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Abstract

In [2], Pillay introduced definable Galois cohomology, a model-theoretic
generalization of Galois cohomology. Let M be an atomic and strongly
w-homogeneous structure over a set of parameters A. Let B be a normal
extension of A in M. We show that a short exact sequence of automor-
phism groups 1 — Aut(M/B) — Aut(M/A) — Aut(B/A) — 1 induces
a short exact sequence in definable Galois cohomology. We also discuss
compatibilities with [3]. Our result complements the long exact sequence
in definable Galois cohomology developed in [4].

1 Introduction and preliminaries

In Remarks on Galois cohomology and definability [2], Anand Pillay introduced
definable Galois cohomology, a model-theoretic generalization of the first non-
abelian Galois cohomology set adapted for suitable first order theories T. When
T is specialized to the theory DCF}), definable Galois cohomology coincides with
constrained differential Galois cohomology as defined in Chapter 7 of Kolchin’s
Differential Algebraic Groups [1]. When specialized to the theory ACF, de-
finable Galois cohomology coincides with usual algebraic non-abelian Galois
cohomology as defined in Chapter 1 Section 5 of Serre’s Galois Cohomology
[6]. We begin by recalling the setting and main result of [2] before stating our
results. We will continue to work in this setting throughout this paper.

Let T be a complete theory eliminating imaginaries (or consider 7°7). Let
M be a model of T" which is atomic and strongly w-homogeneous over a set of
parameters A. That is, the type of any finite tuple from M over A is isolated
and for any two finite tuples from M with the same type over A, there is an
automorphism of M taking one tuple to the other.

Recall from [2] that an (A-definable) right principal homogeneous space
(PHS) for an A-definable group G is a nonempty A-definable set X together
with a right A-definable action p : X x G — X such that Vx,y € X there exists
a unique z € G such that p(z,z) = y. A pointed PHS for G is a pair (X,p)
consisting of a PHS for G with a specified M-point p of X.
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An A-definable bijection between two PHSs for G which commutes with the
actions of GG is an isomorphism of PHSs. The set of isomorphism classes of PHSs
for G has the structure of a pointed set with basepoint being the isomorphism
class containing G itself considered as a PHS. Altering slightly the notation from
[2], we will denote this pointed set Pqer(M/A, G(M)).

Similarly, an A-definable bijection of two pointed PHSs for G commuting
with the actions of G and which sends the basepoint of one to the basepoint of
the other is an isomorphism of pointed PHSs. The set of A-isomorphism classes
of pointed PHSs for G also has the structure of a pointed set. The basepoint is
the isomorphism class containing the pointed PHS (G, e) where e is the identity
of G. We will denote this pointed set Paer (M /A, G(M)).

A (right) definable cocycle is a function ¢ from Aut(M/A) to G(M), the
M-points of G, such that firstly, for any o, 7 € Aut(M/A),

p(oT) = p(o)o(p(T))

and secondly, there exists an A-definable function h(z,y) and tuple a from M
such that Vo € Aut(M/A),

(o) = h(a,o(a)).

The set of cocycles from Aut(M/A) to G(M) is denoted Z}.;(M/A, G(M)) and
has the structure of a pointed set. The cocycle which takes constant value at
the identity e € G(M) is the basepoint.

Two definable cocycles ¢ and i are said to be cohomologous if there is an
element b € G(M) such that

(o) = b~ "(0)a(b)

for all o € Aut(M/A). Cohomology is an equivalence relation on the pointed
set of cocycles, Z4.s(M/A,G(M)), and a cocycle is called trivial if it is coho-
mologous to the constant cocycle. Taking the quotient of Zj.(M/A, G(M)) by
the cohomology equivalence relation yields another pointed set, the pointed set
of cohomology classes of cocycles, which is denoted Hj.;(B/A, G(B)) and which
has the class of trivial cocycles as its basepoint.

The main result of [2] is the following:

Proposition 1.1. (Proposition 3.3. of [2]) There is a natural isomorphism
(basepoint preserving bijection, natural with respect to morphisms of definable
groups in the second coordinate),

Pdef(M/A> G(M)) = Hcllef(M/A7 G(M))7

between the pointed set of isomorphism classes of A-definable right principal
homogeneous spaces for G and H3 (M /A, G(M)), the pointed set of equivalence
classes of definable cocycles from Aut(M/A) to G(M) modulo the cohomology
relation.
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An extension of parameters B, with A C B C M, is called normal if it is
closed under type (in finitely many variables) in M over A: Let b be a finite
tuple from B. If & is a finite tuple from M with tp(b/A) = tp(b'/A) then b
must also be contained in B. By Aut(B/A) we mean the group of elementary
permutations of B fixing A. In Section 2 of this paper we will review normal
extensions and describe some additional properties which they satisfy in the
three settings of atomic and strongly w-homogeneous structures discussed in

[2].

In Section 3 of this paper we will define the definable Galois cohomology
set Hi.;(B/A,G(B)) where B is a normal extension of A in M and general-
ize the main result of [2] to show that Hj.(B/A,G(B)) classifies exactly the
isomorphism classes of PHS for G which contain a B-point.

