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Introduction

The aim of this paper is to analyse the relation between truncated displays and truncated
Barsotti-Tate groups.

Let us recall the notion of a truncated display as used in [3]. We fix a prime number p.
Let R be a commutative ring with unit such that pR = 0. We denote by W(R) the ring
of p-typical Witt vectors and by W,(R) the truncated ones. We write & and V& for the
Frobenius and Verschiebung of an element & € W(R).

A display P over R may be given by the following data: Two locally free finitely
generated W(R)-modules T and L and a Frobenius linear isomorphism

O:TOL—->TSL.

In the introduction we assume that T = W(R)? and L = W(R)¢ are free W(R)-modules.
Then & is given by an invertible block matrix

A B
<C D) € GLg+c(W(R)).

t A B\ [t
o((1)=(e2)(+1):
where t € W(R)? and I € W(R)C. The height of the display is h = d +c.

Assume a second display P’ is given by a block matrix. Then a morphism P — P’ is
the same as a block matrix:

X J /
<Z Y) € M(h' x h, W(R)))

of size h’ x h such that the following relation holds:

(o) (5 A) -G (D) .

This is the description of the category of displays in terms of matrices.

To define truncated displays of level n we take all matrices with coefficients in W,,(R).
Since pR = 0 there is a Frobenius F : W,(R) — W, (R). Therefore, the definition of a
morphism (1) makes perfect sense if we take V to be the composition

W (R) > Wop1 (R) 25 W,(R).

Let P be a truncated display of level n and let m < n. The restriction morphism
W,(R) = W, (R) applied to the matrix of P gives a truncated display P(m) of level
m, called the truncation of P. This is a functor.

A partial inverse of the display functor. By [3] we have a functor
@y, g : BT, (R) — Dn(R)

from the category of truncated p-divisible groups of level n over R to the category of
truncated displays of level n over R. For m < n we denote the truncation of G € BT,(R)
by G(m) = G[p™], the kernel of p™idg. The functors ®, g are compatible with the
truncation functors.
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We say that G € BT,(R) is nilpotent of order e > 0 if the iterate of the Frobenius
FE';Jrl G — GP") is zero on the first truncation G(1), or equivalently if F§ induces
zero on Lie(GY), where GV is the Cartier dual of G. This condition can be formulated in
terms of the truncated display of G. By restriction we obtain a functor

®,. g BT (R) - DY (R)

from the category of truncated p-divisible groups which are nilpotent of order e to the
category of truncated displays which are nilpotent of order e.

Theorem 1. Assume that pR=0. Let n,m,e >0 be natural numbers such that
n > m(e+1). There is a functor

BTyu.r : DYY(R) — BT (R)
such that we have natural isomorphisms
BT r(Pn.r(G)) = G(m) for G € BTV (R),
@ R(BTyu.r(P)) = P(m) for P e D(R).

This is proved in §3 (Lemma 3.13 and Proposition 3.14). The construction of the
functor BT, g is a variant of the functor BTk from nilpotent displays to p-divisible
groups in [9].

Extended versions of truncated displays. We define truncated displays also for
rings R in which p is nilpotent, and we develop a deformation theory for truncated
displays, based on a notion of relative truncated displays for a divided power extension
S — R.

Let Cris,;;(R) be the category of all pd-thickenings S — R with kernel a such that
p™a = 0. The central result about deformations is Propositon 2.3, which implies that all
liftings of a truncated display P over R to a relative truncated display P for § — R are
isomorphic; moreover, if P is nilpotent of order e, then the truncation of P by m(e + 1) + 1
steps is unique up to unique isomorphism. This can be viewed as a refined version of
[9, Theorem 44] about deformations of nilpotent displays.

This leads to the construction of a crystal associated to a nilpotent truncated display:
Let P be a truncated display of level n over R which is nilpotent of order e and assume
that n > m(e+1) 4+ 1. We define a crystal Dp of locally free O-modules on Cris,, (R) by
the rule Dp(S) = P(1); see (36).

Theorem 2. Let t > n such that p'W,(R) = 0. Then there is a functor

®, : BT,(R) = D,(R).

Let X be a p-divisible group R such that Xg/pr is nilpotent of order e. Let P = ®,(X(1)).
For an object S — R of Crisy,(R) where n>m(e+1)+1, we have a canonical
isomorphism

Dx (S) = Dp(S)

where Dy is the Grothendieck—Messing crystal of X defined in [5].
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This is proved in Propositions 3.4 and 3.2. Using Theorem 2 we prove a version of
Theorem 1 for algebras over Z/p™Z; see Proposition 3.16.

All functors BT and @ are exact with respect to the obvious exact structures on the
categories.

Additional results and remarks. (1) Let R be a ring with pR =0. For
truncated p-divisible groups G, G; of level n over R with associated truncated displays
P; = &, r(G;) we consider the group scheme of vanishing homomorphisms

Hom’(G1, G2) = Ker[Hom(G1, G2) — Hom(P1, P2)],

and similarly for automorphisms. Following [3], elementary arguments show that if G is
nilpotent of order e and if n > m(e + 1), then the truncation homomorphism

Aut’(G) — Aut(G(m))

is trivial. One deduces that there are functors BT, g as in Theorem 1; see Proposition
4.6. This proof does not make the functors BT, g explicit, but in exchange it avoids the
question of showing directly that &, p and BT, g are compatible.

(2) We obtain a new proof of the equivalence between formal p-divisible groups over R
and nilpotent displays over R, proved first in [9] when R is excellent and in [2] in general:
The limit over m of Theorem 1 gives the case pR = 0, and the general case follows easily
by deformation theory.

(3) As a by-product of the proof of Proposition 2.3 we also obtain a purely local proof
of the smoothness of the functor ®,, viewed as a morphism of algebraic stacks over F;
see Proposition 2.6 and page 570.

In an appendix we prove that truncated displays satisfy f.p.q.c descent.

We thank the referees for a careful reading of the manuscript and valuable comments.

1. The category of truncated displays

We fix a prime number p. Let R be a ring such that p is nilpotent in R. For
fixed n € N let W,(R) be the ring of truncated Witt vectors. We consider the ring
homomorphism induced by the restriction Res: W,,1(R) - W,(R) and the Frobenius
F: Wy 1(R) > Wy(R):

(Res, F) : Wy11(R) = W,(R) x W,(R). (2)

The image of this ring homomorphism will be denoted by W, (R). The kernel consists of
the elements V"[s], where s € R and ps = 0. It follows easily that R — W, (R) is a sheaf
for the f.p.q.c.-topology; see the Appendix.

The two projections will be denoted by

Res : W, (R) — W,,(R), F :W,(R) — W,(R).

If pR = 0 then Res : W,(R) — W,(R) is an isomorphism. We use this to identify W, (R)
and W,(R). In this case, the Frobenius homomorphism F : W, (R) — W,(R) is induced
from the absolute Frobenius endomorphism Frob : R — R by functoriality.
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Let I,.1 = YW,(R) C W,41(R). This is a W, (R)-module by
§Vn="("gn, forseWu(R). neWa(R).

The inverse of the Verschiebung defines a bijective map V! : I,;.1 — W, (R), which is
F-linear with respect to F : W, (R) — W,(R). We denote by « : I,+1 = W, (R) the map
induced by (2). The cokernel of k is wgoRes : W,(R) — W,(R) — R.

Definition 1.1. A truncated display P of level n over a ring R in which p is nilpotent
consists of (P, Q,t,¢, F, F). Here P and Q are W, (R)-modules,

t:Q—> P, €: L1 ®w,r P — 0,
are W, (R)-linear maps, and
F:P— W,(R)®w,x P, F:Q— Wu(R)®w, ) P

are F-linear maps. (The tensor products are taken with respect to Res.)
The following conditions are required:

(i) P is a finitely generated projective W, (R)-module.

(ii) The maps toe€ and € o (id;,,, ® 1) are the multiplication maps (via k).

) n+l1
(iii) The cokernels of ¢ and € are finitely generated projective R-modules.
)

(iv) There is a commutative diagram

L1 ®W,(r) P ——— 0,

Wi (R) ®w, k) P

where F is defined by F(Vn®x) = nF (x).
(v) F(Q) generates W, (R) ®W,(r) P as a W, (R)-module.

(vi) We have an exact sequence
0— Q/Ime —> P/k(In41)P — P/i(Q) — 0.

(Only the injectivity of the second arrow is a requirement.)

Truncated displays of level n over R form an additive category in an obvious way, which
we denote by D, (R).

The surjective R-linear map P/« (l,+1)P — P/i(Q) is called the Hodge filtration of
the truncated display P.
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When pR =0 we have just F-linear maps F: P — P, F: Q — P as in the case of
displays, but Q is not a submodule of P.

In the data of a truncated display, F is determined by F because for x € P we have
F(x)=F("1®x) = Foe(V1®x) by (iv). In particular, using (ii) we get

Fu) =pF(), forye.
Definition 1.2. Let P = (P, O, (, €, F, F) be a truncated display of level n over R. A

normal decomposition for P consists of (T, L, u, v) where T and L are finitely generated
projective W, (R)-modules with isomorphisms

u:P=ToO®L, v:0=ZL®w,rmToL,
such that the maps
A PN ®W,1(R) TOL—>ToL
€ i1 OW,R) T & Int1 W, (R) L = Int1 Qw, ) T ® L

are given as follows: ¢ is the multiplication on the first summand and the identity on the
second summand, while € is the identity on the first summand and the multiplication on
the second summand.

The definition of a normal decomposition depends only on the data (P, Q, t, €). Unlike
in the case of displays, the isomorphism u : T @ L = P does not, in general, determine v.

Proposition 1.3. FEvery truncated display has a normal decomposition.

Proof. Let P = (P, Q,,¢, F, F) be a truncated display of level n over R.

We take a projective W,(R)-module T which lifts P/t(Q) and a projective
W, (R)-module L which lifts Q/Ime. We choose liftings T — P and L — Q of the natural
projections P — P/i(Q) and Q — Q/Ime. We consider the natural homomorphism

TOL — P,

induced by ¢ on the second summand. By (vi) this becomes an isomorphism if we tensor
it by R®y,(r), and therefore it is an isomorphism.
Now we consider the natural homomorphism

vl AW, (R) THOL— 0, (4)

induced by € on the first factor.

We note that € : I,11 ® L — Q is the multiplication by (ii). This shows that the image
of v contains the image of €. Therefore, the homomorphism (4) is surjective. We show it
is injective.

Let us denote by ® : T — W, (R) @), (r) P the restriction of F to T and by

d: L — W,(R)®Ww, (&) P

the composite of F with L — Q.
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We denote by @ : I, Qw,®) T — Wi(R) W, &) P the map defined by
P(VERN=EQD().

Then we obtain a commutative diagram

L ®T®L
F

dod
Wu(R) ®w,r) P-

We now assume without loss of generality that L and T are free; see Lemma 1.4 below.
Let t1,...t; be a basis of T and [y, ..., [, be a basis of L. Since by the diagram O P is
an F-linear epimorphism we conclude that ®(ty), ..., ®(ts), @), ..., ®(l) is a basis of
Wi (R) W), (r) P-

Consider an element in the kernel of v:

S VE®L+Y nilj € iyt ®T L, & € Wo(R), n € Wa(R). (5)

Since ® @ ® applied to this element must be zero in W, (R) ®w,(r) P we conclude that
& =0.

