"Z: p" | rp? ,p™ | 20" b+ r?plc}.
Write r € Z/p"Z as r = sp* + p"7Z with p{ s. Then the condition on 7 translates to
pn ’pj+k, p2n | (26pn+i+k + Sépj+2k).

We consider two possible cases. First assume that p2” divides both 2bp"++* and sép’t2*. Then we
have k > max(n — i,n — |j/2]), which implies that there are p™®(17/2]) choices for r. Otherwise,
we have n+i+k = j + 2k =: £ < 2n, and p*" ¢ ] 20 + s¢. In this case, s is determined modulo
p2~L which implies that there are p* 5= (2n—0 — pf=n—k choices for r. Note that £ — n — k = .
Furthermore, we have j+ 2k =/ < 2n, from which it follows that 2(/—n —k) = 2j + 2k — 2n < j.
This proves the lemma in the case where T' = Io,,. The other three cases are similar, and we omit

the proof. O

3.3 Proof of Theorem 3.1

Let X be as before, that is, a finite set consisting of primes p > 5 and a Kodaira symbol 7}, = III,
IV, or I,,>9 for each prime p in this set. For each prime p of ¥, set V), := N,(T},) and set mqqd,p
to be p if T}, = Iz, 41 and 1 otherwise. Set (), to be the Q-invariant associated to 7T}, in Table 1.
We define the quantities N = N(X), Q = Q(X), and mygq = Modd(X) to be the product over all
primes p of ¥ of N,, Qp, and my, respectively. Note that N = Q*mogq. Since Q* divides A(f)
for any f with splitting type X, we may assume that ) and also N are bounded above by some
fixed power of Y.

Then elements with splitting type X are defined via congruence conditions modulo N. Let
¢ :U(Z/NZ) — R denote the characteristic function of elements with splitting type . Let ¢ :
U(R) — R>q be a smooth compactly supported function such that ¢(f) =1 for H(f) < 1. We
have

HfeU@s Hf) <Y)< Y w(y‘f/6,Y?/3,Yf/2)¢<a,b,c>

(a,b,0)eU(Z)s

Y (Y Voq Y18p Y126\ . .
— ﬁ Z N 9 N ) N )¢(a7b7 C)
X:(dj),é)EU/(Z)
= So + Sac=0 + Sa,=0 + S0, (8)

where Sy is the contribution of the term y = 0, Szz—¢ is the contribution from the nonzero terms

x with ac¢ = 0, Sa,—o is the contribution from nonzero terms x with A(x) = 0, and S is the

contribution from the terms x with ac¢Aq(x) # 0. We bound each of these quantities in turn.
To begin with, since $(0)/N3 = v(X) and 1 is compactly supported, we have

Sy = %@/}(0)&(0) <v(R)Y <

(9)

Q? 2 )
mImmyyModd

by Table 1. To bound Sze—0, Sa,—0 and Sxg, we have the following immediate consequence of
(7) and Lemma 3.4.

COROLLARY 3.5. With notation as above, let x = (a,b,¢) € U/(Z) with ¢(x) # 0. Let A be the

largest divisor of miyymyy dividing a, b and ¢. For each prime p with T}, = I, or T}, = I, 41 for
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some n > 1, let k, be the nonnegative integer with p*"*%r || Ag(x). Then

&(X) < AmIQHmIV H p3n+k’p/2 H p3n+1+kp/2. (10)

Tp:IZn Tp:[2n+l

Since 1& decays faster than any polynomial, it suffices to consider characters x = (a, b, ¢) such
that

a< N yls  p <« N/ ylU8 e NI y1/2,

We consider Sie—q first. Fix a divisor A of mppmy and a nonnegative integer £, for every prime
p with T}, = I>3. The number of characters x = (0,13, ¢) such that A is the largest divisor of
mpmyy dividing x and mpmyy | A2(x) and p?**F» || Ay(x) for every prime p with T, = Io, or
Tp = TQn-‘rl is

<. —n—kp/2'

N1+€ N1+e
I »

muympvY /3 AY'1/2
rmry o=y o Tonss

The number of choices for A and the &, is < Y. Combining with the bound (10), we have

Y . . Y1/6+e

e > 80,8 < A IT » II o=
b N1+e y1/3 Tp=I2n Tp=I2n+1
é<<N1+€/Y1/2

Y1/6+e

—
miimyy

To bound the sum of é(a, b, 0), we need a slight refinement. Fix again a divisor A of mymy and
a nonnegative integer ¢, for every prime p with 7, = I>>. Suppose x = (a, b,0) with p"+% || b
for every prime p with T, = I, or T}, = T,41. In order for g;p(x) # 0 at these primes p, we
need also p™ttr | @ by Lemma 3.4. If we further require that A is the largest divisor of myrmry
dividing x and mymry | Az2(x), then the number of such x is

Nl—i—s N1+e
H pf2n726p7

<
CAYV6 mpmyY'1/3

Tp=I2n or Iani1

and for any such x, we have

QAS(X) < Am%nmw H p3n+€p H p3n+1+ﬁp.

Tp:]2n Tp:]2n+1
Combining these two bounds gives
Y “ Y1/2+5 Y1/2+€
N3 Z #(a,b,0) <. N H p" H Pt = .
T e - - Qmry
a<N /Y / Tp Iop, Tp I2n+1

B<<N1+e/yl/3

Hence, we have

y1/6+e y1/2+e
Sae=0 <e

(11)

+ .
mimmiy  Qmry

Next, we consider Sa,—o. Let x = (a,b,¢) € U/(\Z) with As(x) = 0. Fix a divisor A of miiimrv
and nonnegative integers ¢, for each prime p with T}, = I>2. Suppose A is the largest divisor of
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mirmyy dividing x and p% || ¢ for all p with T}, = I>2. Then, similar to the case of qg(d, b,0), we
also need p® | @ in order that ®1,(x) #0. As b? = ac, it follows that p | b, in which case

d(x) < AmPymry H p3ntt/2] H PP IHT/2]
Tp=I2n Tp=Ton+1

Once we fix b, the number of choices for pairs (a,¢) such that b? = ac is < N€. Therefore the
number of such characters x is

Nl+e ¢
< e W H p .

Tp=I2n 01 I2n 41
Combining these two bounds gives

y2/3+e _—
N2 mmmIV H P H Pt =

=2y Tp=Ton+1

y2/3+e

Say—0 Ke (12)

QmoddmIHmIV

Finally, we turn to S»o. Once again, we fix a divisor A of mypmiyv and a nonnegative integer
k, for each prime p with T}, = I>2. The number of characters x = (a, b, &) such that A is the
largest divisor of mymyy dividing x, mirmry | Aa(x), and p?"+.e || Ay(x) for any prime p with
Tp = I2n or Tp = T2n+1 is

L Y€

Nlj/; N2te - H p2 ke,
AY 1S mppmivY =T or Ionss
Indeed, the above bounds the number of pairs (b, Ay(x)) satisfying the desired divisibility con-
ditions, and given b and Ay(x), there are Y€ choices for @ and ¢. Combining with (10) then
gives
m

S;ﬁo <<E Y mim H H p 1 Q OddY . (13)

Tp—IQn Tp—12n+1 IV

Theorem 3.1 now follows from (8), (9), (11)—(13), and the inequality of arithmetic and
geometric means.

4. The family of cubic fields with prescribed shapes

A cubic ring is a commutative ring with unit that is free of rank 3 as a Z-module. Given a cubic
ring R, the trace Tr(a) of an element o € R is the trace of the linear map xa: R — R. The
discriminant Disc(R) of R is then the determinant of the bilinear pairing

RxR—7Z, (a,f):=Tr(af).

Given a nondegenerate cubic ring R, that is, a cubic ring R with nonzero discriminant, we then
consider the cubic étale algebras R ® Q over Q and R ® R over R. There are two possibilities
for R ® R, namely, R® and R @ C. We have R ® R = R3 when Disc(R) > 0 (equivalently, when
the signature of R® Q is (3,0)) and R® R = R @ C when Disc(R) < 0 (equivalently, when the
signature of R ® Q is (1,2)).

The ring R embeds as a lattice into R ® R with covolume /Disc(R). As regarded as this
lattice, the element 1 € R is part of any Minkowski basis, and so the first of the successive minima
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of R is simply 1. Let ¢;(R) < ¢3(R) denote the other two successive minima of R. We define the
skewness of R by

sk(R) 1= l2(R) /61 (R).

Given a field K, we denote the ring of integers of K by Ok, and the class group of K by
Cl(K). For positive real numbers X and Z, let R;)—L(X , Z) denote the set of cubic fields K that
satisfy the following two bounds: X < £Disc(Ok) < 2X and sk(Ok) > Z. Set R3(X, Z) to be
the union R5 (X, Z) UR5 (X, Z). In this section, we prove the following result.

THEOREM 4.1. Let X and Z be positive real numbers. Then

>, CUE)2] < X/Z,
KeRs(X,Z)

where the implied constants are independent of X and Z.

This section is organized as follows. In §4.1 we recall the parametrization of cubic rings
and of 2-torsion elements in the class groups of cubic rings, in terms of integral orbits for
the action of GLa(Z) on Sym3(Z?) and of GLy(Z) x SL3(Z) on Z? ® Sym?(Z3), respectively. In
§§4.2 and 4.3, we then prove Theorem 4.1 using these parametrizations in conjunction with
geometry-of-numbers methods.

4.1 The parametrization of cubic rings and the 2-torsion in their class groups

In this section, we recall two parametrizations: first, the parametrization of cubic rings, due
to Levi [Levl4], Delone and Faddeev [DF40] and Gan, Gross, and Savin [GGS02]; and second,
Bhargava’s parametrization [Bha04] of elements in the 2-torsion subgroups of cubic rings. Let
V3 = Sym?(2) denote the space of binary cubic forms. We consider the twisted action of GLy on
V3 given by

(v Nz,y) = demf((fﬁ,y) ),
for v € GLg and f(z,y) € V3. Then we have the following result.

