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ASYMPTOTICS OF THE OVERFLOW IN URN MODELS
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Abstract

Consider a finite or infinite collection of urns, each with capacity r, and balls randomly
distributed among them. An overflow is the number of balls that are assigned to urns that
already contain r balls. When r =1, this is the number of balls landing in non-empty
urns, which has been studied in the past. Our aim here is to use martingale methods
to study the asymptotics of the overflow in the general situation, i.e. for arbitrary r. In
particular, we provide sufficient conditions for both Poissonian and normal asymptotics.
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1. Introduction

Urn models are one of the fundamental objects in classical probability theory and have been
studied for a long time in various degrees of generality. We refer the reader to classical sources
[12, 16, 17, 18] for a complete account of the theory and discussions of different models, and,
e.g., to [4, 7, 9] for some of the more recent developments. Perhaps the most heavily studied
characteristic is the number of occupied urns after n balls have been thrown in. One reason for
this is that it is often interpreted as a measure of diversity of a given population. Actually,
more refined characteristics, e.g. the number of urns containing the prescribed number of
balls (and its asymptotics), have subsequently been studied for various urn models; see, e.g.,
[13, 16, 20], or [2] and references therein for more recent developments. In diversity analysis,
the number K, of urns with exactly r balls is called the abundance count of order r. In particu-
lar, the popular estimator of species richness called the Chao estimator is based on K| and K3
(with a more sophisticated version also using K3 and K4); see, e.g., [5]. In [9] the authors used
analytical methods based on Poissonization and de-Poissonization to prove that the number of
empty urns is asymptotically normal as long as its variance grows to infinity (this is clearly
the minimal requirement). As a by-product of their method they established the Poissonian
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asymptotics of the number of balls that fall into non-empty urns when the variance is finite
and under additional assumptions on the distribution among boxes. We mention in passing that
the number of balls falling into non-empty urns is sometimes called the number of collisions.
Under the uniformity assumption for the distribution of balls, it has been used, for example,
for testing random number generators (see [14, Section 3.3.2 I] for more details). We also
refer to [1] and references therein for another illustration of how this concept is used, e.g. in
cryptology.

Our main aim here is to consider the number of balls falling into urns already contain-
ing r balls (thus, the number of collisions corresponds to r = 1). Relying on martingale-type
methods, we provide sufficient conditions for both Poissonian and normal asymptotics for the
number of balls falling into such urns.

One way to formulate the problem is as follows. There is a collection (possibly infinite)
of distinct containers in which balls are to be inserted. All containers have the same finite
capacity r. Each arriving ball is to be placed in one of the containers, randomly and indepen-
dently of other balls. However, if the container selected for a given ball is already full, the
ball lands in the overflow basket. We are interested in the number of balls in that basket when
more and more balls appear. The notion of overflow is not entirely new and has appeared, for
example, in the context of collision resolution for hashing algorithms; see the discussion under
‘External searching’ in [15, Section 6.4]. We also refer to subsequent work [21, 23] for the
computation of the probability that there is no overflow (under the uniformity assumption),
and to [6], which, in part, concerns the estimation of the probability of unusually large over-
flow. As far as we are aware, however, the asymptotic behavior of the overflow has not been
systematically investigated.

More precisely, we consider the following model. For any n>1, let X, 1,..., Xun
be independent and identically distributed (i.i.d.) random variables with values in
M, cN:={1,2,...},andlet p, , = P(X,,1 =m), m € M, be the common distribution among
the boxes for each of the n balls in the nth experiment. Here, X, ; is interpreted as a random
label of the urn selected for the jth ball in the nth experiment. Also let

k—1
Nuim) =" 1ix, =m) (1)
j=1
foranyneN,ke(l,...,n,n+ 1}, and m € M,, where 1;,, denotes the indicator of the event

within brackets. That is, N, «(m) is the number of balls among the first k — 1 balls for which
the mth box was selected.
Let r be a given positive integer that denotes the (same) capacity of every container. Then

Yok= Y g, mm N, cm=r) 2)
meM,,
is 1 if the kth ball lands in the overflow, and is 0 otherwise. Naturally, ¥, y =0fork=1, ..., r.

Consequently, the size of the overflow, denoted V,, , can be written as

n
Vn,rZZYn,k- (3)
k=1

We are interested in the asymptotic distribution of V,, , as n — oo. We show that there are
regimes related to pj, ,, under which the limiting distribution of V), . (possibly standardized)
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is either Poisson or normal. These regimes are defined through the limiting behavior of the
sequences npj; and n't1 3" 0 prtl where pli = sup,,cu, Pon-

We find it convenient to introduce auxiliary sequences of random variables X,,, ¥, n > 1,
such that, for any n € N, the random variables X,,, Yy, Xy, 1, . . . , Xp,n are i.i.d. This allows us to
simplify expressions in general because sums over m € M,, can be represented as expectations,
and the computations are compactly carried out by means of conditional expectations. For

example, >, 4/ p;+ml =EpY . where py stands for the random variable p, x,. Convergence

in probability and in distribution (as n — o0) are denoted by £ and —d>, respectively.

We present our main results in Section 2; these give conditions for Poissonian and Gaussian
asymptotics of the overflow. We also describe the limiting behavior for the number of full
containers. Intermediate technical results are found in Section 3, and the proofs of the main the-
orems are presented in Section 4. Section 5 includes some remarks concerning the asymptotic
behavior of the mean of V,, ;..

2. Main results

2.1. Poissonian asymptotics

Theorem 1. Let Pois(it) denote the Poisson distribution with parameter p € (0, 0o). If

nrHIEp;(n — (r+ Dy, (€))
np;— 0, (5)
then Vy, LY Pois().
Proof. See Section 4.1. O
Example 1. Consider the uniform case, that is, p,, j = 1/my, forje M,, ={1, ..., m,}. Then
x«_ I r+lm o r ik
np, = m—n, n T Epy = pr (6)

r+l
Take m, = Lan r J, a> 0. Then, by (6), np} — 0 and n’“]Epg(n — 1/a". Consequently,

Theorem 1 yields V,, , —d> Pois(w), with u =1/(a"(r + 1)!). Illustrative simulations are shown
in Fig. 1.

Example 2. Consider the geometric case, with p,, j = p(1 — py)’,j € M, ={0, 1, 2, ...}. Then

@)

(np,)"*!
npy=npn,  n"EpY, = ==yl
n

Take p, = a/n"*V/" a > 0. Then, by (7), np} = a/n'/" — 0 and

a'py a
— .

(r+Dpn+olpn) r+1

r+1 roo_
n " Epy, =

Consequently, Theorem 1 yields V,, , —d> Pois(u), with uw=a"/[(r + 1)!(r + 1)]. Illustrative
simulations are shown in Fig. 2.

https://doi.org/10.1017/jpr.2021.87 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.87

800 R. GOUET ET AL

dpois(0:12, mu)

0:12
FIGURE 1. Simulations of the overflow in the uniform case with r=2, n=10°, m, = Lan r J, and

a=1/3 (i.e. mjps = 10540925 and p = 1.5) are shown as vertical lines 10* repetitions), while Poisson
probabilities for k=0, . .., 12, dpois(0: 12, u), are depicted by circles.

0.20
|

dpois(0:12, mu)

0.10
|

0:12

FIGURE 2. Simulations of the overflow in the geometric case with r =3, n = 103, Pn= an~rtD/7 with
a=6(.e. pjps~1.29 x 107% and p = 2.25) are shown as vertical lines (103 repetitions), while Poisson
probabilities for k=0, . .., 12, dpois(0: 12, u), are depicted by circles.
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Hwang and Janson [9] used the method of Poissonization and de-Poissonization to estab-
lish the asymptotic normality for the number of occupied boxes under the weakest possible
assumption that its variance tends to infinity. As a by-product of their approach they derived
Theorem 1 for r =1 (see [9, Theorem 8.2]). The proof we present in Section 4.1 is entirely
different and relies on a martingale-type convergence result from [3].