On the other hand the restriction to v to 0@ L is injective because t o v is the injection
0@® L C P. This proves that the element (5) is zero. O

Lemma 1.4. Let S C R be a multiplicatively closed system. We denote by [S] C W, (R)
the multiplicatively closed system which consists of the Teichmiiller representatives
[s] € W, (R) of elements s € S.

Let R' = R[S™']. Then W,(R") = W,(R)[[S1'].

Proof. The corresponding fact for W4 is known. The kernel of W,;+1(R) = W, (R) is
the module of p-torsion elements R[p], considered as an R/pR-module via Frob”. The
lemma follows. O

Remark 1.5. Proposition 1.3 implies that Definition 1.1 coincides with the definition of
truncated displays in [3, Definition 3.4] if pR = 0. Indeed, the conditions on (P, Q, (, €)
imposed here are weaker than those of [3], which are equivalent to the existence of a
normal decomposition. But the difference disappears in the presence of (F, F). See also
Lemma 3.6 below.

Any normal decomposition is obtained as follows: Choose liftings 7’ — P/1(Q) and
L' — Q/Ime, to projective W, (R)-modules and extend them to homomorphisms 7" — P
and L’ — Q. Then ¢ : L' — P is injective and P = T’ @ L’ is a normal decomposition.

We note that the maps F and F are uniquely determined by their linearisations:

FE 0 Wa(R) ®F W, k) P = Wa(R) @, (k) P
F 2 Wa(R) ®F W, (k) @ = Wal(R) @W,r) P
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As in the case of displays, from the normal decomposition we obtain an isomorphism
of W, (R)-modules

FF@FP : (Wa(R)®F W, r) T) ® (Wy(R) ® ., k) L) = Wa(R) @, k) P-  (6)

We write the last map as a matrix

where
Fw, L —> W, ew, T,

AW, Q@rw, T — W, 0w, T, n
L FW, L— W, AW, L,

B:W,®
C:Wy®rw, T—>W,®Ww,L, D:W,®

are W, (R)-linear maps.
Conversely, by the following construction, a matrix (7) which is an isomorphism of
W, (R)-modules defines a truncated display of level n.

We set 6=V~ ':I,,1— W,(R) and consider this as an isomorphism of
W, (R)-modules:

L1 — Wa(R)(y,

where the last index denotes restriction of scalars by F. For an arbitrary W, (R)-module,
¢ induces an isomorphism denoted by the same letter

0 Inp1 W, R) T = Wa(R)®rw, ) T-

This is F-linear with respect to F : W, (R) — W, (R).
We also use the notation o for the F-linear maps

o:T — Wn®F,W,,(R)T
L~ 1Q¢L.

To obtain a truncated display of level n from a matrix (7) we set
P=TeL, QO0=0L1Q9T&L.

Then we have obvious maps ¢ and € as in Proposition 1.3. For vectors

(2) ceT®L, (i) €l ®TOL.

We define F and F as follows
t\ (A pB o(t)
r(0)=(e10) (o) ®

A(0)-(2) () ®
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Definition 1.6. Let T and L be finitely generated projective W, (R)-modules. Assume we
are given a matrix (7) of homomorphisms A, B, C, D which is invertible.
More precisely this means that the homomorphism

Wn(R) ®F, W,y (L®T) — Wn(R)@w,r) (LOT)

defined by this matrix is an isomorphism. If we define F, F by the formulae (8) and
(9) we obtain a truncated display S(T, L; A, B, C, D) level n which we call a standard
truncated display of level n over the ring R.

We now describe a homomorphism of standard truncated displays:
a:S(T,L;A,B,C,D) - S(T',L';A,B’,C’, D).

We write P = T @ L and so on. The morphism « is given by two module homomorphism
ap: P — P and o) : Q — Q' which have to be compatible with the maps ¢, € and F, F.
From the compatibility with the first two maps we see that there are homomorphisms

X € Homwy, (g (T, T, U € Homyy, (g (L, In+1 ®W),(R) T,

10

Z e HomWn(R)(T, L/), Y e HomWn(R)(L, Ll), ( )
such that the homomorphisms ¢ and o) are given by the formulae:
E®t\ _ (§®Xt+ UL P

"“( ¢ )T \k@zi4ve) SO T OL, (11)

()= () @

for teT, L €L, &€ € I,4. Here U is the composition of U with the multiplication
L1 ®w, gy T — T'. We consider the map

6®0 : (In+ OW,(R) T/) oL — Wi (R) ® F W, (R) T ® Wi (R) ® W, (R) L.
If we apply this to the vector (11) we obtain:

(G(X) d(U)> (C'f(é)a(t)

/ /
po(2) o))\ o0 ) € WnlB) Bramm T O WalR) Bromm £

Here we use the notation
o (X) = idw, () @W,® X : Wa(R) @Fr W, ) T = Wa(R) ®F W, 1) T
and similarly o (Z) and o(Y). The composition
LS Lt @, T 5 WaR) ®F ) T/
is linear with respect to F : W,(R) — W,(R). Its linearisation is

G(U) : Wa(R) ®F W, () L = Wa(R) ®F w,m) T (13)
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The pair ag,o; is a morphism of truncated displays iff the following diagram is
commutative:

F
0 —— Wy(R)®w,r) P
(X]J( lid@ao (14)

F/
Q' —— Wu(R)®w, &) P’

We have just computed

ow (E®T) _ (A B (D) s (6@
"We )7\ p)\poz) ov) o (0)

If we tensor (12) with W,(R)®w,(r) we obtain the matrix

59

Then the commutativity of (14) is equivalent with the equation

A" B\ (o(X) 6U) _(XU\(AB (15)
C'"'D)\po(Z2)o)) \zY)\CD)/)
Let us summarise the preceding considerations.

Definition 1.7. We define the category s D, (R) of standard truncated displays of level n
over R as follows. Its objects are data (T, L; A, B, C, D) as above, and a morphism

(T,L;A,B,C,D)— (T',L'; A', B',C', D").

is a matrix of homomorphisms (10) which satisfies the equation (15).

Proposition 1.8. There is a functor
S :5Dy(R) — Dy(R),
and this functor is an equivalence of categories. O

Remark. We have not defined explicitly the composition in the category s D, (R), but
the composition is uniquely determined by the requirement that S is a functor. See also
Definition 1.10 below.

1.1. Base change and truncation functors

Let ¢:R— S be a homomorphism of rings in which p is nilpotent. Let
S(T, L; A, B, C, D) be a standard truncated display of level n. We set T = Wi (S) W, (r)
T and L = W,(S) ®w,(r) L. By tensoring the maps (7) by W, (S)®w, ) we obtain an
object of s D, (S). It is easily checked that this gives a functor

Bs : 8 Du(R) — 5 Dy(S),
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which is the base change functor for standard truncated displays. Therefore, by
Proposition 1.8 we also get a base change functor

B : Du(R) — Dy (S). (16)

To make this canonical one can proceed in the standard way. Let P € D, (R). Then we
consider the category C whose objects are isomorphisms S — P, where S € s D, (R), and
we define B(P) as the projective limit over C:

B(P) =lim ().

IfP=(P, Q,t¢,F, F) we write B(P) = (Ps, QOs, ts, €5, Fs, FS). We note that there is a
canonical isomorphism Ps = W, (S) ®w), (r) P-
In the same way we can define truncation functors

Tn : Dmt1(R) = Dy (R). (17)

They are compatible with the base change functors. We write P(m) := 1,,(P). More
generally, if P is a truncated display of level n > m we consider the truncation P(m).

One could also define the truncation and base change functors by a universal property
without referring to standard representations (but the proof that the functors exist uses
Proposition 1.8). Namely, for ¢ : R — S as above and for truncated displays P over R
and P’ over S of level n one defines homomorphisms P — P’ over ¢ in the obvious way.
Then we have a universal homomorphism P — B(P) over ¢. A similar remark applies to
the truncation functors.

1.2. Matrix description

For simplicity we often assume that the modules T respectively L are free of rank d and
¢; see Lemma 1.4. We fix isomorphisms T = W(R)? and L = W(R)¢. Then a standard
truncated display with normal decomposition given by 7 and L is determined by the

invertible matrix
A B
€ GLy (W, (R))
C D

which defines the map (6). For VQ € IfH, Lew, (R)?, and & € Wu(R)¢, we consider the

vectors:
Y s
( g)el,,+1®wnT€BL=Q, (;)ET®L=P.

Then F and F can be written in matrix form
() (APB s
A7 (A By (2
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As for displays we represent morphisms by matrices. Let P’ be a second truncated
display with a given normal decomposition

p = T/GBL/, Q/ = I ®W,1(R) T ® L.

We fix isomorphisms T’ = WL (R)Y and L' = W, (R)¢. We assume that P’ is defined by
the matrix

A" B’
(C/ D/) € GLd’+c’(Wn(R))~

A morphism « : P — P’ is given by a matrix
X3
(7). (18)

X e HOHan(R)(T, T/), Y e HOHan(R) (L, L/),
Z € Homyy, (g)(T, L"), V3 € Homy, gy (L, I+1 ®T").

where

The matrices X, Y, Z have coefficients in W, (R) and J has coefficients in W,,(R).
The maps Q — Q' and P — P’ induced by « are given by the matrices

X V3
(Z v > L1 QW TOL = L1 Qw, ) T' O L’

and

X «(V3)
zZ v

):T@L—> T'® L,

where the first matrix needs a little interpretation.
The matrix (18) defines a morphism of truncated displays iff the following equation

holds: _
A B FX 3\ _ (Res(X) V3 A B (19)
c' D)\ pfz ¥y )]~ \Res(Z) Res(¥))\C D)"
Here J is the restriction of J to a matrix with coefficients in W,_;(R).
This equation shows in particular that J is already uniquely determined by X, Y, Z and

k(V3). Therefore, a morphism of truncated displays is already uniquely determined by
the induced W,-module homomorphism P — P’; i.e., we have proved the following.

Lemma 1.9. For two truncated displays P and P’ of level n over R the forgetful

homomorphism
Homp, (P, P") — Homyy, (r)(P, P’) (20)

18 injective.

Definition 1.10. Let M, (R) be the category whose objects are invertible block matrices:

A B
5= (C D) € GLy(Wa(R)).
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where A and D are square matrices of arbitrary size and whose morphisms § — §' are
block matrices X of the form (18) which satisfy the relation (19). If X' : § — §’ is a
second morphism then the composite X’ o X is the matrix

X’ V‘~j/ . X Vs . X/X+K.(V3/)Z V(FX/3+3/FY)

zZ'Y zZY) 7’X+Y'7 Z«k(lVH+YY )

We have a fully faithful functor M,(R) — s D,(R) = Dn(R). The essential image
consists of the truncated displays such that the modules in the exact sequence (vi) of
Definition 1.1 are free R-modules.

1.3. Nilpotent truncated displays

Let P be a truncated display of level n over a ring R. There is a unique homomorphism
of W, (R)-modules

VI Wa(R) ®w, k) P — Wa(R) ®F.w,(r) P, (21)
such that for each y € O
VE(E(y) = 1®u(y).

The existence follows as in the case of displays by using a normal decomposition. One
deduces from the last equation that

VEEF(x)) = pE ®x.

