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We consider the Steklov eigenvalues of the Laplace operator as limiting Neumann
eigenvalues in a problem of mass concentration at the boundary of a ball. We discuss
the asymptotic behaviour of the Neumann eigenvalues and find explicit formulae for
their derivatives in the limiting problem. We deduce that the Neumann eigenvalues
have a monotone behaviour in the limit and that Steklov eigenvalues locally minimize
the Neumann eigenvalues.
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1. Introduction

Let B be the unit ball in RV, N > 2, centred at zero. We consider the Steklov
eigenvalue problem for the Laplace operator

Au=0 in B,
0 (1.1)
au_ Apu on OB,
v
in the unknowns A (the eigenvalue) and u (the eigenfunction), where p = M /oy,
M > 0 is a fixed constant and on denotes the surface measure of 0B.
As is well known, the eigenvalues of problem (1.1) are given explicitly by the
sequence

AN=-, leN, 1.2
P (1.2)

and the eigenfunctions corresponding to A; are homogeneous harmonic polynomials
of degree . In particular, the multiplicity of \; is (2l + N —2)(I + N —3)!/(I{(N —
2)1), and only )\g is simple, the corresponding eigenfunctions being the constant
functions. See [8] for an introduction to the theory of harmonic polynomials.

A classical reference for problem (1.1) is [18]. For a recent survey paper, we refer
the reader to [9]; see also [13,17] for related problems.
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Figure 1. Solution branches of (2.4) with N = 2, M = 7 for (¢, \) € ]0,1[ x]0,150[. The
line style refers to the choice of [ in (2.4): continuous line (I = 0), dotted line (I = 1), short
dashed line (I = 2), dot-dashed line (I = 3), long dashed line (I = 4).

It is well known that, for N = 2, problem (1.1) provides the vibration modes of
a free elastic membrane with total mass M, which is concentrated at the boundary
with density p (see, for example, [4]). As is pointed out in [17], such a boundary
concentration phenomenon can be explained in any dimension N > 2 as follows.

For any 0 < ¢ < 1, we define a ‘mass density’ p. in the whole of B by setting

5 if |2 <1—e¢,

pe(x) = B _\N (1.3)
M= ewv(l —¢) ifl—e<z| <1,

wy(l—=(1—-¢)N)

where wy = oy /N is the measure of the unit ball. Note that for any x € B we
have p.(x) — 0 as € — 0, and

/pgdx:M for all € > 0,
B

which means that the ‘total mass’ M is fixed and concentrates at the boundary of
B as ¢ — 0. Then we consider an eigenvalue problem for the Laplace operator with
Neumann boundary conditions:

—Au = Apeu in B,

o 14
0 on 0B. (14
ov
We recall that for N = 2 (1.4) provides the vibration modes of a free elastic mem-
brane with mass density p. and total mass M (see, for example, [6]). The eigenvalues
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Figure 2. Solution branches of (2.4) with N =2, M = « for (g, \) € ]0,1[ x]0,50[. The
line style refers to the choice of [ in (2.4): solid black line (I = 0), dotted line (I = 1), short
dashed line (I = 2), dot-dashed line (I = 3), long dashed line (I = 4), grey dot-dashed line
(I =5), grey line (I = 6).

of (1.4) have finite multiplicity and form a sequence
Xo(e) < A(e) S Xale) oo -

depending on e, with Ag(e) = 0.
It is not difficult to prove that, for any [ € N,

Ai(e) =N ase—0 (1.5)

(see [2,3,17]). (See also [5] for a detailed analysis of an analogous problem for the
biharmonic operator.) Thus, the Steklov problem can be considered as a limiting
Neumann problem where the mass is concentrated at the boundary of the domain.

In this paper we study the asymptotic behaviour of A\;(¢) as ¢ — 0. Namely,
we prove that such eigenvalues are continuously differentiable with respect to ¢ for
€ 2 0 small enough, and that the following formula holds:

an, 2y

M0) =3 NI+ N)

(1.6)
In particular, for I # 0, A;(0) > 0 hence \;(¢) is strictly increasing and the Steklov
eigenvalues \; minimize the Neumann eigenvalues \;(¢) for € small enough.

It is interesting to compare our results with those in [19], where the Neumann
Laplacian is considered in the annulus 1—¢ < |z| < 1 and it is proved that for N = 2
the first positive eigenvalue is an increasing function of €. Note that our analysis
concerns all eigenvalues \; with arbitrary indices and multiplicity, and that we do
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not prove global monotonicity of A;(g), which in fact does not hold for any I (see
figures 1 and 2).