2.2. Normal asymptotics

Theorem 2. Assume that np}; is bounded, and that n” +E p, — 0. Then

Vor—EYV,
Tnr 2 4N, 1).
JVvarVv, ,
Proof. See Section 4.2. O

The boundedness of np) may be interpreted as the asymptotic negligibility condition,
which is a natural requirement for central limit theorem (CLT) type results. The assumption
R P, — 0© is to ensure that the variance Var V), , grows to infinity with n, a necessary

condition for the CLT. In Proposition 1 we show that E V,, , and Var V,, , are of order n” +lR p;(n'
Proposition 1. Assume that np}; is bounded and let .. =lim sup np;; > 0. Then

Vn,r

Chuir+1)
r!

EV, 1
<limsup L < , (8)

<liminf ———
= n’“Ep;(n - n”‘lIEp;(n “(r+ 1)

where, for p>0 and x>0 we have set T'y(p):= fol e~ dr. If in addition,
nrHEp;(n — 00, then

21
VarV, VarV, 1
S <liminf " <limsup < ©)
(r+ 1) n T Epy. nEpy Tl
Proof. See Section 4.2.2. O

Remark 1. Since To(p) =1/p, it follows immediately that if A =0 then the limit of
E Vn,r/[n’“IEp;(n] in (8) exists and equals 1/(r + 1)!, regardless of the values of (p, ). As
we will see in Section 5, the situation is more complex when A > 0.

Example 3. Consider the uniform case, with p,;=1/m,, jeM,={1,...,m,}. Then
n"H]Epgfn =n"t!/m’ — oo and np} =n/my, — A > 0. Thus, by Theorem 2,

V., —EV,
T 2 SN, 1).
JVarV, ,

In particular, m, = [kn®| with ae[l, 14+r"!) and « >0 yields normal asymptotics.
[lustrative simulations are shown in Fig. 3.

Example 4. Consider the geometric case, with p, j = p,(1 — pn)j ,jeM,=1{0,1,2,...},and
pn=1/n% ac(l, 14+ r"). Then (7) yields
r-HE _ nr+l—ra

n Y, = ———— —> 00
" r+1+o0()
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FIGURE 3. Simulations of the overflow in the uniform case with r=2, n= 104, my, = |n%| with

a=1.1 (i.e. my; =25118) are shown as vertical lines (104 repetitions) vs. the graph of the normal

density dnorm(x, w, s), where w=217.2 and s = 14.9 are the empirical mean and standard deviation,
respectively.

Moreover,
1, a=1,
0, l<a<l1l+4rL

np; =np, = nl=

Thus, the asymptotic normality of V,, , follows from the above theorem. Illustrative simulations
are shown in Fig. 4.

2.3. Phase transition

In this short subsection we combine the results on the Poisson and normal asymptotics given
in Theorems 1 and 2 in order to identify a critical capacity r that separates two asymptotic
phases, normal and degenerate, the phase transition being through the Poissonian asymptotic
regime.

Proposition 2. Let np): — 0. Assume there exists anr € {1, 2, ...} such that (4) holds. Then
(i) (Vs —E Vy)/y/Var Vs > NO, D) forse {1, ..., r—1),
(ii) Vir > Pois(u),

(iii) Vs> 0forselr+1,r+2, ...}
Proof. See Section 4.3. O
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FIGURE 4. Simulations of the overflow in the geometric case with r =4, n= 104, a=1 are shown as
vertical lines (10* repetitions) vs. the graph of the normal density dnorm(x, w, s), where w =9.74 and
s = 3.57 are the empirical mean and standard deviation, respectively.

2.4. Asymptotics for the number of full containers

Let L, » denote the number of full containers and K},  the number of full containers without
overflow. The main idea is to represent L,  and K, , in terms of the size of the overflow V,, ,.

Note from (1) that N, ,41(m) is the total number of balls in the sample for which the mth box
was selected. Thus, Ky = 3 ey, 1,1 Gy=r) = Ln,r — L1 and Ly r = 3 icpy 1w, 416925
We note that

n
Lor=Y" Y g =pliv,g=r1)

jeM, k=1
n n
=Y Y A= vtz — Y Y K =i vz
JEM, k=1 JEM, k=1
That is,
Lyyr=Vor-1— Vor, Knr=Vur—1 —2Var + Vars1- (10)

Note that in the case r =1 we have V,, o =n and thus L, |, which is the number of non-empty
boxes, is

Ln,1:n_Vn,lv (11)

and K, 1, which is the number of singleton boxes, is

Kn1=n—=2V, 1+ Vyo. (12)
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These representations of K, , and L, , in terms of V, ,_1, V,,», and V,, .41 allow us to read
the Poissonian asymptotics of these two sequences from Theorem 1. For K}, , the forthcoming
statement was proved in [16, Theorem II1.3.1].

Theorem 3. Assume that np}; — 0.
. _ d . d .
(i) If r>1and n’IEp;nl — rlu then L, , — Pois(u) and K, , — Pois().

(ii) Ifr=1and ’Epy_— 2 then n— Ly ~> Pois(i) and 4(n — K1) -> Pois(0).
Proof. See Section 4.4 U

. P . .
Note that, under the assumptions of Theorem 3, we have L, , — K, , — 0 in case (i) and
d _ . . ..
L,1 — K,,1 — Pois(u) in case (ii). To see these two facts, note that L, , — Ky, r = Vi.r — Vi r41
. P . .
forall r=1, 2, ... and, under the assumptions of Theorem 3, both V,, ., V;; ,4-1 — O in case (i),

while V,, > - 0 and V,, | ~ Pois(u) in case (ii).
The representations in (10) are also useful for getting Gaussian asymptotics of L,  and K, ,
from Theorem 2 in the case A = 0.

Theorem 4. Assume that np}; — 0 and r > 1.

(i) Ifn"HIEpg(n — 00 then
Ln,r_ELn,r

JVarL,

<N, 1).

(ii) Ifn’JrZIECpQZ'1 — o0 then

K,,—EK
LA —— _d, N(O, 1).
v Vark, ,
Proof. See Section 4.4. O

3. Intermediate technical results

In this section we provide the notation, definitions, and technical results that are needed in
the proofs of the theorems.

3.1. Multinomial distribution and negative association

Note that, for distinct my, ..., mge My, andany k=1, ..., n, (N, x(my), . . ., Ny x(mys)) has

a multinomial distribution, denoted Mngy(k — 1; ppmy, - - - » Pnom,), 1.€.
k 1 N k_l_Zi:I iV S
. RN - _ iy
IP)(]\'In,k(’/”l) =11, .0y Nn,k(ms) =iy) = <i1, . is) (1 Z pn,v) Hpn,mv
v=1 v=1

fori,>0,v=1,...,s, and Zi:l iy <k — 1. In particular, N, (m) has the binomial distribu-
tion Bin(k — 1, ppm), i.e. BNy x(m) = i) = ("7 ‘) D@kl =0, k= 1, where g, =

1= pum- Also, let N’ (m) = Ny.o(m) — Ny x(m) = Y52 11, j=m) for k <€, and N! ,(m) =0

for k> £. Then, for distinct ji,...,j; € M, and k < £, (Nﬁ’k(jl), .. .,Nﬁ’k(j,)) has distribu-
tion Mn,(¢ — k; ppnj,» - - ., Pn,j,)- Moreover, the random vectors (N x(m1), . . ., Ny x(ms)) and
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(NZ k(n) ﬁ’k(jt)) are independent since the former is a function of X, 1, ..., Xpx—1 and
the latter ofX,,,k, ces Xne—1-

Further, it is well known that multinomial random variables are negatively upper-orthant
dependent (NUOD:; see, e.g., [19], where this observation seems to have appeared for the first
time, or [11]). That is, for m; % my,

PNy, i(m1) = x1, Npk(mz) = x2) < PNy i(m1) = x1) P(Ny,k(m2) = x2). 13)
As such, they are also negatively associated (NA); see [10] for the definition and basic
properties P1-P7. We recall three of these properties that we will use:
P4: A subset of two or more NA random variables is NA.
P6: Increasing functions defined on disjoint subsets of a set of NA random variables are NA.
P7: The union of independent sets of NA random variables is NA.