We assume now that pR = 0. Then we have W,(R) =W, (R) and I, = k(l,+1). The
homomorphism (21) takes the form

vi.p W, (R) QF, W, (R) P.
Iterating the last morphism we obtain for each natural number N:
(VN2 P — Wu(R) ®pn w, (r) P- (22)

In the case pR = 0 we say that the truncated display P is nilpotent if for large N the
image of the map (22) is zero modulo I,,. Equivalently we can say that the map induced
by (22)
(VMY P/I,P — R ®gopV g P/In P

is zero. In the case of general R we call P nilpotent if its base change to R/pR is
nilpotent. Assume that pR = 0. By definition the image of V¥ coincides with the image
of the homomorphism W, (R) ® r,w,r) O = W, (R) ®F,w,(r) P induced by ¢. This implies
that the map Vi P >R ®Frob, R P/1(Q) is zero. Therefore, V¥ induces a homomorphism
P/1,P — R ®Frob,r 1(Q)/I, P. By restriction we obtain the homomorphism

VE:1(Q)/1nP — R ®Frob g L(Q)/In P (23)

Definition 1.11. Let P be a nilpotent truncated display of level n over a ring R. If pR =0
the nilpotence order of P is the smallest natural number e > 0 such that

(V9)* =0,
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for the iterate of (23). If R is arbitrary the order of nilpotence of P is the order of
nilpotence of the base change Pg/pr-

The same makes sense for displays.

Lemma 1.12. Let P be a truncated display of level n over R, which is given by the block

matriz
A B
C D)’

Let 130 be the image of wo(D) in R/pR.
Then P has order of nilpotence < e iff

We denote the inverse matriz by

Q< :3>(
T e

APH AP A
b -....D{P Dy =0,
where the upper index (p') means that we take the p'-power of all entries.

Proof. This is similar to the case of nilpotent displays in [9, (15)]. O

We note that the order of nilpotence does not change under truncation (17). Also,
it does not change by base change with a ring homomorphism R — S for which
R/pR — S/pS is injective.

In the case of p-divisible groups, the nilpotence order can be expressed as follows.
Recall that a p-divisible group G over a ring R with pR = 0 is a formal group iff the
Frobenius F is nilpotent on G(1).

Definition 1.13. Let G be a formal p-divisible group over a ring R in which p is nilpotent.
If pR = 0 the nilpotence order of G is the smallest natural number e > 0 such that F¢t!
is zero on G(1). If R is arbitrary the order of nilpotence of G is the order of nilpotence
of GR/pR-

The same applies to infinitesimal truncated p-divisible groups.

Lemma 1.14. Let G be a formal p-divisible group over a ring R with pR = 0. Then the
nilpotence order of G is equal to the nilpotence order of the associated nilpotent display P.

Proof. Let GY be the dual of G. Then Lie(GY) is isomorphic to Q/IgP such
that the Verschiebung V of GV corresponds to V%:Q/IgxP — (Q/IxP)?). This is
the only relation between G and P we need. We define G by the exact sequence
0 — G[F] — G(1) = G — 0 of finite locally free group schemes. Then GV = GY[F],
in particular Lie(GY) = Lie(G").

Now F¢tlis zero on G(1) iff F¢ is zero on G iff V¢ : (GY)P) — GV is zero. By the
equivalence between affine group schemes of finite presentation annihilated by F and
p-Lie algebras, this homomorphism V¢ is zero iff it induces zero on the Lie algebra,
which holds iff (V¢)? is zero. O
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2. Relative truncated displays

We consider now a surjective ring homomorphism S — R, such that p is nilpotent in §
and the kernel a is endowed with divided powers. We say that S/R is a pd-thickening.
We set

Tn+1 = Wi 1 (@) + Ly 1(S) C Wi 1(S).

Let k& : Jpr1 = Wi(S) be the homomorphism induced by (2).
The divided powers define an isomorphism of W4 (S)-modules

n
Wiyi(a) = H Aw;]
i=0

which is given by the divided Witt polynomials W, 4(a) — a. The first factor on the
right hand side will be also written as @ C W, 41 (a). Since @ is an S-module it is a fortiori
a Wy (S)-module and therefore, 7,41 = a® I,,4+1(S) is a W, (S)-module too.

The map V! : I,41(S) = W, (S) extends uniquely to:

6 Tnt1 = Wip(S), whered(a) =0. (24)

We write o for the Frobenius map F : W, (S) — W, (S). We can define relative truncated
displays of level n with respect to S — R as before:

Definition 2.1. A relative truncated display P of level n for § — R consists of
(P,Q,t,¢€, F, F). Here P and Q are W, (S)-modules,

t:Q—)P, 6:c7n+l®W,,(S)P_>Q
are W, (S)-linear maps, and

are o-linear maps. As in Definition 1.1 we define a map

F: Tt @, P = Wa(S) @, (s) P
T®x — o(1)Q Fx.

We require that the following properties hold:
(i) The W, (S)-module P is projective and finitely generated.

The compositions t o€ and € o (id ®¢) are the multiplication maps.

The cokernels of ¢ and € are finitely generated projective R-modules.

The image F(Q) generates W, (S) @y, (s) P as a W,(S)-module.

)
)
(iv) The diagram similar to (3) is commutative, i.e., we have F oe = F.
)
) The following sequence is exact:

0— Q/Ime —> P/k(Jns1)P — P/i(Q) — O. (25)
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Relative truncated displays of level n for S — R form an additive category in an obvious
way, which we denote by D, (S/R).

The surjective R-linear map P/k(Jy+1)P — P/t(Q) is called the Hodge filtration of
the relative truncated display P.

As before one can show that there is a normal decomposition
P=TO®L, Q=UTt19w,sT®L,
where T and L are W, (S)-modules. The map
FE@ FP 2 (Wa () @F Wy(5) T) ® (Wa(S) ® W, (5) L) = Wa(S) @y s) P
is an isomorphism of W, (S)-modules which we write in matrix form as before; see (7):
A B
C D)’
This leads to the notion of a standard relative truncated display of level n with respect
to S/R, S(T, L; A, B, C, D). The data are the same as for standard truncated displays
over the ring §, but the notion of a morphism changes. A morphism of standard relative
truncated displays of level n

S(T,L;A,B,C,D)— S(T',L'; A", B',C", D)
is given by four homomorphisms of W, (S)-modules:

X € HomWn(S)(T, T/), U e HOl’Ian(R)(L, jn—H ®Wn(s) T/),
yAS HOIIIWn(S)(T, L/), Y e HomWn(S) (L, Ll),

which satisfy the following relation:

A" B\ (o(X) 6(U)\ _(XU\(AB

¢’ D) \poz)stv))]  \zY)\CD)
Here in the relative case ¢ is induced by the morphism (24) as in (13), and U is induced
by k : Tp+1 = Wy(S) as follows:

idU
Wa(S) @, 5) L == Wi (S) @, (5) Tut1 @) T' = Wa(S) @, s) T

As in the case of truncated displays (Proposition 1.8) we see that the category of standard
relative truncated displays is equivalent to the category of relative truncated displays.
Using this, again we define truncation functors:

Du+1(S/R) — Du(S/R).
We also have obvious reduction functors which are compatible with truncation
D,y (S) = D, (S/R) — Dy(R).
For a morphism of pd-thickenings

S —— ¢

L

R —— R
we have a base change functor D,(S/R) — D,(S'/R’).
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2.1. Matrix description

Assume that 7 and L are free W, (S)-modules. If we fix isomorphisms T = W, (S)? and
L =W,(S)¢, the relative truncated display is given by a matrix in GL44.(W,(S)) as

before:
. A B 7 (T) c
g <<E)> B <C D> (Z(Z)’ T T LS -

Let P/ = (P, Q',/, €, F', F') be a second relative truncated display. Consider a normal
decomposition P’ = T’ @ L’ with T' = W,(S)? and L' = W,(S). Let

A" B’
(C/ D/) € GLd’+c’(Wn(S))

be the matrix of P’. A homomorphism « : P — P’ is a matrix

()

where

X € HOIan(S)(T, T/), Y e HOII’IW"(S)(L, L/),
Z € Homyy, (5)(T, L"), J € Homyy,(5)(L, Tns1®T"),

i.e., the matrices X, Y, Z have coefficients in W, (S) and J has coefficients in 7,41, which

satisfies the relation
A B\ (oX) 6(J) _(XJ\[(AB (25)
c'D po(Z)o(Y)) \ZY C D)

Here the bar denotes the image under the restriction map W, (S) — W,(S) respectively

jn+1 = Wh(S) — Wu(S).
A morphism « given by a matrix (27) induces a homomorphism P — P’ which is given

by the matrix
X k(J)
zZ Y )

This matrix already determines the matrix (27) uniquely. Indeed, from «(J) one obtains
J. Then the equation (28) determines & (J). Since the intersection of the kernels of the
two maps Jp+1 — W, (S) given by ¢ and J +— J is zero, this determines J.

As for truncated displays we conclude:

Lemma 2.2. For relative truncated displays P and P’ of level n for S — R the forgetful
homomorphism
Hompn(S/R) P, 77/) — HOl’an(S)(P, P/) (29)

18 injective.
Let us denote by D, (S/R) the category of relative truncated displays with respect to
S — R and by M,,(S/R) the corresponding category of matrices. The objects in M,,(S/R)
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are just invertible block matrices in GLj;(W,(S)). The compositions of morphisms (28)

are defined by
xXJ X J X'X+k(INZ X' J+JY
7y )°\zvy Z’X+Y'Z Zw()+Y'Y)"
Here the expression X’J + J'Y makes sense because 7,11 is a W, (S)-module.

2.2. Lifting of truncated displays

The following is the main result of this section.

Proposition 2.3. Let S — R be a pd-thickening as above with kernel a. Let m be a natural
number such that p™a = 0. Let Py and P, be truncated displays of level n over R. Let
Py respectively Py be two relative truncated displays of level n for S — R which lift Py
respectively P,. Then each morphism @ : P = P lifts to a morphism

a:P—P. (30)

Assume moreover that Py and Pa have order of nilpotence <e. If n > m(e+1)+1,
then the truncation

an—me+1)—1): Pin—m(e+1)—1) > Po(n—m(e+1)—1)
does not depend on the choice of a but only on .

Proof. As in [9 Theorem 46] we may replace @ by the automorphism ( 3 1) of P1 @ Ps.
Note that if P; and P, are nilpotent of order < e, then the same holds for P; @ P,. Thus
is suffices to prove the following assertion.

Let P be a display of level n over R and let P and P’ be two relative displays of
level n for S — R which lift P. Then there is an isomorphism « : P — P’ which lifts the
identity. If P is nilpotent of order < e then the truncation a[n —m(e + 1) — 1] is uniquely
determined.

We choose a normal decomposition P = T @ L. For simplicity we assume that these
modules are free with a given basis. Let T and L be the free W, (S)-modules with basis
which lift T and L. Then we have normal decompositions:

PXToL, PZ=ZToL,

which lift the chosen normal decompositions of P. We are looking for homomorphisms

of the form:
E; O X T\, ,
(OEC>+<H).7:_>7>. (31)

The matrix J has coefficients in W,,41(a) C J,+1 and the matrices X, Y, Z have coefficients
in the kernel of W, (S) — W, (R).