The proof of our results relies on the use of Bessel functions, which allows us to
recast problem (1.4) in the form of an equation F'(A,e) = 0 in the unknowns A,
€. Then, after some preparatory work, it is possible to apply the implicit function
theorem and conclude. We note that, although the idea of the proof is rather simple
and is used in other contexts (see, for example, [15]), the rigorous application of
this method requires lengthy computations, suitable Taylor’s expansions and esti-
mates for the corresponding remainders, as well as recursive formulae for the cross
products of Bessel functions and their derivatives.

Importantly, the multiplicity of the eigenvalues, which is often an obstruction in
the application of standard asymptotic analysis, does not affect our method.

We note that if the ball B is replaced by a general bounded smooth domain
(2, the convergence of the Neumann eigenvalues to the Steklov eigenvalues when
the mass concentrates in a neighbourhood of 942 still holds. However, the explicit
computation of the appropriate formula generalizing (1.6) is not easy and requires a
completely different technique, which will be discussed in the forthcoming paper [7].

We also note that an asymptotic analysis of a similar problem is contained in [10,
11], although explicit computations of the coefficients in the asymptotic expansions
of the eigenvalues are not provided therein.

It would be interesting to investigate the monotonicity properties of the Neumann
eigenvalues in the case of more general families of mass densities p.. However, we
believe that it would be difficult to adapt our method (which is based on explicit
representation formulae) even in the case of radial mass densities (note that if pe
is not radial, one could obtain a limiting Steklov-type problem with non-constant
mass density; see [3] for a general discussion).

This paper is organized as follows. The proof of formula (1.6) is discussed in § 2. In
particular, §2.1 is devoted to certain technical estimates necessary for the rigorous
justification of our arguments. In §2.2 we consider the case N = 1 and prove
(1.6) for A1, which is the only non-zero eigenvalue of the one-dimensional Steklov
problem. In the appendix we establish the required recursive formulae for the cross
products of Bessel functions and their derivatives, which are deduced using the
standard formulae available in the literature.

2. Asymptotic behaviour of Neumann eigenvalues

It is convenient to use the standard spherical coordinates (r,6) in RY, where § =
(61,...0n-1). The corresponding transformation of coordinates is

x1 = rcos(f),

x9 = 7sin(fy) cos(fa),

xn—1 =rsin(f)sin(fs) - - -sin(@n_2) cos(On_1),

xn = rsin(f;)sin(fs) - - - sin(fy—2) sin(fn—1),

with 0y,...,0n_2 € [0,7], On—1 € [0, 27 (here it is understood that 6, € [0, 2x[ if
N = 2). We denote by & the Laplace-Beltrami operator on the unit sphere SV—1

https://doi.org/10.1017/50308210516000214 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000214

Neumann to Steklov eigenvalues 433
of RN which can be written in spherical coordinates as

N-1

_ 1 9 ((sing N-i-19
" ; qj(sin ;)N =31 90; <<Smej) 39j)’

where
g1 =1, g; = (sin sin by - ~-sin0]-,1)2, ji=2...,N—1

(see, for example, [12, p. 40]). To shorten notation, in what follows we shall set
a=VX(l—¢) and b= +/Ap:(1—¢),

where
M —ewn(1—e)V

SR
As is customary, we denote by J, and Y,, the Bessel functions of the first and second
species of order v, respectively (recall that J, and Y, are solutions of the Bessel
equation 22y"(2) + 2¢/(2) + (2% — v?)y(z) = 0).
We begin with the following lemma.

LEMMA 2.1. Given an eigenvalue A of problem (1.4), a corresponding eigenfunction
u 1s of the form u(r,0) = Si(r)H;(0), where Hi(0) is a spherical harmonic of some
order | € N and

sy = {7 I (er) ifr<i-e
T N2y (VR + BY (V) ifl—e <1 <1,

where v = %(N + 2l —2) and «, B are given by

(2.1)

R CAGACE A A}
2 ( (0% 0)
R (I ACEEACIAO))

Proof. Recall that the Laplace operator can be written in spherical coordinates as

N -1 1

A =0 + ———0, + 0.
r r

In order to solve —Awu = Ap.u, we separate the variables so that u(r, ) = S(r)H(0).
Then, using (I + N — 2), | € N, as the separation constant, we obtain