Since {Nj r(m1), ..., Ny i(m;)} and {N‘Z k(]]) ﬁk(j,)} are independent sets of NA ran-

dom variables, by property P7. (Ny4(rm1). ... N (). N G0+ NE (i) is also NA. In
particular, by P4, for distinct my, mp, ny, and ny, the subset {Nn, k(ml) Ny k(n1), Ny x(m2),
Nuk(n2), N& ((m2), N&  (n2)} is NA as well. Finally, noting that Ny, ¢(m) =N, ,,k(m)+N@ (),
we conclude by P6 that Ny.k(m1), Ny k(n1), Ny e(m2), and Ny ¢(n2) are NA.
Consequently, the following extended versions of the NUOD property (13) hold:

PNy i(m1) = x1, Ny k(n1) = y1, Ny e(m2) = x2, Ny ¢(n2) > y2)
S PWNpx(m1) = x)PWNp e(n1) = yDOP(Ny e(m2) > x2)P(Nyy e (n2) > ¥2),  (14)
and, taking y; =y, =01n (14),

P(Ny,k(m1) > x1, Ny e(m2) > x2) < PNy i (m1) > x1) PN, e(m2) > x2). (15)

3.2. Conditional expectations

Let Fur =0Xn.1, - . ., Xy k) be the o-algebra generated by X, 1, ..., Xpxfork=1,...,n
and note that N, j(m) is F, y-measurable, for any m € M, k > j — 1. Note also that, for any n,
k, X, is independent of F, . Then Y, ; can be written as

1ix, j=x,}
Yyj= E<—” Ln, j(x)=r) fn,n)-
Px,
So, for j >k,

{Xn j—Xn

( fn,k1>
Px,
Lix, =x,
E( ( Doy }I{N,”(X y=r) | Xns Fnje 1)‘}—“ 1)

l{xn =Xa)
( ! Xnv -Fn] 1>1{N,,](X,l)>r} -Fn,k—l>

= E(I{Nn.j(Xn)zr} | Fk—1)- (16)
Hence, E(Yn,j | ]:n,k) = I['E(I{N,,J(X,,)zr} | ]:n,k) forj > k’ and E(Yn,k | }—n,k) = Yn,k~

IE’(Yn,j | ]:n,kfl) =

l{Nn j(Xil)>r}

E
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Note that the representation in (16) implies
EYnk | Frk—1) =PWNok(Xn) = 1| Fpk—1) = PNn k(Xn) = 1 | Fn)- A7)

Taking expectations of both extremes of (16), we get

j-1 .
—1 A c 1
EYn,j=P<Nn,j<Xn)zr)=EP(Nn,,-(Xn)zr|xn)=JEZ(’ l. )P&,ﬂlxﬂl g

i=r
where qx, = 1 —Px,- Furthermore, for k, £=1..., n, (17) yields
E(]E(Yn,k | fn,k—l)E(Yn,Z | ]:n,l—l)) = E(P(Nn,k(Xn) >r| }—n,n)P(Nn,Z(Yn) >r| ]:n,n))»

and, because Ny (X,) and N, ,(Y,) are conditionally independent given F,,, it fol-
lows that E(E (Yn,k | fn,k—l)E(Yn,Z | fn,(—l)) = ]P(Nn,k(Xn) E Nn,(i(Yn) >r). Consequently,
for any %, ¢,

CoV(EW i | Fri—1)s EWn e | Fre—1)) = Cov(in, yx)=r}s 1Ny o(¥m=r})- (19)
3.3. Two useful lemmas
In the proof of Theorem 1 we use the following results, obtained from (4) and (5).

Lemma 1. (i) Let s be a positive integer. If (4) and (5) hold, then

n'Epy — 0, (20)
ns+1Ep§(n —-0, s>r. 21

(ii) If np};, n > 1, is bounded and n"HEpg(” — 00 then

nSHEpg(n —o00, O<s<r. (22)
Proof. (1) Since n°E p}‘(n < (np})*, (20) follows from (5). Also, (21) follows from (4) and (5)
since nS+IIEp§(n < (npi)*~"n'+! E pl .
(ii) For s < r, by (4) and (5) we get n* T E p}, > n"T'E p§ (1/(np}) ) — oc. O
We also need the following simple estimate of the tail of a binomial sum.

Lemma 2. Let m,n be positive integers such that m <n, and let p € (0, 1). Then
n m
> (1)< 2, 23)
£ l m!
=m

Proof. The left-hand side of (23) is P(B,, > m), where B, has distribution Bin(n, p). We
argue by induction on n > m. Note that for n = m the left-hand side of (23) is p™ and the right-
hand side is (m™ /m!")p™. Since m"™ > m! the result follows. For any n > 1, by induction we have

P(By+1 =m)=P(B, =m — 1)p + P(B, =m)(1 — p)

n m—1 np)™ n+1 m
S(p) er(p) (1—p)5(( )p)’
(m—1)! m! m!
where the last inequality follows from mn™~! 4+ n™(1 — p) < (n + 1)". O
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4. Proof of Theorems

4.1. Poisson convergence

The proof of Theorem 1 is based on the following theorem due to [3]; see Corollary 5
therein.

Theorem S. Let {Y,x, k=1,...,n;n>1} be a double sequence of non-negative ran-
dom variables adapted to a row-wise increasing double sequence of o-fields {Fy i,
k=1,...,nm;n>1}, and let n > 0. If

max E(Yx | Foio1) - 0, (24)
1<k=<n
- P
> Bk | Fuk-1) = 1, (25)
n k=1 .
D EYuilyy, ,—1j=e) | Fak-1)— 0 forany e >0, (26)

k=1
d .
then Y ;_y Yux — Pois(n).

Proof of Theorem 1. We show that conditions (24), (25) (with n = ), and (26) of Theorem 5
are satisfied for Y}, x, defined in (2). First, we note that (26) is trivial because, fore <1, Y,y =0
if and only if 1{‘Yn’k_1|>g} =1.

The rest of the proof is divided into three steps. In Step I we check (24). Then we prove that
(25) holds in quadratic mean, i.e. E(ZZZI EYu k| Fuk—1) — ,u)2 — 0. To that end we show
that Y y_ EY,x— wand Var ) ;_ E(Y,« | Fk—1) — 0 in Steps II and III, respectively.

