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1. Introduction

Let {2 be a finite measure space, let H = L%(f2) be endowed with the norm denoted
by || - lz22) = || - [l2 and let V' be a real Hilbert space endowed with the norm
denoted by || - || such that

VcHCV'

with continuous and dense embeddings, where V"’ is the topological dual of V.

We denote by (-,-) the inner product in H and by (-,-) the duality product
between V and V'

In this paper, we look for a sharp ultimate bound of the solution to a dissipa-
tive second-order nonlinear evolution equation. More precisely, let us consider the
nonlinear evolution equation

(1.1)

Utt(t,x‘) + ‘Ut(t, x)|aut(t7 Z‘) + Au(ta LIJ) = f(tax) in R* x Qv
u(0,2) =ug, u(0,2) =uy on §2,

where o > 0 and f € L= (R*, L?(12)).
A:V — V' is the duality map with domain denoted by

D(A)={veV:Ave H}.
We observe that A is characterized by the property

V(U,U) eV xYV, <Aua U>V/,V = (U,U)V.
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We set
M (A) =M\ = inf{||u]l®; w e D(A), [ull5 =1} (1.2)

Throughout the paper, we shall denote the norm in L?({2) by

1/p
Izll, = (/ |z|P dx) for any p € [1, +o00].
Ie;

Assuming V C LT2(§2) with continuous embedding, we define
ci(@) = sup{[|ullaro; w €V, [lull = 1}. (1.3)
Under this condition, we observe that v — |v|*v sends V to V' continuously.

We set
[ flloo,2 = s Sup £t )2

=

Writing (1.1) as a system by introducing v’ = v, we obtain

U't)+AU(t) = F(t), 0<t<T, (1.4)
where U = (u,u), F = (0, f) and the operator A is defined on the Hilbert space
H=V x H by

D(A) ={(u,v) e VxV; Au—+|v|*v e H}
and

Afu,v) = (—v, Au+ [o]*v)  V(u,v) € D(A).

As in [1,2,4], it is not difficult to establish that the operator A is a maximal
monotone operator in V' x H. Since A is a maximal monotone, for each T" > 0,
Uy € D(A) and F € WH1(0,T;H) there is a unique solution U € WH1(0,T;H)
with U(t) € D(A) for almost all ¢t € (0,T), U(0) = Uy, satisfying (1.4) for all
te (0,7).

As a consequence, for any f € Ll (R, H) and for each (ug,u1) € V x H there
is a unique weak solution u € C(R*,V)NCY(R*, H) of (1.1) defined by density on
(f, w0, u1) such that u(0) =uy € V, v/(0) = u; € H.

Our goal is to obtain an estimate for the ultimate bound

Jim [max({lu®)]], [« (£)]]2)]-

In order to do this, we use a method introduced by Prouse in 1965 [10]. For ¢ > 0,
the main idea is to distinguish two possible cases concerning the energy E(t) of a
given solution u:

(a) E(t+1) < E(t),
(b) E(t+1) > E(t),

where [ = 8)\;1/2.
Prouse [10] applied this method with [ = 1 to prove the boundedness of solutions
on R of the nonlinear dissipative wave equation

Ut — Au + 5(’(“) = f(t,.’B) in R+ X Q,
u(t,r) =0 on Rt x 912,

https://doi.org/10.1017/50308210515000153 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000153

A sharp ultimate bound with nonlinear damping 705

where 2 is an open subset of RV with regular boundary, 3 is coercive with poly-
nomial growth at infinity and f € L>®(R*, L%(£2)).

Nakao [8,9] used the approach of Prouse [10] with [ = 1 to prove the energy
decay of the solutions of the following two equations.

The first is a nonlinear evolution equation:

u’(t) + Bt)u/'(t) + A(t)u(t) = f(t), teRT.

Let W and Z be two Banach spaces such that W C Z with dense injection and
let W* and Z* be the topological duals of W and Z.