TZSH—I-T(N—1)S/+T2/\pES—Z(Z+N_2)S:0 (2.2)
and
—SH=1(+N - 2)H. (2.3)

By setting S(r) = r'=N/28(r) in (2.2), it follows that S(r) satisfies the Bessel equa-
tion:

- S’ 2\ .
S”+7+ ()\pa—:é)S:O.
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Since solutions u of (1.4) are bounded on (2, and Y,,(z) blows up at z = 0, it
follows that, for r < 1 — ¢, S(r) is a multiple of the function r'=N/2J,, (v/Aer).
For 1 —e < r < 1, S(r) is a linear combination of the functions r'=~/2.J, (v/Ap.r)
and r'=N/2Y,, (\/Aper). On the other hand, the solutions of (2.3) are the spherical
harmonics of order [. Then u can be written as in (2.1) for suitable values of
a, B eR.

Now we compute the coefficients « and 3 in (2.1). Since the right-hand side of the
equation in (1.4) is a function in L2(£2), by standard regularity theory a solution
u of (1.4) belongs to the standard Sobolev space H?(2). Hence, o and 3 must be
chosen in such a way that u and J,u are continuous at r =1 — ¢, i.e.

ady, (VAP(1 =€) + BY,, (VAp-(1 =€) = T, (VAe(1 =€),
o, (VAB(1— €)) + BY.. (V/Apo(1 — &) = \/?J;l(\/g(l o).

Solving the system, we obtain

Sy ()Y, (b) — (a/b)J}, (a)Yy, (b) (a/b), (0)Jy, (@) — Ty, (b) I (a)

= T OYL0) T ) T T TV b) — T, (0)Yn )

Note that J,, (b)Y, (b) — J,, (b)Y, (b) is the Wronskian in b, which is known to be
2/7b (see [1, §9]). This concludes the proof. O

We are ready to establish an implicit characterization of the eigenvalues of (1.4).

PROPOSITION 2.2. The non-zero eigenvalues A of problem (1.4) are given implicitly
as zeros of the equation

(1_ ];[)Pl(a,b)—&-

Pl(a,b>J<)<Y’ (1) o (7))
el () i)

. < (i) - o (1))
R RACICAON (1—a> o (12))

Proof. By lemma 2.1, an eigenfunction v associated with an eigenvalue \ is of the
form wu(r, ) = S;(r)H;(0), where, for r > 1 — ¢,

5i(r) = = (Bal@¥i, ) - 52, @) 2 (2

+ (ZJw ()7, (a) = 7., (0) T “”)Y” <b)] |

E €P2 (a, b) = O7 (24)

where

1—¢
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We require that
Oou Ou

w o),

r=1

which is true if and only if

(1 ) [ (st - L) (122

+ (ZJw(b)JL, (a) - Jéz(b)‘]”‘(a))yw <1E >

£

b2 a

et | CACIAURS AT A EA L
= (S0, - 2 0@ (7)] <o

3

The above equation can be clearly rewritten in the form (2.4). O

We now prove the following.

LEMMA 2.3. Equation (2.4) can be written in the form

M 1 N (2 — N)Nwy
2
— - -~ 7 @ — 2
A E(?)NWN Vl(1+l/l)>+)\€(2 Vl+2Vl(1+l/l)M) A
QNWNI 2Nle N -1 WN -
M — M < B — M — I/l>€ + R()\,E) = O, (25)

where R(A,e) = O(ev/e) as € — 0.
Proof. We shall divide the left-hand side of (2.4) by .J;, (a) and analyse the resulting
terms using the known Taylor series for Bessel functions. Note that .J;, (a) > 0 for

all € small enough. We split our analysis into three steps.

STEP 1. We consider the term P(a,b)/J;, (a), that is

T [0 () (772 o)
el (1) m -vao, (7)) eo

Using Taylor’s formula, we write the derivatives of the Bessel functions in (2.6)
(call them C;,) as follows:

b eb Cﬁn)(b) eb \' ! eb \' !
/ / 1 1
C _C 4.4 + . (2.
”’(1—5) Vz<b) Cl,l(b)l—s (n—l)!(l—s) 0(1—5) ( 7)
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Then, using (2.7) with n = 4 for J;, and Y, we get