Step I. We prove (24) using (17). Clearly, 1in, (m=>r} < 1in, m=r} for k<1, so
maxi<k<n EYnk | Fri—1) =E(Ynn | Fan—1). Note also that, due to (18), (23), and (20),
EY,n=E Zf’:_rl (" N l)p%n q;’(;l_i <n"Epy — 0. Consequently, Markov’s inequality implies

1

that E(Yy | Fpn1) — 0, and (24) follows.
Step II: To prove thatlim ) ;_; E ¥, x = u we show that lim sup and lim inf are respectively
bounded above and below by . From (18), (23), and (4),

n n k-1 n rr
B K=1\ : 41 (k—1)py
Seru=eY Y (47 ) sy T
k=1 k=1 i=r k=1
nr+1
o7 1)!Ep§(,, — I, 27)

solimsup ) ;| EY,x < pu.
Additionally, since by (18) we have E Y, = P(N,x(X,) > r) > P(N, 4 (X)) =r) and (1 —
Pk =1—kp, pe(0,1), then

- ~ (k-1

- k—1—
> EYuk=) ( . )EP;(,,QXH '
k=1 k=1

(k-1 " (k-1
zEz&,Z(",)—Ep&jl (kr)ac—l—r). (28)

k=1 k=1
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Further, observe that

D! < [k — (r42) < (k—
(rn—ri-+l) Z(kr1>_>1’ r(nrrjr-2 )Z<kr1>(k_1_”)_>1-
k=1

k=1

Thus, by (4) and (21), the right-hand side of (28) converges to u, and so we have
n

liminf > E Y, > u.
k=1
Step III: We prove that W, := Var ZZ:l E(Yn i | Fak—1) = 0 by relying on the NUOD
property of N, x(m1) and N, ¢(my), for distinct my, my € Mj,. In what follows we compute and
bound some expectations that add up to W,,. First, note from (19) that

n
W= CoVvB(Wy | Fuk-1)s Ve | Foi-1)
k,t=1

n
= Y Cov(liy, 0z LN, ((r=n)-
k=1

For U, V square-integrable random variables and G a o -algebra, let the conditional covariance
be defined as Cov(U, V| G)=EWUV |G) —EWU | GEWV | G). Also, let 1x(m) =1, ,(m>r}
(for simplicity) and k A £ = min{k, /}. Then, by the i.i.d. assumptionon X, 1, . . ., X;y.n, Xu, Yar,
we have

COV(lk(Xn), 1Z(Yn) | Xn, Yn) = E(lk(xn)li(yn) | X, Yn)
— Ex(Xn) | X)E¢(Yn) | Yn). (29)

Furthermore,

E(lk(Xn)lé(Yn) |Xna Yn)l{X,l=Y,,} = IE(I{X,,=Yn}lk(Xn)lﬁ(Yn) |Xn’ Yn)
=E(1(x,=r,} Le(X)1e (X)) | X, Yy)
=Eae(Xn) | X)ix,=v,) (30)

where the last equality follows from 1;(m) < 1,(m) for k < ¥, because N, (m)>r implies
Ny ¢(m) > r. So, from (29) and (30), we get

Cov(1x(Xn), Le(Yn) | X, Yi)lix,=v,) < E(lxne(Xn) | X)lix,=v,)- (€29
Furthermore, by the NUOD property (15),

EMxX)Le(Yn) | Xn, Y)lix, 2y, = E(x, 27, LX) 1e(Yy) | X, Ya)
<EQx,£v,) (X)) | Xn, Y)EQx, £y, 1e(Y) | X, Yi)

=EM(Xn) | X)EQe(Yn) | Y)lix,£v,)- (32)
Hence, from (29) and (32), we have
Cov(1x(Xy), 1e(Yyn) | Xn» Yi)lix,2v,) < 0. (33)
And, finally, from (31) and (33),
Cov(1(Xn), Le(Yn) | Xn, Yn) < Eicne(Xn) | Xn)Lix,=v,)- (34)
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Let us write

Cov(1x(Xn), 1¢(Yy)) = E Cov(1x(Xy), 1e(Yy) | Xn, Yi)
+ Cov(E(1x(Xy) | Xy, Yn), EAe(Yy) | Xir, Yin)).
By the independence of X,, and Y, we can write E(1x(X},) | Xy, Y») = E(1x(X,,) | X)) and

E@¢(Yy) | Xy, Yn) =E1¢(Y,) | Yy,). Thus, again referring to the independence of X, and Y,
we conclude that the second term above vanishes. Applying (34), we thus get

Cov(1x(Xn), Le(Yy)) < E E(Mgae(Xn) | Xu)lix,=v,}
=E Line(Xn)lix,=v,} = E Line(Xn)py, - (35)
Note that in the first equality above we used the identity E(1xa¢(Xy) | Xi) = E(1xae(Xy) |
X, Yp), i.e. we referred again to the independence of X,, and Y,,.
Also, by (23),

kAD)—1

kAL —1Y\ ; —1—i
E(lene(Xnpy, | X) = 3 <( ) )p&nc&“) ok, <=1

i=r
Finally, taking expectation above and adding over k and ¢, from (35) we obtain

n
Wu< > (k= IYEp! <n™Epit -0,
k,t=1

where convergence to 0 follows from (21). Since W,, > 0, it holds that W,, — 0. O

4.2. Gaussian convergence

The proof of Theorem 2 is split into several steps, which are presented in four subsec-
tions below. In Section 4.2.1 we decompose V,, , — [E V,, , as the sum of martingale differences
ZZ:] dpk, with suitably defined (uniformly bounded) d, ;. In Section 4.2.2 we prove
Proposition 1. In Section 4.2.3 we show that Var ) ;_, Var(d, i | Fux—1) is o((n""lIEp)’(n)z).
In the final part of the proof in Section 4.2.4 we use this bound and the growth rate for Var V,, ,
to conclude the proof by the martingale central limit theorem.

4.2.1. Martingale differences decomposition.
Lemma 3. The centered size of the overflow can be represented as V,, , —EV, , = ZZ:] dn i
where the d,, i are martingale differences defined by

n

dnx = Z (EYoj | Fuk) — EYnj | Frk—1)). (36)
=k

Proof. Clearly, E(dy i | Fn.k—1) = 0. Further, noting that 7, g is the trivial o-algebra,

n noJj
Y duxk=) > EYnj| Fut) =Bl Fug-1)

k=1 j=1 k=1

n
=Y EBnj| Fa) —EYn )=V, —EV,,.
j=1

https://doi.org/10.1017/jpr.2021.87 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.87

810 R. GOUET ET AL

Lemma 4. The martingale differences dn i of (36) are uniformly bounded and can be
represented as
)

Proof. Let n,reN,j>k and note that N, ;(X,) = Ny x(Xy) + 1ix, ,=x,) +Ni;,k+1(Xn) =
Ui+J, where, for simplicity, we let V=N,i(X,), U= V+N2’k+1(Xn) >V, and
J=1yx,,=x,)- Then {Uj+J>r}={Uj>=r}U{Uj=r—1,J=1}. Clearly, {V>r}C
{Uj>r}, and thus we have {Uj+J>r}={V>rfU{U;>r,V<rfU{Ui=r—1,J=1}.
Consequently, by (16) we can write

Lix, i=x.) — Py,
dn.k = E( I{Nn‘k<xn>+N,’:;’+l(Xn)2r}

Py,

n

E(Ynj | Fri) =EQw=r | Far) + EQuuzr,v<r | Fai) + EQquj=r—1,7=1} | Fn.k)
=EQwzrn | Frni—1) + EQuuy=r,v<r | Fai—1) + EULw=r—1} | Fni)s
where F, ) is changed to F,x—; in the first two conditional expectations due to
the independence of X, and (X,;, j€{l,...,n}\{k}) (note that V and U; depend

only on the latter set of variables and do not depend on X, ). Similarly, E(Y, ;|
Fni=1) =EQwzr | Fri—1) + EQq=r,v<r} | Fuk—1) + EULw;=r—1) | Fnk—1). Also, note

that E(/g=r—1) | Fri-1) =]E<1{Uj:r_1}pxn |f,,,k). Therefore, for j > k., E(Y, | Fux) —
E(Yoj | Fa-1) =B (L= = px, )| Fu ). Thus,

enki= Y (E(Yn,,-|fn,k>—E<Yn‘,~|fn‘k1)>=E<(J—pxn> > L=y \fn,k)

j=k+1 Jj=k+1

Observe that, for j > k,

1 Xn,j=Xn
E(Q X, fn,j_1> _1.
PXx,

Then

n
1{Xn ':Xn}
en~k=E<(J_an) Z l{U_/=r—1}]E(p"T ‘Xn, fn,j—l) ‘}"n,k

j=kt1 "