In [3], Pillay adapted the notion of a (relatively) definable subset of Aut(M/A)
from the setting of a saturated model to that of an atomic and strongly w-
homogeneous structure. This yields an equivalent definition of a definable co-
cycle (see Lemma 3.5 of [3]). Also in [3], Pillay introduces (relatively) definable
subsets of Aut(B/A) for normal extensions B of A in M. At the end of Section
3 below, we will show that our notion of definable cocycle, introduced at the
beginning of Section 3 for the setting of a normal extension, has an equivalent
phrasing using the definition of definable subset of Aut(B/A) from [3].

In Section 4 we will prove the main result of this paper: For B, a normal
extension of A contained in M, a short exact sequence

1— Aut(M/B) — Aut(M/A) — Aut(B/A) — 1
induces the following short exact sequence in definable Galois cohomology:
1 = Hi(B/A, G(B)) = Hi(M/A, G(M)) = Hi(M/B, G(M))* B/,

We begin section 4 with an adaptation of Serre’s “transform” action of
Aut(B/A) on H).;(M/B,G(M)) to conclude that the image of the final map of
the sequence lands in the fixed points of this action.

The short exact sequence of the present paper is a generalization of a clas-
sical algebraic statement appearing in Chapter 1 Section 5.8 of Serre’s Galois
Cohomology [5]. The result was proved by Kolchin in the differential setting as
Theorem 1 of Chapter 7 Section 2 of [1]. Kolchin’s statement does not include
mention of the action of Aut(B/A) on the final term so we have strengthened
the differential statement slightly. The result is novel in the general definable
setting of [2]. Together with the long exact sequence of [4], our result brings
definable Galois cohomology into a more fully developed state.
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2 Normal extensions

We continue in the setting of [2]. Namely, T is a complete theory eliminating
imaginaries. We work in a model M of T which is atomic and strongly w-
homogeneous over a set of parameters A.

The following definition precedes Lemma 9.2.6 of [6].

Definition 2.1. An extension A C B of parameters in M is said to be normal
if, for any finite tuple b from B, every realization of tp(b/A) in M is contained
in B.

If B is a normal extension of A, then B is Aut(M/A)-invariant and the
restriction map from Aut(M/A) to Aut(B/A), the group of elementary permu-
tations of B fixing A, is a group homomorphism with kernel Aut(M/B). So
there is a short exact sequence

1 — Aut(M/B) — Aut(M/A) — Aut(B/A).

In [2], three model-theoretic settings are discussed in which the conditions
on A C M of atomicity and strong w-homogeneity are satisfied. These condi-
tions ensure that Proposition 1.1 holds, i.e., that definable Galois cohomology
classifies principal homogeneous spaces for definable groups.

In the first setting, M is taken to be the prime model over A of an w-stable
theory. In the second setting, M is taken to be acl(A). In the third setting,
M is the countable model of an w-categorical theory. We will now address the
assumptions on B needed in each setting so that the final map in the above
sequence is surjective, that is, every elementary permutation of B fixing A
extends to an automorphism of M fixing A.

When M is the model-theoretic algebraic closure of A or the prime model
over A of an w-stable theory, then for any normal extension B in M over A the
restriction map from Aut(M/A) to Aut(B/A) is surjective. In the w-categorical
setting B\ A must be finite for the restriction map to be surjective.

Remark 2.2. We slightly generalize the first setting of an w-stable theory T'
to a totally transcendental theory T. Note that any w-stable theory is totally
transcendental, the converse being true when 7' is countable.

To see the surjectivity of the restriction map in the setting of the prime
model of a totally transcendental theory, we use a fundamental characterization
of such models which can be found in chapter 9 of [6]:

Fact 2.3. Let T be a totally transcendental theory. A model M of T is prime
over a set of parameters A if and only if it is atomic over A and contains no

uncountable A-indiscernible sequence.

Lemma 2.4. Let M be the prime model over A of a totally transcendental
theory T'. Let B be a normal extension over A in M. Then
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(i) M is atomic over B.
(ii) M is prime over B.
(iii) The restriction homomorphism Aut(M/A) — Aut(B/A) is surjective.

Proof. (i) This can also be found in chapter 9 of [6]. Note that the isolated
types are dense in the type space over arbitrary parameter sets in totally
transcendental theories.

Let b € M™. Let ¢(%) isolate tp(b/A). Since the isolated types are dense
over B, there is a formula 1(Z, d) isolating a complete type over B which
contains the formula ¢(z). Let b’ realize 1(Z, d) in M. Then ' realizes ¢(Z)
and so b and b’ have the same type over A. By the strong w-homogeneity
of M there is an automorphism o of M taking b’ to b. Let & = o(d), which

by normality must lie in B. Then v (Z, €) isolates the type of b over B.

(ii) As A C B, any B-indicernible sequence is A-indicernible. As M is prime
over A, it contains no uncountable A-indicernible sequence and therefore
no uncountable B-indicernible sequence. This, together with (i), shows
from Fact 2.3 that M is prime over B.