Let us describe this kernel. An element & € W,,41(S) represents an element of the kernel
iff it takes the form & = n+ V" [s], where 7 lies in Wy+1(a) and where s € § satisfies ps € a.
In this case the elements § = Res& and o (&) lie in W, (a), and the pairs (5, o (&) € Wy(S)
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for € = n+ V"[s] as above are exactly the elements in the kernel. We write the logarithmic
coordinates of these elements with respect to the divided powers on a:

€ =1lao,...,an—11, o) =I[x1,..., %]

The logarithmic coordinates of O'(Vn [s]) € W,(a) are [0, ..., 0, ps]. We see that x; = pa;
fori < n—1 and that x, € pSNa. Thus the elements of the kernel correspond bijectively
to vectors

(ag,...an—1,x,), ai€a, x,€pSna

such that
o({ao, ...an—1, xn)) = [pai, ..., pan—1, Xl
Res({ag, ...an—1,x4)) = lao, ...an—1].

With these notations we may write the matrices X, Y, Z, J:
X =(X(0),...,X(n))

where the X (i) are matrices with coefficients in a and moreover X (n) has coefficients in
pSNa and similarly for ¥ and Z. For the matrix J € W,11(a) we use the logarithmic
coordinates

J=[JO),...,Jm)], o)=[J),...,J0)].

The J (i) are matrices with coefficients in a.
We assume that P and P’ are given by matrices as above (26). We set

na N\ _ A" B B A B
nc np)  \C' D’ C D

The condition that (31) is a homomorphism of relative displays becomes:

nA 1B A'B\[(o(X) 6(J)) _ (XJ\(AB
nc Np o po(Z)yo¥)) \zvY)\CD)"

This is an equation in the W, (S)-module W, (a). We rewrite it in logarithmic coordinates
and obtain for 0 < i < n —2 the equations:

<nA(i) nB(i))+ (Wi(A’) Wi(B’)> (pX(i+1) J(i+1))
nc (@) np (@) wi(C) wi(D)) \p*Z(i+1) pY(i+1)

_(X@) J@OY [ wi(A) wi(B) (32)
—\Z@) Y(@)) \ wi(C) wi(D)
and for i = n — 1 we obtain the equation
(nA(n— 1) np(n— 1)) <Wn—l(A/) Wn—l(B/)> <X(n) J(ﬂ))

nc(n—1) np(n—1) Wu_1(C") wu—1(D") ) \pZ(n) Y(n)

_ <X<n —1) Jn— 1)) (wn_1<A) wn_l(B)) (33)

Zin—1) Y(n—1)) \Wy—1(C) wy—1(D)/)"
We see that for arbitrary given X (n), Y (n), Z(n), J(n) there are unique solutions of (33)
and of (32) for 0 < i < n, which means that for given X(n), ..., J(n) there is a unique

isomorphism (31) which lifts the identity.
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Assume now that P is nilpotent of order < e. Let us write:

X JG)
HO = (Za) Y(i))‘

We claim that for each k > 1 and 0 < i < n—k(e+ 1) — 1 the reduction of H (i) in a/p*a is
independent of the choice of H (n). This proves the uniqueness assertion of the proposition.

Let
A B\ (A B\
cp) \cp) -

If we multiply (32) by the image of this matrix under w;, we obtain for 0 <i < n an
equation

o wi(A") wi(B)\ (10 - p 0 (wi(d) wi(B)
HO = RO+ (w,~(C/) wi(D/)) (0 p) oD (0 1) (wz-(f?) wi (’5>>

where R(i) is a given matrix with coefficients in a. Let

, (wi(A") pw;(B') <
3= (wie pmion): &

_ (pwi(ﬂ) pwi(ff)>
wi(C) w;(D)
Assume that H(i)ogi<n and H'(i)ogi<n are two solutions of (32) and (33). For their

difference h = H — H' we obtain the equations

(34)

h(i) = A} -h(i +1)- A (35)

for 0 <i < n—2. If we can show that for i > 0 the product of e + 1 factors

v

Aivero - Nip1A;
has coefficients in pS, it follows by induction that for i > 0 and k > 1 the product of
k(e + 1) factors

Ajtk(e+1)—1" - Dig1 A

has coefficients in p*S. Then (35) implies that h(i) =0 for i <n—k(e+ 1) — 1, which
proves the claim.

Let Dy be the first component of the Witt vector matrix D modulo p. The assumption
that P is nilpotent of order < e means that

2 SR
DY D Dy=0

modulo a(S/pS); see Lemma 1.12. But a” € pS for a € a since a has divided powers.

Thus we get

5(P°) 5P 7y(P) _

Dy "-...-Dy "Dy =0.
Thus for i > 0 the lower right block of Ajy, ... - A;j41 has coefficients in pS, and it follows
that all coefficients of Aj4e-...-A; lie in pS as required. This finishes the proof. O
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Corollary 2.4 (Rigidity). Let S — R, a and m € N be as in Proposition 2.3.

Let aj,ap : P — P’ be two morphisms of truncated displays of level n over S. We
denote the truncated displays over R which are obtained by base change with P and P’
and assume that they are nilpotent of order < e.

If the two morphisms @1, @, : P — P’ agree, we have

ailn—m(e+1)—1]=ar[n—m(e+1) —1]
for the truncations.

Proof. Let P and P’ be the relative truncated displays obtained from P and P’. It
suffices to prove the equation of the Corollary on the relative truncated displays. This is
a statement of the Proposition. O

2.3. The crystal of a nilpotent truncated display
We explain how to associate to a nilpotent truncated display a “truncated crystal”. We
fix natural numbers n, e, and m such that n > m(e + 1) + 1. Let R be a ring in which p is
nilpotent. Let Cris,, (R) be the category of all pd-thickenings § — R with kernel a such
that p™a =0.

Let P be a truncated display of level n over R which is nilpotent of order < e. We
construct a locally free S-module Dp(S) as follows. We choose a lifting of P to a relative
truncated display P with respect to § — R. Then we define

Dp(S) = S ®w,(s) P (36)

where the tensor product is taken with respect to the projection W, (S) — S. In terms of
the truncation of level 1 of P we may write the right hand side of (36) as S W, (5) P[1].
Therefore, Proposition 2.3 shows that Dp(S) does not depend on the choice of P and
that Dp(S) is functorial in P. If S| — S, is a morphism in Cris,, (R) we obtain a canonical
isomorphism
S ®s, Dp(S1) = Dp(S2).

Let P be a truncated display of level n over R, which is not necessarily nilpotent.
Let P = (P, Q, 1, ¢, F, F) be a relative truncated display which lifts P. We consider the
Hodge filtration of P:

ROw,r) P = P/(I,11)P — P/u(Q).
This homomorphism can be identified with the Hodge filtration of P:
R W, ) P = P/k(Tnt1)P — P/(Q).
We define a lift of the Hodge filtration of P to S as a commutative diagram:

S®Wn(s) P — T

l l

R®w,s) P —— P/u(Q),

where T is a finitely generated projective S-module which lifts P /¢(Q).
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We consider a truncated display P’ of level n whose associated relative display is P.
We have P’ = (P, Q', 1, ¢, F, F) with Q' C Q. The Hodge filtration of P’ is a lift of the
Hodge filtration of P, and we get back Q' as the kernel of

05 S@w,s) P — P/u(Q).

Conversely, let T be a lift of the Hodge filtration of P to S. Then we construct a
truncated display P’ as above whose Hodge filtration coincides with 7.
Let Q' be the kernel of

0 i> S®W,,(S) P — T

We claim that we obtain a truncated display P’ = (P, Q', t, ¢, F, F) of level n over S.
It is easy to see that the restriction of € : Jy41 ® P — Q to 41,5 ® P lies in Q’, using
that (o€ is the multiplication map. Let T € P and L C Q be direct summands which
give a normal decomposition of P, which means that P = L& T and Q = J,+1 QT S L.
The composition L — P — T induces a homomorphism L — af, which we lift to
¢: L — W,i1(a)T, for example using the inclusion a C W, 41(a) by the first logarithmic
coordinate. If we replace the inclusion i : L — Q by i — ¢, then L and T define a normal
decomposition for P’. The remaining axioms for truncated displays for P’ follows easily.
Thus, we have shown that lifts of P to truncated displays of level n over S correspond to
lifts of the Hodge filtration.

Proposition 2.5. Let P be a truncated display of level n over R which is nilpotent of order
< e. Let S — R be a divided power extension in Cris,, (R) withn > m(e+ 1)+ 1. Then the
isomorphism classes of liftings of P to a truncated display of level n over S correspond
bijectively to liftings of the Hodge filtration of P to D5 (S) as in the following diagram:

D (S)

l

Djp(R) = R®w, k) P —— P/u(Q)

— N

Proof. Let P be a lifting of P to S, and let P"¢ be the associated relative truncated
display for S — R. By definition we have a well-defined isomorphism

D5(S) = S @, (s) P-

Thus the Hodge filtration of P gives a lift of the Hodge filtration as in the proposition.
We obtain a map from the set of isomorphism classes of liftings of P to S to the set of
liftings of the Hodge filtration. Since all liftings of P to a relative truncated display for
S — R are isomorphic, the preceding considerations show that this map is bijective. [

We note that this Proposition gives only a bijection of isomorphism classes. The
bijection does not arise from an equivalence of categories.
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2.4. Lifting of displays
Let S — R be a divided power extension of rings in which p is nilpotent with kernel a C S.
We want to see what the proof of Proposition 2.3 gives for non-truncated displays.

We recall the definition of relative displays. Let Js/g be the kernel of W(S) — R. Let
o : Is — W(S) be the inverse of the Verschiebung and let ¢ : J5/g — W(S) extend this
map by (x) =0 if x € W(a) is an element with logarithmic coordinates [a,0,0,...]. A
relative display for § — R consists of (P, Q, F, F) where Q C P are W(S) modules and
where F : P — P and F : Q — P are o-linear maps such that

(i) P is a finitely generated projective W(S)-module;

(ii) Js/rP S Q and P/i1(Q) is a projective R-module;

(iil) F(ax) =6 (a)F(x) for a € Js/r and x € P;
(iv) F(Q) generates P.

Proposition 2.6. Let Py and P, be two relative displays for S — R and let P1 and P, be
their reductions to displays over R. We consider the reduction map

p : Hom(Py, P2) — Hom(Py, Ps).

Then the following hold.
(a) If a is an S-module of finite length, the map p is surjective.
(b) If P and P’ are nilpotent, the map p is bijective.
Assertion (b) is proved in [9, Theorem 44]. We recall it here for completeness.

Proof. By passing to P; @ P, it suffices to prove the following assertion.

Let P be a display over R and let P and P’ be two relative displays for S — R which
lift P. If a is an S-module of finite length then there is an isomorphism P = P’ which
lifts the identity. If P is nilpotent then there is a unique isomorphism P = P’.