THEOREM 4.2 [Levl4, DF40, GGS02]. There is a natural bijection between the set of GLa(Z)-
orbits on V3(Z) and the set of cubic rings.

We collect some well-known facts about the above bijection (for proofs and a more detailed
discussion, see [BST13, §2]). For an integral binary cubic form f, we denote the corresponding
cubic ring by Ry. The bijection is discriminant preserving, that is, we have A(f) = Disc(Ry). The
ring Ry is an integral domain if and only if f is irreducible over Q. The group of automorphisms
of Ry is isomorphic to the stabilizer of f in GLo(Z).

The bijection of Theorem 4.2 can be explicitly described as follows. Given a cubic ring R,
consider the map R/Z — A%(R/Z) = Z given by r — r Ar2. This map is easily seen to be a
cubic map and gives the binary cubic form corresponding to R. In fact, this map yields the finer
bijection

V3(Z) — {(R,w,0)}, (14)

where R is a cubic ring and (w, 6) is a basis for the two-dimensional Z-module R/Z. More explic-
itly, if f(z,y) = az® + bay + cry? + dy?® with a # 0, then R is the cubic subring of Q[z]/(f(z, 1))
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with Z-basis {1,w, 8} where w = ax and § = ax?® + bx + c. Conversely, the integral binary cubic
form corresponding to (R,w, ) is f(z,y), where

(zw +y0) A (zw +y0)? = f(z,y)(w A 0). (15)

It is easily seen that the actions of GLy(Z) on V3(Z) and on the set of triples (R, w, §) agree. Here
the latter action is given simply by the natural action of GLy(Z) on the basis {w, 0} of R/Z.

Let f be an integral binary cubic form, and let (R, w, ) be the corresponding triple. Fix an
element o = n + aw + bl of R, where n, a, and b are integers and (a,b) # (0,0). The ring Z[«]
is a subring of R having finite index denoted ind(«). It follows from (15) that we have

ind(a)) = f(a,b). (16)

Clearly ind(a) = ind(a + n) for n € Z. Finally, we note that the bijections of Theorem 4.2 and
(15) continue to hold if Z is replaced by any principal ideal domain [BSW15, Theorem 5].

Next, we describe the parametrization of 2-torsion ideals in the class groups of cubic rings.
Let W denote the space 2 ® Sym?(3) of pairs of ternary quadratic forms. For a ring S, we write
elements (A, B) € W(S) as a pair of 3 x 3 symmetric matrices with coefficients in S. The group
G253 = GLg x SL3 acts on W via the action (v2,73) - (4, B) := (y347%,73B~4)75. We have the
resolvent map from W to V3 given by

W — Vs
(A, B) — det(Ax + By).

The resolvent map respects the group actions on W and V3: we have
Res((72,73) - (4, B)) = (det72)(72 - Res(4, B)). (17)

The following result parametrizing 2-torsion ideals in cubic rings is due to Bhargava [Bha04,
Theorem 4].

THEOREM 4.3 [Bha0O4]|. There is a bijection between GLa(Z) x SL3(Z)-orbits on W (Z) and
equivalence classes of triples (R, I, §), where R is a cubic ring, I C R is an ideal of R having rank 3
as a Z-module, and § is an invertible element of R ® Q such that 1> C (§) and N(I)?> = N(6).
Here two triples (R,1,6) and (R',I',0") are equivalent if there exist an isomorphism ¢ : R — R/
and an element k € R ® Q such that I' = ¢(kI) and §' = ¢(k?5). Moreover, the ring R of the
triple corresponding to a pair (A, B) is the cubic ring corresponding to Res(A, B) under the
Delone—Faddeev parametrization.

When R = Ry is the maximal order in a cubic field K, the above result gives a bijection
between the set of GL2(Z) x SL3(Z)-orbits on the set of pairs (A, B) € W(Z) with resolvent f,
and the set of equivalence classes of pairs (I, ), where I is an ideal of R, § € K, and I? = (§).
The latter set is termed the 2-Selmer group

1 — R*/(R*)? — Sely(K) — CIK)[2] — 1,

where R* denotes the unit group of K.

We will use the two parametrizations above to count cubic fields with bounded discriminants
and skewed rings of integers in §4.2 and then to count their 2-Selmer groups in § 4.3 from which
Theorem 4.1 follows.
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4.2 The number of cubic fields with bounded discriminants and skewed rings of
integers
The goal of this subsection is to prove the following result.

PROPOSITION 4.4. Let X and Z be positive real numbers. There exists some constant C' such
that RE (X, Z) is empty if Z > CX'/S. Otherwise |RE (X, Z)| = O(X/Z).

For any subset S of V3(R), let S* denote the set of elements f such that £A(f) > 0. Then
V3(R)* (respectively, V3(IR)™) consists of a single GLa(R)-orbit and corresponds to the cubic
algebra R? (respectively, R @ C). We denote this cubic R-algebra by R*. Let F5 denote Gauss’s
fundamental domain for the action of GLa(Z) on GL2(R). We write elements of GLg(R) in
Iwasawa coordinates, in which case we have

Fo={nakX:n e N'(t),a(t) € Ak € K,\ € A},

=y Joreno). =)z
()}

and K is as usual the (compact) real orthogonal group SO2(R); here v(¢) is a union of one or
two subintervals of [—1,1
their Iwasawa coordinates as (n,t, A, k). Fix compact sets BT C V3(R)* that are closures of open
bounded sets. Then, for every point v € B, the set Fs - v, viewed as a multiset, is a cover of a
fundamental domain for the action of GLa(Z) on V3(R)* of absolutely bounded degree. Recall
that for a cubic ring R, its skewness sk(R) is defined to be the quotient ¢3(R)/¢1(R) where
1,41(R),f2(R) are the successive minima of R, regarded as a lattice inside R ® R. We have the

following lemma.

where

(18)

| depending only on the value of ¢. Elements na(t)kA are expressed in

LEMMA 4.5. Let v € BT be any binary cubic form. Let v = (n,t,\, k) € Fy be such that f =
v - v is an integral binary cubic form. Then we have

sk(Ry) =< %,
where Ry denotes the cubic ring corresponding to f.

Proof. Every binary cubic form v in V3(R)* gives rise to the cubic algebra R*, where RT = R3
and R~ =2 C @R, along with elements o, and 3, such that (1,a,,(,) form a basis for RT.
Furthermore, the lattice spanned by 1, a,,, and 3, has covolume /[A(v)]. Since B is compact,
it follows that we have |a,| < 1 and |3,| < 1 for v € BT. Additionally, the action of GLy(R) on
V3(R) agrees with the action of GL2(R) on pairs («,, 3,) by linear change of variables. That is,
we have (0., By0) =7 - (o, Bo).

Let f=+v-v be an integral binary cubic form as in the statement of the lemma. Since
v € Fo, it follows that || < M~ and |8f| < At. As a consequence, |ay| - |B¢| < y/Disc(f). Hence
the successive minima of Ry are, up to a bounded multiplicative constant, 1, |ay|, and |Gy
(see, for example, [EK95, Lemma 2.2]). Therefore, we have lo(Ry)/l1(Rys) =< |B¢|/|of] < t* as
necessary. O
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Next, we have the following lemma, due to Davenport [Dav51], that estimates the number
of lattice points within regions of Euclidean space.

PROPOSITION 4.6 [Dav51]. Let R be a bounded, semi-algebraic multiset in R™ having maximum
multiplicity m, and that is defined by at most k polynomial inequalities each having degree at
most £. Then the number of integral lattice points (counted with multiplicity) contained in the
region R is

Vol(R) + O(max{Vol(R), 1}),

where Vol(R) denotes the greatest d-dimensional volume of any projection of R onto a coordinate
subspace obtained by equating n — d coordinates to zero, where d takes all values from 1 ton — 1.
The implied constant in the second summand depends only on n, m, k, and .

We are now ready to prove Proposition 4.4.

Proof of Proposition 4.4. A general version of the first claim of the proposition, applying to
number fields of all degrees, is obtained in [BST*17, Theorem 3.1], and further generalizations
are proved in [Chil9]. For completeness, we include a proof for our case below. Let K be a cubic
field whose ring of integers O belongs to Rgi (X, Z), and let (1, a, B) be a Minkowski basis for
Ok with |a| < |B|. Consider the ring Z[a] which is a suborder of Ox. We have

X% =< /Disc(Ox) < v/Disc(Z[a]) < |a)?,

and it follows that |a| > X/6. Since |o|8] < X'/2, we have Z = |3|/|a| < XV/2/X?/6 = X1/6
and the first claim of the proposition follows.

We now estimate |Ri (X, Z)| under the assumption that Z < X'/6 following the setup of
[BST13, §5]. Let v be an element of the compact set B*. If (n,t,7, k) - v corresponds to a cubic
ring R with X < Disc(R) < 2X and sk(R) > Z, then it follows that A\ =< X% and t > Z'/2,
respectively, where the latter fact follows from Lemma 4.5. Hence we have

RE(X, 2)| < ﬁ:m,t,A,WZ #{g- B N V(2)"™} dg
AxX1/4
t>>Zl/2

< /g=(n,tvx,k)ef2 #{g- BENV5(Z)}dg,
A= X1/4
Zl/2<<t<<X1/12

where the second inequality follows from the observation that if ¢ > X'/12, then every element
f(x,y) in g- BT has x3-coefficient less than 1 in absolute value. Therefore no such integral
element f(z,y) can be irreducible since its z3-coefficient must be 0. Applying Proposition 4.6 on
the set g - BT, we obtain

IR; (X, Z)| < / / A+ X2 d*td* A
=X1/4 J 712t X1/12

X X

24 x5/6 o 2

<o+ <7,

since Z < X1/6. The proposition follows. O
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We end this subsection with a counting result on the number of primitive algebraic integers
in a cubic field of bounded size to be used in §6.1. We say an element « in a ring R is primitive
if a # ng for any # € R and any integer n > 2. We use the superscript Tr = 0 to denote the
subset of elements of trace 0.