(iii) Let o be an elementary permutation of B over A. Let M be a sufficiently

saturated and strongly homogeneous model of T. Then we can assume that

M contains M and that o extends to an automorphism v € Aut(M/A).

Let M’ = v(M). By the characterization of prime models, M’ is still

the prime model over B. By the uniqueness of prime models of an w-

stable theory, there is an isomorphism 7 : M’ — M fixing B. Then
Toy|am : M — M is an automorphism of M extending o.

O

Proposition 2.5. Let B be normal in M over A where M is acl(A) or the
prime model of a totally transcendental theory or where M is w-categorical and
additionally we require B\ A to be finite. Then there is a short exact sequence
of groups:

1 — Aut(M/B) —» Awt(M/A) = Aut(B/A) — 1

Proof. In the w-categorical case the surjectivity follows from the strong w-
homogeneity of M and the fact that we have taken B\A to be finite. In the
case where M = acl(A), the surjectivity follows from a standard back and forth
argument. The preceding lemma covers the case of the prime model of a totally
transcendental theory. O

3 Definable Galois cohomology for normal ex-
tensions
We continue to work in the setting of [2]. Let T be a complete theory eliminating

imaginaries (EI). Let M be a model of T' containing a set of parameters A, over
which M is atomic and strongly w-homogeneous.
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Let B be a normal extension of A in M such that elementary permutations
of B over A (which we denote Aut(B/A)) extend to automorphisms of M over
A and such that M is atomic and strongly w-homogeneous over B. We have in
mind the three model-theoretic settings of [2] discussed in the last section: i.e.
when M is the prime model over A of a totally transcendental theory or M is
acl(A) then any normal intermediate extension B will satisfy these conditions.
When M is the countable model of an w-categorical theory, B\ A must be finite
in addition to B being normal.

By the atomicity and strong w-homogeneity of M over B, we have that an
M-definable Aut(M/B)-invariant set is B-definable, from which it follows that
the fixed set of the action of Aut(M/B) on M is dcl(B).

Definition 3.1. Let G be an A-definable group and X an A-definable set. Let
»(Z) and ¢ (7) be A-formulas defining the underlying set of G and X respectively.
By G(B) we mean

{g€ B : M |= p(9)}

or equivalently, G(M) N BI?I. Similarly, by X(B) we mean

{pe B : M Ey(p)}

equivalently, X (M) N Bl%. We will refer to elements of G(B) and X (B) as
B-points of G(M) and X (M).

We will also now require B = dcl(B) for two reasons, firstly, so that B is
exactly the fixed set of the action of Aut(M/B) on M and secondly, so that
G(B) is a subgroup of G(M).

Lemma 3.2. Let G be an A-definable group. Let A C B C M with B = dcl(B).
Then G(B) is an abstract subgroup of G(M). Moreover, if X is an A-definable
principal homogeneous space for G which contains a B-point, then X (B) is an

abstract principal homogeneous space for G(B) equivariant with respect to the
left action of Aut(B/A).

Proof. Again, let (%) and ¥ (y) be A-formulas defining the underlying set of G
and X respectively.

Let e € G be the identity. As G is A-definable, e € G(dcl(4)) C G(B).
Let g1,92 € G(B). Their product gigo is definable over A U {g1,¢92}, that
is g192 € dcl(4,g1,92) and so must lie in dcl(B) as dcl(B) = B. We have
g1g2 € Bl N G(M) = G(B). Likewise, g; " is definable over dcl(4,g;), so
g7t € BN G(M) = G(B). Hence G(B) is an abstract subgroup of G(M).

By assumption X(B) # 0, so let p € X(B). Let g € G(B), then pg €
dcl(A,p, g). As dcl(A,p,g) C dcl(B) = B, pg € Bl¥l. Hence pg € X(B). So
G(B) acts on X(B). Now let p’ € X(B). As X is an A-definable PHS for G,
there is a unique element g € G(M) such that pg = ¢’. So g € dcl(A,p,p’). As
dcl(A,p,p') € dcl(B) = B, g € Bl*l. Hence g € G(B). So X(B) is an abstract
PHS for G(B).
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Let 0 € Aut(B/A). Let p € X(B) and g € G(B) then o(pg) = o(p)o(g) as
the action is A-definable and o is an A-elementary permutation of B. So the
equivariance of the action is verified. O

In this section we will define definable Galois cohomology in the setting of a
normal extension A C B and introduce the notation Hj_;(B/A, G(B)). We then
introduce some further notation for certain pointed sets of isomorphism classes
of definable PHSs. We then prove that Hj.¢(B/A, G(B)) classifies exactly the
isomorphism classes of definable PHSs for G which contain a B-point. This
refines Proposition 1.1, the main result of [2], to apply in the setting of normal
intermediate extensions.

