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Abstract

A grammatical approach to product design is demonstrated. In particular, shape grammars are shown to be especially
useful for products that are differentiated primarily on the basis of form yet driven by function; they allow products to
be designed as a sequence of well-defined steps. However, it is not always clear how to choose the sequence of rules
that should be applied to generate the final shape. In this paper we demonstrate that at each stage during the process,
partial designs of the final product can be used to provide feedback to the designer based on specific design objectives
and thus suggest possible rule choices. We take advantage of the shape grammar for the generation of coffeemakers
introduced by Agarwal and Cagan, and associate with the grammar rules expressions that model manufacturing costs.
With each application of a shape grammar rule, an understanding of the overall cost of manufacturing the product is
incrementally improved. Thus, at each stage of the design process the designer has an indication of what the overall
cost of the product will be and how the selection of one grammar rule over another influences the final cost. Once the
complete product is generated, an appraisal of its manufacturing cost is given to the designer. This evaluation meth-
odology helps the designer understand the implications of decisions made early on in the design process. We have also
verified the accuracy of this approach through the costs of some commercially available coffeemakers, generated by
this method, which are comparable to the costs for those designs listed in the literature.
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1. INTRODUCTION

Shape grammar-based systems have been successfully used
for generative design in architecture and recently for prod-
uct design. However, there are no formal techniques that
help the designer in selecting which rule to apply at any
given stage. In this work, we argue that using performance
metrics along with a grammar-based generative system will
create a powerful feedback mechanism for the designer dur-
ing the design generation process. Additionally, in the gen-
erative design of products, those designs that fare the best

in terms of performance metrics are often the ones that are
the most successful in the marketplace. However, the asso-
ciation of such metrics within shape grammars for engineer-
ing applications has received little attention. One approach
to the evaluation of designs created by grammars is to use
external analysis after the generation sequence is complete.
The drawback to such an approach is that since the evalu-
ation is carried out after the design is completed, no infor-
mation can be provided to the designer during the design
generation phase. In contrast, our approach is to associate
performance evaluation directly with the grammar rules
themselves. We illustrate the power of such an approach by
associating manufacturing costs with the coffeemaker shape
grammar of Agarwal and Cagan~1998!.

Product cost is one of the most important design con-
straints during the design and redesign of products; a prod-
uct will not succeed in the marketplace if it is not properly
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priced for its intended market. Studies of product design and
product manufacture suggest that a significant portion of a
product’s cost is determined by the decisions made early in
the design process~e.g., Nevins & Whitney, 1989; Ulrich &
Pearson, 1996!. Thus, the designers need to be made aware
of not only how their later design decisions affect the cost
of a product, but also~and perhaps more critically! how their
early decisions affect the manufacturing cost. Further, it is
important that this information be made available as soon
as a design change is made so that a more extensive re-
design iteration can potentially be avoided. To be able to
make this information available, it is necessary that the man-
ufacturing costs are correlated with the product configura-
tions that exist at any given stage of the design creation cycle
and not just with the final finished product. Such a tech-
nique will enable the designer to gauge the effect of a change
when it is made as well as ensure that an accurate appraisal
of the final manufacturing cost is provided to the designer
as soon as the design is completed. An immediate feedback
of this nature will enable the designer to explore a variety
of design alternatives that may otherwise have been too time-
intensive to consider. However, to achieve this, it is impor-
tant that the design and costing methodology allow for rapid
generation of results and, thereby, enable the designer to
create designs with a small turnaround time.

We propose that a shape grammar-based design para-
digm will meet all the requirements of such a system. Gram-
mars not only allow the rapid generation of a wide variety
of feasible designs by the application of different rules in a
rule set, but they also maintain representations of the par-
tial designs at each stage. We claim that based on the rules
applied to reach a particular design stage, it is possible to
estimate the manufacturing cost at that stage. In this paper
we argue that by associating manufacturing cost with the
grammar rules, one can identify design changes that have
positive and negative effects on the product cost. The de-
signer can then receive immediate feedback on how the var-
ious changes will affect the cost of the product, thereby
allowing informed decisions to be made about whether to
accept or reject those changes. In addition, because partial
design costs are available at each stage, the final cost is ob-
tained as soon as the design is completed. As an example of
the usability of such a strategy, we apply this technique to
the generation and costing of coffeemakers based on a gram-
mar developed by Agarwal and Cagan~1998! by associat-
ing manufacturing cost expressions with the shape rules in
the grammar. This then provides the designer with an inte-
grated methodology for the design and costing of coffee-
makers and allows various trade-offs to be studied from a
manufacturing cost perspective. It is important to note that,
while this paper discusses the strategy for associating ex-
pressions modeling cost with the coffeemaker grammar rules,
the underlying technique is general and can be applied to a
variety of grammars and performance metrics.

Some commercially available coffeemakers are designed
and costed using our method and the results compared to

those reported by Ulrich and Pearson~1993! using a
disassembly-based costing approach. In spite of the com-
pletely different costing strategy used in the two studies,
the costs estimated by both methods turn out to be similar,
validating our approach. Before we discuss the details of
our method, it is worthwhile to examine the traditional cost-
ing approaches and contrast them with our technique.

Most of the current costing methodologies are either based
on parametric estimation models or require a bottom-up cost
calculation. Bottom-up cost estimation techniques require
either a complete computer aided design~CAD! model of
the product@e.g., complexity theory~Hoult & Meador, 1997!
or commercial software like Cost Advantage from Cogni-
tion Corporation# or a detailed step-by-step manufacturing
breakdown of the product~e.g., commercial software like
KAPES from PS Industries!. Neither of these two bottom-up
techniques can provide information about estimated cost
early on in the design phase because they work with com-
plete product designs. Also, to determine how a design
change will affect the cost, the cost has to be reestimated
for the new product and compared with the original cost.
These techniques also require a significant amount of set-
up time before actual estimation can be carried out. Para-
metric estimation techniques~e.g., commercial software like
SEER H from GA SEER and PRICE H from Lockheed Mar-
tin PriceSystems!, on the other hand, require little informa-
tion about the product design. They use statistical methods
to relate the product weight, volume, manufacturing pro-
cess, and a few other parameters to the final product cost.
These techniques require extensive calibration based on ex-
isting products before they can be used to estimate cost and
they do not provide any information about the influence of
design decisions on cost. Because they do not identify the
key cost drivers, these techniques are unable to provide feed-
back regarding possible redesign directions. They also usu-
ally require an estimate of the final weight and volume of
the product~which may not be readily available! before cost
can be estimated. In summary, most traditional costing tech-
niques are unable to provide information about the product
cost until after the design is completed and therefore may
require the products to be completely recosted if a design
change is made. We believe that the technique proposed in
this paper will address these concerns.

Next, we will briefly discuss the coffeemaker grammar.
We will then define a manufacturing cost structure for in-
jection molded parts, metal stamped parts, and product as-
sembly. By associating various elements of this cost structure
with the coffeemaker grammar rules, a methodology for es-
timating costs of the designs generated by this grammar will
be obtained. We will demonstrate the technique by discuss-
ing an example and verify the results by comparing them to
those in the literature. We will demonstrate how this method
can be used to study design trade-offs and guide the design
generation process. Finally, we will conclude with a brief
discussion on how this technique can be applied within other
shape grammars.
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2. COFFEEMAKER SHAPE GRAMMAR

2.1. Shape grammars

A shape grammar~Stiny, 1980a, 1980b) derives designs in
the language it specifies by successive application of shape
transformation rules to some evolving shape, starting with
an initial shape. It can be used to describe how complex
shapes are built from simple entities and how a complex
shape can be decomposed into simpler subshapes. Shape
grammars have been successfully used for spatial design in
the field of architecture including villas in the style of Pal-
ladio ~Stiny & Mitchell, 1978!, Mughul gardens~Stiny &
Mitchell, 1980!, prairie houses in the style of Frank Lloyd
Wright ~Koning & Eizenberg, 1981!, Greek meander pat-
terns~Knight, 1986!, suburban Queen Anne Houses~Flem-
ming, 1987!, and windows in the style of Frank Lloyd Wright
~Rollo, 1995!.