J—py "
=E<E< ] Z Ly=r-11ix, j=X,} | Xns Fnj-1 ‘f"’k
j=k+1

Dx,

J—py n
=]E< “1iy<r) Z Lu=r-1y1ix, ;=x.} | Fnk |
Px, j=k+1

where in the last expression we used the fact that {V < r} D {U; =r — 1} forj > k. Observe also

the event {V < r} (note that Uy41 = V). That is, using the original notation,

n
;1 I{Nn_k<xn>+1v{;,k+1 y=r—1) L=} = l{Nn.k<xn>+N::;1+1 Xp)=r}
J=k+
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n)
1{Xn,k:Xn} _px

]:n,k> k]
Py,

on the event {N,, x(X,) < r}, and so

l{Xn k:Xn} pX
k= E(TI{N"-k‘xn><’}I{Nn.k<xn>+1v:,ti]<Xn>>r}

n

Finally, since

)%k—EﬂhkLEw—O=E< =N, ()= 1)

we conclude that
dn,k = Yn,k - E(Yn,k | ]:n,k—l) + enk

l{Xn =Xn} — pX
= E(— (A, 0z + 1{Nn,k(xn><r}1{N,,yk(xn>+1vg;1+1<xn)zr}) ‘ I n,k)

Px,

LiX, =X} — Px
— n, n n n . 37
E( Px, Nn ik Xn)ANIEL (X)>r) i "vk> (37)

For the boundedness of dj, i, note that
Lix, i=x,) —Px
|dn,k| < E(‘# ‘ ]:n,k) = Z |1{Xnvk=m} —Pnm| = 2. O
pX,, meM,

4.2.2. Growth rate of the expected value and variance.
Proof of Proposition 1. We first prove (8). For the upper bound in (8) note that, by the
representation in (3) and the estimates in (27), it follows that

EV,, - 1
nr+lEp§(n “(r+ D

Similarly, for the lower bound, by the first part of (28) we have

n n
k—1 __ k—1 —r—
Em,eEZ( . )psfn(l—px,,)" ' 12151&2( . )(1—19;:)" .
k=1 k=1

Since, for any m and any odd j, we have (1 —x)" > >_ () (—x)', we get, for any odd j,

EV,, 1 & (h—1\ s (k—r—1\
n1E pl z nr+l Z < r ) Z i (=Pn)
n k=1

i=0

J n k—1\ (k—r—1
i * iZkzl ( r )( i )
= ; (=1 (np}) e .

Note that

1 & (k=1\[k—r—1 1 " (k—1)!
nr+i+1;< r )( i )an+i+lr!izz(k—i—r—1)!

k=1
Ne RN
pr it Pilr+i+1)
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Consequently,

g EVer 1§ M)
1m 1n rJrl—r—_'Zy—

n Ean r! l_zol.(l—|-r+1)
1 o0

. 0 O 9

R 5 i! r! r!
=l

which proves the lower bound in (8).
To prove (9), let px = py.x» gx = 1 — px, and

n—k

n—k\ .
T — i l’l—k—l.
nk) = > ( ; )pqu (38)
l:ran,k(x)
Then
1ix, .=x,) — P,
]E( Px, L scensit conzn | X 7 ",k)
1{Xn :Xn} - pX
=E<#Tn,k<xn> Xo, fn,k),
Px,
and so 1
{Xn. :Xn} _an
dy = E(— k(X)) fn,k).
Px,
Also, recalling that X,;, Y, X1, . . ., Xp.p are 1.1.d.,
I{Xn =X} _pX I{Xn =Yy} _pY
dy = (#Tn,k(xn) fn,k)E(#Tn,k(Yn) fn,k)
Px, Py,
1ix, ,=x,} — Px, 1ix, ,=v,} — Py,
= E<#Tn,k(xn)#’rn,k()’n) fn,k)»
Px, Py,

where the second equality follows from the conditional independence, given F, , of

lxn :Xn _p
X =Xa} 7 PX, wi(X,) and
Px, Py,

1ix, ;=v,} — Py,
T nk(Yn).

In what follows we compute E(dﬁ | Fn, k_l) by considering the cases X;, = Y and X;, # Y.

We get
]:n,k—l)

(Mix, 1=x,) — Px, ) A(x, 1=v,) — Py,)
Px, Py,

1 - Px
= E<1{X,1—Yn} n T (Xn) J-"n,k_1>
Px

— E(1x, 2,) Tuk X) Tk (Yn) | Frk—1),

2
1 n,k=Xn} "Pxy
E(dy i | Fk1) = ]E<1{Xn=Yn} <%> T c(Xn)

f';:,k—l)

+E<1{Xn7éyn} k(X)) Tk (Yn)
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where the second equality above is obtained from conditioning inside both expectations with
respect to X,,, Y, Fu k—1. Finally, integrating out Y, in the first expectation we get
E(dy i | Fui—1) =Elqx, Ty (Xn) | Frk—1)
— EQx, v, Dok X) T 1 (Y) | Frk—1)s (39)

and consequently
Vard, ;=E dﬁ’k =Eqy, Tg’k(Xn) —E1x, 27,3 Tn k(X)) Tk (V). (40)

For the upper bound of the variance, note that 0 <7, (X,) <1 and thus (40) implies
Var dn,k <E dﬁ,k <E Tn,k(Xn)- Also, ]E(Tn,k(Xn) | X, ]:n,k) = ]P)(Nn,k(Xn) + NZI_IH(Xn) >r|
X, Fnk), and so

E(Tn,k(Xn) | Xn) = IP)(Nn,k(Xn) +N:::‘1;i1 Xn) = r | Xy,)
< IP)(N'n,n+l(Xn) >r| Xn). (41)
Now, recalling that N, ,+1(m) has distribution Bin(n, p,, ) for m € M,,, and using (23), the

right-hand side of (41) is bounded by n"py /r!. Last, taking expectations, we obtain Var dy x <
n"E pY /r!, and consequently

n nr+1Epr
Var Vo, =Y Vardy < ———=.
k=1

(42)
r!

In order to bound Var dj, x from below we first find an upper bound for the last term (with the
minus sign) in (40). To that end, note that T}, x(x), defined in (38), can be written as 7}, x(x) =
P(Bp—k(x) + Ny k(x) > r | Fu k), where B,_i(x) is Bin(n — k, py), independent of X, Y,,, F. n,
MY Tn,k(Xn) =P(B,—k(X,) +Nn,k(Xn) >r | Xn, fn,k) and

E(Tnk(x) | Xn) = P(Bp—k(x) + Np k(%) = 1| Xp). (43)

Furthermore, for y#x let B,_(y) be a Bin(n —k, py) random variable, independent
of Xy, Yy, Fu,n and independent of Bj,_i(x). Then J,x:= E(lix,£y,)TncX)Tnx(Yn) |
Xn, Yu, Fuk) can be written as Jyp =P(X, # Yy, By x(Xn) + Np k(X)) > 1, By 1(Yy) +
Ny (Yp) = 1| Xy, Yn, fn,k)7 and so IE(Jn,k [ X, Yn) =P(X, Y, By 1 (Xn) + Ny k(X)) > 1,
By k(Yy) + Nu i (Yy) > r| Xu, Yy). Then, since conditionally on X, Yy, (Ny x(Xy), Npk(Yy)) is
Mn;y(k — 1, px,. py,), and because of the NUOD property, we have

E(Wnx | Xn, Yn) < 1x,27,)PBy k(Xn) + Nk (X)) = 1| X, Yn)
X P(By ik (Yn) + Nuk(Yn) = 1| X, Yy)
= 1ix,2v,) P(Bnx(Xn) + Ny i (X) > 7 | X5)
X P(By 1 (Yy) + Np i (Yn) = 7| Yy)
= 1(x, 21, BT k(X)) | X BTy k (V) | Yi)
= BT k(Xn) | X)E(T 1 (V) | Y) = Lxtumy, ) (BT 1 (Xi) | Xi))?,

where the second equality follows from the NUOD property and the third from (43). Finally,
taking expectations and using the independence of X, and Y,,, we get E J,, x < (E T,,,k(X,,))2 —
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E Px, (E(Ty 1 (Xn) | X)) Replacing the rightmost expectation in (40) by this bound,
we have
Vardy i > E Ty (X)) — Epy Ty ((Xn) — (B T x(Xa))* + E py (B T k(Xa) | X))
= Var Tn,k(Xn) - EPXHVM(Tn,k(Xn) | Xn)
> E Var(T,, «(Xp) | Xn) — prnvar(Tn,k(Xn) | Xn).