We can assume that P and P’ have the same underlying modules with normal
decomposition P =T @ L and Q = Js/rT ® L. For simplicity we assume that T and
L are free, T = W(S)? and L = W(S)°. Then P and P’ are given by matrices (é g) and

A B . . . X
<C’ D,) with difference in W (a):

nang\ _ (A B (A B

nc np)  \C' D’ C D)’
The components of n4 with respect to the isomorphism log : W(a) = a* are denoted by
na(n) for n > 0. These are matrices with coefficients in a. As in (31) we are looking for

matrices
(X)) J(n)
Hn) = (Z(n) Y(n))

for n > 0 with coefficients in a such that for n > 0 we have

H(n) = R(n)+ AL H(n+ 1A,
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where A, and Al are defined as in (34). Here R(n) for n > 0 are given matrices
with coefficients in a. Let H = M.yq(a). For n >0 let U, :H — H be the map
U,(H) = A,HA,. Then a solution H (n),>¢ exists if and only if the image of R(n),>0 in

im' (M Ly Ly E
<

is zero, and the solution is unique if and only if the S-module

imH Ly Ly B2y
<«

is zero. Here we use that Lln and l(iLn1 are the kernel and cokernel of the map
HN - HN, (ho, hy,...)— (hg—Uog(hy), h1 — Ui(ha),...).

If a is an S-module of finite length, then A has finite length. Thus l(ir_n1 is zero by the

Mittag-Leffler condition. Assume that P is nilpotent. Let pfa = 0. We saw in the proof
of Proposition 2.3 that for each n > 0, the product A,,Jrk(eﬂ),l -...- A, has coefficients
in pkS. Thus

Uniikern—10...0U, =0,

which implies that lim and lim! are zero. O
<~ <~

3. Truncated p-divisible groups and displays

3.1. The functor from groups to displays

Let S — R a pd-thickening with kernel a. We assume that the divided powers on a are
compatible with the canonical divided powers on pS. In [3] one of us has defined a functor

@k : BT(R) — D(S/R)

from the category p-divisible groups over R to the category of displays relative to § — R,
and in the case pR = 0 also a functor

d, r : BT,(R) = Dp(R) (37)

from the category of truncated p-divisible groups over R of level n to the category of
truncated displays over R of level n. We indicate a few modifications to adapt this to
the notion of truncated displays which we use here and to the case of relative truncated
displays.

We use the derived category D"(£) of an exact category £. Let A”(E) be the full
subcategory of the bounded homotopy category K”(£) which consists of all complexes
which split into short exact sequences in the sense of £. By a result of [8, 1.11.6] (see
also [7]), A°(&) is épaisse as a subcategory if each idempotent e : E — E which factors

as E > F —ﬂ> E such that ¢ o 8 = idp, is a split idempotent. In this case the localisation
of K°(£) with respect to A”(E) defines the derived category D’(E).

Let G be the category of finite locally free group schemes over R which admit
an embedding into a p-divisible group. We consider the bounded derived category
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D’ (BT (R)) of p-divisible groups. (Note that every idempotent in BT (R) is split.) Writing
an object of G € G as a kernel of an isogeny of p-divisible groups we obtain a fully faithful
functor

G — D"(BTp).
The image of this functor lies in the full subcategory Dbgl(Bﬁ) generated by complexes

X' of p-divisible groups for which X! =0 for i > 2. One can check that a morphism
X' — Y’ in the category Db<1(l3’7'R) may be represented by morphisms of complexes

X «—7Z —>Y,
where Z! =0 for i > 2 and where the left arrow is a quasiisomorphism.

Let us formalise the linear data of (relative) truncated displays. Let A be a ring and
let ¥ : ¢ > A be a homomorphism of A-modules such that for x, y € ¢ we have

K(x)y =Kk (y)x.

Main example: Consider a surjective ring homomorphism B — A and an ideal ¢ C B
which is an A-module, i.e., annihilated by the kernel of B — A. We take k : ¢ > B — A.

Definition 3.1. An (A, ¢)-module consists of (M, N, t, €), where M and N are A-modules
and ¢ and € are A-module homomorphisms

cQAM S NS M,

such that the composition of these two maps is the multiplication, i.e., ¢ ® m is mapped
to k(c)m, and such that the composition of the following maps is the multiplication:

c®ANM—®>Lc®AM—€>N.

The category of (A, ¢)-modules is in the obvious way abelian.

If P= (P, Q. ¢, F, F) is a truncated display over R (respectively relative to § — R)
of level n, then (P, Q,t,€) is a W, (R), I,+1) (respectively OV, (S), Jn+1))-module.

We call a sequence of truncated or relative truncated displays exact if the underlying
sequence of (W, (R), I,+1)-modules or W,,(S), Ju+1)-modules is exact. We obtain exact
categories in which every idempotent is split; note that all defining properties of (relative)
truncated displays pass over to direct summands. Thus again the bounded derived
categories exist:

D’ (Dw(S/R)), D’ (Dn(R)).

Similarly we have the bounded derived categories D”(D(R)) and D’(D(S/R)) of displays
and of relative displays. For each natural number m we obtain functors:

G — Dl (BT(R) =& D (D(S/R) — D'\ (Du(S/R)). (38)

We consider the category T,, = T,,(S/R) of all data (P, Q,t,¢, F, F) as in the definition
of a relative truncated display of level m, but we no longer require the conditions (i),
(iii), and (vi) of Definition 2.1. Let

(P1, Q1,1 €1, Fi, FI) = (P2, 02, 02, €2, F>, F2)
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be a morphism in 7,. Then one easily defines a cokernel (P, Q,t,¢, F, F) such that
(P, Q,,€) is the cokernel in the category of W, (S), Ju+1)-modules. For G € G we apply
(38) and take H'!, which is a cokernel. In this way, for each natural number m we obtain
a functor:

D, : G — T (39)

Proposition 3.2. Let S — R be a pd-thickening and assume that p is nilpotent in S. Let
n = m be natural numbers such that p" W, (S) = 0. Then (39) induces a functor

D, : BT, (R) — D, (S/R)

from the category of truncated p-divisible groups of level n over R to the category of
truncated relative displays of level m for S — R.

Note that in the case pS = 0 we can take n = m.

Proof. The condition p"W,,(S) = 0 is equivalent with p"W,,(S) = 0.

Let G, be the full subcategory of G which consists of truncated p-divisible groups
of level n. We claim that the functor ®, of (39) restricted to G, takes values in the
category of relative truncated displays of level m, i.e., that the conditions (i), (iii), and
(vi) of Definition 2.1 are satisfied.

For GeG let &,(G)=(P,Q,t,¢,F, F). Here P is a W,(S)-module of finite
presentation. Coker(t) and Coker(¢) are R-modules of finite presentation. These modules
are compatible with base change under homomorphisms of pd-thickenings from § — R
to S — R’.

By [1, Théoréme 4.4] we may lift a truncated p-divisible group over R to a truncated
p-divisible group over S. Zariski locally on Spec S, the lifted group can be embedded into
a p-divisible group. Therefore, to prove the claim we may assume that R = S.

If X is a p-divisible group over R and if X (n) is its truncation, we can use the resolution

0— X(n)—> X 2 X to compute ®,,(G). Since we assumed that p"W,,(S) =0, we get
that ®,,(G) is the m-truncation of the display associated to X. So the claim is proved in
this case.

If R is a noetherian complete local ring with perfect residue field, each truncated
p-divisible group G of level n over R takes the form X (n) for a p-divisible group X by
[1, Théoreme 4.4]. So the claim holds over R.

If R is a noetherian ring, for each prime ideal p of A we find a faithfully flat ring
homomorphism Ap — A’ where A’ is a noetherian complete local ring with perfect (or
algebraically closed) residue field. By descent (see Corollary A.3) it follows that for
G € Gy, 9,(G) satisfies the conditions (i), (iii), and (vi) of Definition 2.1. This proves
the claim when R is noetherian.

Since a truncated p-divisible group embeds Zariski locally in a p-divisible group, if R
is noetherian we can extend the functor ®,, from G, to all truncated p-divisible groups
by descent of truncated displays (see Proposition A.5). Finally we can use base change
to define the functor ®,, over a base which is not noetherian. O

For § = R with pR = 0 and n = m, the functor ®, of Proposition 3.2 is (37). We note
that this functor preserves the order of nilpotence:
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Lemma 3.3. Let R be a ming with pR = 0. A truncated p-divisible group G over R of level
n = 1 has nilpotence order e iff the associated truncated display P = ©,,(G) has nilpotence
order e.

Proof. The construction of ®,(G) gives an isomorphism Lie(_Gv) = 1(Q)/1, P such that
the Verschiebung V of GV corresponds to the homomorphism V# of (23). Then the lemma
follows from the proof of Lemma 1.14. U

Proposition 3.4. Let t > n such that p'W,(R) = 0. Let X be a p-divisible group over R
such that Xg/pr is nilpotent of order < e, and let P = ®,(X(¢)). If S — R is an object
of Cris;;, (R) with n > m(e+ 1)+ 1, we have a canonical isomorphism

Dx(8) = Dp(S) (40)
between the Grothendieck—Messing crystal of X and the crystal of P, evaluated at S — R.

Proof. Let Py = ®(X) be the display of X and Py = ®s/r(X) the display relative to
S — R associated to X. Since Px(n) is a lift of Px(n) = P, by (36) the right hand side
of (40) is S ®w sy P. By the construction of the functor ®g/g, this module also coincides
with the left hand side of (40). O

Later we use the following consequence.

Corollary 3.5. Let S be a ring with p™t'S=0. Let X be a p-divisible group over
R = S/pS which is nilpotent of order e. For t > m(e+2)+2 the set of isomorphism
classes of lifts of X to S is bijective to the set of isomorphism classes of lifts of X (t) to S.

Proof. Let n=m(e+1)+2. Then ¢t >n+m and thus p'W,(S) =0, using that
pP"W,(R) =0 and p" W, (pS) =0. Let P = ®,(X(¢)). We have two maps

Defs/r(X) — Defs;g(X (1)) —> Defs/z(P)

where Defs/g means set of isomorphism classes of lifts to S. By [1, Théoreme 4.4], the
first map is surjective. Propositions 3.4 implies that the composition is bijective, using
that deformations of X and of P are both classified by lifts of the Hodge filtration, by
Proposition 2.5 and by the Grothendieck—Messing Theorem. It follows that the first map
is bijective. O

3.2. Exactness and duality
Let us return for a moment to the study of (A, ¢)-modules. Let ¢ — A be as above. Let
u be the kernel of k¥ : ¢ — A and let R be its cokernel,

0O—-u—>c¢c—>A—>R—0.

Here R is a factor ring of A by the ideal «(¢), and u is an R-module since we have
k(©u=r(u)c=0. We assume in the following that all finitely generated projective
R-modules lift to finitely generated projective A-modules.

For given finitely generated projective A-modules T and L we define an (A, ¢)-module
S(T, L) as follows: We set

M=T&L, N=cQaT&]L,
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with the obvious maps ¢ and €; see Definition 1.2. An (A, ¢)-module which is isomorphic
to some S(T, L) will be called standard projective, and M = T @ L is called a normal
decomposition.

For an arbitrary (A, ¢)-module (M, N, t, €) we have a canonical isomorphism

Hom(S(T, L), (M, N, ¢, €)) = Homg (T, M) ® Homg (L, N).

In particular, S(T, L) is a projective object in the category of (A, ¢)-modules (this does
not need that T and L are finitely generated). Obviously we have projective resolutions
in this category.

To each (A, ¢)-module (M, N, t, €) we associate the following complex of A-modules:

0— u@s (M/UN)) S N = M — M/i(N) = 0 (41)

where ¢’ is the restriction of €. This map exists because the composition

uON S oM SN

is the multiplication and therefore zero by the definition of u.