Examples illustrating the ideas behind shape grammars
can be found in Stiny~1980a, 1980b). While there has been
a limited application of shape grammars to engineering de-
sign, they had not been used for the generation of individ-
ual products until Agarwal and Cagan~1997, 1998!
presented the coffeemaker grammar. Fitzhorn~1990! and
Longenecker and Fitzhorn~1991! have presented shape
grammars specifying the languages of constructive solid
geometry and boundary representations~i.e., realizable sol-
ids!. Brown, McMahon, and Sims Williams~1993! pre-
sented a manufacturing-oriented shape grammar that
specifies the language of all axi-symmetric objects manu-
facturable on a given lathe. That work is particularly rele-
vant here because, although they used a completely different
strategy, they presented a technique for estimating the man-
ufacturing time~which is an important component of man-
ufacturing cost! for the various parts machined by the lathe.
Reddy and Cagan~1995a, 1995b!; Shea, Cagan, and Fenves
~1997!; and Shea and Cagan~1997! presented parametric
shape grammars for the design of planar and geodesic dome
truss structures that used the shape annealing technique of
Cagan and Mitchell~1993! to generate optimal structures.

Stiny~1981! presented a general design description meth-
odology that relied on associating description rules with the
grammar rules much like we do here. However, the descrip-
tion rules themselves as well as their association with the
grammar rules vary vastly based on the application domain.
No formal techniques exist for creating these description
rules or for associating them with the grammar rules. This
work uses cost expressions along with the shape rules and
thus applies grammars to the concurrent design and costing
of a class of individual products.

2.2. Coffeemaker grammar

The coffeemaker grammar is a parametric, labeled 2D shape
grammar consisting of 100 rules and can recreate a number
of existing coffeemakers as well as create an infinite num-

ber of new designs. The rules in the shape grammar manip-
ulate one or more of the three views of the product—top,
side, front—to create a final 3D shape. The coffeemaker is
considered to be made up of three main parts: the filter unit,
the water storage unit, and the base unit. These three units
are arranged around the space for the coffee pot, which acts
as the initial shape for the grammar. The grammar creates a
complete coffeemaker by first designing the base and the
filter units and then blending them together using the water
storage unit. Due to the similar functional breakdown of cof-
feemakers, the function drives the form in the product and
in the application of the grammar rules; function labels are
used to maintain the proper function-to-form sequence.

The designs generated by the grammar can satisfy a wide
variety of functional requirements. For example, the design
can be a single-heater or double-heater unit, have a conical
or a flat filter ~with or without a flow rate control mecha-
nism!, and can use a lid or a grating to cover the water stor-
age unit. It should be pointed out, though, that the designs
generated by the grammar do not incorporate all of the de-
sign details. For example, the number and position of screws,
the power cord, the color of the product, and the form of the
switch are not designed by the existing grammar rules. Thus,
in this work, the cost corresponding to these components is
added separately and is not obtained directly through the
shape grammar.

3. ASSOCIATING COST EQUATIONS WITH
THE GRAMMAR RULES

The first step in associating the manufacturing costs with
the rules of the coffeemaker grammar involves breaking the
cost into its components in a manner compatible with the
shape rules, that is, such that each of the components can be
associated with the rules. In this work we assume the cost
of a coffeemaker to be made up of three main components—
the cost of manufactured parts, which will form the focus
of this work; the cost of purchased parts; and the cost of
assembling all of the parts into a functional product. The
cost of the manufactured parts can be further broken into
five components—material cost, equipment operating cost,
tooling cost, burden, and labor cost. Expressions for each
of these components~for plastic and metal parts! are given
in Appendix A. As mentioned in the appendix, each of these
five cost components depends primarily on the part config-
uration and geometry and that is precisely the information
obtained from the shapes representing the designs. This fact
is crucial to the success of our methodology because it al-
lows us to develop general parametric expressions from the
shape rules that are then instantiated as the shape rules are
applied. More specifically, we develop expressions for the
areas and volumes of the shapes generated by the shape rules
and then use them together with Eqs.~A1!–~A9! to deter-
mine the manufacturing costs. If the cost components in-
volved an attribute that could not be determined from the
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shape rules, then this technique could not have been di-
rectly applied.

Developing expressions for areas and volumes that are as-
sociated with the shape rules involves examining the geo-
metric forms created by a rule. Note that the most general form
of the grammar rule must be used, though frequently approx-
imations need to be made when calculating areas and vol-
umes tokeep theexpressions tractable.Asanexampleconsider
the shape rule shown in Figure 1~a!. This figure represents
Rule 18 of the shape grammar of Agarwal and Cagan and is
used to generate a sliding filter unit for the coffeemaker~the
three views on the right-hand side of the shape rule—at the
top, at the bottom left, and at the bottom right—correspond
to the three views—top, side, and front—of the coffeemaker!

To determine the projected area of the filter unit created
by this shape rule, the top view of the shape@Fig. 1~b!# is
examined. The area of the top view is given as@da anddb

are defined by Eqs.~B3! and~B4!#:

Atop 5
da

2

2
1

pda
2

8
. ~1!

The first term in the expression corresponds to the area
of the half square~in the left part of the top view! and the
second term corresponds to the semicircle~in the right part
of the top view!. Next, the volume of the filter unit at this
stage is determined. Note that the volume at this stage cor-
responds to only the top part of the filter unit because only

that part of the unit is designed by this rule. The volume is
given as:

Vtop 5 Sda
2

2
1

pda
2

8
2

pdb
2

4
D3 2. ~2!

The first two terms in the parentheses correspond to the to-
tal area of the filter unit. The third term in the parentheses
corresponds to the hollow area of the filter unit~based on a
2-mm wall thickness!. Thus, the quantity in the parentheses
corresponds to the total solid area of the filter unit. This
quantity multiplied by the height~again equal to 2 mm! is
the volume of the top part of the filter unit at this stage.
These two equations are the same as Eqs.~B15! and~B16!.

As another example, consider the shape rule shown in
Figure 2~a!. This rule corresponds to Rule 29 of the coffee-
maker grammar and is used to design an elliptical base unit
~as opposed to a polygonal unit!. To determine the pro-
jected area of the base unit generated by this rule, the top
view shape~Fig. 2b! is examined. The projected area is given
by @the diameters are defined by Eqs.~B37!–~B39!#:1

Area5 p~dmajor_outer3 dminor_outer2 dplate
2 !. ~3!

1These expressions have been derived by assuming that the heater plate
is circular. This assumption, while not necessary, was found to be valid in
all commercially available designs.

Fig. 1. ~a! Shape rule creating a sliding filter unit;~b! top view created by the shape.
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This equation is the same as Eq.~B40!. Equations corre-
sponding to the other shape rules can similarly be derived
and are listed in Appendix B.

4. USING COST EXPRESSIONS TO GUIDE THE
DESIGN GENERATION PROCESS

This section demonstrates how the expressions derived in
the previous section can be used to guide the design gener-
ation process for coffeemakers. The methodology will be
illustrated by following an example generation sequence.
The first set of rules that are applied to the initial shape shown
in Figure 3~a! distinguish between the two main classes of
coffeemakers, those with one heating element and those with
two. They also break apart the space around the initial shape
into three regions, corresponding to the filter, base, and wa-
ter storage units, and design the basic cross-sectional shapes
of the filter and the base units. The rule designing a one-
heater unit~signified by the square label!, for example, is

shown in Figure 3~b!; a similar rule designs a two-heater
unit. Next the filter, the base, and the water storage units are
designed separately. For each of these three units, the var-
ious shape rules ensure that form design is carried out within
the context of function design, that is, only forms that do
not violate any functional specifications can be created. This
is done by first applying the function design rules that add
labels to the shape based on the required functional speci-
fications and then using the various form design rules, based
on the labels, to create the actual shapes. Because the func-
tion design rules do not directly create 3D shapes, they add
no cost to the design. Note that the decisions made during
the function design will strongly influence the cost of the
product; they just do not directly add cost to the design.

First, the form design of the filter unit is carried out based
on the functional specifications. This step creates new shapes
and modifies existing ones and thus cost equations are as-
sociated with these form design rules. The rule shown in
Figure 4, for example, generates a rotating filter. This rule

Fig. 2. ~a! Rule generating a base unit;~b! top view of the unit generated by the rule.
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also creates a top view for the filter unit and thus converts it
into a 3D object. The shape around the filter unit obtained
after this rule is applied to the evolving shape is shown in
Figure 5. Note that the shape generated has a top view and
a side view~a single view is defaulted to be a side view;
multiple views separated by a hairline are the top and the
side views!. The labels correspond to the various functional
attributes of the filter unit:FT1 signifies a conical filter,FI
corresponds to the inlet tube,FF1 means that the coffee flow
rate cannot be changed, andFS1 signifies that a flow stop
mechanism is present in the coffeemaker.