Note also that

E py, Var(Ty x(Xn) | Xa) < E py B(T; (X)) | Xn)

r r+1
n EPX np*
—_— < — anpS}n.

= IEpX'nTn,k()(n) = o !

Thus, since np}; is bounded,

n n
> Vardyg =) EVar(Tui(Xa) | Xa) + o' E py ).
k=1 k=1
Finally, observe that T, ((x) can be written in the form T, x(x) = Z;:o Pj(x)1;(x), where
Pi(x)= (nj_k) Ph qﬁfkﬂ and 1;(x) = 1{n,, ,(x)>r—j}- Therefore,

Var T, 1) = Y PFx)Var 1;(x) +2 Y Pj,(x)P;,(x)Cov (L, (x), 1;,(x)) .
Jj=0 J1<2

Since 1, (x) < 1;,(x), it follows that the double sum above is non-negative and so

Var T}, 1 (x) > Z P} (x)Var 1;(x) > Pg(x)Var 1o(x)
j=0
= (1 — p)* PPN, £(x) = PNy k(%) < 7)
> (1 — po) OB, 1 (x) = 1PN, 1 (x) = 0)

k—1 . k—1
=( . )p;u—px)z" ’ 22( . )p;a—p::)z".

Consequently, Var(T, 1 (X)) | X,) > (k:I)pg(n(l —pz)z", and SO Y iy Vard, ;>
A —pHPEpy Yoy () + o' E p} ). Finally, since lim sup np} = &,

™ Vard 1 —p* 2n —2A
Lic Vardpg oA op)™ | e
W HE p G+ G+ 1) O

lim inf

4.2.3. Variance of the sum of conditional variances.
Lemma 5. Under the hypotheses of Theorem 2,

n
Wy = Var ) " E(dy | Fp—1) = o ' E p )%). (44)
k=1
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Proof. We first rewrite (39) as E(dﬁ’k | Frik—1) =EAnxXn) — By ixXn, Yn) | Frnk—1)=
Wk = Buks Where An i (0) = ¢ T (), Buik(x, ¥) = Ly Tu kT (), @k = E(Ay 1(Xn) |

Fnk—1), and Bk =E(B, k(Xn, Yn) | Fnk—1). So, letting Wy = Var ZZ:I ankx and wh =
Var 22’:1 Bn.k, and noting that Var(X 4 Y) <2(Var X 4 Var Y), we have

W, <2W% +2Wh. 45)
Then,
n
W=y Varayi+2 Y Cov(dnk, tne), (46)
k=1 1<k<fl<n

and the analogous formula holds for W,‘? . In what follows we express the variances and
covariances of «, ; and B, in terms of A, x(X,) and B, x(X,, Y,). For simplicity, let Z, =
X, Yn), Z,/i = (X;,s Yr/,)v then Var Qpk = COV(An,k(Xn)» An,k(X;l))’ COV(Oln’k, Ap,e) = COV(An,k
(Xn), An,E(X;/g))» Var B,k = Cov(By, x(Zy), Bn,k(Z,;))y and  Cov(By.k, Bn.e) = Cov(By i (Zy),
By,.¢(Z))), where X, and Y, are such that X,,, X, Y, ¥/, X 1, . . ., Xy, are i.i.d. for any n> 1.
We only check the first formula; the others are obtained similarly:

E O‘,%gk = E(E(An,k(xn) | Fn,k—l)E(An,k(X;l) | ]:n,k—l))
= ]E(E(An,k(Xn)An,k(X,/1) | ]:n,k—l))
= E(An kXn)An k(X))
(B o 1)” = (B Ay k(X0))> = (B Ap kX))(E Ay (X)),
and the formula for Var o, x follows.

We now compute bounds for the covariances defined above. Since A,, x(x) and B, (x, y) are
bounded above by T, x(x) < 1, reasoning as in the paragraph preceding (42) we have

Cov(An k(Xn), An k(X)) < E A,k (X)An i (X;) < E T, k(X)) <n"Epy. 47)
COV(Bn,k(Zn)9 Bn,k(z;l)) <E Bn,k(zn)Bn,k(Z;,) <E Tn,k(Xn) = anP§n~ (48)

Next, we handle Cov(A, x(X,), An,¢(X},)), which requires somewhat more effort than the pre-
vious covariances because the crude bounds do not yield the right order in n. Since A, x(x) =

(1= p)T; (),
Cov(An k(Xn). An,e(X))) = Cov(T;y (Xa). Ty (X)) + OB pi™) (49)

because each of the remaining three covariances is bounded by an expression of the form
Epx, Ty x(Xp) <cn'E pgl. To bound the covariance between Ts «(X) and Tf (X)) we write

E T2 (X)T2 (X)) = E Lix,—x)y T2 (X)) T2 o (X,)
+ E1x,2x0) Tr  X) Ty (X)) (50)

and note that the first expectation in (50) is bounded by

E 1(x,—x;) Tk (Xn) = E px, Ty k(X)) < cn’E pigt", 1)
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where ¢ is a positive constant. For the second expectation in (50) we have the following
expression, written in terms of (conditionally independent) binomial random variables B, B>,
B/ B/ .

10 22°

E 1ix,2x)P(B1 > 1 — Ny 1(Xp), B2 > 1 — Ny k(Xn),

Bll >r— Nn,E(X;l)’ B/z >r— Nn,Z(X;,) | X, X,/l) (52)

Conditionally on (X,, X)), B1, B2, B’l, and B/2 are independent, with Bj, B, distributed as

Bin(n — k, px,) and B}, B), as Bin(n — k, px;). Further, By, By, B}, and B), are independent
of Fu.k, Fn.e, conditionally on (X,, X),).
Observe that (52) can be rewritten as

E 1ix,x ) P(Np k(Xn) = r — B12, Ny o (X)) = 7 — B}y } | X, X)), (53)

where Bj2 = min{Bj, By} and B}, = min{B/, B}}. Note also that, for x # y, N, x(x) and Ny, ;(y)

are NUOD; see (15). Thus, conditioning on the values of the binomials, using the NUOD

property, then integrating over the Bs and using the independence of X, and X),, we have the

following upper bound for (53): E 1(x,2x/}P(Ny x(Xn) > r — B1a | Xo)P(Nn ¢(X;) = r — B} |

X)), which, after ignoring the indicator and noting that the conditional probabilities (on X, and
X)) are independent random variables, can be finally bounded by

EP(Nu(Xn) = 7 — Bio | X)E PN, o(X]) > r — By} | X)) =E Ty (X)E T, (X).  (54)
Therefore, from (49), (50), (51), and (54), we have
Cov(T; ((Xn). Ty (X)) < en'E 5. (55)

