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The paper deals with blow-up for the solutions of an evolution problem consisting in
a semilinear wave equation posed in a bounded C1'! open subset of R™, supplied
with a Neumann boundary condition involving a nonlinear dissipation. The typical
problem studied is

gt — Au = [ulP~ 2y in [0, 00) X £2,
u=20 on (0,00) x Iy,
Ou = —a(@)(|ue|™ 2w + Blue|*2uy) on (0,00) x I7,

u(0,2) = uo(z), ut(0,2) =wi(x) in £,

where 02 =Ty UTI', IoNIt =0,0(l0) >0,2<p<2(n—1)/(n—2) (when n > 3),
m>1, a€ L>®([1), « > 0and B > 0. The initial data are posed in the energy space.
The aim of the paper is to improve previous blow-up results concerning the problem.
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1. Introduction

We deal with the evolution problem consisting on a semilinear wave equation posed
in a bounded subset of R™, supplied with a Neumann boundary condition involv-
ing a nonlinear dissipation. More precisely, we consider the initial-boundary-value
problem

uye — Au = f(z,u) in (0,00) x £2,

u=20 on (0,00) x I,
Oyu=—Q(z,uz) on (0,00) x I, (1.1)
u(0,7) = ug(z), u(0,7) = ui(z) in £2,
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where u = u(t,z), t > 0, x € £2, and A denotes the Laplacian operator with respect
to the z variable. We assume that {2 is a bounded and C%'-open subset of R"
(n>1),02=TIyUl}, IyNIy =0 with Iy and I'} being measurable with respect
to the natural (Lebesgue) measure on the manifold I" = 042, henceforth denoted
by o, and o(Iy) > 0. These properties of 2, Iy and I are adopted, without
further comments, throughout the paper. The initial data are in the energy space,
i.e. up € H'(2) and u; € L?({2), with the compatibility condition ug|r, = 0 (in
the trace sense).

Moreover, ) represents a nonlinear boundary damping and, roughly, Q(z,v) ~
a(@) (o™ 2v+ Bt 2v), 1L < up<m, B3>0, a € L>®(1), « > 0. When 3 > 0
and p = 2 the term @ describes a realistic dissipation rate, linear for small v
and superlinear for large v (see, for example, [35]), possibly depending on the space
variable, while when 8 = 0 and a = 1 it is a pure power model nonlinearity. Finally,
f is a nonlinear source and roughly f(x,u) ~ |u|P~2u, 2 < p < 2*, where as usual
2* denotes the Sobolev critical exponent 2n/(n — 2) when n > 3 and 2* = co when
n=1,2.

The presence of the boundary damping in (1.1) plays a critical role in the context
of boundary control (see, for example, [12-15,28,29,31,34,58]). For this reason, and
for their clear physical meaning, problems such as (1.1) are the subject of a wide
literature. In addition to the papers already quoted, see also [9-11,16,17,21,24,32,
33,44,47,56].

The analysis of problems like (1.1) is related to the treatment of quasi-linear
wave equations with Neumann boundary conditions involving source terms (see
[4-6,30,43,55]).

In order to clearly describe the specific subject of this paper we consider prob-
lem (1.1) when f and @ are exactly the model nonlinearities, i.e. when problem (1.1)

reduces to
uge — Au = |ulP~2u in (0,00) x £2,
u=0 on (0,00) x I,
2 2 (0,00) x Ty )
Opu = —a(x) (Jue| ™ “ue + Blug|* ™ “uy) on (0,00) x I7,
u(0,2) =up(x), u(0,2) =u(x) in £2

withl<pu<m,B>20,ae L>®°[}),a>0and 2 <p < 2*.

The local existence and uniqueness for weak solutions of problem (1.2) when
2 < p < 14 2*/2 was first proved in [56, theorem 4] (see theorem 2.6 herein). In
the literature this parameter range is often referred to as the subcritical/critical
one, since the Nemytskii operator u ~ |u[P~2u is locally Lipschitz from H'(§2) to
L?(£2). In this case the nonlinear semigroup theory is directly applicable.

Theorem 4 in [56] was subsequently extended to more general nonlinearities Q
and f, of non-algebraic type, in [9,11]. Moreover, at least when « is constant,
Hadamard well-posedness for problem (1.2) follows from the results in [5], dealing
with more general versions of problem (1.1), possibly involving internal nonlinear
damping and boundary source terms. It is worth observing that, when no internal
damping is present in the equation, the well-posedness result in [5] only applies to
the subcritical /critical range 2 < p < 142*/2, due to [5, assumption 1.1]. Moreover,
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when ug and u; are small (in the energy space) the solutions of (1.2) are global in
time.

On the other hand, blow-up results for problem (1.2) are much less common in the
literature. In the particular case I'1 = () (the same arguments work also when o = 0)
it is well known that, for a particular choice of data, local solutions of problem (1.2),
when they exist, blow up in finite time (see, for example, [2,22,25-27,36,37,48]; we
also refer the reader to the related papers [38,39], which deal with boundary source
terms). Payne and Sattinger [45] introduced the so-called ‘potential-well theory’ for
the semilinear wave equation with Dirichlet boundary condition, and, in particular,
blow-up for positive initial energy was proved. We also mention [20], which deals
with the equation wuy — Au+ |[ug|™ 2uy = [u[P~2u in [0, 00) x 2 with homogeneous
Dirichlet boundary conditions when 2 < p < 14 2*/2 and m > 1; it was the first
paper to show the competition between nonlinear damping and source terms. In
particular, it was proved in [20] that solutions may blow up in finite time (depending
on initial data) if and only if m < p. The result was subsequently generalized to
positive initial energy and abstract evolution equations in several papers (see, for
example, [40,46,52]).