The first step in associating the manufacturing cost with
this rule is to calculate the volume and projected area of the
created shape. The area and volume calculated are then used
along with Eqs.~A1!, ~A3!, and~A4! to calculate the ma-
terial and equipment operating cost. Note that the area and
volume are calculated only for the top part of the filter unit
~based on a 2-mm wall thickness mentioned earlier! be-
cause the rest of the unit has not been completely designed
yet. The expressions for the area~A! and the volume~Vtop!
are given by Eqs.~B17! and ~B18!. It must be reiterated
that these equations have been determined solely based on
the geometry of the shapes created by this shape rule and
are independent of the rest of the design. The incremental
totals for the cost of the filter unit for the example coffee-

maker are now determined. In addition to the material and
equipment operating costs, the cost at this stage also in-
cludes tooling, burden, and labor costs. From the geometry
of the shape,da 5 120 mm anddb 5 116 mm. Using Eq.
~B17!, the area of the top of the filter is given byA 5
12081 mm2. The equipment size that is required is now cal-
culated from Eq.~A3! and is equal to 3200 kN. The tooling
cost based on an annual volume of 1,000,000 parts@Eq.~A2!#
is thus $0.015. The operating cost, calculated from Eq.~A4!
based on a cycle time of 30 s, is $0.165. The labor and bur-
den costs@Eqs.~A5! and~A6!, respectively# are $0.015 and
$0.018. To calculate the material cost, first the volume of
material used needs to be calculated. Using Eq.~B18!,
Vtop 5 3027.96 mm3. The cost of the material required can
now be calculated using Eq.~A1!, and is equal to $0.002
for this particular design. These costs can be used by the
designer to get some indication of the final cost of the filter
unit even before it is designed.

The design of the filter unit is completed by applying the
other filter form design rules based on the function labels
previously associated with the design. The filter design se-
quence is shown in Figure 6, where labels are omitted for

Fig. 3. ~a! Initial shape for the example generation sequence;~b! rule designing a one-heater unit.

Fig. 4. Shape rule designing a rotating filter. Fig. 5. Shape after the design of a rotating filter unit.
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clarity. The manufacturing costs associated with each de-
sign step are shown in Table 1. The first row corresponds to
the design of the top of the filter~discussed above!, whereas
the second row corresponds to the design of the conical fil-
ter. Because the same machine is used both for manufactur-
ing the top of the filter and the conical cup, the burden cost
is added only once. The third row corresponds to the design
of the flow stop mechanism. The costs in the three rows of
Table 1 must be added together to determine the final cost
of the filter unit and it is equal to $ 0.472. Note that because
the inlet tube is a purchased part, no cost is added for that
step.

The cost of $ 0.472 for the filter unit of the coffeemaker
is derived independent of the rest of the design~which, in
fact, has not even been completed at this stage!. This pro-
vides useful feedback to the designer about the cost of the
design and can be used to guide further design decisions

and suggest directions for redesign. For example, if the de-
signer decides~based on the feedback provided by the tech-
nique! that the cost of the unit is too high, one possible
change might be to remove the flow stop mechanism. This
would then bring down the cost of the filter unit to $ 0.38
~the first two rows of Table 1!. Note that this change in the
design~and therefore the cost! of the filter unit can be made
at this stage itself, rather than at the end of the design cycle
when redesign might be more expensive. While removing
the flow stop mechanism from the filter unit is a rather ob-
vious choice for reducing the cost of the unit, the same pro-
cedure can be applied to study more complex trade-offs.

Continuing with the design process, the next step is the
design of the base unit, which follows the same procedure
as the design of the filter unit. The base design sequence for
the example coffeemaker is demonstrated in Figure 7. A
smooth blend is assumed between the top and bottom planes
of the base unit. The manufacturing costs are calculated using
Eqs. ~B37!–~B41!, ~B43!, and ~B69!. The costs obtained
are shown in Table 2.

Again, suppose the designer wants to make changes that
will bring down the cost of the base unit. There are various
possible changes that can be explored to determine their ef-
fect on the cost of the base unit~and, therefore, the cost of
the coffeemaker!. One alternative is to use a cylindrical base

Fig. 6. Filter design sequence for the example coffeemaker.

Fig. 7. Base design sequence for the example coffeemaker.

Table 1. Incremental cost (in $) of the filter unit for the
example coffeemaker at each stage during the design sequence

Design Step
Material

Cost

Equipment
Operating

Cost
Tooling

Cost Burden
Labor
Cost

Top view 0.003 0.165 0.015 0.018 0.015
Conical filter 0.115 0.033 0.013 0 0.003
Flow stop 0.027 0.045 0.009 0.003 0.008
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unit similar to that shown in the base design sequence of
Figure 8. It is not immediately clear whether such a change
will reduce the cost of the base unit or increase it. However,
the equations discussed above can be used to determine the
costs shown in Table 3. By examining the table, the de-
signer can determine not only that the cost of the base unit
will decrease due to the proposed change, but the exact mag-
nitude of that change is also known~$0.387 instead of
$0.525!. If the designer feels that the reduction in cost is
significant, then the change can be accepted; otherwise the
original designer preference of a tapered base unit can be
preserved. Note, however, that these decisions can be made
at this stage, rather than waiting until the design of the en-
tire coffeemaker is complete to determine their effect. It is
information like this that helps the designer in making the
appropriate choices with respect to rule selection, highlight-
ing the value of this approach.

The last stage in the design of a coffeemaker is the cre-
ation of a water storage unit that satisfies all functional re-
quirements and blends the three units together into a final
product. To do this, the top view cross sections of the water
storage unit are generated on four horizontal planes~at the
top and bottom of the base and the filter units!. The cross
sections on these four planes are then blended together in
the vertical direction to create the final 3D shape of the wa-
ter storage unit, which also integrates together all the units
of the product. The cross section on each plane is generated

by merging together shapes created by sweeping a desired
number of squares and circles in a designer-specified man-
ner. One such rule that sweeps a square about the center of
the filter is shown in Figure 9. The dimensions of the square
as well as the distance from the center are specified by the
designer and can change as a function of the sweep angle.
This process imparts the grammar with an ability to gener-
ate shapes not commonly seen in commercial products as
well as the more traditional ones.

For the example, the sweep and merge sequence gener-
ating the water storage unit cross sections is shown in Fig-
ure 10. The manufacturing costs at the various stages of the
sweep sequence~on a plane! are shown in Table 4. It should
be noted that each row corresponds to the cost of the water
storage unit after the respective design step, and the costs at
the end of step 2 must not be added to those at the end of
design step 1 to obtain a total cost. This is because the shape
at the end of step 1 is just an intermediate shape and the
costs corresponding to that shape are relevant only at that
step. Once a new shape is created by step 2, the costs must
be updated. This is different than the design of the other
units of the coffeemaker where, once a part is created, it is
not modified and thus the costs calculated after the appli-
cation of each rule remain valid throughout the process.

The 3D shape of the final product is shown in Figure 11.
It is similar to a Rowenta FK26-S coffeemaker shown in
Figure 12. The final cost of the coffeemaker estimated by
using the method discussed above is $7.32~cost of manu-

Table 2. Incremental cost (in $) of the coffeemaker at each
stage during the base design sequence

Design
Step

Material
Cost

Equipment
Operating

Cost
Tooling

Cost Burden
Labor
Cost

Top view 0.102 0.264 0.022 0.018 0.024
Heater plate 0.019 0.039 0.015 0.004 0.018

Fig. 8. A modified base design sequence.

Table 3. Incremental costs (in $) of the modified base unit

Design
Step

Material
Cost

Equipment
Operating

Cost
Tooling

Cost Burden
Labor
Cost

Top view 0.073 0.166 0.022 0.007 0.024
Heater plate 0.019 0.039 0.015 0.004 0.018
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factured and purchased parts and the cost of assembly!. The
cost of the Rowenta FK26-S estimated by Ulrich and Pear-
son~1993! is $7.09, which is within 3% of the cost gener-
ated by using the shape grammar. Further, and perhaps more
critically, the shape grammar costing method also provides
incremental costs at each stage of the design process in ad-
dition to estimating the cost of the final product.

Suppose, however, that the designer decides to use a new
water storage sweep sequence shown in Figure 13. The costs
resulting from this sequence are shown in Table 5~again,
only the last row must be used!.

If the designer, based on the feedback received at each
stage, chooses to accept all the design changes discussed
above, then the design shown in Figure 14 results. It is sim-
ilar to the Rowenta FG22-O coffeemaker shown in Fig-

Table 4. Incremental cost (in $) of the water storage unit for
the example coffeemaker at each stage during its generation

Design
Step

Material
Cost

Equipment
Operating

Cost
Tooling

Cost Burden
Labor
Cost

Step 1 0.123 0.199 0.035 0.010 0.024
Step 2 0.111 0.199 0.035 0.010 0.024

~Final design!