It remains to bound the covariances Cov(By, k(Z,), By ¢(Z})). To that end we first consider the
expected value of the product:

E By k(Z)Bn,o(Zy) < E1p Ty k(X)) T k (V) T, e (X)) T, e (Y,)
+ E 1pe Tk X) Tk (V) T, e (X3) T, e (V). (56)

where D is the event that X,,, ¥, X/, and Y, are all distinct. Then,

4
E1pe Tn,k(Xn)Tn,k(Yn)Tn,l(X;;)Tn,l(yy/l) = <2> E px, Tnx(Xn) < CanP;:l- (57)

Note that, as in (52), the first term on the right-hand side of (56) can be written as

E 1DIP)(BI >r— Nn,k(Xn)’ By>r— Nn,k(Yn)a
By =r—Ny(X,), By >r—Nu(Y)) | Zy, Zy). (58)

Conditionally on (Z,, Z,), By, B2, B}, and B}, are independent, where By is Bin(n — k, px,), B2
is Bin(n — k, py,), B) is Bin(n — k, px), and B, is Bin(n — k, py)). Also, By, By, B}, and B,
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are independent of F, x, F,. ¢ conditionally on (Z,, Z,,). Now, using the NUOD property (14)
and the independence of X,,, ¥, X,’q, and Y,’q, the expression in (58) is bounded above by
EPB1 >r— Nn,k(Xn)s By >r— Nn,k(Yn) | Zy)
x P(B} = r— Ny ¢(X,), By >r—N, (Y,)|Z)
=EPB;>r— Nn,k(Xn), By>r— Nn,k(Yn) | Z,)
X EP(By =1 —Npo(X;), By =71 —Nuo(Y,) | Z,)
=E Tn,k(Xn)Tn,k(Yn)E Tn,Z(X;l)Tn,l(Yy/,)
=E By k(Z)E Bu¢(Z,) + O"Epi™). (59)
Therefore, from (56), (57), and (59),
CoV(Byi(Zn). By.o(Zy)) < en'Ep§™. (60)

We complete the proof of (44) by collecting the partial results above to obtain bounds
for W$ and W,’,g, using formula (46). From (47) and (48), > ;_, Varay, i 5n’+IIEp§(n and
> k=1 Var Bk < HE pk . From (49) and (55),

Z Cov(o k, On¢) < c(Z) anEp?nrl <cnp}, (nr'HEp;(n) = o((n’+1EP§(,,)2).

1<k<fl<n

Finally, from (60),

n
> Cov(Bu: Bue) < c(2) WEpyt! < cnpy(nHE Py, ) = o E py ).

1<k<tl<n

The conclusion follows from (45), (46), and the bounds for the sums of variances and
covariances above. O

4.2.4. The final step: the martingale CLT.

Proof of Theorem 2. We establish asymptotic normality by applying the martingale central
limit theorem (see, e.g., [8, Theorem 2.5]) to the martingale differences (dy x). Since the d, x
are uniformly bounded, the conditional Lindeberg condition ([8, Condition (2.5)]) follows from
the fact that the variance of the sum grows to infinity. The remaining condition to be checked,
[8, Condition (2.7)], is

S B | Fase1) p
—_

> k=1 ]Edgl,k

or, equivalently,
St Bds | Fax-) —Eds ) p
o 5 —0
Zk:l E dn,k

But this follows immediately from the second part of Proposition 1, Lemma 5, and
Chebyshev’s inequality. U
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4.3. Phase transition

Proof of Proposition 2. Note that the Poissonian asymptotics at the critical capacity » follows
immediately from Theorem 1.

When r>2and s €{l, ..., r— 1}, it follows from (22) of Lemma 1 that the assumptions
of Theorem 2 are satisfied and thus we have the normal asymptotics.

Whenr>1landse{r+1,r+2,...}, following (27), we can write, for any ¢ > 0,

nS'HEp;
T e+ D

n,s

E
]P)(Vn,s >¢e) <

Thus, (21) of Lemma 1 yields V,, ¢ LF) 0. O

4.4. Asymptotics for full containers

Proof of Theorem 3. For the case r > 1, due to the representations in (10), to prove both
results it suffices to show that E V,, ; — 0 for any fixed s > r. Since (27) yields

s+1

EV,,<
= s+ 1)

Ep,,

the result follows from (22) of Lemma 1.

For the case r = 1, the first part follows from Theorem 1 since (11) impliesn — L, 1 =V, 1.
The second also follows from Theorem 1 since (12) gives %(n —Ku1)=Vn1— %Vn‘z and,
similarly to the case r > 1, we have E V,, » — 0. [l

Proof of Theorem 4. By the representation in (10) we can write

Var L, , VarV, , Cov(Vi,r=1, Va,r)

— =14+ —
VarV, ,_1 VarV, 1 VarV, ,_1

Since n"t'E px, <np,n'E pg(;l, it follows that n'E p)r(;] — 00. Therefore, by Proposition 1,

we have
Var V, nE pt
T o< )i" <cnp), — 0.

Var Vn,r—l n'E p;(;
Thus,

Cov(Vur—1, Va,r) Var V.,

S ﬁ 0’
Var V, ,—1 VarV, ,_1

and so

Vn,r —-E Vn,r L?
—_— —0
JVarL, ,

Hence, the first result is a consequence of Theorem 2 since, in view of the representation in
(10),

Ln,r - IELn,r _ Vn,r—l —-E Vn,r—l Var Vn,r—l Vn,r —-E Vn,r

JVarL, , N JVvarV, . Var L, , B JVarL, , ’
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For the second case, by the representation in (10) we can write

Var K, , 4 VarV, , Var V, 41
VarVy,,—1 VarV,,_1  VarV,,_
4C0V(Vn,r—la Vn,r) _ 4C0V(Vn,ra Vn,r+1) 4 2COV(Vn,r—la Vn,r+l)

Var V, ,_1 VarV, ,_1 Var V, ,—1

Similarly to the previous case, we conclude that n'E pgl — oo for s =r, r + 1. Therefore, by
the same argument as above, it follows that each of the summands on the right-hand side of the
expression above, excluding the first one, converges to 0. Consequently, for s =r, r + 1,

Vn,s —-E Vn,s L2
Ins 72 ns Ly
Vv Var K,

Thus, the second result is a consequence of Theorem 2 since, in view of (10),

Ky, — E K, r N Vir—1 — E Var—1 [ VarV, .

SVarK,,  J/VarV,,_i Var K, ,

Vn,r -E Vn,r Vn,r—i—l -E Vn,r+1

_ + .
JVarK, , JVark, , 0

5. More on the asymptotics of the mean

As mentioned in Remark 1, when A =lim sup np}; =0 the limit of E V,, ,./n" g P, exists,
but when A > 0 we were only able to obtain lower and upper bounds for that ratio. Here,
under additional assumptions, we consider the existence of the limit when A > 0. We begin by
re-writing an expression for E V;, ;- in a more convenient form.