Lemma 3.6. An (A, ¢)-module M = (M, N, 1, €) is standard projective iff the following
holds:

(i) M is a finitely generated projective A-module;
(ii) M/u(N) is a finitely generated projective R-module;
(iil) the sequence (41) is exact.

Proof. (Cf. [3, Lemma 3.3]) Clearly standard projective modules satisfy (i)—(iii). Assume
that (i)—(iii) hold. Since Ime” C Ime, the exact sequence (41) implies that the following
is exact:

0— N/Ime - M/cM — M/i(N) — 0.

Thus, N/Ime is a finitely generated projective R-module. Let T and L be
finitely generated projective A-modules which lift M/t(N) and N/Ime. We have a
homomorphism g : S(T, L) — M, and the associated homomorphism of exact sequences
(41) is an isomorphism on all components, except possibly on N. By the 5-Lemma g is
an isomorphism. O

Lemma 3.7. Let 0 — My — M> — Mg — 0 be a short exact sequence of (A, ¢)-modules.
If My and M3 are standard projective, then so is M.

Proof. We write A;Ii = (M;, N;, t;, €;). Clearly M, is finitely generated projective over A.
Consider the commutative diagram with exact rows:

0 Ni N> N3 0
0 M My M; 0
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Applying the snake lemma and taking into account the exact sequences (41) for M5 and
M3 we obtain an exact sequence of projective R-modules:

0— Mi/t(N1) > M>/t(N2) — M3/t(N3) — 0.

In particular, Mi/i¢(Ny) is finitely generated projective over R. Since the last sequence
remains exact under u®g , it follows that (41) is exact for M. O

Proposition 3.8. Let P; = (P;, Qi, i, €, Fj, F) for i =1,2 be two truncated displays of
level n over a ring R. Let o : P1 — P> be a morphism such that Py — P> and Q1 — Q2
are surjective.

Then there is a truncated display of P level n and a sequence of truncated displays

0->P—->P—>P,—0

such that the underlying sequence of W(R), I,+1)-modules is ezract.
The same statement is true for relative truncated displays.

Remark. One can also show that surjectivity of P — P, implies surjectivity of Q1 — Q>.

Proof. We consider the case of relative truncated displays. The kernel of « is
taken componentwise: P = (P, Q, ,¢€, F, F). Then (P, Q,t,€) is a standard projective
W, (S), Jp+1)-module by Lemma 3.7. The underlying sequence of (W, (S), Ju+1)-modules
splits. Now P is a relative truncated display iff the operator F?@ F* of (6) is an
isomorphism. Since a block upper triangular matrix is invertible iff the diagonal blocks
are invertible, the fact that P; is a relative truncated display implies the same for P. [

Corollary 3.9. The functor ®,, of Proposition 3.2 is exact.

Proof. A given short exact sequence 0 — G| — Gy — G3 — 0in B7,(R) embeds Zariski
locally into a short exact sequence of p-divisible groups 0 - X; — X» — X3 — 0. Let
Y; = X;/G;. We have exact sequences in Dy, (S/R) which define M;:

0— M; = 1, Ps5/r(Xi) = 1 ®s/r(Y;) - P (G;i) — 0.

Here t,, means truncation to level m. Indeed, the sequence without M; is exact by
definition. Proposition 3.8 implies that the image and kernel of the middle arrow are
relative truncated displays.

By the snake lemma we obtain an exact sequence in D,,(S/R)

0—> M| > My > M3z —> &,(Gy) - ©,,(Gr) - D,,(G3) — 0.

Let ®,,(G;) = (P;,...). The rank of P; is the height of G;. Since the height is additive in
short exact sequences, it follows that M3 — P; is the zero map. By Lemma 2.2 it follows
that M3 — Py is zero. O

Remark 3.10 (Duality). Let G be a truncated p-divisible group of level n over R. Assume

that G is the kernel of an isogeny of p-divisible groups: 0 - G — X9 — X1 — 0. Let
o : Pg — P1 be the morphism of relative truncated displays of level m, given by the
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functor ®g,r followed by truncation. By construction, ®,,(G) = Cokera. We claim that
there is a natural isomorphism

®,,(G) = Ker(a),
i.e., one could also define ®,, using the kernel. First we note that the kernel is a relative
truncated display by Proposition 3.8. Now we have an exact sequence in B7,(R)

0—->G— Xon) > X1(n) > G— 0.

Since ®,, is exact and since ®,,(X;(m)) = P; the claim follows.

One can define the dual of (relative) truncated displays as in the case of (relative)
displays. The functor ®g/g preserves duality. Using the above isomorphism one can
deduce that the functor ®,, preserves duality too. We leave the details to the reader.

3.3. Smoothness

The functors @, over rings R with pR = 0 define a morphism
¢n : BT, x SpecF, — D, x SpecF,

of smooth algebraic stacks over IF,,. By [3, Theorem 4.5] this morphism is smooth. Using
Proposition 2.6 we can simplify the proof. This remark is independent of the notion of
relative truncated displays. Let k£ be a field of characteristic p. We consider the ring
homomorphism § = k[¢] = R = k. To prove that ¢, is smooth it suffices to show that
the morphism of f.p.q.c stacks

¢ :BT - D
from p-divisible groups to displays satisfies the lifting criterion of formal smoothness
with respect to § — R. We equip the kernel of § — R with the trivial divided powers.
We consider the commutative diagram of functors:

BT(S) —— BT(R) —— BT(R)

@Sl f’” lm

D(S) — 5 D(S/R) —— D(R)

Here the left hand square is 2-Cartesian because lifts under f or under g correspond to
lifts of the Hodge filtration. For f this is the Grothendieck—Messing theorem, and for g
this is trivial. Proposition 2.6(a) implies that for each display over R all lifts under & are
isomorphic. The lifting criterion for § — R follows easily.

3.4. From displays to groups

Let R be a ring with pR = 0. We view formal groups and group schemes with a nilpotent
augmentation ideal as functors on the category Nilg of nilpotent R-algebras. We call such
group schemes infinitesimal.

Let G be a functor on Nilg. We recall the definition of the Frobenius of G. For N € Nilg
we have the absolute Frobenius Frob” : N — Njpn). This induces a homomorphism

Frob; : G(N) — G7"(N) = G(Nm)
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which is called the Frobenius of G. We denote by G[F"] the kernel of Frobf;,. Let N’ be
the kernel of Frob" : N — Nypn). If G is left exact we have

G(N') = G[F"1(N) = G[F"](N").

Let Nil%') C Nilg be the category of R-algebras N such that x?" = 0 for all x € N. For a
left exact functor G on Nilg we can view G[F"™] as the restriction of G to the category
Nl

If G is a commutative formal group of dimension d then G[F"] is a finite locally free
infinitesimal group scheme of rank p?” over R. Finite locally free infinitesimal group
schemes which arise in this way are called truncated formal groups of level n over R. Let
FG,(R) be the category of such group schemes.

Let P = (P, Q, 1, ¢, F, F) be a truncated display of level n over R. We chose a normal
decomposition

P=T®L, Q=151QT®L.

Let N € Nilg’). Then the W(R)-module W(N) is a W,(R)-module since for x € W(N) and
a € W(R) we have V"a-x = V" (@F"(x)) = 0. Thus we can define

Py =W(N)®w,r P. On="W(N)®@w,& T&WN) ®w,& L.
Proposition 3.11. There is an exact sequence of abelian groups

0— Oy ~=5 Py — FG,(P)(N) —> 0,

which defines FG,(P)(N); the assertion is that the first map is injective. The functor
N+ FG,(P)(N) on the category Nilg) 1s a truncated formal group of level n. This
defines an additive and exact functor

FG, : D,(R) — FG,(R)

for each ring R with pR = 0.

Proof. Let P’ = (P', Q', F, F) be a display over R with truncation P and let G = BT (P’)
be the associated formal Lie group. By definition, for each N € Nilg we have an exact
sequence

0— Oy =5 B}, - G(N) — 0.

If N lies in Nil%'), this sequence can be identified with the sequence of the proposition.
Thus that sequence is left exact, and FG,(P) = G[F"] is a truncated formal group of
level n. O

Lemma 3.12. Let G be a truncated p-divisible group of level n over a ring R such that
pR = 0. There is a natural isomorphism

FG,(®,(G)) = G[F"]. (42)
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Proof. Cf. Remark 3.10. Assume that G is the kernel of an isogeny of p-divisible groups,
0— G —> X9 — X1 — 0. We obtain an exact sequence

00— G— Xo(n) > X1(n) > G — 0.

Since the functors ®, and FG, preserve short exact sequences (Corollary 3.9) and since
D, (X;(n)) = ®Pr(X;)(n), we obtain an exact sequence of finite group schemes

0 — FGu(2,(G)) = BT(®(Xo)[F"] = BT(®(X1)[F"].
By [3, Theorem 8.3] for each p-divisible group X over R there is a natural isomorphism
BT (d(X)) = X. (43)

This gives an isomorphism (42). The isomorphism does not depend on the chosen
resolution Xg — X; of G. Since such resolutions exist Zariski locally, the lemma
follows. O

For a truncated display P of level n over R and a natural number m we define a finite
group scheme over R:
BT,,(P) = FG,(P)[p"] (44)

Lemma 3.13. Let R a ring with pR = 0. Let P be a truncated display of level n over
R such that the order of nilpotence of P is < e. Let m be a positive integer such that
n > m(e+1). Then the group scheme BT, (P) is a truncated p-divisible group of level m.

Proof. Let P’ be a display over R with truncation P and let G’ = BT (P’) be the
associated p-divisible formal group. Lemma 1.14 implies that G'[p] € G'[F**!] and thus
G'[p™ € G'[F™etD] C G'[F"] = FG,(P). It follows that BT,,(P) = G'[p™], which is a
truncated p-divisible group. O

Proposition 3.14. Let R be a ring with pR = 0. Let G be a truncated p-divisible group
of level n such that the order of nilpotence of G is < e (see Definition 1.13). Let m be a
natural number such that n > m(e +1). Then there is a natural isomorphism

BTy (®n(G)) = G(m).

If P is a truncated display of level n and order of nilpotence < e we have a canonical
isomorphism
®,, (BT, (P)) = P(m)
We note that @, (G) is nilpotent of order < e by Lemma 3.3, and therefore BT, (®,,(G))
is a truncated p-divisible group by Lemma 3.13.

Proof. Since G is nilpotent of order <e we have G(1)C G[F¢t'] and thus
G(m) € G[F™etD] C G[F"]. By taking the kernel of multiplication by p™ on both sides
of (42) we obtain the first isomorphism of the proposition:

BTy (®,(G)) = GLF"1[p"] = G[p"].

The second isomorphism follows using Lemma 4.4 below, applied to the restriction of the
functor BT, to the category of truncated p-divisible groups of level n which are nilpotent
of order < e; see also Remark 4.5. O
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Remark 3.15. In the proof of Lemma 3.12 we have used the natural isomorphism (43)
for arbitrary p-divisible groups. The proof of this fact in [3] is complicated because it is
difficult to relate directly the functors ® and BT.

If we want to prove Lemma 3.12 only for infinitesimal truncated p-divisible groups,
which is sufficient for Proposition 3.14, we can modify the proof as follows.