JVl (a) eb ’ 1" / 17"
Jz//l (a) L — E(Y”l (b)J”l (b) = ‘]Vl(b)yw(b))
e2b?
3= Y O ©) = 7, ()Y (1))
e3p3 . ,
+ a2 LI - T, O¥0) + R0
AT ACERACIAC)
T ()Y~ Vi () 5)
+ ﬁ(h (b)Y, (b) — Y, (b)) (b)) + RQ(b)} , (2.8)
where
+oo Ekbk
R®) = g V@AV 0) = T O 0) (2.9)
k=4
and
+oo Ekbk
Bab) =) i —or )Y,V (b) = Vs, () JFD (b)), (2.10)

k=3
Let R3 be the remainder defined in lemma 2.6. We set

LV 01T 8) 7, )YL0)

R(\e) = Rs(a) [1

€2b2 / 1" / "
o= e Ya O ®) = T, )Y ()

53b3 / iv / iv
o= e O 0) = T Y 0)

a3

a a
Ri(b)|—+ =—5———| + Ra(b)~ + Raz(a)R1(D). 2.11
RO S+ s | R0+ RRO). (@211
By lemma 2.7, it turns out that R(\,¢) = O(g?) as € — 0.

We also set

aB
h(e) = a1(e)ha(e) + 2 b%l((g ha(e),

_ale)
G

5
—~

™
N
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where
a
ai(e) = ﬁ =(1-¢9),
bi(e) = b §
1
fl(E) = 61/12(1 T l/l)(l — 5)3’
1
g1(e) = 3123’
1 € e2(3+2y?)
92(e) = — + - ;
v2(l+y)(1—¢) 202(14v)(1—¢e)2 621 +y)(1l—¢)3
2 £ e2(3 4 21,?) £
hule) = y(l—¢) + u(l—e)? 3u(l—e)? (1—¢)2
ha(e) = 1 B 3e 2yt + 111,?)
T AT A9 20+m)1—22 el t )1 e
Fae) = 2+ 2ey; 3c%y; 3yt + 111,2) 2¢ e2(2+1?)

1—e (1—¢g)2 3(l—e)p  1—c¢ (1-¢)?

Note that functions f, g, h, k are continuous at € = 0 and f(0), g(0), 2(0), k(0) # 0.
Using in (2.8) the explicit formulae for the cross products of Bessel functions
given by lemma A.2 and corollary A.3, (2.6) can be written as

evek(e) + gs\@h(e) + Mgﬁg(a) + XV

™ m

1 3
— e’Vef(e) + R(\e). (2.12
v VEF(E) + BOLe). (212)
STEP 2. We consider the quantity Pi(a,b)/J,, (a), i.e.

b0 o (1) ()

+ % [Jw (b)Y, <1E€) ~Y,,(b)J,, (12)} (2.13)

Proceeding as in step 1 and setting

By a3 (e)bi(e)
fle)=- 27r1/12(11 +u)(1 —¢)?’
_, . aie) 1 g2 _ai(e)bi(e)
9 =30 <m2(1 o) Tt 5)2> ur(l—e)2’
= o ai(e) [ 2 2 (v —1)
0= 55 (e i =)
(2.13) can be written as
eh(e) + Ae2g(e) + A2 f(e) + R(\ e), (2.14)

where R(\,e) = O(e2\/2) as € — 0 (see lemma 2.7).
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STEP 3. We combine (2.12) and (2.14) and rewrite (2.4) in the form

N\ - by (e)k(e) ) N bi(e)h(e)
8(1—2>h(5)+6ﬂ(1_5) + Xe <1—2> ()+/\67r(1 5

A2 3(1— >f( ) az2e2 2896 | s s0EE) L o 0 (215

m(l—¢) m(l—¢)
where

Vb (¢) ~MYane
o e+ (1 )R(A, ).

Note that Ro(\,e) = O(e?y/2) as ¢ — 0. Dividing by ¢ in (2.15) and setting
Ri(\ &) = Ro(\ €)/e, we obtain

<1 - g)ﬁ(e) + l;;((f)f(;) + Ae (1 — Z)g( )+ /\l;((i:) (e ))

+>\252(1— JQV)f( )+ A% bl((l)_< )) + N3¢ 2b1((i);f( )) +Ri(\e) =0. (2.16)

We now multiply (2.16) by 7v;(1 — €) /b1 (), which is a positive quantity for all
0 < & < 1. Taking into account the definitions of functions g, h, k, § and h, we can
finally rewrite (2.16) in the form