Fig. 9. Representative sweep rule.

Fig. 10. Sweep sequence generating the water storage unit of the example
coffeemaker.

Fig. 11. Coffeemaker generated by the choice of shape rules.

Fig. 12. Rowenta FK26-S coffeemaker.

Fig. 13. Modified water storage design sequence.
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ure 15. The manufacturing cost of the coffeemaker based
on our costing scheme is $5.87. The cost of this coffee-
maker as reported by Ulrich and Pearson is $5.92, which is
within about 1% of the cost generated using the shape gram-
mar costing method.

This method was also used to determine the cost of a Mr.
Coffee coffeemaker as $6.30 and the cost of a Proctor-Silex
coffeemaker as $6.12. Even though these costs could not be
verified from the literature, they are in the same range as
the costs determined above.

5. CONCLUDING REMARKS

This paper sets forth a new integrated product design and
costing methodology using shape grammars. The validity
of this approach is demonstrated by developing cost expres-
sions that are associated with the shape rules of the coffee-
maker grammar. By following the grammar, a variety of
coffeemakers can be generated; by applying the associated
cost equations, the designs can be costed during and after
the design process. By modifying the rules or parameters
along the generation sequence, new designs can be created.
The cost expressions can be used to provide feedback about
how those changes affect the cost of the design and thus aid
in the generation process. These costs can also be used to
guide the generation process by suggesting possible rule
choices based on certain cost preferences. The various cost
and manufacturing parameters~like labor rate, tool effi-

ciency, etc.! can also be changed to simulate different kinds
of production facilities.

This method strikes a balance between the rough para-
metric estimation techniques based on a few parameters like
weight and volume and the extremely detailed bottom-up
estimation methods. Such an integrated design and costing
methodology would help the designer to quickly identify
the key cost drivers by recognizing the design steps that con-
tribute the most to the cost. This information can then be
used during the design of new products and the redesign of
existing ones, for example, to accept or reject design changes
during the generation process rather than after the design is
completed.

To automatically generate designs and costs using this
methodology, the shape grammar and the cost expressions
must be implemented. The geometric representation of the
coffeemaker grammar, however, has not been implemented
computationally. The cost expressions discussed in this work,
on the other hand, have been implemented in the computer
package MAPLE. Thus, as the designer chooses the various
design rules and parameters, the cost of the design can be
updated automatically. It is also possible to optimize the de-
sign parameters, based on a designer specified objective like
cost, once the designer chooses a sequence of grammar rules
that result in a valid design. Once the shape grammar is im-
plemented, the cost expressions could be called automati-
cally depending upon the choice of shape rules, which could
in turn be governed by the feedback obtained from the ex-
pressions. This strategy can then be used to explore the de-
sign space and optimize valid designs with a technique such
as shape annealing~Cagan & Mitchell, 1993! that has been

Table 5. Incremental cost of the modified water storage unit
during each stage in its design

Design
Step

Material
Cost

Equipment
Operating

Cost
Tooling

Cost Burden
Labor
Cost

Step 1 0.177 0.180 0.033 0.007 0.026
Step 2 0.236 0.199 0.035 0.010 0.024
Step 3 0.170 0.264 0.035 0.018 0.024
Step 4 0.163 0.264 0.035 0.018 0.024

~Final design!

Fig. 14. Final shape of the modified coffeemaker generated by the
grammar.

Fig. 15. Rowenta FG22-O coffeemaker.

262 M. Agarwal et al.

https://doi.org/10.1017/S0890060499134024 Published online by Cambridge University Press

https://doi.org/10.1017/S0890060499134024


previously applied to truss and dome design~Reddy & Ca-
gan, 1995a, 1995b; Shea & Cagan, 1997; Shea et al., 1997!.

This paper discusses how manufacturing cost equations
can be associated with the coffeemaker grammar rules; how-
ever, the underlying technique is more general and can be
used for other applications as well. We believe that the
proposed strategy would be even more useful for domains
that are less constrained and thus require more parameters
and shape rules to be chosen. Note, though, that to associ-
ate a performance metric with the grammar rules, it is crit-
ical that the metric depend only on the information provided
by the shape rules. Given such a metric and a shape gram-
mar, developing expressions associating the metric with the
grammar rules is, in principle, straightforward. The left-
and right-hand sides of a shape rule have to be examined
and parametric expressions modeling the performance met-
ric have to be written in terms of the parameters of the
shapes. For example, expressions estimating the coffee
brewing time can be developed and associated with the
coffeemaker grammar rules. To use such a system, the ex-
pressions have to be instantiated along with the shape rules
and an updated performance measure obtained as soon as
a shape rule is applied. The feedback can then be used to
accept or reject design changes or indicate directions for
further explorations, as was done in the example discussed
earlier. We believe that integrated systems like the one dis-
cussed in this paper would increase the usefulness of shape
grammar-based generative techniques by helping the de-
signer in making appropriate rule choices during the gen-
eration sequence based on a specified performance measure.

In summary, we argue that it is possible to obtain a mea-
sure of the performance of a design along with the creation
of that design rather than at its completion. The coffee-
maker grammar and the manufacturing costs were used to
demonstrate the feasibility of such a system in this paper;
other integrated systems like this one would make it easier
for designers of consumer and other products with frequent
but varying production runs to create new designs quickly
as well as meet the various performance criteria.
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APPENDIX A

Manufacturing cost components for coffeemakers

The manufacturing cost of a coffeemaker consists of the cost
of the parts and the cost of assembling them into a func-
tional product. Some of the parts in the coffeemaker are man-
ufactured in-house while others are purchased.2 Further, the
manufactured parts can either be plastic injection molded
parts or metal stamped parts. The cost of manufactured parts

2The termpurchased partsis loosely used to refer to all parts of the
coffeemaker that are not designed by the shape grammar.
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depends primarily on the material used, the part configura-
tion and size, labor rates, equipment operating costs, tool-
ing costs, burden, equipment depreciation, and the annual
volume. Because the parts in this work are designed using
the coffeemaker grammar, the rules of the grammar are used
to calculate the part sizes and configurations. The part ge-
ometries also influence the equipment and tooling costs. Re-
alistic values, based on standard industry practice, are used
for the cost of the purchased parts, the material cost, and
other financial variables~burden, depreciation, etc.!. Indus-
try information is also used to determine the affect of part
geometry on manufacturing parameters like cycle time and
size of machine required.Assembly cost, which varies among
coffeemakers and depends on the overall size and complex-
ity of the design, is calculated based on the approach out-
lined by Boothroyd and Dewhurst~1989!. Note that the cost
of tooling, manufacturing cycle times, and assembly times
depend on the manufacturing facility used; we assume a me-
dium cost, well-run facility for the calculations in this work,
but other cost parameters can as easily be used. The final
cost of the coffeemaker is obtained by summing the cost of
all the parts and the assembly cost.

The focus of this work is to compare the costs between
different product designs and illustrate how applying dif-
ferent shape grammar rules during the generation process
results in different costs. Hence, to reduce the variations due
to manufacturing processes, all external parameters are as-
sumed to correspond to a well-run, medium-cost environ-
ment, as defined by Ulrich and Pearson~1996!: a labor rate
of $110h, useful tool life of 1 year,3 and annual volume of
1,000,000 are used. In addition, all injection molded parts
are assumed to be polypropylene, all metal bases are alu-
minum, and all heating plates are steel. Thus, the major vari-
ations in the cost of manufactured parts come from the part
size and part configuration. Next, we will discuss how these
variables affect the cost of the parts.

The manufacturing cost of the injection molded parts is
generally obtained by adding the material cost, tooling cost,
equipment operating cost, labor cost, and burden, which in-
cludes equipment depreciation. The cost of material de-
pends on the market rate for polypropylene and the size of
the component, that is, the total volume of material con-
tained in the part. A constant market rate of $0.840kg is as-
sumed for polypropylene. The density of polypropylene is
assumed to be 0.00091 kg01000 mm3. Thus, the material
cost of a part is obtained as:

Material Cost5 ~$0.840kg! 3 ~0.00091 kg01000 mm3!

3 ~part volume!. ~A1!