LEMMA 4.7. Let K be a cubic field with discriminant D. For any real numberY > 0, let Nk (Y)
denote the number of primitive elements o € O~ with |a| < Y. Then

0 iy < 0(K),
5t O(Mm) if 6(K) < Y.

Note that if 5(K) <Y, then Y/¢1(K) < Y?/+/D and so we simply have Ny (Y) < Y2/v/D,
which is the best possible bound in this case.

Proof. The first two lines of (19) are clearly true. In fact, they are equalities. The final claim
follows from Proposition 4.6 by replacing Nk (Y) by the overcount where we count all (not merely
primitive) traceless elements e € Ok, since OF=C considered as a lattice inside (K ® R)™=0 has
covolume v/D. O

4.3 The 2-torsion subgroups in the class groups of cubic fields

Let K be a cubic field, and let f € V53(Z) be the binary cubic form corresponding to Ok, the
ring of integers of K. A consequence of Theorem 4.3 is that the set of 2-torsion elements in the
class group of K injects into the set of SL3(Z)-orbits on the elements (A, B) € W(Z) satisfying
Res(A,B) = f.

Choose Iwasawa coordinates (m,t,\, k) for GLa(R) as in the previous subsection and
(u, s1, 82, k3) for SL3(R) as in [Bha05, §2.1]. A Haar measure for SL3(R) in these coordinates is
57955 dudkzd” s1d* so. Let F3 denote a fundamental domain for the action of SL3(Z) on SL3(R),
such that F3 is contained within a standard Seigel domain in SL3(R). Then F 3 := Fa x F3 is
a fundamental domain for the action of G 3(Z) on G2 3(R). There are four G 3(R)-orbits hav-
ing nonzero discriminant on W (R), and we denote them by W (R)®, 1 <i < 4. For each i, let
B; C W(]R)(i) be compact sets, which are closures of open sets, such that Res(B;) C BT UB~,
where BT and B~ are as in the previous subsection. For each element w € B;, the set Foz-wis
a cover of a fundamental domain for the action of G 3(Z) on W (R)®. Let B denote the union
of the B;.

Next, let W (Z)'™ denote the set of elements (A, B) € W(Z) such that the resolvent of (A, B)
corresponds to an integral domain, and such that A and B have no common root in P?(Q).
Elements in W (Z) that are not in W (Z)"™ are said to be reducible. Given a reducible element w
with resolvent f, either Ry is not an integral domain or w corresponds to the identity element
in the class group of Ry. We now have the following lemmas.

LEMMA 4.8. Let g = (g2,93) be an element in F3, where g = (n,t, ko, \) € Fa and g3 € Fs.
Let (A, B) be an integral element in g - B such that Res(A, B) = f. Then we have

A(f) = M2, sk(Ry) < t2
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Proof. The lemma follows immediately from (17) in conjunction with Lemma 4.5 and the fact
that A is a degree-4 homogeneous polynomial in the coefficients of V3. O

LEMMA 4.9. Let (A, B) be an element in W (Z). Denote the coefficients of A and B by a;; and
bij, respectively. If det(A) = 0 or aj1 = b1y = 0, then (A, B) is reducible.

Proof. 1f det(A) = 0, then the cubic resolvent of (A, B) has z3-coefficient 0, implying that (A, B)
is reducible. If a;; = b1; = 0 then A and B have a common zero in P?(Q), implying that (A, B)
corresponds to the identity element in the class group of Ry. U

We are now ready to prove the second claim of Theorem 4.1.

Proof of Theorem 4.1. We follow the setup and methods of [Bha05]. To begin with, averaging
over w € B as in [Bha05, (6) and (8)], we obtain

> (ICHK) 2] —1)
KeRE(X,Z)
<</ |{w€g-BﬂW(Z)i" :KRes(w) ERg(X,Z)Hdg
g€.7-'273

dXNd*td*s; d*s9
25955

)

<[ Hwe (W (s1,52) BAWE™ : K € Ra(X. 2)}
51,52,t>1

where Ky denotes the algebra Q ® Ry for an integral binary cubic form f.

The action of an element ((A,t),(s1,s2)) € Fa,3 on W(R) multiplies each coordinate ¢;; of
W by a factor which we denote by w(c;;). For example, we have w(ai1) = Mt~ sy %s;2. The
volume of B is some positive constant, and when B is translated by an element ((A,t), (s1, $2)),
the volume is multiplied by a factor of A2, the product of w(c;j) over all the coordinates c¢;;.
Furthermore, the maximum of the volumes of the projections of ((A,t), (s1,s2)) - B is

< ] wlei) = T Aw(c),

CijGS Cijgs

where S denotes the set of coordinates c;; of W(R) such that the length of the projection of
(A1), (s1,52)) - B onto the ¢;;-coordinate is at least > 1.

For the set ((\, 1), (s1,52)) - BN W(Z)™ to be empty, it is necessary that the projection of
B := ((\t), (s1,52)) - B onto the byj-coordinate is > 1. Otherwise, every integral element of B’
has aj; = by = 0, and is hence reducible by Lemma 4.9. Similarly, the projections of B’ onto
the a13- and age-coordinates are also > 1 (since otherwise every integral element (A, B) of B’
satisfies det(A) = 0). Finally, for B'N W (Z) to contain an element whose resolvent cubic form
corresponds to a field in R3(X, Z), we must have A < X'/12 and Z'/2 < t « X'/2 by Lemma 4.8.
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Therefore, applying Proposition 4.6 to the sets ((A, ), (s1,s2)) - B, we obtain
> (oum)E| -1
KeRE(X,2)
dX)\dXtdxsl dXSQ
25955

12 —1 -1
<</ Msise (A T(L+w(ann)” +w(arraiz) ™)
X /12
Z1/2<<t<<X1/12
S1,52>>1
dX*Nd*td*s; d*ss

2.6 .6
1258759

< / A\ t,51,82 ()\12 + S%Sgt)\n =+ S%s%tZAlo)
A= Xx1/12
712 e x1/12
S1,52>>1

< X/Z+X11/12/Z1/2 +X5/6+e,

which is sufficient since Z < X'/¢. Theorem 4.1 now follows from this bound and Proposition 4.4.
0

5. Embedding into the space of binary quartic forms

Recall that Up(Z) denotes the set of monic cubic polynomials with zero x2-coefficient, and
Uo(Z)™ = Up(Z) N ,Uo(Zp)™ denotes the set of elements f(x) € Up(Z) such that the elliptic
curve y? = f(x) has minimal discriminant among all its quadratic twists. We define the height
function H : Uy(Z) — R by

H(2® + Az + B) = max{4|A|?,27B?}.

For f(x) € Uo(Z), we write Ky = Q[z]/(f(x)), Ry = Z[z]/(f(x)), and let Of denote the maximal
order in K¢. The Q-invariant Q(f) of f is defined as the index of Ry in Oy, and D(f) is defined
to be the discriminant of K. Observe from Table 1 that for primes p of type III, IV and Ij,41,
we have p | Q(f) and p | D(f). Note also ged(Q(f), D(f)) is squarefree.

In this section we obtain a bound on the number of elements f € Uy(Z)*™, having bounded
height, such that both Q(f) and ged(Q(f), D(f)) are large.

THEOREM 5.1. Let @ and g be positive real numbers with @@ > q. Let Ng ,(Y) denote the
number of elements f(z) € Up(Z)™ such that H(f) <Y, |Q(f)| > Q, and gcd(Q(f), D(f)) > q.

Then
Y5/6+e Y7/12+e
Nqu(Y) <<€ qQ + Q1/2 )

where the implied constant is independent of @), q, and Y .

This section is organized as follows. First, in § 5.1, we collect classical results on the invariant
theory of the action of PGLy on the space V4 of binary quartic forms, and summarize the
reduction theory of binary quartics developed in [BS15]. Next, in § 5.2, we restrict to the space
Vi(Z)d of binary quartic forms with a linear factor. We develop the invariant theory for the
action of PGLy on this space, and construct an embedding Up(Z)*™ — Vy(Z)™d.

In §§5.3-5.5, we estimate the number of PGLo(Z)-orbits on elements in Vj(Z)™ with
bounded height and large @-invariant and whose @)- and D-invariants have a large common
factor. We do this by fibering the space Vj(Z)™d by their roots in P!(Z). Given an element
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r € PL(Z), the set of elements in V4(Z) that vanish on r is a lattice £,. We then count the
number of elements in £,, using the Ekedahl sieve to exploit the condition that ged(Q, D) is
large.

5.1 The action of PGL> on the space V; of binary quartic forms
Let V; denote the space of binary quartic forms. The group PGLy acts on Vj as follows. Given
v € GLy and g(z,y) € V4, define

1
(det)?

(v-9)(x,y) = 9((@,y) - 7).
It is easy to check that the center of GLg acts trivially. Hence this action of GL2 on V4 descends
to an action of PGLsy on V.

The ring of invariants for the action of PGLy(C) on V4(C) is freely generated by two elements,
traditionally denoted by I and .J. Explicitly, for g(x,y) = az* + bx3y + ca®y? + dxy® + ey?, we
have

I(g) = 12ae — 3bd + 2,
J(g) = T2ace + 9bed — 27ad? — 27eb* — 263

The height H(g) of a binary quartic form g(z,y) is defined by H(g) = max{4|I(g)|3, J(g)?}.

We collect results from [BS15, §2.1] on the reduction theory of integral binary quartic forms.
For i = 0,1,2, we let V4(R)® be the set of elements in V(R) with nonzero discriminant, i pairs
of complex conjugate roots, and 4 — 2i real roots. Furthermore, we write V4(R)® = V4(R)*H) U
V4(R)2) as the union of forms that are positive definite and negative definite. The four sets L)
for i € {0,1,24,2—} constructed in [BS15, Table 1] satisfy the following two properties: first,
L are fundamental sets for the action of Rsq - PGLa(R) on V4(R)® where R acts via scaling;
and second, the sets L(®) are absolutely bounded. It follows that the sets R := Ryq- L) are
fundamental sets for the action of PGLy(R) on V4(R)(®, and that the coefficients of an element
f(z,y) € RY with H(f) =Y are bounded by O(Y''/%).