)\2€<ﬁ(3€) - Vz(llJer)> +)\E(J§ T 2Vz(12+V]lv)p(8)> -

R()()\, E) =

2[(14—61/;) .
ROl R(A,e)=0, (2.17)
where
N N /N !
5(6) = <(e) = (M—wxe(1—e™) (o (N =S (V- 1)e- (Dre1))
ple eple NE € ( N( 5 € ];3 (k) € ))

and R(A,e) = O(ey/e) as € — 0. The formulation in (2.5) can easily be deduced by
observing that

M M [N-1 wy
AE = 2 O 0.
Pe= Now © NWN< 1 ZM) TO(E) ase
O
We are now ready to prove our main result.
THEOREM 2.4. All eigenvalues of (1.4) have the following asymptotic behaviour:
2l 2)7

] A —_ 0 2.18
(e) = 1+(3 +N(21+N) eto(e) ase—0, (2.18)

where \; are the eigenvalues of (1.1).
Moreover, for each l € N, the function defined by A\i(g) for e >0 and \(0) = N
is continuous in the whole of 0,1 and of class C' in a neighbourhood of € = 0.
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Proof. By using the min—max principle and related standard arguments, one can
easily prove that A\;(¢) depends on £ > 0 with continuity (see [14,16]). Moreover, by
using (1.5), the maps € — X;(€) can be extended by continuity at the point € = 0
by setting A;(0) = A;.

In order to prove the differentiability of A;(¢) around zero and the validity
of (2.18), we consider (2.5) and apply the implicit function theorem. Note that
(2.5) can be written in the form F (), &) = 0, where F is a function of class C! in
the variables (A, ¢) € 10, 00[ x [0, 1], with

2Nwyl
F(A\0) = —2X + A;N . FL(A0) = —2,
M 1 N (2 — N)Nwy
F/(\,0) = \2 - A 2
:3.0) (3NwN u(l+ yl)> * ( > Mo s z/l)M) (2.19)

2Nle<N1 WN >

M 2 M "

By (1.2), Ay = Nwnl/M. Hence, F(X;,0) = 0. Since F5(X;,0) # 0, the implicit
function theorem combined with the continuity of the functions X\;(-) allows us to
conclude that functions \(+) are of class C! around zero.

We now compute the derivative of \;(-) at zero. Using the equality Nwy/M =
A/l and recalling that vy =1+ N/2 — 1, we get

! 1 N(2—DN) 1 Al
/ 2 - _ A _ - g
Feh,0) = A (3)\1 u(l+ m) + A’<1 I+ 20 (1 +1/l)) 2Al<2 l Nl)

1 2-N 2 AN

2
= -1 i il
Al(yl(uyl)( 21 >+Nl)+ 3

o
~ N2 +2NI 3
Finally, the formula
Fl(X\;,0)
M) = ==& 2/
l( ) F)/\()\h O)
yields (1.6) and the validity of (2.18). O

COROLLARY 2.5. For anyl € N\ {0} there exists §; such that the function \(-) is
strictly increasing in the interval [0, 6,[. In particular, \; < A\j(g) for all € € 10,6,

2.1. Estimates for the remainders

This subsection is devoted to the proof of a few technical estimates used in the
proof of lemma 2.3.

LEMMA 2.6. The function R3 defined by

z z 23
?,jézg = ; + m + Rg(z), (2.20)

is O(2°) as z — 0.
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Proof. Recall the well-known following representation of the Bessel functions of the

first species: L j y
0= (3) e () 221

j=0
For clarity, we simply write
J,(2) = 2% (ap + az2® + asz* + O(2°)). (2.22)
Hence,
J(2) = 2" Yvag + (v + 2)azz? + (v + 4)asz* + O(2°)), (2.23)

where the coefficients ag, a2, a4 are defined by (2.21). By (2.22), (2.23) and standard
computations it follows that
J(z) =z 2a9

_Z_ 3 5
J(z) v VQaOZ +0(="),

which gives (2.20) exactly. O

LEMMA 2.7. For any A > 0 the remainders R(\ ) and R()ws) defined in the proof
of lemma 2.3 are O(e3) and O(2\/z), respectively, as € — 0. Moreover, the same
holds true for the corresponding partial derivatives O\R(\, €), OrR(\, €).

Proof. First, we consider R3(a) = R3(vVAe(1—¢)), where R is defined in lemma 2.6,
and we differentiate it with respect to \. We obtain

OR3(a)  aRj(a) .

oA 2

Hence, by lemma 2.6 we can conclude that R3(a) and OR3(a)/0\ are O(e?,/z) as
e —0.