The problem of global non-existence for solutions of (1.2) when Iy # 0 and m = 2
was studied in [54] using the classical concavity method of Levine, which is no longer
available for nonlinear damping terms. The first blow-up result for problem (1.2)
in the general case m > 1 (and 2 < p < 1+ 2*/2) is contained in [56]. In order to
relate it, we need to introduce some basic notation. We denote by || - ||, the norm
in LP({2) and the norm in [LP(£2)]™. We also introduce the Hilbert space

H}, (2) = {u € H'(2): ulr, = 0}

(where u|r, is intended in the trace sense), equipped with the norm ||Vul|2, which
is equivalent, by a Poincaré-type inequality (see [57]), to the standard one. We also
introduce the functionals

Sy 10l _

5 -, nd K(u) = |[Vull3 — [full} (1.3)
for u € Hp, (§2). The energy associated with initial data uo € Hp, (2) and u; €
L?(£2) is denoted by E(ug,u1) := 5| lu1|3 + J(uo). Moreover, we set

d= inf sup J(Au). 1.4
u€Hp, (2)\{0} A>Ig (Au) (14)

It is well known that d > 0 (see lemma 4.1, which clarifies this property, and
also remark 4.2, where a variational characterization of d is recalled). Finally, we
introduce the ‘bad part of the potential well’ (this terminology was coined in [7])

W = {(uo,w1) € H}, (£2) x L*(2): K(ug) <0 and E(ug,u1) < d}. (1.5)

Trivially, if E(ug,u1) < 0, then (ug,u;) € Wy, since p > 2. The situation is
described clearly by figure 1.

In particular [56, theorem 7] asserts that solutions blow up in finite time if
(up,u1) € W, and the further condition

2(n+1p—4(n—1)
n(p —2) +4

m < mg(p) = (1.6)
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data in W, with
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=@ data in W, with
non-negative energy

Figure 1. The sets of initial data considered by [3], having negative
initial energy, and those considered only in the present paper.

holds. Note that mg(p) > 2 when p > 2, so the case when 1 < m < 2 is fully
covered; but, when m > 2, condition (1.6) is rather restrictive (see figure 2).

In [6,11] the blow-up problem is also considered. These papers deal with a mod-
ified version of (1.2), where internal damping and boundary source terms are also
present. These papers do not include the assumption (1.6), since the combination
of internal and boundary sources is more effective in producing blow-up.

As for problem (1.2) without boundary sources, Gerbi and Said-Houari [21] prove
exponential growth, but not blow-up, for solutions of (1.2) when m < p. A general-
ized version of assumption (1.6) also appears in the recent paper [1], dealing with
much more general Kirchhoff systems and a larger class of initial data.

Assumption (1.6) was first skipped in [3], where blow-up for a modified version of
problem (1.2) is proved when m < 1+ p/2 and E(ug, u1) < 0. Even if the blow-up
result in [3] is stated in the presence of an internal damping, one easily sees that
the arguments in the proof also apply to problem (1.2). Clearly, assumption m <
1+ p/2 is more general than (1.6), since mo(p) < 1+ p/2 for p > 2 (figure 2). The
improvement in the assumption was obtained by using an interpolation estimate in
the full scale of Besov spaces instead of in the Hilbert scale used in [56].

Assumption (1.6) was also skipped in the more recent papers [18,41], which
deal with the one-dimensional case n = 1, when # = 0 and a = 1. Blow-up for
problem (1.2) is proved there when E(ug,u1) < d and either

(i) m<14p/2or
(ii) m > 1+ p/2 and |£2] is sufficiently large.

The arguments used by Feng et al. [18] and Liu et al. [41] in the two cases are
different. Consequently, in dimension 1 the line m = p is not the threshold between
global existence and blow-up for suitable data. A natural conjecture is then that
the same phenomenon occurs in a higher spatial dimension, n, even if the one-
dimensional case is sometimes different from the higher-dimensional one (see, for
example, [49,50], where a similar situation occurs for well-posedness, and the related
paper [51]). Unfortunately, the arguments used to handle the case m > 14 p/2
cannot be adapted to n > 2.
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(a)

—

(b)
m
2(n—-1/(n-2)

242/(n—4)

p
2 2(n—1Dl(n-2)

[ 1 region covered by the previous and present results
0 region covered only by the present result

Figure 2. The sets of the (p, m) considered in [56] and in the present paper, in the two
cases (a) n = 1,2 and (b) n > 3. The two cases are shown with different scales due to the
unboundedness of the sets considered in the first case.

The aim of this paper is to show that the technique in [56] can be adapted to
cover at least the case m < 1+ p/2. In this way we extend the blow-up result
from [3] to positive initial energy while extending the result from [41] to n > 1.
Instead of using interpolation theory, we adapt a more elementary estimate, used
in [18,41] when n = 1, to the case when n > 1.

Our main result concerning problem (1.2) is as follows.