A(t): W — W* and B(t): Z — Z* are nonlinear bounded time-dependent oper-
ators. f € LUT/UTU(RE 74) 1 > 0, such that

loc
(r+1)/(r+2)

t+1
(/ nﬂ$§ﬁWHDM)
t

tends to 0 fast enough as t — oo.
The second is a nonlinear dissipative wave equation:

gy — Au+ B(ug) + N2 (2)u = f(t,z) in RT x RY,
u(0,2) = ug, u(0,z)=u; on RN7

where 3 is a C! function defined on R, A(x) > 0 is a locally bounded measurable
function defined on RV, and

fe L(r+2)/(7‘+1)(R+ L(r+2)/(r+1)(RN)) r >0,

loc

such that

t+1 ( 2)/( 1) (r+1)/(r+2)
+2)/(r+
(l AT le) =0

fast enough as t — oc.
In [3], Haraux and Biroli studied the following equation:

g — Au+ B(ug) — Mug = f(t,z) in RT x £, (L5)
u(t,z) =0 on Rt x 912, .

where A > 0, 3 is a maximal monotone graph in R x R with 0 € 3(0) and

t+1
f e SR, L17(2)) = {femmmfm%nn;wp[ |U@H&w<+m}

=

1/2

By using the method of Prouse [10], they chose | = 4\, "/° with

[Vul3
ueHj ()0 [[ul3

Ao =

to establish the boundedness of solutions of (1.5) in H}(£2) x L?(£2) for t > 0.
In 1982, Haraux [6] established the boundedness properties for global solutions
of the abstract evolution equation

W+ gt (£) + () =0, teRT,
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where & € C1(V,R) and g: Rt x V — V' is a possibly multi-valued operator
satisfying relevant coermwtg and growth conditions. Here, the method of Prouse
was applied with [ =4\, a~ Y2371 where o and 8 appear in the assumptions
on g and ¢ and

[lul?
ueVuz0 ||lul|2’
Moreover, he established that there exists R > 0 for which

vt >0,  lim [max([lu@®)], v/ (t)]2)] < R

Ao =

where R depends only on the assumptions of g and @. R is called an ultimate bound
of the solutions U (¢) = (u(t),(t)).

The remainder of the paper is organized as follows: in § 2 we estlmate the ultimate
bound of solutions of (1.1) by using the method of Prouse with [ = 8\; ?. Section 3
is devoted to some applications.

2. Main theorem

THEOREM 2.1. Let u € C(RT,V) N CLRY, L3(2)) be a weak solution of (1.1).
Then u € L (RT,V), u' € L=°(R*, L?(£2)) and we have

Jim fmax([lu(@)[], ' ()]2)] < V2K,

where
1 af(a+2) 2 16 a/2(a+1) 2
K = )T1+4|9\ (c1(a)) +\/T—1|m £ 15,2
R ) [ e

REMARK 2.2. The result of the above theorem is sharp in the sense that both terms
in K are necessary in general and cannot be replaced by any other power of the
norm. Indeed, let us consider the following special cases.

(1) If f(t,-) = fo(-), we consider the following equation, whose solutions can be
considered as special solutions of (1.1):

Au = fo.
If fo = )\(pl, then
A
U= A_l()“pl) = )\79017
1

where A is a positive constant. Hence,

A 2
ull? = (A) lonl? = X

||f ||2/(a+1) (>‘H§01” )2/ a+l) _ Cl)\Z/(aJrl)'

and

If A — oo, then the term ||f||2/ **1 cannot control the ultimate bound. More

precisely, the term || f||3 is necessary for all a > 0.
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(2) For any solution v of
— Av =0, vlgn =0,

we can write
— Av+ [V |* = '], v]gn = 0.

Let us consider the special solution v(t, ) = esin(v/A1t)p1(x).