For A’) N'(t), and K defined in (18), set

Fo={na(t)k:n(u) € N'(t),a(t) € A’k € K}.

Then Fy is a fundamental domain for the left multiplication action of PGL2(Z) on PGLy(R); and
the multisets Fy - R® are n;-fold fundamental domains for the action of PGLy(Z) on V(R)®,
where ng = noy = 4 and ny = 2. Let S C V4(Z)9 = V4(Z) N V4(R)® be any PGLy(Z)-invariant
set. Let N4(S; X) denote the number of PGLy(Z)-orbits on S with height bounded by X such
that each orbit PGL2(Z) - f is counted with weight 1/#Stabpgr,z)(f). Let Go C PGL2(R) be
a nonempty open bounded K-invariant set, and let dy = t~2dnd*tdk, for v = ntk in Iwasawa
coordinates, be a Haar measure on PGL2(R). Then, identically as in [BS15, Theorem 2.5], we
have the following result.

THEOREM 5.2. We have

1

AR

/ #(SA1Go- RV} dv,
v€Fo
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where Rg? denotes the set of elements in R with height bounded by X, the volume of Gy is
computed with respect to dv, and for any set T'C V(R), the set of elements in T with height
less than X is denoted by Tx.

Apart from its use in this section to obtain a bound on reducible binary quartic forms,
Theorem 5.2 will also be used in § 7 to prove Theorem 1.2.

5.2 Embedding Uy(Z)%™ into the space of reducible binary quartics
Let f(z) = 23 + Az + B be an element in Up(Z)*™ with Q(f) = n. From Theorem 1.6 it follows
that there exists an integer r, defined uniquely modulo n, such that f(x 4 r) is of the form

f(x+7) =2+ az® + bnx + en?.

The cubic ring Ry = Z[x]/(f(x)) is contained in the cubic ring corresponding to the binary cubic
form

h(z,y) = na® + ax’y + bry® + cy®
under the Delone-Faddeev correspondence, with index m. In other words, the cubic ring
corresponding to h(z,y) is the ring of integers Oy in Ky = Q[z]/(f(x)).

Elements in Uy(Z)*™ with Q-invariant n thus correspond to integral binary cubic forms
that represent n. However, the latter condition is difficult to detect, at least using geometry-of-
numbers methods. Instead, we embed the space of binary cubic forms into the space W;(Z)md
of binary quartic forms with a linear factor over Q by multiplying by y. In fact, we will replace
Vi(Z)rd with its (at most 4 to 1) cover V4(Z) consisting of pairs (g(x,y), [o, 3]), where g is a
reducible binary quartic forms and [« (] is a root of f. Explicitly,

Vi(Z) = {(g(z,y), [, B]) : 0 # g(,y) € Va(Z)™*", o, B € Z,ged(ev, B) = 1, g(a, f) = 0}.
This gives us the following map & : Up(Z)*™ — V4(Z):
G : Up(Z)™ — Va(Z) — Va(Z)
f(x) = h(z,y) — (yh(z,y),[L,0]).
The group PGLy(Z) acts on V4(Z) via

v (gl y), [a:B) = ((v-9)(@,y), [o: By

(20)

this is an action since (7 - g)((a, )7~ 1) = g(a, ) = 0. Aside from the classical invariants I and
J, this~ action has an extra invariant, which we denote by @, defined as follows. Given (g, [« :
B]) € V4(Z), let h(z,y) = g(x,y)/(Bxr — ay) be the associated binary cubic form and we define

Qg [a: B]) = hla, B),  D(g,[a: B])) = A(h). (21)

The - and D-invariants and the discriminant are related by

A(g) = Q(g,[a : B])*D(g, [a : B]).

We now have the following result.
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ProPOSITION 5.3. There is an injective map
o : Up(Z)™ — Vi4(Z) — PGLo(Z)\Va(Z),
such that for every f(x) = 2® + Az + B € Uy(Z)*™, we have
I(o(f)) = =34, J(o(f))=-27B, Q(f)=Q(a(f)), D(f)=D(a(f)). (22)

Proof. The first two equalities of (22) can be checked by a direct computation. The injectivity
of o then follows from the fact that I(o(f)) and J(o(f)) determine f. The third and fourth
equalities of (22) are true by design: in the notation above, the ‘leading coefficient’ h(1,0) of
h(z,y) is the Q-invariant of f and the cubic ring corresponding to h(z,y) is the ring of integers
in Kr, which implies that D(o(f)) = A(h) = Disc(Ky) = D(f). O

Therefore, to prove Theorem 5.1, it suffices to count PGLy(Z)-orbits (g, [a : 8]) in Vi(Z),
such that both Q(g, [« : #]) and the radical rad(ged(Q(g, [« : 5]), D(g,[a : 8]))) are large.

5.3 Counting PGL3(Z)-orbits on reducible binary quartic forms

We use the setup of [BS15, §2|, which is recalled in §5.1. Since the sets L@ are absolutely
bounded, the coefficients of any element in R®) = Ry - L@ having height Y are bounded by
O(Y'/6). Hence the same is true of every element in Gy - Rgﬁ), as Go is a bounded set. The set
Vi(Z)rd is not a lattice. To apply geometry-of-numbers methods, we fiber it over the set of
possible linear factors. We write

red U Lra (23)
r=[a:f]
where o and 3 are coprime integers and, for r = [a : 3] € PY(Z), we define £, to be the set of

all integral binary quartic forms f such that f(r) = 0. From Theorem 5.2, in conjunction with
the injection o of §5.2, we have

NQ,q(Y)
< 3 [ #HgetnmmGry : Qo) > Qradleed(@9). Dlg)) > a}t dnd"t
rept(z) ¥ (Mk)E€Fo

(24)

As ~y varies over Fy, the set ’yGOR@

coordinates, then the five coefficients a, b, ¢, d, and e of any element of fyGOR(i)(Y) satisfy

becomes skewed. More precisely, if v = ntk in Iwasawa

1/6 y1/6
b —5, e YV d< Y0 e < tty!/S, (25)

a <K tT,
Hence when ¢ > Y1/24 the z*-coefficient of any integral binary quartic form in yGoR® (Y) is 0,
forcing a root at the point [1,0] € P*(Z). Moreover, we expect it to be rare that such a binary
quartic form has another integral root. In what follows, we first consider the lattice Ly g in §5.4,
and consider the rest of the lattices in §5.5.

5.4 The contribution from the root r = [1 : 0]

Let g(a:,y):bx3y+cm2y2+dazy3+ey4GE[I:O} be an integral binary quartic form. We
write Q(g) for Q(g,[1:0]) and D(g) for D(g,[1:0]). Then we have Q(g) =0 and
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D(g) = A(bx® + cx?y + dwy? + ey?), the discriminant of the binary cubic form g(z,y)/y. Hence,
if a fixed ¢ > 1 contributes to the estimate Ng 4(Y') in (24), then we must have

y'1/12

t< G (26)

We now fiber over the O(Y/6/t2) choices for b. For each such choice, we have O(Y¢) possible
squarefree divisors m of b. Fix such a divisor m > ¢ such that rad(ged(Q(g), D(g))) = m. Then
m | D(g), which implies that

3c2d® —4c’e =0 (mod m).
Thus, the residue class of e modulo m is determined by ¢ and d, unless m | c.

From (25), we see that the number of elements in L{;.g) N (ntk)GoRgf) with b and m fixed as
above is bounded by

6y1/2 6v1/2
O(tY/ +tqﬂm>220<ty/’+¢qﬂm>’
m q

where the second term deals with the case ¢ > Y1/6. It therefore follows that the contribution
to Ng (YY) in (24) from the root r = [1 : 0] is bounded by

y'5/6+¢€ V2/3+e
+ t6Y1/3>t_2 d*t <. + , 27
qQ Q 27)

which is sufficiently small. The contribution from the root » = [0 : 1] can be identically bounded.

y1/12/Q1/2 y1/6+€ /46y1/2
]{1 t2 < q

5.5 The contribution from a general root r = [a : 8] with a3 # 0
Write r = [« : 5] where «, 3 are coprime integers and a3 # 0. Throughout this section, we denote
the torus element in Fy with entries t~! and ¢ by a;. We have the bijection

6, : {L, Na,Go- RV} — {a; 'L, NGy - RV} 8)
azt + by + cay? + doy® + eyt — traxt + 2023y + ca®y? 4+t 2day® + t ey,

which preserves the invariants I and J. Define V4(R) to be the set of pairs (g(z,y),),
where g(z,y) € Va(R) and 7 € R? such that g(r) = 0. We extend the definitions of the Q- and
D-invariants to the space V4(R) via (21). Set 7, :=r - a; = [t~ 1, t3]. Then we have

Q(Q,T)ZQ(Ht‘g,Tt), D(g,r):D(Gt-g,rt).
Identifying the space of binary quartics with R® via the coefficients (a, b, ¢, d, €), we write
a; 'Ly = diag(t!,#2, 1,672, ¢7) - ((a*, 0”8, 0°5%, %, 51)7),

where (o, a33,a23%, a2, 34)* is the sublattice of Z° perpendicular to (o, o33, a?32%, o33, 3%)
with respect to the usual inner product on R®. Since a and 3 are coprime, the following vectors
form an integral basis for a; 'L,

w1 = <t4/87 —tQOZ,O,O,O), w2 = (07t2ﬁ7 —OZ,0,0),
w3 = (0,0, 8, -t 2a,0), ws=(0,0,0,t728, -t *a).
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Define the vector v; to be vy := (3, —t~!a) € R%. Then it is easy to see that the lengths of w;
are given by

wi] = o, fwa| = tloel,  fws| =t oul,  Jwa = 77w, (29)
The next lemma proves that this basis is almost Minkowski. That is, the quotients
(ws, w;)/(Jwi||wj]), for i # j, are bounded from above by a constant ¢ < 1 independent of ¢
and 7.
LEMMA 5.4. For i # j, we have

1
(wi, wy) < glwsl|wyl.
Proof. The inner product (w;,w;) for i < j is 0 unless j =4 + 1. In those three cases, we have

(wiywy) _ fefl 1
\wi||lw;|  t72a? + 262 T 27

by the inequality of arithmetic and geometric means. ([l

We will represent elements in a; e, by 4-tuples (a1,a2,as,aq) € Z*, where such a tuple
corresponds to the element ajwi + asws + asws + aqw4. Then we have the following lemma.