Now consider R;(b) and Ry (b) defined in (2.9) and (2.10). Since A > 0, we have
that b > 0. Hence, the Bessel functions are analytic in b and we can write

Y, (0) 784D (0) = I, (0) Y (b))

OR1(D)  ebi(e) <X pklekot
2V E) ﬁ(lfe)kzﬂl(kfl)!(lfs)kfl(

+o0o
biﬁ? k!(ikfka)k (Y (0) SV (0) = T, ()Y, (1))
k=4

Here and in the following we write v instead of v;. Using the fact that b = \/A/eb; (¢)
and lemma A.2; we conclude that all the cross products of the form

Y (0) 75D (0) = T, (0) YD ()

and their derivatives
(Y, (0) I (b) — T, (b)Y, 51 (b))

are O(y/e) and O(g), respectively, as € — 0. It follows that R;(b) and 9xRy(b) are
O(e%\/e) as ¢ — 0.
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Similarly,

AR (b) ebi(e) R phlekl
2V E)) Vel —e) kzﬂ (k—1)I(1 —g)k1

(L ()Y H D (b) = Yo, (0) I5E1 (1))

bi(e) <X ekpk
NG = k(1 - g)k

Hence, Ry (b) and 9y Ra(b) are O(¢2) as € — 0.
Summing all the terms, and using lemma A.1 and corollary A.3, we obtain

R(\e) = Rs(a) [W(fig) <222 - 1> * 7r(1€—25)2 (1 - 3;/22)

e3b2 v+ 11?2 34+ 202
+ — +1

(Jo (DY, FHD (b)) — Y, (b) T (b))

3r(1—¢)3 b4 b2
a a3 a
+ Rl(b) |:V + 21/2(1+1/):| + Rg(b)g + R3(a)R1 (b)

We conclude that R(\,¢) is O(e®) as e — 0. Moreover, it easily follows that
OR(X,€)/0X is also O(e?) as e — 0.
The proof of the estimates for R and its derivatives is similar and we omit it. [

REMARK 2.8. According to standard Landau notation, saying that a function f(z)
is O(g(z)) as z — 0 means that there exists C' > 0 such that |f(z)| < Clg(z)| for
any z sufficiently close to zero. Thus, using Landau’s notation in the statements of
lemmas 2.3 and 2.7 indicates the existence of such constants C, which in principle
may depend on A > 0. However, a careful analysis of the proofs reveals that, given
a bounded interval of the type [A, B] with 0 < A < B, the appropriate constants
C in the estimates can be taken to be independent of A € [A, B].

2.2. The case N =1

We include here a description of the case N = 1 for completeness. In this section,
the ball B will be the open interval |—1, 1[. Problem (1.1) reads

u'(z) =0 for x € |-1,1], 2.24
u'(#1) = =3 MAu(£1), -

in the unknowns A and wu. It is easy to see that the only eigenvalues are Ay = 0 and
A1 = 2/M and they are associated with the constant functions and the function z,
respectively. As in (1.3), we define a mass density p. on the whole of |—1,1[ by

M

——1+4¢ ifxe]-1,-1+¢[U]l—¢1],
pe(x) = 2

€ ifrel-1+e1—¢l

Note that for any = € ]—1, 1] we have p.(z) — 0 as ¢ — 0, and

1
/ p.dx =M for all e > 0.
-1
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Problem (1.4) for N =1 reads

= weer) 029

u(=1)=4'(1) =
It is well known from Sturm-Liouville theory that problem (2.25) has an increasing
sequence of non-negative eigenvalues of multiplicity 1. We denote the eigenvalues
of (2.25) by A(e) with [ € N. For any ¢ € ]0,1[, the only zero eigenvalue is A\g(e),
and the corresponding eigenfunctions are the constant functions.
We establish an implicit characterization of the eigenvalues of (2.25).

PROPOSITION 2.9. The non-zero eigenvalues A of problem (2.25) are given implic-
itly as zeros of

2 a(é‘i —1+5> cos(2Ve(1 — €)) sin (%,/A(Qf - 1+s>>

+ [—gﬁ +1+ (gﬁ —1+2g> cos (25 )\(JQZ —1+€)>} sin(2vAe(1 —€)) = 0.