Definition 3.3. A definable (right) cocycle ¢ : Aut(B/A) — G(B) is a function
 together with an A-definable function h(Z, y) and a tuple a from B satisfying
Vo, € Aut(B/A),

(i) ¢(o1) = p(o)o(p(T)) (cocycle condition)

(ii) (o) = h(a,o(a)) (definability condition)

The definable cocycles from Aut(B/A) to G(B) form a pointed set, which
we denote Z} +(B/A, G(B)). We define the basepoint of Z} ;(B/A, G(B)) to be
the constant cocycle which sends every elementary permutation to the identity
of G.

Two definable cocycles ¢ and i are said to be cohomologous if there is an
element b € G(B) such that

(o) = b~ (o) (b)
for all o € Aut(B/A). As we required B to be dcl-closed, G(B) is a group and
cohomology is again an equivalence relation on Z3.;(B/A, G(B)). Again we call
a cocycle trivial if it is cohomologous to the constant cocycle. Trivial cocycles
are therefore of the form
(o) =b""o(b)
for some b € G(B). The quotient of Z}(B/A,G(B)) via the cohomology

equivalence relation is again a pointed set which we denote H}.(B/A, G(B))
and which has the class of trivial cocycles as its basepoint.

We now describe the relationship between the pointed sets Z}.;(B/A, G(B))
and Z4(M/A,G(M)). Let = : Aut(M/A) — Aut(B/A) be the projection
homomorphism which via our assumptions is surjective.

Lemma 3.4. Let ¢ € Z};(B/A,G(B)), then
— o : Lyt (B/A,G(B)) = Zaer(M/A, G(M))

defined by ¢ +— ¢ o7 is an injective map of pointed sets whose image is ex-
actly the set of definable cocycles in Z4;(M/A,G(M)) which have definability
parameter a in B. Moreover — o7 descends to an injective map on cohomology,

7' Hi(B/A, G(B)) — Hiye(M/A,G(M)).
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Proof. Let ¢ be a definable cocycle from Aut(B/A) to G(B) with definability
data h(Z,y) and @ in B. We first check that ¢ o is still a cocycle witnessed by
the same definability data:

Let 0,7 € Aut(M/A),

So the cocycle condition is satisfied. For the definability condition, let o €
Aut(M/A). As a is in B,

pom(o)=h(a,n(0)(a)) = h(a,o(a)).

Since 7 is surjective, the map — o7 on cocycles is injective.

Let ¢ € Zi(M/A,G(M)) with definability parameter @ coming from B.
Let 0 € Aut(M/A). The definability condition ¢(o) = h(a,o(a)) shows that
p(o) € dcl(a,o(a)). By the normality of B and the assumption that B is
dcl-closed, we obtain ¢(o) € G(B). Furthermore, as @ comes from B and
p(o) = h(a,o(a)), (o) depends only on the restriction 7(c) and so descends
to a well defined map on Aut(B/A) which we call $. As ¢ and ¢ have the
same image, it is clear that ¢ € Zi.¢(B/A,G(B)) as witnessed by the same
definability data. Lastly, ¢ o7 = ¢. So the image of Z}.(B/A, G(B)) under
— o7 is exactly the subset of definable cocycles in Z}.¢(M/A, G(M)) which have
definability parameter a in B.

Let o1 and o2 in Z};(B/A,G(B)) be cohomologous as witnessed by g €
G(B). As G(B) € G(M), the same element g witnesses that @1 o and ps o7
are cohomologous. So the map on cocycles descends to a well defined map on
cohomology which we call 7*.

Let @1 and @2 be cocycles from Aut(B/A) to G(B) with definability data
hi, a1 and he, Gy respectively. Suppose that ¢ o7 and @9 o are cohomologous
via g € G(M). So for all 0 € Aut(M/A),

g " ha(ar,0(a1))o(g) = ha(as, o(az)).

As @y and ag lie in B, for all o € Aut(M/B) we have h(ai,o(a1)) = e and
h(as,0(az)) = e and therefore g~o(g) = e. So g is fixed by the action of
Aut(M/B). Then as B = dcl(B), we have g € G(B). So the same g witnesses
that ¢1 and @9 are cohomologous. We have then shown that the induced map
on cohomology, 7*, is injective. O

We now alter and extend slightly the notation from [2] for pointed sets of
isomorphism classes of definable PHSs. We first make some observations.

https://doi.org/10.1017/js1.2025.8 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.8

As B is dcl-closed, if X7 and X5 are isomorphic A-definable PHSs for an
A-definable group G then X; has a B-point if and only if X5 has a B-point.
Moreover, if (Xi,p1) and (X2,ps) are isomorphic pointed PHS for G, p; is a
B-point of X if and only if ps is a B-point of X5.

Definition 3.5. The A-isomorphism classes of A-definable pointed PHS for G
whose representatives all have a B-point as their basepoint form a sub-pointed
set of Pyer(M/A, G(M)) which we will denote Pyer (B/A, G(B)).

In addition, the set of A-isomorphism classes of A-definable PHS for G whose
representatives all contain a B-point form a sub-pointed set of Pges (M /A, G(M))
which we denote Pges(B/A, G(B)).