THEOREM 1.1. Let « € L*®(I1), a 20, 8 20,

2<p<1427/2 l<m<1+4p/2
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and (ug,u1) € Wy,. Then the weak solution u of problem (1.2) blows up in finite
time, i.e. there exists Tmax < 00 such that ||u(t)|, — oo (and so also ||u(t)|lec — 00
and ||[Vu(t)|l2 = 00) as t = Tpox-

REMARK 1.2. The meaning of weak solutions will be made precise below. Moreover,
it will be clear (after the proof) that the parameter range 2 < p < 1+ 2*/2 in
theorem 1.1 can be extended to 2 < p < 2*, but when 14 2*/2 < p < 2* we merely
obtain global non-existence of weak solutions, since a local existence theorem is
missing.

The paper is organized as follows. In §2 we recall (from [56]) our main assump-
tions, local existence and potential-well theories for problem (1.1), with some addi-
tional remarks. Section 3 is devoted to stating and proving our main result, i.e. the-
orem 3.2, on problem (1.1). In §4 we show that, when applying theorem 3.2 to
problem (1.2), we obtain theorem 1.1.

2. Preliminaries

In this section we recall some material from [56], to which we refer for most of the
proofs. We start by recalling the assumptions on ) and f needed for local existence.

(Q1) Q is a Carathéodory real function in I x R, and there exist o € L'(I%),
a > 0', and an exponent m > 1 such that, if m > 2,

(Qz,v) = Qz,w))(v —w) = a()[v — w[™
for all x € I'1, v,w € R, while, if 1 <m < 2,
(Q(x,v) = Qz, w))(v — w) = a)|[v]™ v — [w] " w|™

for all z € I, v,w € R, where 1/m + 1/m’ = 1;

(Q2) there exist 1 < u < m and ¢; > 0 such that
Q@ v)| < cra(@)(ol* " + o)

for all x € I, v € R.

REMARK 2.1. The model nonlinearity
Qo(z,v) = a(@)(Jv|* v+ o™ %), 1l<pu<m, a=0, aclLl'(n), (2.1)

satisfies (Q1) and (Q2). Indeed, while (Q2) is verified trivially, assumption (Q1)
holds, when m > 2, up to multiplying a by an inessential positive constant, due to
the elementary inequality

(Ju|™ v — |w|™2w) (v — w) > const.|v — w|™, wv,w € R (2.2)

When 1 < m < 2 we get (Q1) by applying (2.2) to m’ > 2, [v|™ 20 and |w|™?w.

IThe integrability of a on I, although not explicitly assumed in [56, theorem 4], was tacitly
used there.

2This is a consequence of the boundedness of the real function (|t — 1|™~2(t — 1))/(|t|™ "2t — 1)
when m > 2.
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We note, for future use, some consequences of (Q1) and (Q2). First, it follows
that

Q(z,v)v = a(x)lv|™ (2:3)

for all z € I, v € R. Moreover, Q(z, -) is increasing for all « € I'1, and Q(-,0) = 0.
Then, after setting

&(x,u) = /Ou Q(x,s)ds, (2.4)

we obtain

047(;) [v|™ forall z € Iy, veER. (2.5)

P(z,u) >

We now introduce some notation. When 1 < ¢ < oo we denote by LI(I, «) the L-
space on I" associated with the measure ji, defined by o (A) = [, a(x) do for any
measurable subset A of I', while L?(I") denotes the standard L9-space, i.e. LY(I") =
L%(I,1). An analogous convention will be adopted on Iy and in (0,T) x I for
T > 0 (the measure u, being replaced by dt X u, in the latter case). Moreover, for
simplicity we shall write

I llgra =1 lcarays I lor =1+ llza),

I lgrva =1 llara)ys I la =1+ lLacr)-
Our assumption concerning f is as follows.

(F1) f is a Carathéodory real function in 2 x R, f(z,0) = 0 and there exist p > 2
and ¢y > 0 such that

(2 0) = F(,0)] < ealu— ol(1+ [uP~2 + [ofP~2)
for all x € 2, u,v € R.
REMARK 2.2. The model nonlinearity
fo(z,u) = alu|2u + blulP%u, 2<q¢<p, a,beER, (2.6)
satisfies (F1), due to the elementary inequality
|[u|*~?u — |v]*~ 20| < const.|v — w|(1 + |[u|* "2 + [v]*7?), wu,vER,
which holds for s > 2.
We define precisely the definition of weak solution used (implicitly) in [56].

DEFINITION 2.3. When (Q1), (Q2) and (F1) hold and 2 < p < 2* we say that v is
a weak solution of problem (1.1) in [0,T], T > 0, if

(a) ue C([0,T]; Hp, (2)) N CH([0, TT]; L*(£2)),

(b) the spatial trace of u on (0,7T") x I' (which exists by the trace theorem) has a
distributional time derivative on (0,T") x I'1, belonging to L™ ((0,T) x I}, «),
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(c) for all ¢ € C([0,T]; Hp, (£2)) N C'([0,T]; L*(£2)) N L™((0,T) x I't,x) and for
almost all ¢ € [0, 7] the distribution identity

/Q gl = /O t /Q Wiy — VuVp + /0 t /ﬂ fu)p - /0 t [ QCue @)

holds,
(d) u(0) = up and us(0) = uy.

