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Abstract

Empirical studies (e.g. Jiang et al. (2015) and Mislove et al. (2007)) show that online
social networks have not only in- and out-degree distributions with Pareto-like tails, but
also a high proportion of reciprocal edges. A classical directed preferential attachment
(PA) model generates in- and out-degree distributions with power-law tails, but the the-
oretical properties of the reciprocity feature in this model have not yet been studied. We
derive asymptotic results on the number of reciprocal edges between two fixed nodes, as
well as the proportion of reciprocal edges in the entire PA network. We see that with cer-
tain choices of parameters, the proportion of reciprocal edges in a directed PA network
is close to 0, which differs from the empirical observation. This points out one potential
problem of fitting a classical PA model to a given network dataset with high reciprocity,
and indicates that alternative models need to be considered.
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1. Introduction

In social network analysis, reciprocal edges characterize communication between two users.
For instance, on Facebook, one user leaves messages on another user’s wall page, and a
response from the target user then creates a reciprocal edge. Reciprocity, which is classically
defined as the proportion of reciprocal edges (cf. [12, 21]), is one important network metric to
measure interactions among individual users. The directed network constructed from Facebook
wall posts [17] is one example of social networks with a large proportion of reciprocal edges.
The study on eight different types of networks in [7] shows that online social networks (e.g.
[3,6,9, 10, 17]) tend to have a higher proportion of reciprocal edges, compared to other types
of networks such as biological networks, communication networks, software call graphs, and
P2P networks.

Another widely observed feature of directed social networks is the scale-free property,
where both in- and out-degree distributions have Pareto-like tails. The directed preferential
attachment (PA) network model is appealing (cf. [2, 8]), since theoretically the directed PA
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mechanism generates a network with the scale-free property because nodes with large degrees
are likely to attract more edges than those with small degrees (cf. [14, 15, 18, 20]). However,
the asymptotic behavior of the proportion of reciprocal edges in a directed PA model has not
yet been explored in the literature. In this paper, we derive asymptotic results about (1) the
number of reciprocal edges between two fixed nodes; (2) the proportion of reciprocal edges in
a directed PA network, provided that the network has a large number of edges; and (3) the first
time a reciprocal edge appears between two distinct fixed nodes.

Our theoretical results suggest that for certain choices of model parameters, especially when
the proportion of edges added between two existing nodes is small, the proportion of reciprocal
edges in the entire graph is close to 0, even though the total number of reciprocal edges between
two fixed nodes may be of order O(n?), a € (0, 1). Such behavior flags potential problems for
fitting a directed PA model in practice. When fitting a directed PA model to a real network
with high reciprocity using existing methods developed in [18, 19], there is no guarantee that
the calibrated model will also have a high proportion of reciprocal edges. Such a discrepancy
indicates a poor fit of the PA model, since the fitted model fails to capture the important feature
of high reciprocity. In these cases, variants of the directed PA model need to be considered.
For instance, [4] provides several different ways to predict the reciprocal edges between two
given nodes, and one may incorporate those features to construct a refined network model that
is both scale-free and of high reciprocity.

The rest of the paper is organized as follows. Section 1.1 provides the notation and defi-
nitions necessary to specify a growing sequence of graphs that evolve according to PA. The
definitions use model parameters that control the growth of power law sequences. In Section 2,
we give the power law growth of the in- and out-degree sequences. This leads to the main
results of the paper, in Section 3:

1. For fixed nodes i, j, the number of reciprocal edges between i and j evolves as a power
law.

2. For specified subsets of the parameters, the proportion of reciprocal edges in the graph
goes to 0, showing that many real data sets with significant reciprocity do not follow
this model.

3. For fixed nodes i, j we provide information about the first time a reciprocal pair of edges
forms between i and j.

Section 4 contains a short discussion of theoretical results and future research directions,
and the appendix gives some lemmas and proofs.

1.1. Model setup

Here is the specification of the classical directed PA model. Initialize the model with the
graph G(0), which consists of one node, labeled node 1, and a self-loop. After n steps in
the construction, G(n) = (V(n), E(n)) is the graph with node set V(n) with V(0) = {1} and
|[V(0)] =1 and set of directed edges E(n) such that an ordered pair (i, j) € E(n), i, j € V(n),
represents a directed edge i — j. When n = 0, we have E(0) = {(1, 1)}. For later use, self-loops
are not counted for reciprocity.