Then
[0/ (¢, )ll2 = ev/M[cos(v/Art) [ 1 12

T [/t )2 = sup /(1,12 = ev/Aa o
— 00

t=

and

Setting f = |v'|*v’, we have
‘/.Q |f|2 dr = /(rz ‘,U/|2a+2 dz < A€2Q+ZA?+1|¢1|QQ+2 dz < A€2a+2

for some positive constant A.

The term ||f||3 cannot control the ultimate bound for & small. To be more
precise, the term ||f||2 (@+1) i5 also necessary for all o > 0.

Proof of theorem 2.1. Let u € W,n>°(R*, V) N W2 (R, L2(2)) be a solution of

loc

(1.1) such that u(0) = «/(0) = 0. The energy of w is defined by
E(t) = 5(Ju®)]* + v/ ®)]3) for t >0. (2.1)
Multiplying (1.1) by «’ and integrating over {2, we have, for ¢ > 0,

CB() = (), 0/(8,)) — o2, ) |353 (22)

Let us introduce
1=8A Y2

We first estimate sup;-, F(t) and to do that we distinguish the following two cases:

E(t+1) < B(), (2.3)
E(t+1) > E(t). (2.4)

By using Young’s inequality in (2.2), we obtain

d a+1 (a+2)/(a+1) 1 a+2 a+2
$ B < Tl e, MIETE — 8, ST,
Writing 8 = (a + 2)/(a +1), we get
d 6
. 2.
SR <7013 (25)

Let s € [t,t + I]. Integrating (2.5) from ¢ to s, we deduce

E(s) < B(t) + U fI2 4
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As a consequence of (2.4), we obtain

sup E(s) < B(t+1) + UFII% 5. (2.6)
sE[t,t+1]

By integrating (2.5) from s € [t,t + ] to ¢t + [, we obtain
B(t+1) < B(s) +11£]% 5

Integrating the last inequality from ¢ to ¢ + [ and dividing through by [, we find
E(t+1) / E(s)ds + 1 f]1°. 2.7)

Then, we find

t+1

sup E(s E(s ds—|-2le|| (2.8)

s€[t,t+1] l

Now multiplying (1.1) by «/, integrating from ¢ to t 4+ [ and using (2.4), we obtain

t+1 t+1
[ (s, )2 T2 ds < [ (F(s, ), (s,)) ds.

By Holder’s inequality, we get

t+1 9 t+1
[ (s, )12 ds < A 1£(5 gl (5 oz s,

and by using Young’s inequality we obtain

t+1
[ (s, )| t2 ds < 1 £I12, (2.9)

Multiplying (1.1) by w and integrating from ¢ to ¢ 4 I, we have

t+1 t+1 t+1
[ wm»W®=[ umea»®+1 (s, |2 ds

t+1
- [<u<57 ')7 ul(87 )>]§+l - /t <|u’(s, ')|au/(57 ')’ u(sv )> ds.
(2.10)

Applying Young’s inequality to the first term and using (1.2), we have

t+1 l ) 1 t+1 )
|0t as < gty [ s P s (211)

By using Hélder’s inequality in the second term, we obtain

t+1 ) t+1 ) 2/(a+2)
[ s igas < mmwﬂwﬂ([ uw<>mgdﬁ L @12
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From (2.9), it follows that
o 2/(act1)
/t 1/ (s, )13 ds < 12/ DY FIZET (2.13)

By using Young’s inequality in the third term, we have
1 —1/2
[(u(s, -),u' (s, N]EH| < —W[Hu’(s, Malluls, Y <2272 sup E(s). (2.14)
1 sE[t,t+1]

Using Holder’s inequality in the last term, we have

t+1
< / e (5, )2 (s, ) laga ds.
t

‘ [HW(S’ D[ (s, ), u(s, ) ds

By using (1.3), we get
[ullate < cr(@)ull.

Therefore, we find

141 41
] / (e (5, )| (5, ), u(s, ) ds| < ex(a) / ' (s, Y2t (s, ).