We say that u is a weak solution of problem (1.1) in [0,7) if u is a weak solution in
[0,T"] for all T” € (0,T). Finally, we say that a weak solution v in [0,T) is maximal
if u cannot be seen as a restriction of a weak solution in [0,7"), T < T".

REMARK 2.4. The term fg Jo f(,u)p in (2.7) makes sense by (F1), the continu-
ity of Nemytskii operators and the Sobolev embedding theorem. Recognizing that
the last term in the right-hand side of (2.7) makes sense requires some deliber-
ation. First, we note that, by (b), we have o'/™u; € L™((0,T) x I') and then
o/ |y |1 e L™ ((0,T) x I). Since ¢ € L™((0,T) x Iy, a), we have o!/"¢ €
L™((0,T)xI1). Consequently, a|u;|™ e € L1((0,T)xI'). Now, since pi,(I'7) < o0
and p < m, we have L™((0,T) x I'y, ) C L*((0,T) x I, ). Hence, we can repeat
previous arguments with x instead of m to show that aju[#~1¢ € L1((0,T) x I1).
Consequently, by (Q2) we get Q(-,us)p € L*((0,T) x I1).

REMARK 2.5. For clarity, we state the following facts. Since the equation and
boundary conditions in problem (1.1) are autonomous, the choice of the initial
time as zero is purely conventional. Consequently, for any a € R, we shall speak of
weak solutions in [a,a 4+ T], T > 0, of the problem

uye — Au = f(x,u) in (a,00) x £2,

u=0 on (a,00) x Iy,
Ou=—Q(z,uy) on (a,00) x I, (28)
u(a,z) = uo(w), ui(a,z)=u(x) n £2,

when (a)—(d) in definition 2.3 hold true with 0 and T replaced by a and a + T,
respectively. Moreover, we have the following.

(i) The function u is a weak solution of (1.1) in [0, T'] if and only if the time-shifted
function 7,u defined by
(Tau)(t) == u(t — a) (2.9)

is a weak solution of (2.8) in [a,a + T.

(ii) Let b € R, let 0 < Ty < T3, let u; be a weak solution in [b,b + T3] of
problem (2.8) with @ = b and let uy be a weak solution in [b + T1,b + 1)
of problem (2.8) with a = b+ T. Define u in [b,b + Ts] by u(t) = uy(¢) for
t € [b,b+T1] and u(t) = ua(t) for t € (b+ T1,b+ T]. Then u is a weak
solution of (2.8) with a = b in [b, b+ Ty] if and only if u1 (b+T1) = ua(b+T11)
and (Ul)t(b + Tl) = (u2)t(b + Tl)

We now recall [56, theorem 4].
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THEOREM 2.6. Suppose that (Q1) and (Q2) and (F1) hold, that 2 < p <14 2*/2,
and ug € H, (12), uy € L*(£2). Then there is T > 0 and a unique weak solution of
(1.1) in [0,T]. Moreover, u satisfies the energy identity

B0~ B =~ [ [ @um (210)
for 0 < s < t, where
E(t) = B(u(t), u(t)) = llu@®)]l3 + 5[ Vu®)| - /Q F(,u(t)) (2.11)
and
F(z,s) = /OS flz,7)dr  forxz e 2, seR. (2.12)

REMARK 2.7. Actually, theorem 2.6 was stated in [56] for regular (i.e. C') domains,
but one can immediately see that 2 can be also disconnected (even if this case is
not of particular interest).

As a consequence of the arguments used in the proof of theorem 2.6, we have the
following continuation principle, which was used in the quoted paper without an
explicit proof. For the sake of clarity, we include its proof here.

THEOREM 2.8. Suppose that (Q1) and (Q2) and (F1) hold, that 2 < p < 14 2*/2,
and ug € Hp (2), uy € L*(£2). Then (1.1) has a unique weak mazimal solution u
in [0, Tmax). Moreover, the following alternatives hold:

(i) Timax = 005 or
(i) Tomax <00 and lim,_p- Nu@)gy , + w2 = oo.

Proof. By the arguments in the proof of theorem 2.6 it easily follows that the
assured existence time T depends on the initial data ug and u; as a decreasing
function of [Jug |3, @ T |lu1||3, which is henceforth denoted by
To
* * 2 2
T =T"([luollzy, (@) + llwll)-
0

From this remark the statement follows in a standard way. More precisely, we first
construct the unique maximal solution u as follows. We set U to be the set of all
weak solutions of (1.1) in right-open intervals [0,T"), T’ > 0.

Then we claim that for any couple u, v of elements of U, weak solutions respec-
tively in [0,7,) and [0,T}), v = v in the intersection [0,T) of their domains. To
prove our claim we set

to :=sup{t € [0,7): u(s) = v(s) for all s € [0,1)}, (2.13)
so tg < T. Now we suppose by contradiction that tqg < T'. Since
u,v € C([0,to]; Hp, (£2)) N C*([0, to); L*(£2))

we easily get that u(tg) = v(to) := vg and us(to) = v¢(tg) := v1. Now since u, v are
weak solutions (see remark 2.5) of (2.8) with a = t¢ and initial data vg, vy, we see
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that 7_¢yu and 7_4,v (defined in (2.9)) are both weak solutions in [0, 7 —t() of (1.1)
with initial data vy and v;. Hence, by the uniqueness assertion in theorem 2.6 we
get that 7 u = 740 in [0, 7], T = T*(||vo |31 ot lv1||3) > 0. Consequently,
u = v in [0,t9 + T"'], contradicting (2.13). Hence, o = T, proving our claim. To
construct the maximal weak solution we define u to coincide with any element of
U in the union of the domains.