(2.26)
Proof. Given an eigenvalue A > 0, a solution of (2.25) is of the form
Acos(v/Ap2x) + Bsin(y/Apazx) for z €]-1,—-1+¢],
u(z) = { Ccos(v/Ap1x) + Dsin(v/Ap1z) forz €]-1+4¢,1—¢],
E cos(v/Apaz) + Fsin(y/Apaz) for x €)1 —e,1],
where
M
pr=¢p2=-—1l+e¢
2e
and A, B, C, D, E, F are suitable real numbers. We impose the continuity of u and
u’ at the points x = —1+¢ and x = 1 —¢ and the boundary conditions, obtaining a

homogeneous system of six linear equations of the form Mv = 0 in six unknowns,
where v = (A, B,C, D, E, F) and M is the matrix associated with the system. We
impose the condition det M = 0. This yields (2.26). O

Note that A = 0 is a solution for all € > 0. We thus consider only the case of
non-zero eigenvalues. Using standard Taylor formulae, we easily prove the following.

LEMMA 2.10. Equation (2.26) can be rewritten in the form

AM?2 M2 M
M—=+ = <1+>\<2+2>)5+R(A,€)=0, (2:27)

where R(\,€) = O(g?) as e — 0.

Finally, we can prove the following theorem. Note that (2.28) is the same as (2.18)
with N =1, = 1.
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THEOREM 2.11. The first eigenvalue of problem (2.25) has the following asymptotic
behaviour:

M) =AM+ 2(M +M)e+o0(e) ase—0, (2.28)

where Ay = 2/M s the only non-zero eigenvalue of problem (2.24). Moreover, for
1 > 1 we have that A\j(e) = +o0 as e — 0.

Proof. The proof is similar to that of theorem 2.4. It is possible to prove that the
eigenvalues X\;(¢) of (2.25) depend with continuity on € > 0. We consider (2.27)
and apply the implicit function theorem. Equation (2.27) can be written in the
form F(X,e) = 0, with F of class C* in ]0, +oo[ x [0, 1] with F(X,0) = M — AM?,
F{(X\,0) = —3M? and F/(X,0) = 3AM2(1+ X2+ M)).

Since Ay = 2/M, F(X1,0) = 0 and F5(A1,0) # 0, the zeros of (2.28) in a neigh-
bourhood of (A, 0) are given by the graph of a C'-function & — A(g) with A\(0) = );.
We note that A(e) = A (¢) for all € small enough. Indeed, assuming by contradiction
that A(e) = N\i(e) with I > 2, we would obtain, possibly passing to a subsequence,
that A1(¢) = A\ as € — 0, for some A € [0, A\;[. Then, passing to the limit in (2.27)
as ¢ — 0, we would obtain a contradiction. Thus, \;(-) is of class C! in a neigh-
bourhood of zero and A (0) = —F/(\1,0)/F5(A1,0), which yields (2.28).

The divergence of the higher eigenvalues \;(¢) with [ > 1 as ¢ — 0 is clearly
deduced by the fact that the existence of a converging subsequence of the form
Ai(en), n € N, would provide the existence of an eigenvalue different from Ay and
A1 for the limiting problem (2.24), which is not admissible. O

Appendix A.

Here we provide explicit formulae for the cross products of the Bessel functions
used in this paper.

LEMMA A.1. The following identities hold:

V(L) = T)YL(E) = =,
V(L) — DY) = .

1/2
VL) - L) = 2 (% 1),

Proof. Tt is well known (see [1, §9]) that

TV = Yol IL(2) = Jorn()Yul2) = Jul2) Yo (2) = —

)
Uv4

which gives the first identity in the statement. The second identity holds since

2

JI,(Z)YVH(Z) _ Y,,(Z)Jl/,/(z) = (JV(Z)YV/(Z) - YI/(Z)Jl//(Z))/ = () = &

Tz w22
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The third identity holds since

Yi(2) 7] (2) = T, ()Y, (2)

= YU(2) ) 1(2) = J(D)Y) 1 (2) + S (V) u(2) = (Yo (2))
= (Y)(2)1(Jo2(2) = Ju(2)) = JL(2) 1 (Yo_a(2) — Yo(2))) %
= 3 (Y (2)Ju—2(2) — J,(2)Y,—2(2))

— 3 (V(2))u(2) — T (2)Y(2)) + :7”3
= 5(J(2)Yu(2) = Y)(2)Ju(2))

v—1,, / 1 2v

+ (Yo (2)Jv-1(2) = T (2)Ys-1(2)) — Tz | 728

- V; 1 (Jl,l(z) (YV1(Z) - ZYV(Z)>
~Y,-1(2) (Jul(z) - ZJV(Z)>> - % %

= D () - Y () - =+ 2%

2 V2
= -1+,
Tz z

where the first, second and fourth equalities, respectively, follow from the well-
known formulae