The tooling cost for injection molded parts depends on
the part size and configuration, number of cavities required

in the tool, and the desired surface finish on the parts. The
number of cavities in the tool depend on annual part vol-
umes~assumed to be 1,000,000 per year! and quality re-
quirements. Because the volume is relatively low and the
parts are all “decorative,” that is, the aesthetics of the part
is an important quality component, it is assumed that two
cavity molds will be used for all the plastic parts. Two cav-
ity molds can easily support the required annual volume
while allowing special part handling to avoid scratching and
warping of the plastic. In general, parts with no undercuts
result in simple two-part molds, whereas parts with under-
cuts result in more costly molds that require multiple mov-
ing parts. The tooling cost per part is then:

Tooling Cost per part5
Total tooling cost

Useful tool life based on the number
of parts produced by that tool

.

~A2!

The cost to operate injection molding equipment de-
pends on the manufacturing cycle time and the size of the
equipment. Manufacturing cycle time includes the time re-
quired to fill the mold cavities with plastic, the time re-
quired to cool the plastic, and the time required to open the
mold, eject the parts, and close the mold. Of these, part cool-
ing requires the largest proportion of the time. Total cycle
time depends on the number of mold cavities, the material
being injected, the ejection system, and part design. Be-
cause our focus is on cost variations occurring due to the
changes in part design, the number of cavities, material, and
ejection system are not considered variables while calculat-
ing the cycle time. Also, wall thickness and tolerances are
assumed to be the same for all injection molded parts. Thus
only the part configuration and size influence the cycle time.
For example, parts that have thick sections require a longer
cycle time to allow all the material to cool before the part is
ejected from the mold. Similarly, parts with long unsup-
ported walls also require a longer cycle time to cool the parts
and avoid warping.

Equipment size depends on the projected area of the part
and the number of cavities in the mold~which are held fixed
at two cavities for each mold in this study!. The plane upon
which the area is projected for this calculation is the one
that is normal to the direction of motion of the die. The pro-
jected area corresponds to only the solid areas in the part
and excludes any hollow sections. A clamping force of 6.9
kN0cm2 is required to hold the part in place. The equip-
ment size is now given by:

Equipment Size5 Projected part area3 number of cavities

3 6.9 kN0cm2. ~A3!

Once the appropriate equipment is selected~based on the
equipment size!, the operating cost is determined using the
relative operating cost matrix shown in Table A1@from De-
whurst~1988!# .

3It is assumed that design changes would necessitate tool change about
once each year.
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The total operating cost for the equipment based on an
operating rate of $230h ~which corresponds to the costs of
the facility and energy consumed! is now found as:

Operating Cost per Part

5
$230h 3 Relative Operating Cost3 Cycle Time

3600 s0h 3 number of cavities3 tool efficiency
. ~A4!

Tool efficiency accounts for scrap, downtime, and other
miscellaneous losses. Efficiency is assumed to be a con-
stant 99.5% for all pieces of injection molding equipment.
This figure corresponds to a medium-cost, well-run facility
defined by Ulrich and Pearson.

Labor cost per part depends on the labor rate, part cycle
time, number of tool cavities, and the number of machines
manned by one operator, that is, the percentage of an op-
erator’s time that is dedicated to each part. The number of
machines required is estimated initially by determining the
total number of plastic parts to be made and the collective
base cycle time for these parts. The base cycle time for the
filter, water storage unit, base unit, and lid is 156 s. Based
on a 3-shift operation, running 235 days per year, three pieces
of equipment are required. If additional pieces such as a flow
stop are added, then more equipment will be required. The
labor cost is calculated as:

Labor Cost per Part

5
$110h 3 Cycle Time

3600 s0h 3 number of cavities3 number of machines
.

~A5!

Although burden typically consists of multiple sources,
the main component of burden cost is due to equipment de-
preciation. A straight line depreciation is assumed over 6
years. Thus, the burden depends on the original cost and the
useful life of the equipment. Burden cost per part, as de-
fined by Ulrich and Pearson, is now:

Burden Cost per Part5
$~218731 593 Equipment Size in kN!

6 years3 1,000,000 parts0year
.

~A6!

It must be kept in mind that the burden cost must be added
only once for each machine even if it is used to manufac-
ture more than one part for a coffeemaker.

The cost of the metal stamped parts consists of the same
five basic components—material cost, tooling cost, equip-
ment operating cost, labor cost, and burden. Appropriate
modifications must be made to certain parameters to ac-
count for the differences between the plastic injection mold-
ing process and the metal stamping process. The equipment
size is determined from Eq.~A7! ~where the clamping force
is 125 N0mm2!:

Equipment Size5 0.73 Part Thickness3 Part Perimeter

3 125 N0mm2. ~A7!

The relative operating cost is obtained from Table A2@from
Dewhurst~1988!# .

Cost expressions for the material cost and burden cost
for the metal stamping process are now given as:

Material Cost per Part5 ~$0.330kg! 3 ~2.73 1026 kg0mm3!

3 ~Part Volume!, ~A8!

Burden Cost per Part5
$~304001 733 Equipment Size in kN!

6 years3 1,000,000 parts0year
.

~A9!

The other cost components are the same as for the injection
molding process except that the number of machines per
operator for the metal stamping process is 1 and not 3 as for
the injection molding process.

APPENDIX B

Area and volume expressions

This appendix lists the complete set of area and volume equa-
tions associated with the coffeemaker grammar that are
needed to determine the manufacturing costs of a design.
All the labels refer to the corresponding labels from the cof-
feemaker grammar ofAgarwal and Cagan. The figures shown
depict the representative rules from the grammar that are
used to develop the expressions that follow the figures. Note

Table A1. Equipment size versus relative operating
cost for plastic parts

Equipment Size~kN! Relative Operating Cost

0 , 500 1.00
501, 1000 1.08

1501, 1600 1.29
1601, 3200 1.71

Table A2. Equipment size versus relative operating cost for
metal parts

Equipment Size~kN! Relative Operating Cost

0 , 190 1.00
191, 285 1.06
286, 400 1.18
401, 535 1.25
536, 670 1.92
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that these rules do not constitute the complete coffeemaker
grammar, but rather only those that directly affect the man-
ufacturing cost. See Agarwal and Cagan~1998! for the com-
plete grammar and the context of these rules. In the figures,
x and they coordinates of a labeled point, sayr ', are rep-
resented asxr

' , yr
' .

Filter area and volume equations

dtop 5 6xr
'1 xp

' 6 ~B1!

dbot 5 6xs
'2 xs

'' 6 ~B2!

da 5 ~6xr
' 2 xp

' 61 6xs
' 2 xs

''6!/2 ~B3!

db 5 da 2 4 ~B4!

dc 5 6xt
'2 xt

''6 ~B5!

dd 5 dc 2 4 ~B6!

de 5 6xs
' 2 xs

''6 ~B7!

df 5 de 2 4 ~B8!

xf
' 5 ~xs

'1 xr
' !/2 ~B9!

yf
' 5 ~ ys

'1 yr
' !/2 ~B10!

ha 5 yf
'2 yt

' ~B11!

hb 5 .5{6xs
''2 xs

' 6{6ys
''2 yt

'' 6/6xs
''2 xt

'' 6 ~B12!

hc 5 hb 1 yt
''2 ys

'' ~B13!

hd 5 yf
'2 ys

' ~B14!

Fig. B1. Rule designing the basic cross section of the filter unit. This rule
is applied after the initial form decomposition rules have been applied~see
Fig. 3!.

Fig. B2. ~a! Rule designing a sliding filter;~b! rule designing a rotating filter.
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filter area5 .8927{da
2 ~sliding filter! ~B15!

filter top volume5 1.7854{da
2 2 1.5708{db

2 ~sliding filter! ~B16!

filter area5 .8390{da
2 ~rotating filter! ~B17!

filter top volume5 1.6781{da
2 2 1.5708{db

2 ~rotating filter! ~B18!

filter bottom volume5 .785{~dc
2 2 dhole

2 ! ~flat filter! ~B19!

filter side volume5 5.36{~da
2 2 db

2! ~flat, sliding filter! ~B20!

filter cup volume5 .785{ha{~dc
2 2 dd

2! ~flat, sliding filter, xs
''5 xt

'' ! ~B21!

filter cup volume5 .2618{~hb{~de
2 2 df

2! 2 hc{~dc
2 2 dd

2!! ~flat sliding filter, xs
''Þ xt

'' ! ~B22!

filter side volume5 0 ~flat, conical filter,xs
''5 xt

'' ! ~B23!

filter cup volume5 .785{ha{~da
2 2 db

2! ~flat, rotating filter,xs
''5 xt

'' ! ~B24!

filter cup volume5 .785{~hb{~de
2 2 df

2! 2 hc{~dc
2 2 dd

2!! ~flat rotating filter,xs
''Þ xt

'' ! ~B25!

filter bottom volume5 0 ~conical filterxs
''5 xt

'' ! ~B26!