Note that the identity of G is an A-point, so contained in B. So the iso-
morphism class containing G is in Pqer(B/A,G(B)). Note also that the iso-
morphism class of (G, e) is in Pyer «(B/A, G(B)). Thus Pger «(B/A, G(B)) and
Paet(B/A, G(B)) are nonempty.

Remark 3.6. As B is required to be dcl-closed, if X is any A-definable right
PHS for G with a B-point, then restricting the action of G on X to B-points,
we see that X (B) is an abstract right PHS for G(B) equivariant with respect
to the left action of Aut(B/A).

We now refine Proposition 1.1 to describe the setting of normal extensions
of parameters.

Proposition 3.7. There is a natural isomorphism
Paer(B/A,G(B)) & Hyt(B/A,G(B))

between the set of cohomology classes of definable cocycles from Aut(B/A) to
G(B) and the pointed set of isomorphism classes of A-definable PHS X for G
which contain a B-point.

The following lemmas trace the constructions (from [2]) of a cocycle in
Zhet(M/A,G(M)) from a pointed PHS in Pger.(M/A, G(M)) and vice versa.
We check that via these constructions the cocycles in the image of Z.;(B/A, G(B))
under the map of Lemma 3.4 corresponds to Pyef «(B/A, G(B)), that is, cocy-
cles whose definability parameters come from B correspond exactly to pointed
PHSs which have a B-point as their basepoint.

Lemma 3.8. An A-definable pointed PHS (X, p) for G with p € X(B) gives
rise to a cocycle ¢ : Aut(M/A) — G(M) which has the B-point p € X(B) as
its definability parameter.

Proof. As p € X(B), o(p) € X(B). We define ¢ by sending o € Aut(B/A) to
the unique g, € G(B) such that o(p) = pg,. The cocycle condition is easily
checked. Let I'(u)(Z, z,7) define the graph of the definable action p: X x G —
X. Let h(Z,y) = z be the definable function whose graph is I'(1)(Z, Z,%). Then
h(Z,7) together with the parameter p witnesses the definability condition. [
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Let ¢ : Aut(M/A) — G(M) be a definable cocycle witnessed by an A-
definable function h and definability parameter a from B. Note that as B C M
and M is atomic over A, the type tp(a/A) is isolated and is then given by an
A-definable set Z defined by a formula 6(z). The following facts are from [2].

Fact 3.9. Let b and ¢ be tuples from M having the same type as a over A.
Then h(a,c) = h(a,b)h(b,c).

Fact 3.10. Let (aj, 1) and (ag, g2) be elements from Y (M) := Z(M) x G(M).
The binary relation defined by h(a;,a2)g2 = g1 is an A-definable equivalence
relation on this set. We will denote the equivalence relation by E.

Lemma 3.11. The definable cocycle ¢, with definability parameter contained
in B, gives rise to a pointed PHS for G whose basepoint is a B-point.

Proof. By EI, the quotient of Y = Z x G by F, is again an A-definable set X.

It is clear that G acts A-definably on the right on Y by multiplication on
the right on the G-coordinate. It is easy to see that this action preserves the
classes of the equivalence relation and so descends to an action on X: if g € G,
h(ai,az2)g2 = g1 iff h(ay,a2)g929 = g19. Similarly, because G is a right torsor
for itself, the action is regular: Let (@1, g1) and (as, g2) be elements of Y. As
h(a1,as2), g1 and go are elements of G, there is a unique element g € G such that
h(a1,a2)g29 = g1. That is, g is the unique element such that (a1, g1)E(az, g29).
We have shown that X is an A-definable PHS for G.

Finally, the specified basepoint of X is the E-class of (a,e) which lives in
dcl®(B). Note by EI and assumptions, dcl®/(B) = dcl(B) = B. O

Before proving Proposition 3.7 we discuss the correspondence of Proposition
1.1. Cocycles ¢ : Aut(M/A) — G(M) correspond to isomorphism classes of
pointed PHSs for G. Cohomology classes of cocycles correspond to isomorphism
classes of PHSs for G, that is, cohomologous cocycles correspond to pointed
PHSs which are isomorphic as PHSs but not as pointed PHSs: There is an
A-definable G-equivariant bijection between the PHSs which is not neccesarily
basepoint preserving.

Proof of Proposition 3.7. By Lemma 3.2, H'(B/A,G(B)) injects into the co-
homology set H'(M/A,G(M)). The image of this map is exactly the set of
cohomology classes containing a cocycle with definability parameter contained
in B.

By Lemmas 3.6 and 3.9, cocycles with definability parameters contained in
B correspond exactly with pointed PHSs for G whose basepoint is a B-point.
From the preceding discussion, cocycles which are cohomologous to cocycles
with definability parameters from B correspond to pointed PHSs which are
isomorphic as PHSs (but not neccesarily as pointed PHS) to PHSs which have
a B-point as basepoint, and so themselves must contain a B-point.
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We have shown that Pges(B/A, G(B)), the pointed set of isomorphism classes
of PHSs whose representatives contain a B-point, is isomorphic as a pointed set
to Hiu¢(B/A,G(B)). O

We conclude this section by giving an alternative definition of a definable
cocycle from Aut(B/A) to G(B) using notions introduced in [3] and remark on
the various definitions of cocycles appearing in the literature.