We now need to prove the alternative statement. We suppose, by contradiction,
that

Tmax < 00 and }irrlTipf(||u(t)||H}0(Q) + [Jue(t)]]2) < oo. (2.14)
—Timax
Then there is a sequence t, — T, such that Hu(tn)HH}O(Q) and ||u¢(t,)||2 are
bounded, so
M = sup(u(ta) oy g + et 1) < .

By theorem 2.6 and the monotonicity of T asserted earlier for each n € N, the
problem (1.1) with initial data u(t,) and u(¢,) has a unique weak solution v,, in
[0,T4], Ty = T*(M). Hence, for each n € N, w,, = 7, v, is a weak solution of (2.8) in
[tn, tn+T1] with a = t,, and initial data u(t,) and u.(t,,). It follows (see remark 2.5)
that u can be extended to a weak solution of (1.1) in [0, ¢, + 7], contradicting the
maximality of u for n large enough. O

We now recall from [56] the additional assumption on f needed to set up the
potential-well theory.

(F2) There exists cg > 0 such that
Fla,u) < 2 fuf
p

for all € 2 and u € R, where F is the primitive of f defined in (2.12).

REMARK 2.9. Recalling remark 2.2, it is clear that fy in (2.6) satisfies (F1) and
(F2) when 2 < g<p,a<0and beR.

For 2 < p < 2%, we set

F(.
KO —_ Sup fQ (’u)

. (2.15)
uEH}O(Q),u;aéO ||vu||127

By (F1) and (F2), we have 0 < Ko < p~te3BY, where B is the optimal constant
of the Sobolev embedding HF, (2) < LP(£2), i.e.

B, = sup Il . (2.16)
w€H} (£2),u#0 V2
We define?®
1 1/(p—2) 1 1
we(m) oA n

3This is the correct form of the equation for A1, the unique positive maximum point of the
function %)\2 — KoAP; in [56] the definition contains a typographical error.
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when Ky > 0, while Ay = E; = +00 when Ky =0, and
W = {(Uo,ul) € H}O(Q) X LQ(Q) : E(UO,U1) < F; and HVUOHQ > )\1}'7 (2.18)

where, in accordance with (2.11),
E(ug,u1) = glusl3 + 3[Vuoll3 — /QF(qu} (2.19)

Clearly, when Ky = 0 then W = (), so what follows is of interest only when K > 0.
On the other hand, when Ky = 0 all weak solutions are global (see [56, p. 389]).
We recall the following result [56, lemma 2 (ii)].

LEMMA 2.10. Suppose that the assumptions of theorem 2.6, together with (F2), hold
true. Let u be the mazimal solution of (1.1). Assume moreover that (ug,u;) € W.
Then there is Ay > A such that |Vu(t)||2 = A and |[u(t)|l, = (pKo/c3)/PAg for
all t € [0, Tinax)-

Our final assumptions are as follows.
(Q3) There exists a ¢4 > 0 such that
Qz,v)v = caa(z) (ol + [o]™), 1 <p<m,
for all x € I'l, v € R.

(F3) There is an €9 > 0 such that for all € € (0, ] there exists a c5 = ¢5(e) > 0
such that
flz,u)u— (p—e)F(z,u) > cs|lulP

for all z € 2, u € R.

REMARK 2.11. Clearly, Qo given in (2.1) also satisfies (Q3) with ¢4 = 1, as well as
(Q1) and (Q2) (as noted in remark 2.1). Moreover, (Q3) immediately follows from
(2.3) when m = p, while it is not a consequence of (Q1) and (Q2) when p < m.
Next, in addition to satisfying (F1) and (F2) (see remark 2.9), fo given in (2.6)
satisfies (F3) when a < 0 and b > 0, with &g = p — ¢ > 0 and c5(e) = be/p. Next
(F3) implies the standard growth condition

f(z,u)u > pF(x,u) forall z € 2, ueR. (2.20)

Finally, observe that (F1), (F2) and (2.20) cannot be responsible of a blow-up
phenomenon, since f = 0 satisfies them and blow-up does not occur in this case.

3. Main result

This section is devoted to stating and proving our main result. We start with a key
estimate.

LEMMA 3.1. Let1 <m < 1+4+p/2 and 2 < p < 2*. Then there is a positive constant
Cy = Ci(m,p, 2, 1,) such that

lulls,ry, < Cillully = IVullz - for all u € Hp, (£2). 3.1
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Proof. We first consider the auxiliary non-homogeneous Neumann problem

—Aw+w=0 in Q,} (3.2)

d,w=1 onl.

By the Riesz—Fréchet theorem, problem (3.2) has a unique weak solution, i.e. w €
H'(£2) such that

_ 1
/QVU)VQH—/Qu)(ﬁ—/F¢ for all ¢ € H (£2). (3.3)

Moreover, since {2 is bounded and C'', by the Agmon-Douglis—Nirenberg regu-
larity estimate (here used in the form stated in [23, theorem 2.4.2.7, p. 126]), we
have w € W24(2) for all ¢ > 1. It follows, by Morrey’s theorem [8, corollary 9.15,
p. 285], that w € C(2)%.