filter cup volume5 .2618{~hb{~de
2 2 df

2! 2 hc{~dhole
2 2 ~dhole2 4!2! ~conical filter,xs

''5 xt
'' ! ~B27!

filter side volume5 .785{ha{~de
2 2 df

2! 1 5.36{~da
2 2 db

2! ~conical sliding filterxs
''5 xt

'' ! ~B28!

filter side volume5 .785{ha{~da
2 2 db

2! ~conical rotating filterxs
''5 xt

'' ! ~B29!

filter cup volume5 .2618{~de
2{~hb 2 ha! 2 hc{dc

2! ~conical filterxs
''Þ xt

'' ! ~B30!

filter bottom volume5 .785{~dc
2 2 dhole

2 ! ~conical sliding filterxs
''Þ xt

'' ! ~B31!

filter side volume5 5.36{~da
2 2 db

2! ~conical sliding filterxs
''Þ xt

'' ! ~B32!

filter bottom volume5 0 ~conical rotating filterxs
''Þ xt

'' ! ~B33!

filter side volume5 .785{hd{~da
2 2 db

2! ~conical rotating filterxs
''Þ xt

'' ! ~B34!

filter volume5 filter top volume1 filter side volume1 filter cup volume1 filter bottom volume ~no flow stop! ~B35!

filter volume5 filter top volume1 filter side volume1 filter cup volume1 filter bottom volume1 15{dc 1 20 ~flow stop! ~B36!

Initial base unit area and volume equations

dplate5 6xc
' 2 xd

' 6 ~B37!

dmajor_outer5 6xz
'2 xv

' 6 ~B38!

dmajor_inner5 6xy
' 2 xm

' 6 ~B39!

base area5 p{~dmajor_outer{dminor_outer2 dplate
2 !/4 ~B40!

base top volume5 2{base area ~B41!

base side volume5 6yy
' 2 yw

' 6{~~~dmajor_outer
2 1 dminor_outer

2 !/2! .5 1 ~~dmajor_inner
2 1 dminor_inner

2 !/2! .5 !~xy
' 5 xw

' or yw
' 5 yv

' ! ~B42!

base side volume5 6yy
' 2 yw

' 6{~~dmajor_outer
2 1 dminor_outer

2 ! .5 ! 1 6yw
' 2 yv

' 6{~~dmajor_outer
2 1 dminor_outer

2 !/2! .5

1 6yw
' 2 yv

' 6{~~~dmajor_outer
2 1 dminor_outer

2 !/2! .5 1 ~~dmajor_inner
2 1 dminor_inner

2 !/2! .5!~xy
' Þ xw

' andyw
' Þ yv

' ! ~B43!
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ak
' 5 @~vkx

' 2 Cx!2 1 ~vkz
' 2 Cz!

2 # .5 ~B44!

ak 5 @~vkx 2 Cx!2 1 ~vkz2 Cz!
2 # .5 ~B45!

an
' 5 @~vnx

' 2 Cx!2 1 ~vnz
' 2 Cz!

2 # .5 ~B46!

an 5 @~vnx 2 Cx!2 1 ~vnz2 Cz!
2 # .5 ~B47!

bk
' 5 @~v~k11!x

' 2 Cx!2 1 ~v~k11!z
' 2 Cz!

2 # .5 ~B48!

bk 5 @~v~k11!x 2 Cx!2 1 ~v~k11!z 2 Cz!
2 # .5 ~B49!

bn
' 5 @~v1x

' 2 Cx!2 1 ~v1z
' 2 Cz!

2 # .5 ~B50!

bn 5 @~v1x 2 Cx!2 1 ~v1z 2 Cz!
2 # .5 ~B51!

ck
' 5 @~vkx

' 2 v~k11!x
' !2 1 ~vkz

' 2 v~k11!z
' !2 # .5 ~B52!

ck 5 @~vkx 2 v~k11!x!2 1 ~vkz2 v~k11!z!
2 # .5 ~B53!

cn
' 5 @~v1x

' 2 vnx
' !2 1 ~v1z

' 2 vnz
' !2 # .5 ~B54!

cn 5 @~v1x 2 vnx!
2 1 ~v1z 2 vnz!

2 # .5 ~B55!

sk
' 5 .5~ak

' 1 bk
' 1 ck

' ! ~B56!

sk 5 .5~ak 1 bk 1 ck! ~B57!

sn
' 5 .5~an

' 1 bn
' 1 cn

' ! ~B58!

sn 5 .5~an 1 bn 1 cn! ~B59!

Ak
' 5 @sk

' ~sk
' 2 ak

' !~sk
' 2 bk

' !~sk
' 2 ck

' !# .5 ~B60!

Ak 5 @sk~sk 2 ak!~sk 2 bk!~sk 2 ck!# .5 ~B61!

An
' 5 @sn

' ~sn
' 2 an

' !~sn
' 2 bn

' !~sn
' 2 cn

' !# .5 ~B62!

An 5 @sn~sn 2 an!~sn 2 bn!~sn 2 cn!# .5 ~B63!

base area:A' 5 SAk
' 1 An

' 2 p{dplate
2 04 ~B64!

base top area:A 5 SAk 1 An 2 p{dplate
2 04 ~B65!

base top volume5 2{base top area2 p{dplate
2 02 ~B66!

base side volume5 S$~ck 1 ck
' !{6yy

' 2 yv
' 6% 1 ~cn 1 cn

' !

{6yy
' 2 yv

' 6~xy
' 5 xw

' or yw
' 5 yv

' ! ~B67!

base side volume5 S$~~ck 1 ck
' !{6yy

' 2 yw
' 61 2{ck

'{6yw
' 2 yv

' 6!%

1 ~cn 1 cn
' !{6yy

' 2 yv
' 61 2{cn

'{6yw
' 2 yv

' 6!

~xy
' Þ xw

' andyw
' Þ yv

' ! ~B68!

base volume5 base top volume1 base side volume ~B69!

Fig. B3. Rule adding a flow stop unit to the filter unit.

Fig. B4. ~a! and ~b! Rules designing the basic cross section of the base unit. These rules are also applied after the initial form
decomposition rules have been applied~see Fig. 3!.
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Sweep area and volume equations

Straight Square Sweep

hfirst 5 h~zfirst! ~B70!

dfirst 5 d~zfirst! ~B71!

d~z! increasing slope~first corresponds to the smaller square
and second to the larger!

z1top 5 zfirst 2 hfirst/2 ~B72!

y1top 5 r 1 dfirst/2 ~B73!

z2top 5 zsecond2 hsecond/2 ~B74!

y2top 5 r 1 dsecond/2 ~B75!

z1bot 5 zfirst 2 hfirst/2 ~B76!

y1bot 5 r 2 dfirst/2 ~B77!

z2bot 5 zsecond2 hsecond/2 ~B78!

y2bot 5 r 2 dsecond/2 ~B79!

sweep area5 S$~z2top2 z1top!{~ y1top2 r 1 y2top2 r !%

1 d~zfinal!{h~zfinal! ~B80!

sweep perimeter5 S$2{~~ y1top2 r 2 ~ y2top2 r !!2

1 ~z2top2 z1top!
2! .5% 1 2{h~zfinal!

1 d~zfinal! ~B81!

d~z! decreasing slope~first corresponds to the larger square
and second to the smaller!

z1top 5 zfirst 1 hfirst/2 ~B82!

y1top 5 r 1 dfirst/2 ~B83!

Fig. B5. ~a! Rule designing a polygonal base unit;~b! rule designing an elliptical base unit.

Fig. B6. Representative rule depicting a straight square sweep.
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z2top 5 zsecond1 hsecond/2 ~B84!

y2top 5 r 1 dsecond/2 ~B85!

z1bot 5 zfirst 1 hfirst/2 ~B86!

y1bot 5 r 2 dfirst/2 ~B87!

z2bot 5 zsecond1 hsecond/2 ~B88!

y2bot 5 r 2 dsecond/2 ~B89!

sweep area5 S$~z2top 2 z1top!{~ y1top2 r 1 y2top2 r !%

1 h~zinitial !{d~zinitial ! ~B90!

sweep perimeter5 S$2{~~ y1top2 r 2 ~ y2top2 r !!2

1 ~z2top2 z1top!
2 ! .5 % 1 2{h~zinitial ! ~B91!

Straight Circle Sweep

rofirst 5 ro~zfirst! ~B92!

rosecond5 ro~zsecond! ~B93!

c 5 ~~zfirst 2 zsecond!
2 2 ~rofirst 2 rosecond!