Recall from [3] that a set Y C Aut(M/A) is called definable if there is an
A-formula ¢(Z,%) and a tuple b from M such that

Y = {0 € Aut(M/A) : M |= o(b, 0(b))}.

Furthermore, let X be an A-definable set. We say that A, a subset of Aut(M/A)x
X (M), is definable if there is an A-formula ¢(Z, g, Z) and a tuple b from M such
that

A = {(0.0) € Aut(M/4) x X(M) : M |= p(b, o(5), )}

The following statement is Lemma 3.5 of [3]. It gives either an alternative
definition or a characterization of definable cocycles: Let ¢ be a function from
Aut(M/A) to G. Then there is an A-definable function h(Z,7) and a tuple b
from M such that for all o € Aut(M/A) (o) = h(b,o(b)) if and only if the
graph of ¢ is definable in the above sense.

We now give a similar statement in the setting of a normal extension. In [3],
the following definitions (or a slight variation of them depending on the version)
are given:

Definition 3.12. A set Y C Aut(B/A) is called definable if there is an A-
formula ¢(z,y) and a tuple b from B such that

Y = {0 € Aut(B/A) : M = (b, 0(b))}.

Furthermore, let X be an A-definable set. We say that A, a subset of Aut(B/A)x
X (M), is definable if there is an A-formula ¢(Z, g, Z) and a tuple b from B such
that

A ={(0,0) € Aut(B/A) x X(M) : M |= ¢(b,0(b),0))}-

This gives an alternative characterization of the cocycles introduced in the
beginning of this section:

Lemma 3.13. Let ¢ be a function from Aut(B/A) to G(B). Then there is an
A-definable function h(Z, %) and a tuple b from B such that for all ¢ € Aut(B/A)
@(c) = h(b,a(b)) if and only if the graph of ¢ is definable in the sense of the
previous definition.

We adapt the proof of Lemma 3.5 of [3].

Proof. Suppose that for ¢ : Aut(B/A) — G(B), there is a tuple b from B and
definable function h(Z, §) = z such that for all o € Aut(B/A), p(c) = h(b,o(b)).

11

https://doi.org/10.1017/js1.2025.8 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.8

Let I'(h)(Z,y, 2) be the graph of h. Now, (0,g9) € I'(p), the graph of ¢, iff
(o) = g iff M |= h(b,0(b)) = g. So the graph of ¢ is definable via I'(h)(Z, ¥, )
and parameter b.

Suppose now that ¢ : Aut(B/A) — G(B) is a function whose graph is
definable via an A-formula ¢ (Z, ¥, Z) and parameter b from B so that

L(p) ={(0,9) € Aut(B/A) x G(M) : M [= (b, (D), 9)}-

Let 6(Z) isolate the type tp(b/A) and let Z be the associated definable set
of realizations of this type. We want to produce a definable function from
h: Z? — @ satisfying the definability condition of Definition 3.3 (ii).

Let b realize the type of b over A. By the strong w-homogeneity of M over
A and normality of B, there is an automorphism o € Aut(B/A) with o(b) = b'.
Let g = ¢(0). Then by the definability of the graph of ¢, M |= (b, a(b), g)
and so M |= ¥(b,b',g). So for any realization b’ of tp(b/A) there is at least
one g € G(B) with M = 4(b,V,g). Also, let g, g’ € G(M) such that for some
b’ realizing tp(b/A) we have M = (b, b, g) and M = ¢(b,b',¢'). Again, via
strong w-homogeneity and normality let o(b) = &. Then M = v(b,a(b),9)
and M |= ¥(b,0(b),g'). By the definability of ¢ we have (0,g) € I'(¢) and
(0,9") € T'(p) and since @ is a function, g = ¢’. So there is exactly one g € G(M)
such that M = (b, V', g) for any realization of tp(b/A). We therefore have that

M =Yy 3712 0(5) A (b, 5, 2).
Also as () isolates the type of b, we have
M E=Vz Vg 3712 0(g) A 0(Z) Ap(E, 5, 2).

So 0(5)A\0(Z) Ap(Z, j, Z) is the graph of the desired definable function h : Z* — G

with parameter b from B satisfying the definability condition of Definition 3.3
(if). O

Remark 3.14. Concerning the various definitions of cocycles:

1. In the algebraic setting of [5], cocycles are defined to be continuous. If
Aut(M/A) is given the usual structure of a topological group where a
neighborhood base of the identity is the set of stabilizers of finite tuples
from M, and G(M) is given the discrete topology, then continuity of a
cocycle @ is equivalent the cocycle condition together with the data of an
Aut(M/A)-invariant function h(z,y) and a tuple a from M such that for
any o € Aut(M/A), (o) = h(a,o(a)). This observation is contained im-
plicitly in Lemma 2.6 of [2]. This gives some motivation for the definition
of a definable cocycle.