Now let u € H*(£2). We claim that |u|™ € W11(£2). Since m < 2*, by Sobolev
embedding theorem we have |u|™ € L'(£2). Moreover, by using the chain rule for
Sobolev function (see [42, theorem 2.2]), we get that |u|™ possesses a weak gradient
V(|ul™) = m|u/™2uVu. Since m < 1+ 2*/2, using Sobolev embedding theorem
again, we have |u|™ 2u € L?(£2); hence, by the Holder inequality we get that
V(Ju™) € [L(@)]" and

1/2
||V<|u|m>||1<m( /Q |u2<m1>) IVulls

Since 2(m — 1) < p and 2 is bounded, it follows that
IV (ful™) 11 < m| /2 =D 2 2T, (3.4)

where |£2| denotes the Lebesgue measure of £2. Our claim is then proved. Conse-
quently (see [8, corollary 9.8 p. 277]), there is a sequence (¢y,), in C°(RY) such
that ¢n|o — [u|™ in WH1(£2). By the trace theorem it follows that ¢, |r — |u|™|r
in L'(I'). Since, in particular, ¢,, € H'(£2), (3.3) holds with ¢ = ¢,, for n € N.
Since w, |Vw| € L*°(§2) we can pass to the limit as n — oo to get

| vty + [l = [ (3.5)

Combining (3.4) and (3.5) we have
lally r < o llocllull: A+ m ) Vewlloo |22 D2 )YVl 2

for all u € H'(£2). Since m < p < 2* and {2 is bounded, by using the Holder
inequality again we get

lalli < (lwlloo |21~ 2 llully + m| Vewlloo [£21/2 0D /P [ Tull2) Jullj .

By now restricting to u € H}O (2), we use the Poincaré-type inequality recalled
above to get (3.1), where C} is given by

C1 = [|w]lo|2""™/P By + m|| V|| oo| £2|/2~(m=1/P,

4We recall, for the reader’s convenience, the definition of C’If(fl) used in [8] for any k € N,
i.e. CF(92) := {u € C*(R2): D*u has a continuous extension on 2 for all a with |a| < k}.
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where By is the positive constant defined in (2.16). Since w depends only on 2, the
proof is complete. O

We can finally state our main result.
THEOREM 3.2. Suppose that (Q1)-(Q3) and (F1)-(F3) hold, that o € L>°(I1),
2<p<1+2%/2, 1<m<1+p/2
and (ug,u1) € W, where, recalling the definition (2.18),
W = {(ug,u1) € H}, (£2) x L*(£2): E(ug,w1) < Ey and ||Vuo|lz > A1}.

Then for any solution of (1.1) we have Thyax < oo and ||u(t)||, — oo (so also
lu(t)|loo = 00 and ||Vu(t)|lz = 00) ast — Tpyax-

Proof. The proof is a variant of the proof of [56, theorem 7], where we use lemma 3.1
instead of the estimate [56, (50)]. Nevertheless, since the proof of [56, theorem 7]
was itself a variant of the proof of [52, theorem 2], in the following we give a self-
contained proof for clarity.

We first claim that our statement reduces to proving that problem (1.1) cannot
have global weak solutions, i.e. weak solutions in the whole of [0, c0). Indeed, once
this fact is proved, then we must have, by theorem 2.8, that Ti,.x < oo and

[l () + llue(@)ll2 = 00 as t = T, (3.6)

Hence, to prove our claim, we have to show only that also ||u(t)||, — ccast — T},

max*

We first note that, by (2.3) and (2.10), the energy function E (defined in (2.11)) is
decreasing. Hence, by (2.11),

3IVu@)3 + 3llu ()3 ~ /QF(I,U(t)) < Eo 3.7)
for t € [0, Tiax), where Ey := E(ug, u1). Hence, by (F2), we have
c
3IVu)ll + 3 lue @)z ~ ;BIIU(t)IIfS < Eo (3.8)

for t € [0, Timax). Consequently, by (3.6), we get that ||u(t)||, — oo too, thus con-
cluding the proof of our claim.

We now have to prove that problem (1.1) cannot have global solutions. We sup-
pose by contradiction that Tiayx = co. We fix Es € (Ey, E1) and we set

H(t) = H(u(t),u(t)) = Ea — E(u(t), us(t)). (3.9)

Since, as noted before, E is decreasing, the function H is increasing and H(t) >
Ho := H(0) = E5 — Ey > 0. In the proof below we shall omit, for simplicity, the
explicit time dependence of u and u; in the notation. By lemma 2.10 we have

H(t) < Ba - IVul+ [ Pl <B- 3+ [ Flow
(9] (9]
and then, by (2.17) and (F3),

H@<memﬁmm (3.10)
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We now introduce, as in [20, 40], the main auxiliary function which shows the
blow-up properties of u, i.e.