Then, by Holder’s inequality, it follows that

‘ »/tt+l<|UI(S7 % (s,), u(s, ) ds

sup (s, )|

(e+1)/(a+2)
> sE [t t+1]

t+1
< z1/<a+2>cl<a></ Il (s, ) 1512 ds
t

Using (2.1), we obtain

’ /ttH(lu/(s’ ) (s, ), uls, ) ds

sup E(s).

t+1 (a+1)/(a+2)
) sE[t,t+1]

< V(@ ([ et s
t
Finally, by (2.9) we obtain

< VI (@)lllf oo [ s (). (2.15)
SE[t,t+I]

‘ /tt+l<|U/(S’ )| (s, ), uls, ) ds

Then, by (2.11) and (2.13)—(2.15), we obtain

1

t+1 l
- M2ds € —— 2 a/(a+2) 2/(a+1)
3 el ds < SR+ L

2
+—= sup B(s) + V2c1 (a)l[| foo, sup E(s).
VAL seft,t+1] g s€[t ¢+
(2.16)
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Hence, by (2.13) and (2.16),

(I 31 oo/ (a+2) 2/(a+1)
7 E(s)ds ||f||ooz+ |£2] 1£1155
t

sup  E(s) + V2c1 ()| fllses, | sup E(s):
l\/ 1 seft,t+1] sE[t,t-+1)

Using Young’s inequality in the last term of the above inequality, it follows that

1 [t Lo 3| e/ (a+2)| ¢1|2/ (a+1)
7 E(s)ds < —2A1Hf||oo,2+§|9| 111155
t

l
1
+5 sup B(s)+2(ci()] s (217)
s€[t,t+1]
By (2.17) and (2.8), we find
sup  E(s) < —fnfn o 3|02/ kD) g2t
s€[t,t+1]
+«qm»wméﬁ+vﬁwﬂk¢. (2.18)
Since {2 is bounded, we have
£l < 192[272C+2 | £l (2.19)
Then
sup  E(s) < A—an o+ 3|/ D p| 2D
s€[t,t+l1]

32
+ 4|/t ez + Q[+ g5
22| (cx(a)[1F 1% 2 Tl‘ | 11,2

Applying Young’s inequality, we have

a2a1 lal 2a1
A5 = IS = flla £ 1157 < SIFIR + L5/

Hence, we get

1 16
sup FE(s <(+4Qa/(a+2) c1(a 2+Qa/2(a+l)> A
L B < (5 a2l )+ 1) 171
+ 3|Q‘a/(a+l) + |Q|a/2(a+l)) Hf||2/(a+1
( e
We set
K = (5 + 4217 (@) + e )
A1 VA1 o

*@Wwww—ﬁmmwﬂwwwl
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Hence,
sup E(s) < K. (2.20)
SE[t,t+1]

Then, from (2.3) and (2.20), we conclude that in all cases,
VE >0, E(t+1) <sup{E(t),K}.
Therefore, we deduce

Vi >0, E(t)<max (K, sup E(s))

0<s<l

Thus,
sup E(t) < max (K, sup E(s))

20 0<s<l
For s € [0,1], by using (2.5), we have
#d
E(s)=E(0 —E(7)d
()= B0+ [ LB

<ﬂm+AnﬂﬂM$h
< B(0) + |1 £112, 5
Then, since u(0) = u'(0) = 0, we have
¥s e [0, E(s) <IIfII% -
By using (2.19), we have
I£11%, 5 < K.

Then we get
sup E(s) < K.

0<s<!
Finally, we obtain

sup E(t) < K.
>0

Once this estimate has been established for a strong solution, we can extend it to
the weak solution u € C(RT, V)N CH(R*, H) of (1.1), corresponding to the initial
data (ug,u1) = (0,0), by a density argument.