2 ! .5 ~B94!

roend5 ro~zmax! andro~zmin! ~B95!

ro~z! decreasing or constant~first corresponds to the larger
circle and second to the smaller!

theta5 cos21~~rofirst 2 rosecond!/~zsecond2 zfirst!!

~B96!

thetaend5 theta atzsecond5 zmax andzmin ~B97!

sweep area5 S$c{~rofirst 1 rosecond!% 1 thetaend{roend
2

~B98!

sweep perimeter5 S$2{c% 1 2{thetaend{roend ~B99!

ro~z! increasing~first corresponds to the smaller circle and
second to the larger!

theta5 cos21~~rosecond2 rofirst!/~zsecond2 zfirst!!

~B100!

sweep area5 S$c{~rofirst 1 rosecond!%

1 roend
2 {~p 2 thetaend! ~B101!

sweep perimeter5 S$2{c% 1 2{~p 2 theta!{roend ~B102!

Angular Circle Sweep

r first 5 r ~ffirst! ~B103!

rsecond5 r ~fsecond! ~B104!

rofirst 5 r ~ffirst! ~B105!

rosecond5 r ~fsecond! ~B106!

roend5 ro~zmax! andro~zmin! ~B107!

c 5 ~r first
2 1 rsecond

2 2 2{r first{rsecond

{cos~fsecond2 ffirst!!
.5 ~B108!

L 5 ~c2 2 ~rofirst 2 rosecond!2! .5 ~B109!

thetaend5 theta atzmax andzmin ~B110!

ro~f! decreasing or constant

sweep area5 S$L{~rofirst 1 rosecond!% 1 thetaend{roend
2

~B111!

sweep perimeter5 S$2{L% 1 2{thetaend{roend ~B112!

ro~f! increasing

sweep area5 S$L{~rofirst 1 rosecond!%

1 ~p 2 thetaend!{roend
2 ~B113!

sweep perimeter5 S$2{L% 1 2{~p 2 thetaend!{roend ~B114!

Angular Square Sweep

hinitial 5 h~finitial ! ~B115!

dinitial 5 d~finitial ! ~B116!

r initial 5 r ~finitial ! ~B117!

diagonalinitial 5 ~hinitial
2 1 dinitial

2 ! .5 ~B118!Fig. B7. Representative rule depicting a straight circle sweep.

Fig. B8. Representative angular circle sweep rule.

270 M. Agarwal et al.

https://doi.org/10.1017/S0890060499134024 Published online by Cambridge University Press

https://doi.org/10.1017/S0890060499134024


hfinal 5 h~ffinal! ~B119!

dfinal 5 d~ffinal! ~B120!

r final 5 r ~ffinal! ~B121!

diagonalfinal 5 ~hfinal
2 1 dfinal

2 ! .5 ~B122!

angle1 5 tan21~.5{hinitial /~r initial 1 .5{dinitial !! ~B123!

angle2 5 tan21~.5{hinitial /~r initial 2 .5{dinitial !! ~B124!

angle3 5 tan21~.5{hfinal/~r final 1 .5{dfinal!! ~B125!

angle4 5 tan21~.5{hfinal/~r final 2 .5{dfinal!! ~B126!

r1 5 ~.5{hinitial !
2 1 ~r initial 1 .5{dinitial !

2 ~B127!

r2 5 ~.5{hinitial !
2 1 ~r initial 2 .5{dinitial !

2 ~B128!

r3 5 ~.5{hfinal!
2 1 ~r final 1 .5{dfinal!

2 ~B129!

r4 5 ~.5{hfinal!
2 1 ~r final 2 .5{dfinal!

2 ~B130!

zright1 5 r1{sin~finitial 1 angle1! ~B131!

yright1 5 r1{cos~finitial 1 angle1! ~B132!

zleft1 5 r1{sin~finitial 2 angle1! ~B133!

yleft1 5 r1{cos~finitial 2 angle1! ~B134!

zright2 5 r2{sin~finitial 1 angle2! ~B135!

yright2 5 r2{cos~finitial 1 angle2! ~B136!

zleft2 5 r2{sin~finitial 2 angle2! ~B137!

yleft2 5 r2{cos~finitial 2 angle2! ~B138!

zright3 5 r3{sin~ffinal 1 angle3! ~B139!

yright3 5 r3{cos~ffinal 1 angle3! ~B140!

zleft3 5 r3{sin~ffinal 2 angle3! ~B141!

yleft3 5 r3{cos~ffinal 2 angle3! ~B142!

zright4 5 r4{sin~ffinal 1 angle4! ~B143!

yright4 5 r4{cos~ffinal 1 angle4! ~B144!

zleft4 5 r4{sin~ffinal 2 angle4! ~B145!

yleft4 5 r4{cos~ffinal 2 angle4! ~B146!

slopetop1 5 ~ yleft3 2 yleft1!/~zleft3 2 zleft1! ~B147!

slopetop2 5 ~ yright3 2 yleft1!/~zright3 2 zleft1! ~B148!

slopetop3 5 ~ yleft3 2 yright1!/~zleft3 2 zright1! ~B149!

slopetop4 5 ~ yright3 2 yright1!/~zright3 2 zright1! ~B150!

ytop1 5 yleft1 1 slopetop1~z2 zleft1! ~B151!

ytop2 5 yleft1 1 slopetop2~z2 zleft1! ~B152!

ytop3 5 yright1 1 slopetop3~z2 zright1! ~B153!

ytop4 5 yright1 1 slopetop4~z2 zright1! ~B154!

slopebot1 5 ~ yleft4 2 yleft2!/~zleft4 2 zleft2! ~B155!

slopebot2 5 ~ yright4 2 yleft2!/~zright4 2 zleft2! ~B156!

slopebot3 5 ~ yleft4 2 yright2!/~zleft4 2 zright2! ~B157!

slopebot4 5 ~ yright4 2 yright2!/~zright4 2 zright2! ~B158!

ybot1 5 yleft2 1 slopebot1~z2 zleft2! ~B159!

ybot2 5 yleft2 1 slopebot2~z2 zleft2! ~B160!

ybot3 5 yright2 1 slopebot3~z2 zright2! ~B161!

ybot4 5 yright2 1 slopebot4~z2 zright2! ~B162!

ytest1a5 ytop1~z5 zright1! 5 yleft1

1 slopetop1~zright1 2 zleft1! ~B163!

ytest1b5 ytop1~z5 zright3! 5 yleft1

1 slopetop1~zright3 2 zleft1! ~B164!

if ytest1a^ yright1 andytest1b^ yright3

$

lowertop 5 2angle1 ~B165!

uppertop 5 ffinal 2 angle3 ~B166!

linetop 5 11 ~B167!

%

Fig. B9. Representative angular square sweep rule.
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ytest2a5 ytop2~z5 zright1! 5 yleft1 1 slopetop2~zright1 2 zleft1!

~B168!

ytest2b5 ytop2~z5 zleft3! 5 yleft1 1 slopetop2~zleft3 2 zleft1! ~B169!

if ytest2a^ yright1 andytest2b^ yleft3

$

lowertop 5 2angle1 ~B170!

uppertop 5 ffinal 1 angle3 ~B171!

linetop 5 12 ~B172!

%

ytest3a5 ytop3~z5 zleft1! 5 yright1 1 slopetop3~zleft1 2 zright1!

~B173!

ytest3b5 ytop3~z5 zright3! 5 yright1 1 slopetop3~zright3 2 zright1!

~B174!

if ytest3a^ yleft1 andytest3b^ yright3

$

lowertop 5 angle1 ~B175!

uppertop 5 ffinal 2 angle3 ~B176!

linetop 5 21 ~B177!

%

ytest4a5 ytop4~z5 zleft1! 5 yright1 1 slopetop4~zleft1 2 zright1!

~B178!

ytest4b5 ytop4~z5 zleft3! 5 yright1 1 slopetop4~zleft 2 zright1!

~B179!

if ytest4a^ yleft1 andytest4b^ yleft3

$

lowertop 5 angle1 ~B180!

uppertop 5 ffinal 1 angle3 ~B181!

linetop 5 22 ~B182!

%

ytest5a5 ybot1~z5 zright2! 5 yleft2 1 slopebot1~zright2 2 zleft2!

~B183!

ytest5b5 ybot1~z5 zright4! 5 yleft2 1 slopebot1~zright4 2 zleft2!

~B184!

if ytest5a^ yright2 andytest5b^ yright3

$

lowerbot 5 2angle2 ~B185!

upperbot 5 ffinal 2 angle4 ~B186!

linebot 5 11 ~B187!