Z(t) =H1*’7(t)+£/nutu, (3.11)

where £ > 0 and 7 € (0, 1) are constants to be fixed later. In order to estimate the
derivative of Z it is convenient to estimate

d
I := E/Qutu (3.12)

Using definition 2.3 we can take ¢ =« in (2.7) and get
Iy = el = [[Vul3 + /Qf(',u)u - | Q( uu (3.13)
I

almost everywhere in (0, 00). Now we claim that there are positive constants cg and
c7, depending on p and Ky, such that

b > 2wl + callll + erl Vull + 210 - [ QLo (314
Iy

in [0, 00). Using (2.11) and (3.9) we can write, for any € > 0, the identity (3.13) in
the form
Ii=3(p+2=e)lluli+30p—2-e)|Vul}
+ [t o= P + - ) - =B - [ Qe
(3.15)

Using (F3) for 0 < ¢ < min{eg, p — 2}, we consequently get
Iy = 2uel3 + /Q[f(wu)u —(p—e)F(u)] + 5(p— e = 2)|Vull; — (p— ) B2
+-aHt) - | QL u)u
I

> 2ljue3 + es(e)ullh + (0 —e = 2)|Vul3 — (0 — &) B2 + 2H(t) — [ Q- ur)u.
I

By lemma 2.10,
3(0—e=2)IVull; — (0 — &) B2 > cr(e) | Vull3 + es(e),
where
cr(e) = 3(p—e—=2)1=AF/A3) and cs(e) = 5(p— e~ 2)AT — (p— ) En.
Clearly, c7(¢) > 0 and, as ¢ — 07,
cs(e) = 3(p—2)A7 —pEz > 1(p — 2)A] — pEy =0,

so, in addition, cg(g) > 0 for e sufficiently small. Fixing a sufficiently small e = &
and setting cg = ¢5(&), c7 = c7(€), we conclude the proof of (3.14).
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Now, in order to estimate I, we estimate the last term in (3.14). Using (Q2),
the Holder inequality (with respect to o) and the assumption that « € L (1)
we obtain

I :=\ Q- uu| < exlladloery (Tl allullrs + Nue 5l )

Since p < m, applying the Holder inequality again, we get
< Collluellly 7y o+ el ) e,y (3.16)
with Cy = Ca(p, m, 1, ||a||oo,ry, 0(L1)) > 0. By lemma 3.1 we consequently get
m 1
< Cs(lusllt 7 o + luellrt DIl ™™ 1V ull™, (3.17)
where C5 = C3(p, m,p, c1, ||&tlloo,ry 5 £2, L) > 0. We define

m 1/m m 1/m
Iy = e ol Y™ [ Vully ™ and Ly = el PEE 2Vl ™

/,LFla

It is convenient to write

1/m — m —1/m— — m
Iy = (w7 NIVl ™ |5/ /2y =/ mp /e f2m), (3.18)

We now apply a weighted Young inequality, for any 6 > 0, to the first three mul-
tiplicands in the right-hand side of (3.18), with exponents p; = u/, po = 2m and
p3 = 2mu/(2m — p), so that
1 1 1
—+—+ =1
b1 P2 D3
(note that trivially p1,pa > 1, while p3 > 1 as 1/ps = 1/u — 1/2m € (0,1) since
m = pu > 1). Thus, we get the estimate

< Ol o + SVl + Ol fully, =/ m PO/ e t2m)(3.19)

and, by particularizing it to the subcase m = u, we get
< (80T el py o + 61V ul3 A+ Sl D) [l P2 (3.20)

Moreover, by lemma 2.10 we have ||ul|, > [c3(pKo)%/ ?=2)]~1/?. Hence, since u < m
implies
1 11 1 p
l-——pl-—5)<1———5—,
m wo 2m m  2m

||u‘|113—1/m—p(1/u—1/2m) < [Cg(pK0)2/(p—2)]l/u—1/m||u||11)—1/m—p/2m. (3.21)

we also have

By combining (3.17) and (3.19)—(3.21) we get
I < Ca[S8)(luellys ry o + el 1y ) + 81Vull3 + 8llulBllull, =™ #/2™, (3.22)
where S(8) = (61— 4 §1/(0=m)) and
C4 = 04(/1’7 m,p,cCi,C3, KOa ||a||OO,F1a Qv FO) > 0.
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Now we set

Since m < 1+ p/2, we have 7 > 0. Moreover,

= om pm 2m '
By combining (3.22) and (3.10) we get
I < C5[SO) (luellf p, o + lueli 1y ) + 0lIVull3 + 8|l IH(2), (3.23)
where Cs5 = C5(u, m,p,c1, c3, Ko, ||&]|co, > 2, [o) > 0. Since, by (2.10) and (Q3)

we have
H(t) > calllwellyy ry o + lluellin.rya)
and H(t) > Ho, by (3.23) we get, for any n € (0,7),
I < Co[SO)H (H)H )" + 6| Vull3 + 6]ul2], (3.24)

where Cs = Cg(u, m,p, 1,3, Ko, ||at|loo, 1y s 2, T0,Ho) > 0. By combining (3.14)
and (3.24) we have the desired estimate for I, i.e.