LEMMA 5.5. Let g(x,y) be an element in L,, and let at_lg(x,y) correspond to the 4-tuple
(a1,a2,as,a4). Then we have

9(z,y) = (Bz — ay)(a12® + agz’y + agzy® + asy®),

Q(g,7) = a10® + a0’ B + aga B’ + as 3,

D(g,r) = As(a1,a2,a3,a4),

where As(ay,as,as,aq) denotes the discriminant of the binary cubic form with coefficients a;.

The above lemma follows from a direct computation. Next, we determine when an element
(a1, asz,as,as) has small length.

LEMMA 5.6. Suppose g € at_lﬁr, corresponding to (a1, az, as, ay), belongs to Gy - Rgf) for some 1.
Then
y1/6 y1/6 y1/6 y1/6
<KL 5 - < —— uL- —mgG. 30
I fu o o )
Proof. Let | - | denote the length of a binary quartic form, where V4(R) has been identified with

R® in the natural way. Then for g to belong in G - Rg;), it must satisty |g] < Y1/6. For any real
numbers a1, ag, a3, aq, we compute

larwy + agws + agws + agws]® > aj|wi|* + a3|wa|* + a3ws|* + af|wsl’
— lax|lag||w1||wa| — |az|as|[we||ws| — |a3||as||ws]||wa]

3—5
4

>

(af|w1|? + a3|wa|* + a3|ws|* + af|wal?).
(Of course, the exact constant is not important.) Therefore in order that |ajw; 4+ asws + azws +

aqwy| < Y6, (30) must be satisfied. O
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We now have the following proposition bounding the number of elements in £, N a;Gy - R@
whose (- and D-invariants share a large common factor.

PROPOSITION 5.7. Fort > 1, we have
#{g(x,y) € Lo NGy Ry : rad(ged(Q(g.7), D(g))) > a}

0 if |ug| > Y1/6,
= (Y2/3+e N Y1/2+e
qlvg|* tlvg|3

> otherwise,

where the implied constant is independent of r, t, and Y.

Proof. Using the bijection (28) in conjunction with Lemmas 5.5 and 5.6, we see that it is enough
to prove that the number of 4-tuples of integers (a1, ag, as, aq), satisfying (30) and

rad(gcd(a1a3 + a2 B + asaf? + as 33, As(ai,az,as3,a4))) > q,

is bounded by the right-hand side of (31). Suppose first |vg| > Y/6. Then any binary quartic
form g(z, y) represented by the 4-tuple (a1, as, a3, as) satisfying (30) must have a; = as = 0. From
Lemma 5.5, it follows that D(g,r) = 0 and hence A(g) = 0. Since Gy - R@ contains no point with
A = 0, it follows that the intersection is empty, proving the first part of the proposition.

The second part of the proposition is proved by using the Ekedahl sieve as developed in
[Bhal4]. We carry out the sieve in detail so as to demonstrate that the implied constant in (31)
is indeed independent of r and t. Define

Top(ar,az,a3) := Az(a18°, a2, a3, —(a10® + aza?B + azaf?)).

It is clear that if m | Q(g,r) and m | D(g,r) for any integer m, then m | T, g(a1, a2, a3).

First, we bound the number of triples (a1, az, a3) satisfying (30) such that T, g(a1, a2, a3) = 0.
For a fixed pair (a1, a2) # (0,0), by explicitly writing out T, g(a1, az, az), we see that there are at
most three possible values of az with Ty, g(a1, ag, ag) = 0. This gives a bound of O(Y'Y/3/(t]v;|?))
on the number of triples (a1, a2, az) with Tj, g(a1, az, a3) = 0. Multiplying with the number of all

0(;/'3) (32)

on the number of 4-tuples of integers (a1, az,as, as), satisfying (30) and T, g(a1,az,a3) = 0.

Next, we fiber over triples (a1, a2, as) with T, g(a1,a2,a3) # 0 and satisfying (30). In this
case, we have (ay,az) # (0,0). Hence by (30), we may assume a, (3,t < Y'/6. Hence the value
of T, g(ai,az, ag) is bounded by a polynomial in Y of fixed degree. It follows that the number
of squarefree divisors of Ty, g(ai,az,as) is bounded by O.(Y ). Fix one such divisor m > q. We
now fiber over a positive squarefree integer § < Y/6/(#3|v;|) such that rad(ged (a1, az)) = 6. The
number of such possible (a1, as) is

possibilities for a4, we obtain the bound

1 y1/6 y1/6

<5 B 1o
Fix any such pair. Let a3 be any integer satisfying (30) such that T g(ai,as2,as3) # 0. Let
my = ged(m, d) and let mg = m/my > q/6. Then the polynomial As(ay,as,as,as) is identically
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0 modulo m; and quadratic in a4 modulo any prime factor of mo. Hence the number of these
quadruples with the extra condition that m | As(a1,ag,as,aq) is

Y2/3 Y1/2

<K .
Sqfurt 523 [u P

1 y1l/6yl/6 y1/6 ( 1 ylse

= — 1
52 B3 or] ve] T 1or] \q/0 3[ur] T ><<E

Summing over § and all possible divisors m gives the bound

Y2/3+e€ y1/24e
+ . 33
(oo + ) o
The proposition now follows from (32) and (33). O

We now impose the condition on the Q-invariant. From Lemma 5.5 and (30), we obtain
Q < |Q(g,7)| = |ar0® + aza®B + azaf? + asB?] < V0%,
In conjunction with (24) and the estimates of Proposition 5.7, this yields
y2/3te  yl/2ee\ y
NoqY) <e Y. /t>>1 Z < o+ T )t d*t

k<logY r=[a:0]
2k <Juy | <2k H1

y5/6+¢ Y7/12+e )
. =2 4%t
s /t>>1( qQ " tQ1/2 >

k<logY
y5/6+e Y 7/12+4e€
<e ) + 012

This concludes the proof of Theorem 5.1.

6. Uniformity estimates

In this section, we prove Theorems 1.4 and 1.5, the main uniformity estimates. First, in §6.1, we
use the results of §4 to prove Theorem 1.4. Next, in § 6.2, we combine the results of §§ 3 and 5 in
order to obtain Theorem 1.5. Finally, in § 6.3, we obtain uniformity estimates on the number of
PGLqy(Z)-orbits on integral binary quartic forms whose discriminants are divisible by the square
of a large prime. This result significantly improves the previously best known estimates of [BS15,
Theorem 2.13].

6.1 The family of elliptic curves with squarefree index

Recall the family £ defined in the introduction. The assumption that elliptic curves FE € &£ satisfy
j(E) < log(A(E)) implies the height bound H(E) < A(E)'*€. Given E € £,let E : y?> = f(z) =
23 4+ Az + B be the Weierstrass model for E such that p* { A or pb{ B for every prime p. Given
an étale algebra K over Q with ring of integers O, let (’)}gzo denote the set of traceless integral
elements in K. Consider the map

£ — {(K,a) : K cubic algebra over Q,ox € O~}
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sending F : y? = f(x) to the pair (Q[z]/(f(x)),x). This map is injective since if E corresponds
to the pair (K,a), then y*> = Ny g(z — a) recovers E. Note we have |a| < H(E)'Y/S from, for
example, Fujiwara’s bound [Fuj16].

Suppose now E € & corresponds to a pair (K, «). Let § = Prim(«) denote the primitive part
of «, that is, the unique primitive integer in Ok which is a positive rational multiple of .. Note
a = nf} for some positive integer n. The cubic polynomial g(z) = Ng/g(z — 8) = 2 +ar+b
is integral and we have A = n?a and B = n3b. From Tables 3 and 4 in §7 on the congruence
conditions on A, B in order for E4p to have good reduction at A and B, we see that g(z)
uniquely determines the 2- and the 3-part of n. For primes p > 5, we see from Table 1 that if
E € &, then the p-part of n must be 1. In other words, the modified map

0: & — {(K,p) : K cubic étale algebra over Q, 3 € O3~}
E:y® = f(z) = (Qlz]/(f(2)), Prim(z)),

is injective when restricted to E.
We start with the following lemma.

(34)

LEMMA 6.1. Let E be an elliptic curve and let o(F) = (K, 3). Then |Sela(F)| <. |CI(K)[2]| -
AE)[ and |8) < H(E)YS.

Proof. The first bound is a direct consequence of [BK77, Proposition 7.1]. The second bound is
already true without taking the primitive part as shown above. O

We now prove the following result.

PROPOSITION 6.2. For positive real numbers X and ) < X, we have
{(E,n): E € &,neSely(E), X < C(E) <2X,QX < A(E) < 2QX}| <. X°/0t¢/Q'6. (35)
where the implied constant is independent of X and ().