%

ytest6a5 ybot2~z5 zright2! 5 yleft2 1 slopebot2~zright2 2 zleft2!

~B188!

ytest6b5 ybot2~z5 zleft4! 5 yleft2 1 slopebot2~zleft4 2 zleft2!

~B189!

if ytest6a^ yright1 andytest6b^ yleft3

$

lowerbot 5 2angle2 ~B190!

upperbot 5 ffinal 1 angle4 ~B191!

linebot 5 12 ~B192!

%

ytest7a5 ybot3~z5 zleft2! 5 yright2 1 slopebot3~zleft2 2 zright2!

~B193!

ytest7b5 ybot3~z5 zright4! 5 yright2 1 slopebot3~zright4 2 zright2!

~B194!

if ytest7a^ yleft1 andytest7b^ yright3

$

lowerbot 5 angle2 ~B195!

upperbot 5 ffinal 2 angle4 ~B196!

linebot 5 21 ~B197!

%
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ytest8a5 ybot4~z5 zleft2! 5 yright2 1 slopebot4~zleft2 2 zright2!

~B198!

ytest8b5 ybot4~z5 zleft4! 5 yright2 1 slopebot4~zleft4 2 zright2!

~B199!

if ytest8a^ yleft1 andytest8b^ yleft3

$

lowerbot 5 angle2 ~B200!

upperbot 5 ffinal 1 angle4 ~B201!

linebot 5 22 ~B202!

%

ftemp_top5 ~ftop 2 lowertop!{ffinal 0uppertop ~B203!

ftemp_bot5 ~fbot 2 lowerbot!{ffinal 0upperbot ~B204!

r top 5 r ~f 5 ftop! 1 .5{dfinal

{~ftop 2 lowertop!0uppertop 2 .5{dinitial

{~uppertop 1 lowertop 2 ftop!0uppertop ~B205!

r top_initial 5 r top~ftop 5 lowertop! ~B206!

r top_final 5 r top~ftop 5 uppertop! ~B207!

rbot 5 r ~f 5 fbot! 2 .5{dfinal

{~fbot 2 lowerbot!0upperbot 2 .5{dinitial

{~upperbot 1 lowerbot 2 fbot!0upperbot ~B208!

rbot_initial 5 rbot~fbot 5 lowerbot! ~B209!

rbot_final 5 rbot~fbot 5 upperbot! ~B210!

drtop 5 d~r top!/dftop ~B211!

drbot 5 d~rbot!/dfbot ~B212!

dstop 5 ~r top
2 1 drtop

2 ! .5 ~B213!

dsbot 5 ~rbot
2 1 drbot

2 ! .5 ~B214!

ainitial 5 rbot_initial ~B215!

binitial 5 r top_initial ~B216!

afinal 5 rbot_final ~B217!

bfinal 5 r top_final ~B218!

integraltop 5 int~r top, ftop 5 lowertop. .uppertop! ~B219!

integralbot 5 int~rbot, fbot 5 lowerbot. .upperbot! ~B220!

if linetop 5 11 and linebot 5 11

$

cinitial 5 dinitial ~B221!

cfinal 5 dfinal ~B222!

end_area5 dfinal{hfinal ~B223!

%

if linetop 5 11 and linebot 5 12

$

cinitial 5 dinitial ~B224!

cfinal 5 diagonalfinal ~B225!

end_area5 dfinal{hfinal 02 ~B226!

%

if linetop 5 21 and linebot 5 11 then

$

cinitial 5 diagonalinitial ~B227!

cfinal 5 dfinal ~B228!

end_area5 dinitial{hinitial 02 1 dfinal{hfinal ~B229!

%

if linetop 5 21 and linebot 5 12

$

cinitial 5 diagonalinitial ~B230!

cfinal 5 diagonalfinal ~B231!

end_area5 dinitial{hinitial 02 1 dfinal{hfinal 02 ~B232!

%

if linetop 5 21 and linebot 5 22

$

cinitial 5 dinitial ~B233!

cfinal 5 diagonalfinal ~B234!

end_area5 dinitial{hinitial 1 dfinal{hfinal 02 ~B235!

%

if linetop 5 22 and linebot 5 11

$

cinitial 5 diagonalinitial ~B236!

cfinal 5 diagonalfinal ~B237!

end_area5 dinitial{hinitial 02 1 dfinal{hfinal 02 ~B238!
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%

if linetop 5 22 and linebot 5 12

$

cinitial 5 diagonalinitial ~B239!

cfinal 5 dfinal ~B240!

end_area5 dinitial{hinitial 02 ~B241!

%

if linetop 5 22 and linebot 5 22

$

cinitial 5 dinitial ~B242!

cfinal 5 dfinal ~B243!

end_area5 dinitial{hinitial ~B244!

%

sinitial 5 ~ainitial 1 binitial 1 cinitial !02 ~B245!

sfinal 5 ~afinal 1 bfinal 1 cfinal!02 ~B246!

triangleinitial 5 ~sinitial{~sinitial 2 ainitial !{~sinitial 2 binitial !

{~sinitial 2 cinitial !!
.5 ~B247!

trianglefinal 5 ~sfinal{~sfinal 2 afinal!{~sfinal 2 bfinal!

{~sfinal 2 cfinal!!
.5 ~B248!

if linebot 5 11

$

sweep area5 S~integraltop 2 integralbot 1 triangleinitial

2 trianglefinal 1 end_area! ~B249!

%

if linebot 5 12

$

sweep area5 S~integraltop 2 integralbot 1 triangleinitial

1 trianglefinal 1 end_area! ~B250!

%

if linebot 5 22

sweep area5 S~integraltop 2 integralbot 2 triangleinitial

1 trianglefinal 1 end_area! ~B251!

%

sweep perimeter5 S$int~dstop, ftop 5 lowertop. .uppertop!

1 int~dsbot, fbot 5 lowerbot. .upperbot!%

~B252!

Water storage unit area and volume equations

water storage unit area5 S$sweep areai %

2 S$sweep areai ù sweep areak%

2 S$sweep areai ù filter area%

1 filter area ~B253!

water storage unit volume5 @2{S$sweep perimeteri %

2 2{S$sweep perimeteri

ù sweep perimeterk%

2 2{S$sweep perimeteri

ù filter perimeter%#

{6yb
' 2 yc

' 61 2{filter area

1 filter perimeter{6yr
'2 ys

' 6 ~B254!

~i from 1 to number of sweeps2 1; k from i 1 1 to number
of sweeps!

Base unit area and volume equations

base unit area5 2{S$sweep perimeteri %

2 2{S$sweep perimeteri ù sweep perimeterk%

2 2{S$sweep perimeteri ù base perimeter%

1 base area ~B255!

base unit volume5 @2{S$sweep perimeteri %

2 2{S$sweep perimeteri ù sweep perimeterk%

2 2{S$sweep perimeteri ù base perimeter%#

{6yc
' 2 yz

' 6 1 base volume ~B256!

~i from 1 to number of sweeps2 1; k from i 1 1 to number
of sweeps!

Fig. B10. Representative merge rule.
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Lid area and volume equations

grate area5 0.5{~S$sweep areai %

2 S$sweep areai ù sweep areak%!

~B257!

lid area~grate! 5 S$sweep areai %

2 S$sweep areai ù sweep areak%

2 S$sweep areai ù filter area%

1 filter area2 grate area ~B258!

lid volume~grate! 5 @2{S$sweep perimeteri %

2 2{S$sweep perimeteri ù sweep perimeterk%

2 2{S$sweep perimeteri ù filter perimeter%#

{6yr
'2 yf

' 6 1 2{lid area ~B259!

~i from 1 to number of sweeps2 1; k from i 1 1 to number
of sweeps!

lid1 area~hinged! 5 S$sweep areai %

2 S$sweep areai ù sweep areak%

2 S$sweep areai ù filter area% ~B260!

lid2 area~hinged! 5 @2{S$sweep perimeteri %

2 2{S$sweep perimeteri ù sweep perimeterk%

2 2{S$sweep perimeteri

ù filter perimeter%# 1 filter area

~B261!

lid1 volume~hinged! 5 2{~lid1 area! ~B262!

lid2 volume~hinged! 5 @2{S$sweep perimeteri %

2 2{S$sweep perimeteri ù sweep perimeterk%

2 2{S$sweep perimeteri ù filter perimeter%#

{6yr
'2 yf

' 6 1 2{filter area ~B263!
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Fig. B11. ~a! and ~b! Representative rules depicting the merging of the
base unit with the water storage unit.

Fig. B12. Representative rule depicting the merging of the filter unit with
the water storage unit.
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