Let (Divn(n), D‘v’u‘(n)) be the in- and out-degrees of node v € V(n) with the convention that if
v & Vn), Div“(n) =0=DS"(n). From G(n) to G(n + 1), one of three scenarios happens:
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a-scheme [-scheme ~v-scheme
1. With probability «, we add a new edge (v, w), where w € V(n), and v ¢ V(n) is a new
node. The existing node w is chosen with probability

D) +8 D)+
ZWGV(n) (Dw(n) + Sin) n+1+8|Vn)|

2. With probability B, a new edge (v, w) is added between two existing nodes v, w € V(n),
where the starting node v and the ending node w are chosen independently with
probability

Dif(n) + 8in D) + Souy
ZWGV(”) (DIVB(H) + 5in) ZVEV(n) (D(V)ut(n) + aout)

o Dl,B(n) =+ 8in ng(”) + Sout
n+ 148V n+ 1+ SoulV(n)|

For brevity of notation, we set

D"(n)+8in  DSM(n) + Sout
n+ 148 V)| n+ 1+ Soul V)|’

Ayy(n) := (L.1)

then the attachment probability in the 8-scheme is BA,,, ().
3. With probability y, we add a new edge (w, v), where w € V(n), and v ¢ V(n) is a new
node. The existing node w is chosen with probability

ngut(n) + Sout D(v)vut(n) + Sout

D wevin (DY) + out) 74 14 Soul V)|

We assume o +B8+y =1, €0, 1), and &, Sour > 0. Owing to the «- and y-schemes,
|V(n)| — 1 follows a binomial distribution with size n and success probability @ +y =1 — B,
so that |V(n)| 2% 0 as n— oo. For v>1, we define S, to be the time when node v is

created, i.e.
Sy = inf{nZO: |V(n)|=v}. (1.2)

Since we use the convention that DiV“(n) =0 and D" (n) =0 if S, > n, we have by (1.1) that
A,y(n) €10, 1] for all n.
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Let F, be the o-field generated by observing the network up to the creation of the nth new
edge. Suppose 7 is a stopping time with respect to the filtration (F3) _; then

n>0’

Fr={F:FN{r=n}eF,}.
By (1.2), we see that S, is a stopping time with respect to (]—',,)n>0. For n > k > 0, we have
{Sy+k=n}={S,=n—k} e Fr_i C Fu,

s0 S, +k, k>0, is a stopping time with respect to (.7-",,)n>0. Note that for v>n—k, {S, =
n—k} =9 e Fy_x C F,. In what follows, we write E7n( - ) := E(-|F).

2. Growth of the degree sequences D" (), D" (n)

The parameters controlling the behavior of the model are «, 8, ¥, 8in, Sout, and we now
define two new parameters which will serve as power-law exponents:

__otp e PtV
1+ 0m(l— ) T 14 bom1—B)

From (2.1), O<ci<a+f, O0<cp<fB+vy, and O<c;+cy <1+ 8. In fact, we can
reparametrize the PA model using («, B8, y, c1, ¢2), which leads to an estimation method for
model parameters alternative to unavailable maximum likelihood techniques; see [19] for
details.

The following proposition summarizes the power-law growth of (Divn(n), D‘v’u‘(n)), which
is controlled by the parameters c, c. From these growth rates, we will derive the limiting
behavior of the number of reciprocal edges between two fixed nodes in Section 3.1.

cl (2.1)

Proposition 2.1. For v > 1, there are random variables E\f", E0U satisfying P(S{;” € (0, oo)) =
1= ]P’(EVO’” € (0, oo)), such that

Din(”) asy

ncl

ng(l’l) ﬂ)

in out
EV ’ nCZ EV .
The proof of Proposition 2.1 is given in Appendix A.3, after the statement and proof of two

lemmas.

3. Reciprocity in the preferential attachment network

In this section, we focus on the asymptotic behavior of the number of reciprocal edges
between two fixed, distinct nodes i and j as well as that of the proportion of reciprocal edges in
the entire graph. We also consider the first time a reciprocal edge forms between two distinct
nodes.