(a) One can work with resolutions 0 - G — X9 — X; — 0 by formal p-divisible
groups. Such resolutions exist at least f.p.q.c. locally, because f.p.q.c. locally G extends
to a formal p-divisible group. By f.p.q.c. descent of relative truncated displays this is
sufficient to construct ®,. In this way we use (43) only for formal p-divisible groups,
which is easier than the general case; the proof uses the crystalline comparison of [9] and
the equivalence, denoted by (*) in the following, between formal p-divisible groups and
nilpotent displays over arbitrary rings R in which p is nilpotent [2, 3].

(b) In addition, one can restrict the relevant base rings R and the f.p.q.c. coverings
R — R’ such that G g extends to a p-divisible group. Namely, w.l.o.g. R is an [F ,-algebra
of finite type, and we can take R’ =[] R where m runs through the maximal ideals of
R.' Over these rings the equivalence (%) is already proved in [9], which is sufficient to
deduce (43) in the cases necessary for the proof of Lemma 3.12.

(c) One can also consider the following variant @) of the functor &, restricted to
infinitesimal groups: Let G be an infinitesimal truncated p-divisible group of level n. If
there is a resolution 0 - G — X9 — X; — 0 by formal p-divisible groups, let P; be the
nilpotent display associated to X; by the equivalence (x), and define @}, (G) as the kernel
of the map of truncations Po[n] — Pi[n]. In general, use f.p.q.c. descent to define @/, (G).
Then the proof of Lemma 3.12 shows that BT, (®,(G)) = G(m) as before. As explained
in (b), with appropriate modifications the proof uses only the equivalence (x) in the cases
covered by [9].

Finally we extend the last two Propositions to rings where p is nilpotent.

Proposition 3.16. Let S be a ring with p™*t1S = 0 for some m > 0. For integers s, t,e > 0
such thatt > (s +m)(e+1) and t = (m(e+2)+2)(e+1) there is a functor

BT, : D (S) — BT, (S).

If p"W,(S) = 0, then the composition BT (S) 25 D (8) 2L BT (S) is isomorphic
to the truncation functor.

Proof. Let R = S/pS. By enlarging s we may assume that s > m(e+ 1) +2. For each
truncated display P € D,(e)(S) we chose a display P over S which lifts P, and we set
X = BT(’ﬁ)7 or equivalently P= @ (X). We want to define BTS(75) = X (s). We have the
following commutative diagram of functors, where the solid arrows exist over S and over R

LOne can also use that every truncated p-divisible group extends to a p-divisible group étale locally, but
this is more difficult to show.
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(see Proposition 3.2), while BTy, exists only over R (see Lemma 3.13).

BT BT,
A
q)l BTs+m Va J{ @,
e
7
D@ D D

The diagram over R commutes by Proposition 3.14, in particular there is a canonical
isomorphism X (s +m)gr = BT;4,,(Pg). Corollary 3.5 and its proof imply that the
following maps of sets of isomorphism classes of deformations from R to S are bijective:

Dy
Defs/r(Pr) — Defs/r(P(s)r) <— Defs/r(X (s +m)Rg)

Assume that P’ € Dt(e)(S) is another truncated display and « : P — P’ is an isomorphism.
We chose a lift 7’ and X' = BT (P’) as above. Then By = BT;4m(cg) is an isomorphism
X(s+m)g = X'(s+m)g. Since a is a lift of ag it follows that there is a lift
B:X(s+m)— X'(s+m) of By. By Lemma 3.17 below, the reduction B(s) : X(s) — X'(s)
is independent of the choice of 8. Thus we have defined the functor BTy over S on the
level of groupoids, and this functor preserves finite direct sums since the construction is
independent of the choice of the lift P. Then a standard argument gives the full functor
BT, (compare [9, Proof of Theorem 46]).

To prove the last assertion we note that for P = ®,(G), at least f.p.q.c locally we can
lift G to a p-divisible group X. Then we choose P = ®(X) in the above construction,
thus BTy (®;(G)) = G(s). For a given isomorphism y : G — G’ with induced @ : P — P’
we can choose B = a(s +m), which implies that B(s) = a(s) as required. O

Lemma 3.17. Let G and H be truncated p-divisible groups over S of level u > m. If a

homomorphism ¢ : G — H reduces to zero over R, then the truncation
¢(uw—m):Gu—m) — H(@u—m)

18 zero.

Proof. For every commutative affine group scheme X over S, the kernel of X(S) — X(R)

is annihilated by p™; see [4, Lemma 3.4]. If we apply this to the base change of H to

S-algebras, it follows that p™¢ = 0. Therefore, ¢(u —m) = 0. O

4. Vanishing homomorphisms

Let G and G’ be truncated p-divisible groups of level n over a ring R with pR = 0, with
associated truncated displays P and P’. We consider the commutative group scheme of
vanishing homomorphisms

Hom’(G, G') = Ker[Hom(G, G') — Hom(P, P')]
and the group scheme of vanishing automorphisms

Aut’(G) = Ker[Aut(G) — Aut(P)].

https://doi.org/10.1017/51474748016000116 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000116

Tiruncated Barsotti-Tate groups and displays 575

By [3, Remark 4.8] this is a commutative finite locally free group scheme of rank p"°¢
where d = dim(Lie G) and ¢ = dim(Lie GY).

Lemma 4.1. The group scheme Hom®(G, G') is infinitesimal finite locally free of rank
p"ed’ where ¢ = dim(Lie GY) and d’ = dim(Lie G').

Proof. Clearly Hom?(G, G’) is an affine group scheme over R. It is infinitesimal since the
functor @, is an equivalence over perfect fields. We claim that the map

Aut’(G) — End’(G), uwr> u—1

is an isomorphism of schemes. Indeed, let f € End’°(G)(A) for some R-algebra A. There
is a nilpotent ideal I C A such that f+1 =1 modulo I. It follows easily that f 41 is an
automorphism. Thus, End’(G) is finite locally free. Using the decomposition of pointed
R-schemes

End’(G & G') = End’(G) x Hom’(G, G') x Hom’(G’, G) x End”(G")

it follows that Hom?(G, G’) is finite locally free. Its rank is locally constant on the stack
BT, x BT,. Since the generic points of BT, are ordinary, to compute the rank we may
assume that each of G and G is either Z/p"Z or jpn. In those cases the rank is computed
in [3, Remark 4.8] as desired. O

Proposition 4.2. Under the natural isomorphism Hom(Z/p",G) =G we have
Hom’(Z/p", G) = G[F"].

Proof. Both Hom’(Z/p", G) and G[F"] are closed subgroup schemes of G which are
finite locally free of rank p™@. They coincide if G is ordinary. Since the generic points of

the stack BT, are ordinary, they coincide for all G. O
We recall that G is called nilpotent of order < e if F¢*! is zero on G(1); see Definition
1.13.

Corollary 4.3. If either G or (G')Y is nilpotent of order < e, then for n > m(e+1) the
reduction map
Hom’(G, G') — Hom(G(m), G'(m))
18 zero.
Proof. We may assume that n = m(e+1). By duality it suffices to consider the case
where (G’)V is nilpotent of order < e, which means that V¢*! is zero on G’(1) and thus
ymetD) is zero on G’(m). It follows that the subgroup scheme
G/[Fm(e+l)] — Im(Vm(e-H))

of G’ maps to zero under the surjection p™¢:G’ — G'(m). Thus for G = 7Z/p" the
corollary follows from Proposition 4.2.

If G is arbitrary we consider an element u € Hom’(G, G')(A) for some R-algebra A.
Let A — B be a ring homomorphism and let a € G(B). The composition

Z/p" > Gy 25 (G
lies in Hom?(Z/p", G')(B). By the first case, its reduction to level m is trivial as
desired. O
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Let BT, and D, be the algebraic stacks over F, of truncated p-divisible groups
respectively truncated displays of level n. Let [5'7;(6) C B7, and D,(,e) C D, be the closed
substacks where the nilpotence order is < e. For n > m we have the following commutative
diagram, where 7 are the truncation maps.

D,
87;,(6 ) 'D,(f )

l l (45)

q)lﬂ
BT D,y

Here all morphisms are smooth and surjective because the diagram is the inverse image
under the inclusion DY — D, of the corresponding diagram without ©, in which all
morphisms are smooth.

Lemma 4.4. For givenn > m and e > 0, there is a morphism of stacks I : 'D,(f) — 87;,(16)
such that T o @, = t iff the reduction map

p : Aut’(G) — Aut(G(m))
is zero for all G which are nilpotent of order < e. In that case T is unique up to unique
isomorphism, and we also have ®,, o = 1.

Proof. We consider truncated p-divisible groups of fixed height & and truncated displays
of rank h without changing the notation. Let U = Spec R — 87;,(6) be a smooth
presentation given by a truncated p-divisible group G of level n over R. Since all arrows
in (45) are smooth and surjective, we also get smooth presentations of the other three
stacks. Let P = ®,(G) be the truncated display associated to G. Let G, G2 and Py, P>
over U x U be the inverse images of G and P under the two projections. We get a
commutative diagram of groupoids over U:

Isom(G1, Gy) ———— Tsom(Py., P,)

l l (46)

Isom(G1(m), Ga(m)) ——2— Isom(Py (m), Pa(m))

The associated diagram of stacks is (45). The morphism ®, in (46) is a torsor under
Aut’(G1) by [3, Theorem 4.7]. Thus there is a morphism of schemes
' : Isom(P1, P2) — Isom(G1(m), Ga(m))
such that the upper triangle commutes iff
p1 : Aut’(G1) — Aut(G(m))

is trivial. In that case I' is unique, and the lower triangle commutes as well. Since G is
the inverse image of the universal group under a faithfully flat map U x U — 8771(6), the
reduction map p; is trivial iff p is zero for all G which are nilpotent of order < e. This
proves the lemma. O
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Remark 4.5. By a standard argument (see [9, Proof of Theorem 46]), the functor I' of
groupoids extends to a functor of additive categories.

Proposition 4.6. Forn > m(e+ 1) there is a functor BT, : D,(,e) — 87;(,8) such that BT, o
®,, is isomorphic to the truncation functor. This functor BT, is unique up to unique
isomorphism, and ®,, o BT, is isomorphic to the truncation functor as well.

Proof. Use Corollary 4.3 for End(G) and Lemma 4.4. O

Remark 4.7. By its uniqueness, the functor BT, of Proposition 4.6 necessarily coincides
with the functor of Proposition 3.14.

It is easy to see that the functors BTy, for varying m are compatible in such a way that
they form an inverse to the functor

o LiLnBﬁ(e) — LiLnDﬁf),
n n

so this is an equivalence. This gives a new proof of the equivalence between formal
p-divisible groups and nilpotent displays over rings with pR = 0. The general case of
rings in which p is nilpotent follows easily by deformation theory.

Appendix. Descent for truncated displays

Proposition A.1. Let R — S be a faithfully flat homomorphism of rings in which p is
nilpotent. Then the Cech complex

Wi (R) = Wi(S) 2 Wi(S®RrS) 3 Wi(S®rS®rS) ...

s acyclic.
Proof. To the simplicial complex above we have also the associated chain complex which
will be denoted by CW,(S/R).
Let R[p] be the kernel of the multiplication by p. By tensoring with ®gS:
S[pl = Rlp1®r S.
By descent theory we know that the Cech complex of the R-module R[p] relative to the
covering Spec S — Spec R is acyclic:

RIpl = S[p] = (S@r 9Pl Z (SO SOk NP ...