CL(2) = Comi(2) — ZCul2),
QC/V(Z) =Cy-1(2) = Cuy1(2),

2(v—1
Coale) +Cua) = 2 Ve, ),
where C,(z) stands for both J,(z) and Y, (z) (see [1, §9]). This proves the lemma.
O
LEMMA A.2. The identities
2
Y, () (2) = J()Y P (2) = —(rk + Rup(2)), (A1)
™
2
Y (2) I (2) = TL()YR (2) = = (a + Qu(2)) (A2)
Tz

hold for all k > 2 and v > 0, where v, q; € {0,1,—1}, and Q. x(2), R, x(2) are
finite sums of quotients of the form ¢, /2™, withm > 1 and ¢, a suitable constant
depending on v, k.
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Proof. We shall prove (A 1) and (A 2) by induction. Identities (A 1) and (A 2) hold
for k=1 and k = 2 by lemma A.1. Suppose now that

V()I$(E) ~ TV () = (i + Rus(),

2
Yi(2) {0 (2) = T (2)Y P (2) = — (g + Qui(2))
T
hold for all v > 0. First consider
V) (2)J5F (2) = 7, (2) V4D ().

We use the recurrence relations

Cot1(2) +Cuoi(z) = 2—;&,(2’) and 2C'(z) =Cy_1(2) — Cuy1(2),

where C,(z) stands for both J,(z) and Y, (2) (see [1, §9]). We have
Y (2) I (2) = T (2) YD ()
=Y, (2)(J) P (2) = () (¥,) P (2)
= 1(Yom1(2) = Yor1(2)) (o1 (2) = o (2))®
— (Jo-1(2) = Tor1 () (Yom1(2) = Yoy (2) W]
= 1L () = L (Y )

' )
+ (Yo ()T (2) = Lo ()Y, (2))
+ (o1 ()Y, (2) = Vo1 (2) I, (2))
+ (T ()Y, (2) = Yo (2) 057 (2)]

1({2
=7 Lz(rk + Ry1k(2) + e+ Ruy1k(2))

+ Y, = V)T 2) + LY () = Vol =)

— (Jm1 ()Y, P (2) = Vo1 (2) I (2) + T (2)Y, D) (2) — YV+1J£’21<z>>}

1{14
1 er(%k + Ry_1%(2) + Rus1.£(2))
2v

+— (L2 Y1 (2) + Y1 ()™ = Yo (2)(Jo-a(2) + Ju+1(2))(k))}

1
= ;(27% + Ry—1x(2) + Rug11(2))

N %2 ( JV(Z)CYV(Z)Y) _ Yl,(z)(in(Z))(k)>

S M Rute)] (49

2
= 2| R R -
7=0

t\z‘t
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We now prove (A 2), as follows:

Y, (2) IS0 (2) = L ()Y E D (2)

v

= (Yo(2)JP(2) = L (Y0 (2)) = (Y (2) I (2) = T (2) VP (2))

2 Tk Rl/ k:(z) /
_ —Q, _ R ) A4
— ( @ — Qui(2) — , P vk (2) (Ad)
This concludes the proof. O

COROLLARY A.3. The following formulae hold:

V) - V) = 2 (A2 1);

Tz z

TZ z2

VUL E) - TV ) = 25 (1 3)

Yo(2) 0 (2) = T ()Y (2) = — 5 I

2 ( 3422 pt4 11V2>
1-— + .

z z

Proof. From lemma A.2 (see in particular (A 4)) it follows that

2 R,
T (2) = Yo(2) 1 (2) = — = [—92 CQuas) -2 2B (o ﬂ
Tz z z
2 (2 + 2 )
= — —1].
Tz 22
Next we compute
! 1 ! " 2 2 > B
VUL - Y G) = 2 [t Roale Z 6+ Rusta))]
J=

2 R
= (1-2=).
722 ( 22 )
Finally, by (A 3) with & = 3, we have
Y (2) 5 (2) = T, ()Y (2)

3
2 v?
= W[ T3+ 2(Ry—1,3(2) + Ruy13( - z_: ,23 J+1 r] + R, ;(2))

22 z4

2< 3 + 202 1/4+111/)
-2 (1- n .
Tz
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