To assess goodness of fit of the directed PA model to a particular dataset, it is useful to
evaluate statistics to see whether the empirical values match those from the fitted model. The
statistic we focus on here is reciprocity. If there is a significant discrepancy between the reci-
procity measure for the fitted theoretical PA model and that of the actual network data, then
we conclude that variants of the classical PA model should be considered.

Given a directed graph G =(V, E), let L j = L(; j)(G) be the number of directed edges
(i, j) in the graph G, for i #j. Then define the reciprocity coefficient, R = R(G), as

2

R = Y min{Liy, L) - 3.1
i,jeVii<j
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FIGURE 1. A graphical illustration of reciprocal edges with edge set E={(1,2), (1, 2), (1, 2),
(2,1),(2,1),(2,3)} and V ={1, 2, 3}. If a pair of reciprocal edges are observed, we label them with
the same color. Here we have Rg =4/6 = 0.667.

Note that a node pair can be counted more than once but self-loops are never counted. For
example, consider the graph given in Figure 1, where there are |E| =6 edges and node set
V ={1, 2, 3}. We distinguish multiple edges between two nodes by different colors, and if a
pair of reciprocal edges are observed, we label the pair with the same color. The graph in
Figure 1 contains a pair of blue edges and a pair of red edges, thus giving Rg =4/6 = 0.667.
In R, we can easily compute the reciprocity coefficient by applying the dyad census ()
function in the igraph package to the graph object, and its mut value outputs the total number
of unordered node pairs {i, j} with reciprocal connections (i, j) and (j, i), allowing multiplicity.

Consider a sequence of graphs {G(n) = (V(n), E(n)), n> 1} constructed following the PA
rule with parameters (a, B, ¥, 8in, Sout) as outlined in Section 1.1. For two nodes i # j € V(n),
write L(; j(n) = L j(G(n)), and write the reciprocity coefficient for the PA network G(n) as
RY := R(G(n)). We emphasize that the definition in (3.1) excludes self-loops when counting
reciprocal edges. In Sections 3.1 and 3.2, we study the asymptotic behavior of L; j)(n) for fixed
i #j, and RY" in a PA network G(n), respectively.

3.1. Reciprocal edges between two fixed nodes

In a directed PA network, the total number of reciprocal edges between two fixed nodes i, j
is equal to
L,'Q,'(n) := 2 min {L(,;j)(n), L(j,,')(n)} .

We first study the limiting behavior of the number of edges between two fixed nodes i #j,
L jy(n), when n is large. The asymptotics of L;.j(n) then follow from a continuous mapping
argument, and this leads in Section 3.2 to a study of the asymptotic behavior of REA. The
asymptotic behavior of L; j(n) also assists in the study, in Section 3.3, of the behavior of the
first time a reciprocal pair is formed between i and j.

3.1.1. Convergence of L(; j(n). Theorem 3.1 gives the main asymptotic results, but we start by
presenting a lemma on A;j(n) which is useful for the proof of Theorem 3.1.

Lemma 3.1. Recall the definition of A;j(n) in (1.1) and the notation in Proposition 2.1. For
fixed 1 <i<}j,
Aji(n) 1
N - —
neite (14 8in(1 = B)) (1 + 8ou(1 — B)

out

)gj.""gl , almost surely (a.s.) and in L.

(3.2)
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This further gives the following:

1. When c1 + ¢y > 1, there exist constants Cyj > 0 such that

Sj+n

cir+ec—1 . ]

pPE— Z Ajj(k) —> Cyg"EM, a.s.and in L. (3.3)
k=S;

2. When c| + ¢ = 1, there exist constants Cl’-j > 0 such that

A
3 Ayt — Cpgfer, a.s.and in L;. (3.4)

logn =

-

3. When c| + ¢ < 1, there exist constants Cl’l’ > 0 such that

oo
ZAij(k) — Cg}éf"%‘f”l, a.s.and in Ly, (3.5)

neite2— 1
k=n

which further implies ) - B(Aj(k)) < 00 and ) -1 Ajj(k) < 00 a.s.