Proof. Let E € & be an elliptic curve satisfying the conductor and discriminant bounds of (35),
and let o(E) = (K, 8). It is easy to verify from Table 1 that A(K) = C(E)?/A(E). Therefore,
it follows that X/(2Q) < A(K) < 4X/Q, and that |8| < H(E)'/6 <. (QX)'/6+e,

Since the map o is injective, it follows that the left-hand side of (35) is

< XS NR(@X)VE K 2], (36)
[K:Q]=3

X/2Q<A(K)<4X/Q
where N (Y) denotes the number of primitive elements 8 in O&=Y such that |3| <Y and the
pair (K, [3) is in the image of 0. We now split the above sum over cubic algebras K into three

parts, corresponding to the sizes £1(K) and f5(K) of the successive minima of OF=0.

First, if (QX)Y%¢ <« ¢1(K), then the contribution to (36) is 0. Second, assume that £5(K) <

(QX)Y/6+¢. Then Lemma 4.7 yields the bound

Q5/6
X1/6—¢’

Using Bhargava’s result [Bha05, Theorem 5] to bound the sum of |C1(K)[2]| over cubic fields
K with the prescribed discriminant range, and using the well-known genus-theory bounds

N (QX)YV0F) < (QX)Y3//X/Q <
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Cl(K)[2] < |A(K)I¢, for each reducible cubic K, we obtain

Q5/6 X B X5/6+26
X1/6—¢ Q Qs

> N ((QX)Y54) |CI(K) (2] < X©-

[K:Ql=3
X/2Q<A(K)<4X /Q
£2(K)<(QX)1/6+¢

Finally, we bound the contribution of cubic étale algebras K such that ¢; (K) < (QX)Y6+e «
{5(K). Tn this case, we have N ((QX)Y/6+¢) <1 and

sk(K) = lo(K) J01(K) > /A(K) /6, (K)? > X1/0/Q%/.

Suppose first K =Q@® L is reducible. Then OF=" has an integral basis given by
{(=2,1),(0,v/d)} where A(K)=d or 4d. When d is small, say bounded by 100, we get an
O(1) contribution to (36). When d is large, the above basis is a Minkowski basis and (—2,1) is
the smallest, and hence unique, primitive traceless element. However, this point does not corre-
spond to an elliptic curve since the corresponding cubic polynomial is (x — 2)(z + 1) which has
a double root. Hence, we get no contribution in this case. It remains to consider the case where
K is a cubic field. Applying Theorem 4.1, we obtain a bound of

Oc(X(X/Q)/ (XM P /QY)) = O(XP/0*¢/Q1V%),
on the contribution to (36) over cubic fields K with £1(K) < (QX)'/6t¢ <« l5(K), as desired. [

Proof of Theorem 1.4. Note that if the conductor C(FE) is bounded by X and the index
A(E)/C(E) is squarefree, then the index is also bounded by X. Divide the conductor range
[1, X] into log X dyadic ranges, and for each such range divide the index range [M, X] into

log X dyadic ranges, and then apply Proposition 6.2 on each pair of dyadic ranges. Theorem 1.4
follows. g

6.2 The family of elliptic curves with bounded index

As in §3, let ¥ be a finite set of pairs (p,T},), where p is a prime number and T}, = III, IV, or I>9
is a Kodaira symbol. Recall the invariants Q(X), meda(X) and my(X) for Kodaira symbols T'.
We further define meyen(2) to be the product of p over pairs (p,Iax) in X. We define £(X) to
be the set of elliptic curves E € £ such that the Kodaira symbol at p of F is T}, for every pair
(p,Tp) € X. Given a set of five positive real numbers

S = {mIIL miv, Meven, Modd, Q}a

we let £(S) denote the set of elliptic curves E such that the product P of primes at which F
has Kodaira symbol III (respectively, IV, Lyk>1ys To(k>1)+1) satisfies myp < P < 2myyp (respec-
tiVely, mry < P < 27nIV7 Meven < P < 27neven7 Modd < P < 2m0dd)7 and Q < Q(E) < 2Q The
following result is a consequence of Theorems 3.1 and 5.1.
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PROPOSITION 6.3. Let S = {mi1, mrv, Meven, Modd, @} be as above and let Y be a positive real
number. Then

#{E€&(S):|AE)| <Y}

<. Y¢min Y5/6meven + QmHImevenmgdd y©/6 + Y712
‘ Q*myy y'1/6 TQmimmiymead QY2 )

(37)

Proof. First note that if E € &£, then H(E) < A(E)'™ from the j-invariant bound. It is enough
to prove that the left-hand side of (37) is bounded (up to a factor of Y¢) by both terms in the
minimum. For the second term, this is a direct consequence of Theorem 5.1 and Table 1.

For the first term, note that the set of monic cubic polynomials corresponding to curves in
E(S) is clearly the union of O (Y “mirmmvmeyvenModd) sets Uo(Z)s, where each such ¥ satisfies
mir(3) ~ mar, miv(E) ~ miv, Meven(X) ~ Meven, Modd(X) ~ Modd, and Q(X) ~ Q. In §3, we
obtained bounds on the number of elements in U(Z)x, with height bounded by Y. Since the set
U(Z)yx, is invariant under the linear Z-action, we have

[{f elo(@)s: H(f) <Y <Y VO f e U@)s: H(f) <Y}

Combining this with Theorem 3.1, and multiplying by the number of different ¥s required to
cover the set £(.5), we obtain the result. O

Proof of Theorem 1.5. Given real numbers X, Y, mg, m; and mo at least 1, let
E(S; X,Y, mg, m1,me) denote the set of elliptic curves F € £ that satisfy X < C(F) < 2X,
Y < A(FE) < 2Y, and such that the product P of primes at which E has Kodaira symbol I
(respectively, I, II* or III* or IV*) satisfies mo < P < 2my (respectively, m; < P < 2my,
me < P < 2m2),_ and that Fy € £(S) where Ej is the elliptic curve obtained from E by applying
a quadratic twist so that its defining cubic polynomial is small.

Fix constants 0 <k <7/4 and 0 <. We first obtain bounds on the sizes of the sets
E(S; X,Y, mg,m1,me). Let P be the contribution to the conductor of Ej that is prime to
MMV MevenModd- We set

X Y
Xo=—5—— Yo= 45 5 5

Then we have, by Table 1,

- - 2 2
Xo = C<E0> = mHImIVmevenmoddpa

Yo < A(Ep) < mmm%vmoddQQP-

Therefore, in order for £(S; X,Y, mg, m1, me) to be nonempty, we must have

Yo __ %o (38)
Q2 MIITMeven
First note that we have
}/05/6m€Ven XO (39)
Q*mry Yol/ 6
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Moreover,
min(QmIHmevenmgdd Y()5/6 > < < }/2)15/6_1/6meven >1/4
YOI/ 6 P Qmimivimedd ) — \ Q@*mEymiymodd
< Xé/4Y01/3 < X1/4Y1/37 (40)
. Qmmm v m2 Y7/12 Y2/3 Y2/3
mm( yf/gn = Qol/z < (Yormuumevenmgaq) '/ < Xol/s < xim
0 0

Assume that Y satisfies the bound X' < Y < X* for § > 0 and x < 7/4. Proposition 6.3,
(39), and (40) imply that we have

E(S; X, Y, mg, my,ms)| < XP/670F, (41)
for some positive constant § depending only on ¢ and k. It is clear that the set
{(Ecé&.:C(E) < X,|A(E)| > C(E)X°}

is the union of O.(X°¢) sets £(S; X1, Y1, mo, m1, ma), with X; < X, X11+5 <Y; < X7, and
mo, my, my < X%/ Theorem 1.5 now follows from (41). O

6.3 Additional uniformity estimates
Recall that Uy denotes the space of monic traceless cubic polynomials. For a prime p, let U,
denote the set of elements f(z) € Up(Z), such that p? | A(f). We write U, as the disjoint union

u,ﬁ” U LIZSQ), where u,S” is the set of elements U, whose discriminants are strongly divisible (in the
notation of [Bhal4, §3.3]) by p? and uf) is simply up\u;”. We begin by proving the following
(averaged) improvement of [BS15, Proposition 3.16].

PROPOSITION 6.4. We have

0 X5 s
#fe Uup CH(f) < X ey TX

p>M

5/6
#{fe U u;2>:H(f)<X}<<X :

M
p>M

Proof. The first inequality of the proposition follows immediately from [Bhal4, Theorem 3.5].

We prove the second inequality as follows. If f(z) € u;éz), then Ry = Z[x]/f(x) is nonmaximal
in Ky = Q[z]/f(x) of index at least p. Therefore, we have the following injection:

{f e | Ju H(f) < X} . {(K,a) : A(K) < %,a € OF=0 |a| < Xl/ﬁ}, (42)
p>M

where K ranges over cubic étale algebras over Q. (The injection simply maps f(z)
to (Q[z]/f(x),z).) To estimate the size of the right-hand side of (42), we simply use
Theorem 4.1 in conjunction with Lemma 4.7 to obtain a bound of

X X2/6 X /x1/6N\ 1 X5/6
szWUp(M) ST
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which is sufficient. Indeed, the first summand corresponds to the contribution from cubic fields
K with £5(K) < X6 while the second summand corresponds to the contribution of cubic fields
with £1(K) < X/6 < £5(K) in which case sk(K) > X'/6/M. O

Next, we consider the space V4(Z) of integral binary quartic forms. For a prime p, let V,
denote the set of elements f(x) € V4(Z), such that p? | A(f). As before, we write V, as the

disjoint union V,SD U VISQ), where Vél) is the set of elements V), whose discriminants are strongly

divisible by p* and Véz) is Vp\Vz(,l). We have the following estimate which is a significantly stronger
version of [BS15, Theorem 2.13].