In ACFy, for M = acl(A) the function h(z,y) is Aut(M/A)-invariant if
and only if it is A-definable so “invariant” and definable cocycles coincide.
That is, at the level of cocycles, Z; in the setting of ACFy and Z*
coincide.
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2. Kolchin’s constrained cohomology is defined in terms of what he calls
constrained cocycles, satisfy a generalization of the continuity condition.
He shows that these are closely connected to another set of cocycles called
differential rational cocycles whose definition is closer to the definability
data definition. The key point, see Remark 2.8 (ii) of [2], is that despite
the fact that the set of constrained cocycles defined by Kolchin, Z}, is a
priori slightly different than the set of definable cocycles specialized to the
theory DCFy, Z};, the resulting sets of cohomology classes both classify
differential algebraic PHSs and so H}; for the theory DC'F, and H} are
equivalent i.e., isomorphic as pointed sets.

3. We also remark that Kolchin suppresses the set of rational points on the co-
efficients in his notation, writing HX (L/K, G) instead of HX(L/K,G(L))
for example.

4 The short exact sequence in definable Galois
cohomology

In this section we show that a short exact sequence of automorphism groups
arising from a normal intermediate extension of parameters induces a short
exact sequence in definable Galois cohomology.

We will retain the same assumptions on M, A, T', and G from the previous
sections. Our statement here is slightly more general than that of the intro-
duction; we generalize M in the earlier statement to an additional intermediate
normal extension C.

Let AC B C C C M with B and C normal in M, dcl®-closed, such that
every elementary permutation of either B or C fixing A lifts to an automorphism
of M and such that M is atomic and strongly w-homogeneous over both B and

C.

Definition 4.1. Let 0 € Aut(C/A). Let ¢ € Zi;(C/B,G(C)) be a defin-
able cocycle. Let (P,p) be a pointed definable PHS representing a class in
Paet,«(C/B,G(B)). We define the transform of ¢ by o, denoted o (), to be the
map

a(p)(1) = o(p(0™'70))
for 7 € Aut(B/C). We define the the transform of (P,p) by o, denoted o (P, p)
to be the definable pointed PHS (¢(P),c(p)).

Lemma 4.2. The transform induces a well defined action of Aut(B/A) on
both H}.¢(C/B,G(C)) and Pqet(C/B,G(C)) such that the isomorphism be-
tween them is equivariant with respect to this action.

Proof. Let (P,p) represent an isomorphism class in Pger «(C/B,G(B)). Let
o € Aut(C/A). By the normality of B, o(P) is still a B-definable PHS for G
containing a B-point o (p).
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Let (Q,q) be B-definably isomorphic as a pointed PHS to (P,p) via ®.
Then again by normality, o(®) is a B-definable PHS isomorphism between
(0(Q),0(q)) and (¢(P), o(p)) so the transform is well defined on Pyer,«(C/ B, G(B)).

Let (P, p) correspond to a definable cocycle p € Zi.+(C/B, G(C)) via Lemma
3.8. We show that the transform of the cocycle ¢ by o is the cocycle correspond-
ing to the transform of (P,p). Let 7 € Aut(C/B). Recall that o(p) is the base
point of o(P), so applying 7 we obtain

]
5
q

p)o

Jo(
p)a(@)(7).

so the cocycle corresponding to o(P, p) is exactly the transform o (). It is also
then clear that the transform by o € Aut(C/A) depends only on its action on
B and therefore descends to an action of Aut(B/A).

A short computation shows that if ¢ and + in Z} ,(C/B, G(C)) are cohomol-
ogous via g € G(C), then o(p) and o(¢) in Z};(C/B,G(C)) are cohomologous
via o(g) € G(C): Let (1) = g’lw(T)T(g). Then

o(p)(r) = a(plo™ " 70))

(9™"(o 170)0—170(9)))
(9 o(w(e™ o) Ta(9)
(

(0
(0~
(
(
(

Q

=0

q

g)
g Do) (T)r(a(g)).

So Aut(B/A) acts via the transform on Hi.;(C/B, G(C)) and Pge (C/B, G(C))
equivariantly with respect to the isomorphism between them. O

=0

Theorem 4.3. The short exact sequence
1 — Aut(C/B) — Aut(C/A) — Aut(B/A) — 1
induces a short exact sequence in definable Galois cohomology
1 = Hier(B/A, G(B)) = Hi(C/A, G(C)) = Hy(C/B, G(C)) B4,

Proof. Let ¢ be a definable cocycle from Aut(B/A) to G(B) with definability
data h and a. Let 7 : Aut(C/A) — Aut(B/A) be the quotient map. As in the
proof of Lemma 3.2, we define a map from ZJ ;(B/A, G(B)) to Z} ;(C/A,G(C))
by sending ¢ to ¢ o m. Now ¢ o7 is still a cocycle witnessed by the same de-
finability data. Since 7 is surjective, this map on cocycles is injective. Let (1
and ¢y in Z};(B/A,G(B)) be cohomologous as witnessed by g € G(B). As
G(B) C G(C), the same element g witnesses that ¢; om and @9 o7 are cohomol-
ogous. So the map on cocycles descends to a well defined map on cohomology
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which we call 7l.