I 2 2||ue||3+ (c6 — 6Cs) |ul|P+ (cr — 6Co) || Vul|5+2H (t) — S(8)H (£ )H"(t). (3.25)
By choosing 6 = min{cs, ¢7}/(2Cs), from (3.25) we get
I = 2|3 + geollullh + gerllVull3 + 2H () — CrH (H (), (3.26)

where 07 = 07(/-1/7 m,p,C1,Cs, KO) ||a||OC,F15 Qa FO? HO) > 0.
By combining (3.11) and (3.26) we get, for any 7 € (0,7),

Z'(t) > (1 —n— Cr&HT(t)H' (1) + 26H(t) + 2€]|uell3 + g€cslullh + 5€erl|Vul3.
We now fix - )
. np—
= - — 0,1
n mln{47 1p }E(, )
and we restrict to 0 < £ < (1 — n)/C%. Hence, since H' > 0, from the previous
estimate it follows that

2'(t) = Ees(ludlls + [IVull3 + ulll + H(t)), (3.27)

where cg = cs(p, Kp) > 0. Next, since
Z(O) = 7—[(1)777 —+ f/ Upuq,
0

by fixing & = &, = &o(p, m, p, c1, ¢3, Ko, ||tl|oo, 5 £2, Lo, wo, u1) > 0 sufficiently small
we have Z(0) > 0, and hence Z(¢) > Z(0) > 0 by (3.27). Now we definer = 1/(1—n)
and 7 = 1/(1—17). Since 0 < n < 71 < 1, we have 1 < r < 7. Now, using the Cauchy—
Schwarz inequality as well as the elementary inequality (A + B)" < 2"~}(A" + B")
for A, B > 0, we have, from (3.11),

/ Ut
2

2 < (Hl-m) g

) < 2L M) + €5 5 ).
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We now set ¢ = 2/r = 2(1 —n). Since n < 1/2 — 1/p < 1/2, it follows that ¢ > 1.
We can then apply Young’s inequality with exponents ¢ and ¢’ = (1 — )/ (% -n)
to get
- — 1/((1/2)—
Z7(1) 2T + G lludll3 + fully P ).

Now, since 1/ (% — 1) < p, a further application of Young’s inequality yields
1/((1/2)—
Jally” 27 <1+ Jullg
and then, as {2 is bounded and H(t) > Ho, by the Holder inequality we get
Z7(t) < Cs(H(t) + [luel3 + [[ulb), (3.28)

where Cg = Cs(p, m,p, c1, 3, Ko, ||| 0o,y 5 £2, L0, ug, u1) > 0. By combining (3.27)
and (3.28), as r > 1, we get

Z'(t) = CoZ7(t) for all t € [0, 00),
where Cy = Cq(, m, p, c1, ¢3, Ko, ||&t|lco, 1y » £2, T0, U0, w1) > 0. Since r > 1, this final
estimate gives the desired contradiction. O
4. Proof of theorem 1.1

This section is devoted to showing that theorem 1.1 is a simple corollary of theo-
rem 3.2. We first need to show that, for problem (1.2), E; and W, as defined in
(2.17) and (2.18), are merely d and W, (introduced in (1.4), (1.5)). The proof is an
adaptation of the proof of [19, lemma 4.1].

LEMMA 4.1. Suppose f(z,u) = |u[P~2u, 2 < p < 2%, 0(I) > 0. Then By = d and
W =W,.

Proof. When f(z,u) = |u|P~2u we have Ko = BY/p. Hence,

—p/(p— 1 1 _ _
Mo=B 7P and B = (2 - >B1 20/(p=2) (4.1)
p
An easy calculation shows that for any u € Hp, (£2) \ {0} we have

2p/(p—2) 2/(p—2)
||vu||2 , where )\(u) — HVU’HQ .
ol /7
p

max J(Au) = J(A(u)u) = (1_1) (

A>0 2 p ||
Hence, by (2.16), d = (1/2 — 1/p) By /) Combining this result with (4.1), we
have d = Ej.

In order to show that W = W,, we first prove that W C W,,. Let (ug,u;) € W
and suppose, by contradiction, that K(ug) > 0. Hence [[uol/ < [|[Vuoll3 by (1.3).
Moreover, J(ug) < E(ug,u1) < d = E; and ||Vug|l2 > A1. Then it follows that

1 1 1

1
Ey > E(ug,u1) = J(uo) > (2 - p> Vo3 > <2 - p>>‘?v

which contradicts (2.17).
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To prove that W,, C W, we take (ug,u1) € W,,. We note that, by (2.16), we have
J(v) = h(||[Vvl|2) for all v € Hp, (£2), where h is defined by
_ N BV
2 p

One may easily verify that h(A;) = E;. Then, since J(up) < E(ug,u1) < Ey, we
have |[Vugll2 # A1. Moreover, since K (ug) < 0, by (2.16) we have

h(N) for A > 0.

IVuoll3 < lluolly < BY[[Vuollf

and consequently ||[Vauo|lz > By ®™? = A1. Then ||Vuoll2 > B;?/ ™2 = Ay, con-
cluding the proof. O

REMARK 4.2. When f(z,u) = |u[P~2u, d is also equal to the mountain pass level
associated with the elliptic problem

—Au = [u|P"2u  in 0,
u=20 on Iy,
Ou=20 on I7,

Le. d = infyeasup,epo 1 J((t)), where
A={y e C([0,1]; Hp, (2)): 7(0) = 0, J((1)) < 0}.
The proof of this remark was given in [53, §4].
We can now prove theorem 1.1.

Proof of theorem 1.1. By remark 2.11 the nonlinearities involved in problem (1.2)
satisfy assumptions (Q1)—(Q3) and (F1)-(F3), so we can apply theorem 3.2. Due
to lemma 4.1 we get exactly theorem 1.1. O
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