THEOREM 6.5. We have

X5/6
#{f € PGLQ(Z)\ U V;z(nl) CH(f) < X} <. 4 X9/,

M1i-e
p>M

6+
#{f € PGLQ(Z)\ v H() < X} < X

M
p>M

Proof. The first inequality follows from an application of [Bhal4, Theorem 3.5] in conjunction
with the counting results of [BS15, §2.3]. We now prove the second estimate of the proposition.
First note that to every integral binary quartic form f we may associate its cubic resolvent g(z)
which is the unique monic traceless cubic polynomial with the same invariants as f(x). We note
the following two facts about the cubic resolvent. First, for every integral monic cubic polynomial
g(z), we have a bijection

PGLy(Z)\Res ' (g) «— Sela(R,).
Next, the cubic resolvent g(x) of any element in VZ(,Z) belongs to M1§2). Since we have
[Sela(Ry)| < 4|CL(Ry)[2]] < |A(g)[|CI(Ky)[2]],

the required bound follows from Theorem 4.1 in conjunction with the proof of the second estimate
in Proposition 6.4. U

7. Asymptotics for families of elliptic curves

Let p be a fixed prime. An elliptic curve E over Q has either good reduction, multiplicative
reduction, or additive reduction at p. For every prime p > 5, let ¥, be a nonempty subset of
possible reduction types. We say that ¥ = (X,), is a collection of reduction types and that such
a collection is large if, for all large enough primes p, the set ¥, contains at least the good and
multiplicative reduction types.

For a large collection X, let E;(X) (respectively, £¢(X)) denote the set of elliptic curves
E € & (respectively, E € &) such that for all primes p > 5, the reduction type of E at p
belongs to ¥,. In this section we prove the following theorem, from which Theorem 1.2 and the
first two asymptotics of Theorem 1.1 immediately follow.?

3 The part of Theorem 1.1 pertaining to counting elliptic curves ordered by discriminant follows from Theorem 7.4.
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THEOREM 7.1. Let ¥ be a large collection of elliptic curves. Let k < 7/4 be a positive constant.
Then we have

#{E € Eg(X)F : C(E) < X}

Ozi
~ 60\/§F<1{‘?;5§;/6) ];[(Cg(p)eg(p) + Cm(p)em(p) + Ca(p)ea(p)) . X5/67
#{E € &(X)F: C(F) < X}
_a® T(1/2)I(1/6)
60v3  T'(2/3)

[L(eo(0) fo() + cn(p) fin(p) + calp) faulp)) - XS,

where at =1, a= = /3, cq(p) (respectively, ¢y (p), ca(p)) is 1 or 0 depending on whether ¥,
contains the good (resp. multiplicative, additive) reduction type, and e.(p) and f.(p) are given

(o) (L) = (o ) -2
fi) = 1= fulo) = 11,(1 - pll/ﬁ>1(1 ) ;)2

1 1 1 1 1 1 1\ ! 2
1= (1) () (0= 3) () (0 5)

Furthermore, when elliptic curves in E(X) are ordered by conductor, the average size of their

=
"=

eg(p) ==1—=, en(p) =

2-Selmer groups is 3.

7.1 The family £ ordered by discriminant
In this subsection we prove the final asymptotic in Theorem 1.1 on counting the family £ ordered
by discriminant.

For a pair (A,B)€R? we write A(A,B)=—44%—-27B% and write j(A,B)=
1728(4A3%)/(4A3 + 27B?). Then j(A, B) is the j-invariant of the elliptic curve E4p, and when
(A, B) € Z? is such that Eap has good reduction at 2 and 3, A(A4, B) = 28A(E4p) if 31 A and
A(A, B) = 283'2A(E4p) otherwise (see Tables 3 and 4). Hence we first count pairs (A, B) € Z?
first with j(A, B) < log(A(A, B)/co), where cq = 28 or 283'2.

The condition j(A, B) < log(A(A, B)/cp) is not a semialgebraic condition in A and B. How-
ever it is clearly definable in the o-minimal structure where the distinguished functions are
polynomials and the exponential function [Wil96]. Hence we can use the following result of
Barroero and Widmer [BW14, Theorem 1.3].

THEOREM 7.2. Let m and n be positive integers, let A C R™ be a lattice, and denote the suc-
cessive minima of A by \;. Let Z C R™"™ be a definable family in an o-minimal structure, and
suppose the fibers Zp are bounded. Then there exists a constant cz € R, depending only on the
family Z, such that

Vol(Zr)| _  ~ Vi(Zr)
I D) = 3@y | < CZ;) Mo
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TaBLE 3. Elliptic curves E4p with good reduction at 2.

A B Aq Density
=0 (mod 2%) = 2% (mod 29) 28 2710
= (5+d-2% (mod 27) = (22+6-25) (mod 27) 28 2713
= (13+6-25) (mod 27) = (14+6-25) (mod 27) 28 2713
= (21+6-25) (mod 27) = (38 +6-25) (mod 27) 28 2713
=(29+6-25) (mod 27) = (94 +§-25) (mod 27) 28 2713
= (37+6-2%) (mod 27) = (54 +6-25) (mod 27) 28 2-13
= (45 + 6 - 25) (mod 27) = (46 + 6 - 2°) (mod 27) 28 2-13
= (5346 -25) (mod 27) = (70 + 6 - 2°) (mod 27) 28 2-13
= (61+6-25) (mod 27) = (126 + 4 - 25) (mod 27) 28 2713

TABLE 4. Elliptic curves E4p with good reduction at 3.

A B Aj Density
3tA 1 2.371
34 A 36 | B 312 2.371
=2-3% (mod 3°) = (£20,434) - 3% (mod 37) 312 4.3713
=5-3% (mod 39) = (£11,416) - 3% (mod 37) 312 4.3713
=8-3% (mod 3°) = (£2,429) - 33 (mod 37) 312 4.3°13
=11-3% (mod 39) = (£7,420) - 33 (mod 37) 312 4.3713
=14-33 (mod 39) = (£16,438) - 3% (mod 37) 312 4.3713
=17-3% (mod 3°%) = (42,425) - 3% (mod 37) 312 4.3713
=20-3% (mod 3%) = (£7,434) - 3% (mod 37) 312 4.3713
=23-3% (mod 3%) = (£11,+38) - 33 (mod 37) 312 4.3713
=26-3% (mod 39) = (£25,429) - 3% (mod 37) 312 4.3713

where V;(Zr) is the sum of the j-dimensional volumes of the orthogonal projections of Zy on
every j-dimensional coordinate subspace of R™.

Suppose now we are given a set S C Z? defined by congruence conditions modulo some
positive integer n. Then we may break S up into a union of n?v(S) translates of the lattice
nZ x nZ, where v(S) denotes the volume of the closure of S in Z2. Applying Theorem 7.2 to
each of these translates and summing gives the following immediate consequence of Theorem 7.2.

PROPOSITION 7.3. Let S C Z?* denote a set of pairs (A, B) defined by congruence conditions on
A and B modulo some positive integer. Then we have

#{(A,B) € A: j(A,B) < log(A(A,B)/cy),0 < £A(A,B) < X'}
= (8)5(X) + Ocn(S) X 1/2He),
where cL (X) denotes the volume of the set
CH(X) == {(A, B) e R?: j(A, B) < log(A(A, B) /), 0 < £A(A, B) < X}
computed with respect to the usual Fuclidean measure.

We now restate and prove the third asymptotic in Theorem 1.1.
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THEOREM 7.4. We have

a:i:
#{Eecf:0<+A(E) < X} ~ 05 F(lﬁ%;/@ 11 <1 - pllO>X5/6’
p=>5

where at =1 and o~ = /3.

Proof. First, we describe the set of elliptic curves Fap : y? = 23 + Az + B that have good reduc-
tion at 2 and 3 in Tables 3 and 4, respectively. In both tables, the first column describes the
congruence conditions on A, the second describes congruence conditions at B, the third gives
the 2-part (respectively, the 3-part) of the discriminant A(A, B) = 443 + 27B?, and the fourth
column gives the density of these congruence conditions inside the space (4, B) € ZZQ) for p=2
and 3. Below, ¢ is either 0 or 1.

We now apply Proposition 7.3. Let 1 < ¢ < 9and 1 < j < 11 be integers, and consider the set
of integers (A, B) that satisfy line ¢ of Table 3 and line j of Table 4. Let v;; = v5(%) - v3(j) denote
the density of this set of integers, and let A;; = Ag(i) - Az(j) denote the product of the 2- and
3-parts of the discriminant A(A, B). It is necessary to count the number of pairs (A, B) € Z?
that satisfy the following properties.

1. The pair (A, B) satisfies the ith (respectively, jth) condition of Table 3 (respectively,
Table 4).

2. 0< ﬁ:A(A,B) < AZJX

J(A, B) < log(A(4, B)/Az])

4. For all primes p > 5, either p* { A or pb  B.

w

Counting the pairs (A, B) which satisfy the first three properties is immediate from Propo-
sition 7.3, and the fourth condition can be imposed by applying a simple inclusion exclusion
sieve. For each i, j, let S;; denote the set of (A4, B) € Z? satisfying the ith (respectively, jth)
condition of Table 3 (respectively, Table 4). For every positive integer m, let N=(X);; denote
the number of pairs (A, B) € S;; satisfying the second and the third conditions above and p* | A
and pb | B for each prime p | m with p > 5. Let 8(p) =1 —p~ 1 for p > 5 and 0(2) = 6(3) =
Set O(p) =1 — 6(p) and O(m) = |- f(p) for any squarefree m. Then, for any small a > 0,

#{(A,B) € S;; : 0 < £A(A, B) < A;; X, j(A, B) < log(A(A, B)/Aij)}
=D ulm)Ny (X))

m>1
Yo
= vjj Z m)ek (A - X) + > O X1/2+6)+0< > Ng;(X)>
m e e
X1/12de X5/6+¢
= vije (A - X) <H9 a)) +O(X /22ty 4 0< mw)
m=X

Here the very last term follows from a naive count as A < X/3t€ and B < X/2%¢ and so m
is bounded by X/12*¢ in order that m* | A and mS | B. We may now minimize the above with
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a =1/33 and sum over i and j to obtain

#{E€E:0<+AE)< X} = ZVU [T -0 & (Ay - X) + O(x37/66+),
p>5

We next consider the volumes cL (X). Let df(X) denote the volume of the same

region but without the condition on j(A, B). A direct integration over the region where
j(A, B) > log(A(A, B)) gives

X5/6
E(X)=di(X)+0 <(10gX)1/6)

The volumes dZ (X) are computed in [Wat08, §2]:
dio (X) ~ X0d (1),

where

2 1 2 3

A1) = 5 mis - 5 - B(1/2,1/6), d;o(1)zm-g.3(1/2,1/3)=\/§do+o(1).