Lemma 6.
g s—1
EV,, = —1D*EpS . 61
n ;(Hl)(s_r)( P Epy, (61)

Proof. Recall, for example from (18), that

n

n k—1
EVi,= Y EYy=E Y Z(kjl)pég,,(l—pxn)k”.

k=r+1 k=r+1 i=r

Expanding (1 — an)k’l’i by the binomial formula, we see that the double sum on the right-
hand side is

n k-1 k—1—i
> Z(k_l> > (k : l)( Dipy!
¢ l £ n
k=r+1 i=r j=0
n—1n—1-i ,. . n
:Z Z (l+]>(_1)] i+j Z (k—l)
- i " +J
i=r j=0 k=i+j+1
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Since 3 i1 (l:r,l ) = (4s1)> we get

n
n—1 n—1

k—1 (k 1) n—1n—1-i it n
- j k—1—i _ Joit
> > )Pk, =px,) =>> . )( . >(—1) px,
k=r+1 i=r ! i=r j=0 l l+.] +1
s n :

— —1) s

ZZ(! <s+1)( )Py,
I=r s=i

n—1 s
(2o

The final result follows from the identity >3_. ()(—=1)* "' = (i:i)(—l)s_r~ O

To state our condition we need to introduce one more definition. Let X, denote the set
of distinct values among p, «/p;, k € M. For x € &, denote K(x) ={ke M, :x=p,r/p}}.
Define random variables P,, n > 1, as follows:

1
P(Pnzx):E - Z p;ﬁ(l, X € X,.
Xn keK(x)

Definition 1. We say that the sequence (X,),>1 is in the class 7 (r) if the sequence (Pp)n>1
converges in distribution.

Denote by U the limit of (P,),>1 when it exists, and let v, denote the distribution Qf U. Note
that since U is a [0, 1]-valued random variable, (X,,),>1 € 7 (r) if and only if EP, > EU,
j=1L

We will show that, for (X,,),>1 € T (r), if lim,_, o np}; exists and is positive then

. EVyr
H(r, )L) = lim W
n—-oo n an

also exists.
Recall that the generalized hypergeometric function ,F is defined by

o0
(@i -+ (apl
Fyay,...,a,;by,...,by;2)= —— & (62)
pradt P ! ;(bl)k"'(bq)kk'

where (a)o =1 and (a)y =a(a+ 1) ---(a+ k — 1) for k > 1. We derive the following represen-
tation for H(r, A).

Proposition 3. Let (X,,),>1 be in T (r) and np}; — X > 0. Then

E e—ABU 1

Ho D= = oy )y

/ VP17 25 — hai) vy (), (63)

where B is a beta By(r, 2) random variable with density f(b) = r(r + Hy—1a - b)1,1)(b).
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Proof. Using (61) we get

EVn,r — Z n(n_ 1) n_s) (_I)S—r ]Epg(n
n"H]Ep’ n"“1 s(s+1) (s—nlr— 1)!Ep§(n

1 Cantn—1)...(n—s) (=1)""
_(r—l)!g wtlss+1)  (s—r)!
1 (—2)* E U*
%(r—l)!;(; 0 G+Or+1+0

( *)S‘ V]EPS‘ r

H(r, A),

where the last line holds by the Lebesgue dominated convergence theorem.

Since X
1 1 1 :/ (xr-‘r./—l _x""j)dx,
0

Gttt Dr+) r+j r4j+l

we get

_ 1 (=" ¢ ! r+e—1
H(r,A)_(r_l)!Z o /[Olluv,(du)fox (1 — x)dx

14
o [ a0 v
- 0,1]

£>0

! / f (e (1 — (= S
= — c rwr X — X)V u _
(l’+ 1)' 0 [0,1] " (r+ 1)‘

where B is as specified earlier. This proves the first equality in (63). The second follows
by recalling that the Laplace transform of the beta B;(«, 8) random variable B is Ee'? =
1Fi(a; o + B3 5). Applying this formula conditionally on U in E e BV and then integrating
with respect to U yields the second equality in (63). O

The above representation allows us to give a short proof of the bounds (8) in Proposition 1
for the limit H(r, 1) in 7 () models. While the upper bound remains the same, the lower is
tighter and, as we will see in Example 5, is exact.

Proposition 4. Let (X,,),>1 belong to the class T (r) and np}; — X > 0. Then

r 1 Fi(r; 2, — A
A(r+ )<1 1(rr+2; )§H(r,k)< .
r! r+1)! r+1)!

(64)

Proof. The upper bound is clear since Ee 8V < 1. The inequality is strict since P(U >
0)>0.

On the other hand, P(B < 1) = 1. Thus, by the first part of (63), we get
MU 1Fi(rr+2; — )
(r+ 1! B (r+1)!

which proves the second inequality in (64). Finally, to prove the first one, note that

H(r, A) >

3

1Fi(rir+2, —2) fol e 11 — x)dx
(r+1)! h (r—1)!
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Integrating the numerator by parts yields

1 /! 1 !
- / (1=x)e dx' = - / e 4+ A1 —x)e M) dx
rJo rJo
1 ! r 1
> — / _xrei)“x d_x — M' [:l
r Jo r

We close by considering several special cases, the first of which shows that the middle
inequality in (64) is sharp.

Example 5. (Uniform distribution.) Let p,j=1/my,, je M, ={1, ..., my}, n>1. Assume
that n/m, — A > 0. Note that in this case P, =1 P-a.s., n>1, and thus v, =§;. Hence,
by (63),

1Fi(rsr+2; —2)
(r+1)! ’

Example 6. (Geometric distribution.) Let ppj=py(1 —p,,)j, jeM,=1{0,1,...}, n>1.
Assume that np, — A > 0 (note that in this case p} = p,). Then, v.(du) = (r + Du"1;0,17(u)du

H@r, )=

and F 1 2 2, — A
Her oy =2 o r+ 1 r+2,r4+2; — ). 65)
(r+ 1)
Indeed, with g, := 1 — p, we have P(P,, = qn) = (rH)k(l — qfl“), k=0, 1, ... Therefore, for
any{=1,2,.
pl— C+r+Dk(p _ grtly = 1— CIZH r+1 1 L dy

k=0
which implies the assertion on the form of v,.
Thus, (63) yields
H(r, )= % /01 1Fi(r, r+2; —Awu” du.

Using the Euler integral identity (see, e.g., [22, Eq. 16.5.2]),

prtFgri(ar, ..., ap, by, ..., by, c+d;2)
T(c+d) [' . _
= Torad 7N =0T Far, .. aps by, . by 2dt,

withp=g=1,c=r+1, and d =1 yields (65).

Example 7. (Riemann ¢ distribution.) Let p, j =j~% /¢ (ay), j€E My ={1,2, ...}, and a, > 1,
n > 1. Assume that n(«;, — 1) = A. Then

= (r+1)

””; i (66)
and
HO = = fR Fa(rir 1, 725 — ) unld), 67)
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where 1, is the probability measure defined on (0, co) by

1 x"

W) = T e =1

(68)

We first justify (66). Since p} = 1/¢ () we have

kfotn(r+l)

PPy =k %)= —
C(op(r+ 1))

We have «,, — 1 and thus, by Lebesgue dominated convergence,

k*an(r‘kl) kf(r“"])
EP,=) ks ko f=12..,
(on(r+1)) ¢r+1)

k>1 k>1

which proves the assertion on v,.
By (63) we have

1

A 1
H(r,)\.)zm;][:]<r,r+2, —%>kr+l.

Expanding | F; according to (62) and changing the order of the sums, we get

1

H(r, )\.) =
r+ DI+ 1

) (=r))
;(Hz)j 7 cG+r+1). (69)

Let us recall an integral identity for product of ¢ and I" functions (see, e.g., [22, Eq. 25.5.1]):

oo s—1
()= / x dx, Re(s) > 1. (70)
0 et —1

Inserting (70) into the right-hand side of (69) we get

. 00 r+j _ j
Hr 3 = 1 Z (r); 1' / Xt & ( .)L)J
(r—l—])!g‘(r—i—l)j>O F+2);'r+j+1) Jo e —1 J!

_ 1 /00 Z (r); (=) \ X "
A+ DI+ D Sy (r+Dj(r+2); J! e —1

j=0

which proves (67) and (68).

Remark 2. Central limit theorems for various parameters (including the number of occupied
urns) for infinite urn models with assumptions on the probabilities (p;), j > 1, similar to those
on (p j)j=1, h > 1, in Example 7 have been investigated in, e.g., [13].
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