Let C(S/R)[p] be the associated chain complex. Using the remarks after (2) we obtain
an exact sequence of complexes

0 — C(S/R)[p] = CWni1(S/R) — CW,(S/R) — 0.

The definition and exactness of the complex in the middle follows from [9, Lemma 30].
This concludes the proof of the Proposition. O

The notion of a W-descent datum [9] applies to W,(R) — W, (S) and is then called a
W, -descent datum.
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Proposition A.2. With the assumptions of the last Proposition let P be a finitely generated
projective Wy, (S)-module with a descent datum

VW, (S ®r S)pl,Wn(S)P — W,h(S ®r S)pz,W,,(S)P' (47)
The associated chain complex Cyy, (P; S/R) (compare: [9, (43)])
P —>Wy(S®rS)OW,5) P > Wa(SORSQrS) W, 5 P — ...

is exact. Here the W, (S)-module structure on W,(S ®r ... Qg S) is via the last factor of
the tensor product.
If Py is the kernel of the first arrow we have a canonical isomorphism

Wi (S) @w,r) Po = P.

Proof. We begin with a general remark. Let R’ be an R-algebra. We denote by
ng: C R’ the ideal of all elements annihilated by p. We set n = ng. If R — R’ is flat then
ngp =n®gr R =nR’.

We denote by wy,:W,(R") — R’/nR’ the homomorphism induced by the Witt
polynomial of degree p”. For a W, (R)-module Py we set Py = R/n ®w, W) Po. We
have the isomorphism

R'/0R' @, W, (&) Wa(R) @, (r) Po) = R /nR' ®r/n Po.

If we tensor the descent datum (47) with W,(S ®r S)®@w), (sexs) We obtain a W,-descent
datum on W, (S) ®w, k) P and if we tensor with (S/nS®pg/m S/nS)Qw, W,(s2:s) We
obtain a descent datum on the §/nS-module P = S/nS Ow, , W,(S) P-

By the definition of W, (S) we have an exact sequence of W, (S)-modules

0= (5/08)pw,] = W(S) = Wa(R) — 0.
By tensoring with P we obtain the exact sequence
0> P L P Wu(S)®w,s P — 0. (48)
We have a commutative diagram

ideV
(S/ﬂS ®R/n S/ﬂS) ®wnop1,Wn(S) P ]——_) (S/TlS ®R/n S/ﬂS) ®w,,op2,Wn(S) P

v [vr

Wi(SQRS) ®p, Wy(s) P — Wi(S®R S) ®p, Wy(5) P

Therefore, the exact sequence (48) is compatible with the descent data and yields an
exact sequence of complexes:

0— C(f’; (S/n8)/(R/n)) — Cw), (P; S/R) — Cw,(P; S/R) — 0

The first complex is the complex associated to the descent datum on the S/nS-module P
relative to R/n — S/nS. By [9] and usual descent we know that except for the complex in
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the middle we have H' = 0 for i > 1. Then this holds also for the complex in the middle.
Taking H? we obtain the exact cohomology sequence
0— 150—>P0—>f’0—>0.
By W,-descent we know that the natural map
Wi (S) ®w,r) Po = Wi (S) @, (s) P

is an isomorphism. Let E be a finitely generated projective W, (R)-module which lifts the
W, (R)-module 150. We find a factorisation E — Py — 130. By the Lemma of Nakayama
we conclude that

Wa(S) ®w,(r) E — P

is an isomorphism. Since the last arrow is compatible with the descent data on both sides
we obtain an isomorphism of complexes
Cw, W (S) @w,r) E; S/R) — Cw), (P; S/R).

It follows that E — Py is an isomorphism. O

Corollary A.3. For R — S as above let Py be a finitely presented W, (R)-module such
that P = W, (S) ®w),(r) P1 is projective. Then Py is projective.
Proof. The module P carries a natural descent datum. Proposition A.2 gives a finitely
generated projective W, (R)-module Py, and the natural map P; — P factors over a
homomorphism g : P; — Py that becomes bijective over W, (S). By Nakayama’s lemma
g is surjective. Then Py = Py @ N where N is finitely generated and W, (S) @, (r) N = 0.
By Nakayama’s lemma it follows that N = 0. O
Let R — S be a faithfully flat ring homomorphism as before. Let P = (P, Q, ¢, €, F, F)
be a truncated display of level over R. We denote the base change to S by
Ps = (Ps, Os, ts, €5, Fs, Fs). There is a natural homomorphism P — Ps which is obvious
in terms of a normal decomposition. We obtain a simplicial complex

P — Ps =X Psars = PsorSors - - - - (49)

Proposition A.4. The simplicial complez (49) induces exact chain complezes

0— P — Pg— Psors = Ps@rs@rs - - -

0— 0 — 05— Osers > Os@rS@zs----
Proof. We know that Ps = W,(S)®w), ) P. Therefore, we obtain the first exact
sequence from the first Proposition. To obtain the second exact sequence we choose a
normal decomposition P =T @ L. Then Qg = I, 11(S) @w,r) T & Wh(S) W, r) L- The
exactness of the second sequence amounts therefore to that of
Liyi(R)w, ) T = Liri(O)W, T = Lit1i(SQ®r SO,y T — ...

But this is clear.

We have the notion of descent datum relative to S/R for a truncated display P over S.
The Proposition shows that the functor which associates to a truncated display over R
the base change to a truncated display over S with a descent datum is fully faithful. O
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Proposition A.5. Let R — S be faithfully flat. The base change functor induces an
equivalence of the category D, (R) of truncated displays of level n over R with the category
of truncated displays of level n over S endowed with a W,-descent datum relative to S/R
(see: (47)).

Proof. It follows from the last Proposition that this functor is fully faithful. Therefore,
it suffices to show that a W,-descent datum is always effective.

Following [3] we begin to prove a related descent result. We call a OV, (R), I,,+1)-module
(P, Q,t,¢) which admits a normal decomposition a truncated pair. In particular, the
R-modules P/it(Q) and Q/Ime are projective finitely generated R-modules.

The first lines of the proof of Proposition 1.3 show that a second truncated pair
(P, Q', !, €) is isomorphic to (P, O, t, €) iff there are isomorphisms of R-modules

P/u(Q)=P'/u(Q), Q/Ime=Q'/Im¢e".
More precisely, if two such isomorphisms are given, they are induced by an isomorphism
(P,Q,1,€) = (P, 0./, €.

We fix projective finitely generated R-modules T and L. Let F be the cofibred category
over the category of R-algebras Si, such that an object of Fs, is a truncated pair
(P, Q,t,¢€) over S; endowed with isomorphisms

P/LQ)=S1®rT, Q/Ime=S ®rL.

By the remark above any two objects in Fg, are isomorphic.

We fix an object (Po, Qo, to, €0) € Fr. We denote by Ag, the automorphism of the base
change (P, Qo, to, €0)s,- By [6, Chapter III §4] the set of isomorphism classes of descent
data on (Py, Qo, to, €0)s is bijective to the nonabelian Cech cohomology set I:II(S/R, A).
We show below that this pointed set is trivial. Equivalently this says that any descent
datum in F relative to S/R is effective.

We can now prove the Proposition. Let P = (P, Q,(,¢€, F, F) be a truncated display
over S which is endowed with a descent datum. We denote by p= (P, Q,t,¢€) the
associated truncated pair. The descent datum induces a descent datum on the S-modules
P/1(Q) and Q/Ime. We find finitely generated projective R-modules T and L and
isomorphism which are compatible with the descent data on both sides

P/l(Q)=SQrT, Q/Ime=S®gL.

This makes P an object in Fg and the descent datum a morphism in Fsg,s. Therefore,
we know that the descent datum is effective. Because of the fully faithfulness of descent
for truncated pairs the morphisms F and F descent too.

It remains to show the triviality H\(S /R, A). We vary now n and we set F, = F.
Assume that n = 1. In this case we consider the image A; by the map

Ai — Aut Py ®ywy, (r) R.

This is just the additive group of an R-module and therefore the Cech cohomology of
A is trivial. The matrix representation of an element in the kernel of A; — A; has the
form E 4+ X where E is the unit matrix and X a matrix with coefficients in R-modules.
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In the case pR=0 we have (E+X)(E+X') = E+ X + X’. This shows the Cech
cohomology of the kernel is trivial. By the exact cohomology sequence for Cech
cohomology of presheaves we obtain that H!'(S/R, A;) is trivial. In the general case
we consider the filtration of R by p™ R and obtain the triviality too.

Let now n > 1. We denote by (P}, Qy. t, €)) € Fn—1 the truncation of (P, Qo, Lo, €0)-
We denote by A, _1 its automorphism group. Let K be the kernel of the natural surjection
of presheaves A, — A,_1. By induction it suffices to show that the Cech cohomology of
K is trivial. Again we look at the matrix interpretation of K. The matrices in K are of
the form E 4+ X where X has coefficients in an R-module. In the case pR = 0 we have
simply the additive group of this module and therefore the Cech cohomology is trivial.
In the general case we consider the filtration above. By the exact cohomology sequence
we obtain the triviality of H!(S/R, A,). This proves the Proposition. O

References

1. L. ILLusig, Deformations de groupes de Barsotti-Tate (d’aprés A. Grothendieck), in
Seminar on Arithmetic Bundles: The Mordell Conjecture, Astérisque, Volume 127, pp.
151-198. (1985).

2. E. Lau, Displays and formal p-divisible groups, Invent. Math. 171 (2008), 617-628.

3. E. Lau, Smoothness of the truncated display functor, J. Amer. Math. Soc. 26 (2013),
129-165.

4. E. LAu, Relations between Dieudonné displays and crystalline Dieudonné theory, Algebra
and Number Theory 8 (2014), 2201-2262.

5. W. MESSING, The Crystals Associated to Barsotti-Tate Groups: With Applications to
Abelian Schemes, Lecture Notes in Mathematics, Volume 264 (Springer, Berlin, Heidelberg,
New York, 1972).

6. J. MILNE, Etale Cohomology (Princeton University Press, Princeton, 1980).

7. A. NEEMAN, The derived category of an exact category, J. Algebra 135 (1990), 388-394.

8. R. THOMASON AND T. TROBAUGH, Higher algebraic K-theory of schemes and of derived
categories, in The Grothendieck Festschrift, Vol. III, Progress in Mathematics, Volume 88,
pp. 247-435 (Birkhauser, Boston, 1990).

9. T. ZINK, The display of a formal p-divisible group, Astérisque 278 (2002), 127—-248.

https://doi.org/10.1017/51474748016000116 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000116

	TRUNCATED BARSOTTI–TATE GROUPS AND DISPLAYS
	Introduction
	The category of truncated displays
	Base change and truncation functors
	Matrix description
	Nilpotent truncated displays

	Relative truncated displays
	Matrix description
	Lifting of truncated displays
	The crystal of a nilpotent truncated display
	Lifting of displays

	Truncated p-divisible groups and displays
	The functor from groups to displays
	Exactness and duality
	Smoothness
	From displays to groups

	Vanishing homomorphisms
	 Descent for truncated displays
	References