Above, B(xz,y) denotes the beta function given by

. _1 ., T@)(y)
We therefore obtain
#{Ee€ & :0<+A(E) < X}

5/6 p10) . gt 5/6

~ ) VA ) doo(1) - X

2o Il

- di;(l)(z 2082077 ) (D)2 ) [0 7% 70

i i p=>5

_ 92/3 20% F(1/2)F(1/6) H(l _p—lO) . x5/6

4 41/3.3%2.5 T'(2/3) o

o T(1/2)r(1/6) _
=505 T23) 7)1;[5)(1_], 10y, x5/6,

as desired. (]

7.2 Ordering elliptic curves by conductor
Suppose that G is equal to £,(X) for a large collection of reduction types X, where * is either
sf or some positive k < 7/4. Pick a small positive constant 6 < 1/9. Then there exists a positive
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constant 6 such that

#{E€G*:C(BE)< X} =) #{E€cg®:ind(E)=n;A(E) <nX}
n>1

= > wa)#{E €G* :ng|ind(E); A(E) < nX}

n,qg>1
= Y ulg)#{E € ¢F : nq | ind(E); A(E) < nX} + O(X*/67),

n,q>1
ng<X?®

(44)

where we bound the tail using the uniformity estimates in Theorems 1.4 and 1.5. We per-
form another inclusion—exclusion sieve to evaluate each summand of the right-hand side of the
above equation. For each prime p, let xs, nq : Zg — R denote the characteristic function of the
set of all (4, B) € ZIQ) that satisfy the reduction type specified by ¥, and satisfy ng | ind(Eap).
Let xp denote 1 — x5, ng, and define xj, := Hp| i Xp for squarefree integers k. Then we have

H XEp,nq(Aa B) = Z /J'(k)Xk(Av B)
k

p

for every (A, B) € Z2. Set v,(ng, X) to be the product over all primes p of the integral of XS,.nq-
Therefore, for ng < X9, we obtain

#{FE € G :ng | ind(E); A(E) <nX} = > > u(k)xk(A, B)
(A,B)ez? k>1
0<iA(EAB)<nX
X45
nX 5/6
(A,B)ez?
0<:tA(EAB)<nX

_ CéEO(TLX)I/*(TLq, E) + OE(X1/2+26+6 +X5/6775/6)’

where the second equality follows from the uniformity estimate in Proposition 6.4, and the
third follows from Proposition 7.3 and adding up the volume terms by simply reversing the
inclusion—exclusion sieve. Note that the constant d has been specifically picked to be small
enough so that Proposition 7.3 applies.

For each n, let A, (n,%) denote the volume of the closure in Z2 of the set of all (4, B) € Z>
such that E4p belongs to G = £,(X) and E4p has index n. Returning to (44), we obtain

#{E €G*: C(E) < X} = ()XY > p(q)n® vu(ng, o) + o(X/%)
n,g>1
ng<X?9

- = 1)X5/6 Zn5/6)\*(n’ Z),

n>1

where again, the final equality follows by reversing the inclusion—exclusion sieve of (44).
For each prime p and k > 0, let 7, (p¥, ) denote the p-adic density of the set of all (A, B) € Z?
such that Eap € £(X) and indy(Eap) = p*. The constant \.(n,Y) is a product over all p of

1578

https://doi.org/10.1112/50010437X21007193 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007193

LARGE FAMILIES OF ELLIPTIC CURVES ORDERED BY CONDUCTOR

local densities:

Hl/*p Y) Hy*p Y)

p*ln
k>1
_ ﬁ*(pku 2)
~[ew o 1155
p pF|In
k>1

Hence \.(n,Y) is a multiplicative function in n, and we have

Zn5/6)‘*(n’ Y) = Hﬂ*(po’z H(zp%/ﬁv* p E;)

n>1 p p
~TI( ot )
p k=0

The values of 7,(p¥,¥) are easily computed from Table 2. We then have (43), proving the
first and second asymptotics of Theorem 1.1.

7.3 The average size of the 2-Selmer groups of elliptic curves in ()

Let ¥ be a large collection of reduction types. For a positive integers n and a positive real
number X, let £(X,n, X) denote the set of elliptic curves E € E;(X), such that n | ind(E) and
|A(E)| < X. Then, as in the previous subsection, we have

S (Sel(B) —1) =Y ulg) > (ISela(B)[—1)

EcE(D)* n,q>1 Ec&(S,ngnX)*
C(E)<X

= Z N(Q) Z (|8612(E)| — 1) + OE(X5/6—9/6+5),

n,q>1 Ec&(ZngnX)*
ng<X?

for every 6 > 0, where the second equality is a consequence of Theorem 1.4. Therefore, the final
assertion of Theorem 7.1 follows immediately from the following result.

PROPOSITION 7.5. There exist positive constants 6 and 61 such that

> ([Sela(E)| — 1) = 2/E(8, ng, nX)E| + O(X/5),
Ec&(Z,qgnnX)*

for every nq < X°.

Given the uniformity estimate (Theorem 6.5) that we have already proved, the proof of
Proposition 7.5 very closely follows the proof of [BS15, Theorem 3.1]. We briefly sketch the proof
of Theorem 7.1, indicating the change needed at the places where it differs from [BS15]. The
starting point of the proof is the following parametrization of the 2-Selmer groups of elliptic
curves in terms of orbits on integral binary quartic forms. This correspondence is due to Birch
and Swinnerton-Dyer, and we state it in the form of [BS15, Theorem 3.5].
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THEOREM 7.6. Let E : y?> = 2 + Az + B be an elliptic curve over Q, and set I = I[(E) := —3A
and J = J(E) := —27B. Then there is a bijection between Sely(E) and the set of PGL2(Q)-
equivalence classes of locally soluble integral binary quartic forms with invariants 2*I and 2°.J.

Moreover, the set of integral binary quartic forms that have a rational linear factor and
invariants equal to 2*I and 2°J lie in one PGLs(Q)-equivalence class, and this class corresponds
to the identity element in Sela(Q).

The second step in the proof is to obtain asymptotics for the number of PGLg(Z)-orbits on
the set of integral binary quartic forms whose coefficients satisfy congruence conditions modulo
some small number n, where these forms have bounded invariants. In [BS15], the invariants were
bounded by height. Here instead, we bound their discriminants and corresponding j-invariant.
For an element f € V4(R) with A(f) # 0, define j(f) to be j(E) with E given by

E:y*=a%—(I/3)x— J/27.

For any PGLy(Z)-invariant set S C V4(Z), let N4(i)(S; X) denote the number of PGLg(Z)-orbits
on integral elements f € .S C V4(i) (Z), that do not have a linear factor over Q, and satisfy A(f) <
X and j(f) <log A(f).

In §5 we defined the sets R®) which are fundamental sets for the action of PGLy(R) on
V(R)®. Then R® contains one element f € V(R)® having invariants I and .J, for each (I,.J) €
R? with 41° — J? € Ry for i = 0,24 and 41 — J? € R for i = 1. Furthermore, the coefficients
of such an f are bounded by O(H (f)'/%). Define the sets

RO(X):={f € RY: 0 <|A(f)| < X;5(f) < log A(f)}.

Clearly, if f € RW(X) with A(f) = X, then H(f) < X'*¢ and so the coefficients of f are
bounded by O(X/6+¢).

Let § = 1/18 be fixed. Let L C V(Z) be a lattice defined by congruence conditions modulo n,
where n < X?. Denote the set of elements in L that have no linear factor by L™ and define v/(L)
to be the volume of the completion of L in Vj(Z). Let Gy C PGL2(R) be a nonempty bounded
open ball, and set n; = 2, ng = nox = 4. Identically to [BS15, §2.3], it follows that N4(l)(L,X)
is given by

i@ ),
n;Vol(Go) J1ePGLy(2)\PGL2 (R)
1

E—— v(L)Vol(Go - RD(X)) dy + O(X™/?), (45)
T JyePQLy(Z)\PGL2(R)

N{ (L, X) = #{1Go - RO (X) N L™} dy

where the error term is obtained in a similar manner to [BS15, (18)—(20)]. There are two dif-
ferences. First, we use Theorem 7.2 (instead of Davenport’s result stated as [BS15, Proposition
2.6]) to estimate the number of lattice points in G - R®(X). Second, since we are imposing
congruence conditions on L modulo n < X°® with § = 1/18, we cut off the integral over v when
the t-coefficient of «y in its Iwasawa coordinate is > X/36, That way, the coefficients of the ball
7Go - R (X) are always bigger than n. The precise values of § = 1/18 and 7/9, the exponent of
the error term, are not important.

The third step in the proof is to introduce a bounded weight function m : V4(Z) — R, which
is the product m = Hp my of local weight functions m,, : V4(Z,) — R, such that, for all but
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negligibly many (< X 3/ 4+€) elliptic curves Ep, we have

Selo(Eap)| — 1 = > m(f),

F€VA(Z) a,B/PGL2(Z)

where f is varying over PGLo(Z)-orbits on integral binary quartic forms with no linear factor and
invariants I(f) = —3-2%I and J(f) = —27-2%J. In our situation we do not need any changes
to this part of the proof.

The fourth and final part of the proof is to perform a sieve so as to count PGLy(Z)-orbits on
integral binary quartic forms with bounded invariants, so that each form f is weighted by m(f).
Performing a standard inclusion—exclusion sieve using (45) together with the uniformity estimate
Proposition 6.5 and the volume computations of [BS15, §§3.3 and 3.6] yields Proposition 7.5.
This concludes the proof of Theorem 7.1.
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