Indeed, from [1], if f € L°°(R*,L%(£2)), then there exists a sequence f, €
C>(R*,L?(92)) with f, — f € LY(RT, L?(£2)) for all n € N and

I fr = fllor @+ L2(2) < €n

with e, — 0 as n — oo.
Let f, = Pp,, fn € WH(RY, L2(2)) with By = {u € L*(2); |lu|| < M} and
M = | fllso,2-
Then ~
Il frlloe e+ 22(2)) < M
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and
1 fn = fllor@r c2c2)) = 1Peafn = fllor@s 22
= Py fr — Py fllor @+, 22(02))
< Nfn = fllor @+ 20
< €p-
Let u,(0) = u/,(0) = 0. We consider the strong solution u, € WL™(R*, V) N

/
Wioe® (R, L*(£2)) of
wll (t) + |ul, ()%, (t) + Aun (t) = fu(t), teRF.
Then, as a consequence of [1], we have the following inequality:

1tn — || poo (mt V)W oo (+,12(2)) < ||fn — fllor @+, 22(92)) < &n-

On the other hand, u,, converges to u in L>(R*, V) N Wh (Rt L2(£2)) asn — oco.
Therefore,

En(t) = 3(lun 1 + 1w, (D)113)
1

) =13
16 =
< 49&/(a+2) 2_|_ Q&/Q(a+2)) 2
(55 + HoR/ D ) + il T

16 P
+ <3|0|a/(a+” + mmw/%a“)) 22550, (2.21)

So, by passing to the limit in (2.21), we find

lim E(t) <supE(t) < K.

t—o00 t>0

This is valid for the special solution with (u(0),u'(0)) = (0,0) and then as an
immediate consequence of theorem 3.1 of [7] for any solution with initial data
(ug,u1) € V x H, since limsup,_, ., F(t) is independent of the initial data. O

3. Some applications

Let 2 be a C%-bounded open domain of RN and o > 0.
We apply theorem 2.1 to the following examples.

ExAMPLE 3.1. We consider the equation

Ut — Au + ‘Ut‘aut = f(t,x) in R+ X .Q, ( )
3.1
u=0 on R* x 92.
Here V = H}(£2) is endowed with the norm |jul| = |Vu||, H = L*(2) and the

duality map A = —A.
We have H}(2) C L+2(2) with

{[0,4/(N —2)] ifN>2
o€ .
[0, 00] if N <2
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Then
c1(a) = sup{||ulla+2; u € Hy($2), [[Vul2 =1}
and
M(A) = mf{|[Vul3; u € D(A), |lull3 =1}
EXAMPLE 3.2. We consider the equation

g + A%+ |ug|“uy = f(t,2) in RT x £,
" Juel“ur = f(t, @) } 32)

u=Au=0 onR" x9N0,
Here V = H?(2) N H}(£2) is endowed with the norm ||u|| = ||Aul2, H = L?*(£2)

and the duality map A = A2
By [5] we know that, for all « > 1, V C L2 with

[1, 0] if N < 4,
ae {100 if N =4,
[1,8/(N —4)] if N> 4.

Then
c1(a) = sup{|[uflata; u € H*(2) N Hy(£2), [|Aull2 =1}
and
M(A) = inf{[|Au3; u € D(A), |lull3 =1}
ExAMPLE 3.3. We consider the equation

wyy + A%u+ |ug|%uy = f(t,z) in RT x £,
(3.3)

u=|Vu|=0 onR" xa0.
Here V = HZ(£2) is endowed with the norm |jul| = ||Aullz, H = L?*(£2) and the
duality map A = A2
We have V' C L**2 for any a > 1 with

1, 00] if N < 4,
a€ <100 if N =4,
[1,8/(N —4)] if N >4.

Then
c1(@) = sup{|[ullas2; u € H3(£2), [[Aull2 = 1}
and

M (A) = inf{[|Aul3: we D(A), [ull} = 1}.
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