Let 1 and ¢y be cocycles from Aut(B/A) to G(B) with definability data
h1, a1 and hs, as respectively. Suppose that @1 om and @9 o are cohomologous
via g € G(C). So for all 0 € Aut(C/A) and moreover for all o € Aut(M/A),

g " ha(ar,0(ar))o(g) = ha(as, o(az)).

As ay and ag liein B, when o € Aut(M/B), hi(a1,0(a1)) = e and ha(az, o(az)) =
e, and then g~'o(g) = e. Thus g is fixed under all automorphisms of M fixing

B. As M is atomic and strongly w-homogeneous over B, we have g € dcl(B).

As dcl(B) = B, we have that g € G(B). Then g witnesses that ¢, and @y are

cohomologous. Thus the induced map on cohomology, 7!, is injective.

Let ¢ : Aut(C/B) — Aut(C/A) be the inclusion map. Precomposition by
v gives a map of cocycles from Z} (C/A,G(C)) — Z}.:(C/B,G(C)) which in-
duces a well defined map on cohomology ¢': The same definability data witnesses
that precomposition gives a map of definable cocycles and the same element of
G(C) witnesses the cohomology relation on the restriction of the cocycle. Note
that for cocycles in Z4(C/A, G(C)), precomposition by ¢ is equivalent to re-
striction to Aut(C/B).

We now show that the image of ¢! is contained in the fixed points of the
action of Aut(B/A) on Hj.;(C/B,G(C)) via the transform. Let o € Aut(C/A)
be a lift of some 6 € Aut(B/A). Let ¢ € Zi;(C/A,G(C)), we show that the
transform o (¢ o ¢) is cohomologous to ¢ o ¢. Let 7 € Aut(C/B). Then

a(por)(r) =

where g = ¢(0) € G(C). So the cocycles o(p o) and ¢ ot are cohomolo-
gous via (o). Hence the image of ¢! is contained in H};(C/B, G(C))Aut(B/4),
Note that we really need a class in the image: If ¢ were an arbitrary cocy-
cle in ZL;(C/B,G(B)) then while it is true that o ~'70 € Aut(C/B), o is
not necessarily in Aut(C/B) and so we could not conclude that ¢(o~1ro) =

0o H@(r)7(p(0))) needed for the second equality of the computation.

Choose a cohomology class from H¢(C/A,G(C)) in the image of 7. By
definition this class has a representative cocycle ¢ such that ¢ = 1) o m where
Y € Z,;(B/A,G(B)). Then ¢ ot = 1) o7 o which is the constant cocycle.
Since ¢! is a well defined map on cohomology, the image of the original class
must be trivial i.e. cohomologous to the constant cocycle. So the image of 7!
is contained in the kernel of ¢!.
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We now check that the kernel of ¢! is contained in the image of 7!: Choose
a cohomology class from H} ;(C/A, G(C)) in the kernel of +!. The first claim is
that this class must contain a representative mapping to the constant cocycle:
If ¢ is a representative of a class in the kernel of +! then there is a g € G(C)
such that Vo € Aut(C/B), ¢'(0) = g~ 'o(g). But then g¢'o(g~!) is another
representative of the class of ¢’ which maps to the constant cocycle.

Let ¢ be a representative of our cohomology class in the kernel of ¢! such
that ¢ o ¢ is the constant cocycle. The cocycle ¢ is a map from Aut(C/A) to
G(C) which sends the subgroup Aut(C/B) to the identity of G(C).

We now show that the definability data for ¢ can be re-chosen so that the
parameter comes from B: Let h(Z,7), @ be the original definability data for ¢.
Let Z be the A-definable set tp(a/A); recall that M is isolated over A. From
h(Z,7y) and a, we can produce, as in Lemma 3.11, a pointed PHS for G whose
underlying definable set is (Z x G)/E where E is the A-definable equivalence
relation defined by (a, g)E(a’,¢’') if h(a,a’)g’ = g. The basepoint of this PHS
is the F-class (a,e)/E which furnishes new definability data for ¢ as in Lemma
3.8.

Now, let 0 € Aut(C/B). Then o((a,e)/E) = (a,e)/E as h(a,o(a))e = e.
So (@,e)/F is fixed pointwise by the action of Aut(C/B), so (a,e)/F € B.

We may now assume that ¢ has definability parameter a coming from B.
As in the proof of Lemma 3.4, the definability condition ¢(c) = h(a,o(a))
shows (o) € dcl(a,o(a)) and so by the normality of B and the fact that
dcl(B) = B, the image of ¢ is contained in G(B). As the definability parameter
is contained in B, ¢ descends to a well defined map ¢ from Aut(B/A) to G(B),
and moreover ¢ o = . We show that ¢ still satisfies the cocycle condition:
Let 0,7 € Aut(C/A) and 6,7 € Aut(B/A) with 7(0) =& and 7(7) =T

where the last equality holds because the image of ¢ is contained in B. The
same definability data for ¢ shows that ¢ is a definable cocycle. The class of ¢
is then the image of the class of ¢ under 7'.

O
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