In addition, we have similar convergence results for Aji(n) by replacing A;(n), & i and El-‘””

with Aji(n), Sii", and éj"”t , respectively.

Proof. By Lemma 2.1 as well as the fact that |V(n)|/n L - B, we have

Ayn) (D) + Sow) (DF' () + 8in) "’
ne1tea=2 neite (n+ 148l Vo)) (n 4 1+ Sou V(n)])
a.s. 1 in out
gne.
(14 8in(1 = B)) (1 + Sour(1 — B))

Note that once we show

Aym) '\
ZEII)E [(#) :| < 00, 3.6)

we have by [5, Theorem 4.6.2] that {A,-j(n) /nCH‘Q_2 n> 1} is uniformly integrable, which
gives the L;-convergence in (3.2).
To prove (3.6), we now use the Cauchy—Schwarz inequality to obtain

2 out 2 (in ) 2
E |:< Aji(n) 2) i| <E (D,' (n)+ CSout) (Dj (n)+ 3111)
nerte— n2(01+c2)
1 .
= —— (B[00 +80u) JE[ (D) + 80)*])

n2(cl +Cz)

1/2
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Then by Lemma A.2 we have
4 i 4
Ay 2 \/IE [(D?ut(n) + Sout) ] /IE [(D}“(n) +6in) ]
| () |t <

With (3.2) established, the results in (3.3)—(3.5) follow directly from Karamata’s theorem (cf.
[13, Theorem 2.1]).
The results for Aj;(n) follow from similar reasoning. O

We now give the asymptotic behavior of L; j(n) in a directed PA model.

Theorem 3.1. Consider two fixed nodes 1 < i < j. We have the following:
(i) Ifc1 + ¢z > 1, then there exists some random variable &, satisfying P(é,-j € (0, oo)) =1,
such that as n — oo,

Lijp®)  as.
e G-7)
So for large n, the number of (i, j) edges is of order n'+<2~1,

(ii) Ifc1 + c2 =1, then there exists some random variable {jj, satisfying IF’(;,-j € (0, oo)) =1,
such that

Lei :
(z;])(n) ﬂ)Cij. (3.8)
logn

So for large n, the number of (i, j) edges is of order log n.

(iii) If c1 4+ c2 <1, then for any i <], there is a last time for an (i, j) edge to form.
Furthermore, as n — 0o,

L(,’J)(l’l) 0 L(i,j)(oo) < 00, a.s., 3.9)
and L jy(n) — L j)(00) =0 a.s. for n large.

In addition, we obtain similar convergence results for L(; ;(n) by replacing L j(n), L(; j(00),
&;j, and & with L(j ;(n), L, ;(00), &j;, and gj;, respectively.

Proof. Set
Ak D =W g pa o)
i.e. Ar(i,j) =1 if a directed edge (i, j) is created from G(k — 1) to G(k). For 1 <i < j, notice

that
Sj+n n
Lijp(Si+n) =Y Al )= D Asalis j). (3.10)
k=1 k=0
For n >0,
RS+ (Asj+n+l(isj)) = BA;i(S; +n). (3.11)
and

DY (5= 1) + B

Fs._ .o
B (Ag (0. )) = .
(s D) =¥ = =D

(3.12)
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When ¢i +¢2 > 1, (3.3) and (3.4) suggest that ) oo Aji(Sj + k) =00 a.s.; then we apply
[5, Theorem 4.5.5] to get

Lij(Si+n) s (3.13)
DY(Sj—1 ) +Sou _
Y % + k0 BA(S) +K)

Also, by a similar argument as in (3.3), we have that when ¢ + ¢z > 1, there exists some
constant C;; > 0 such that

nCH—Cz citea—1 Z'BAJI Sj +k —) ﬁcljgout%.m (3.14)

Then combining (3.13) with (3.14) gives

Lijp(Si+n) as. > . outyi
S S T (3.15)

Analogous reasoning is also applicable to the case c¢; + c2 = 1, where the scaling function
n‘1t<2=1 s replaced with log n, according to (3.4).

Next, consider the case c1 + ¢2 < 1. By the corollary in [11, Chapter IV.6, p. 151], we
have a.s.

: > Ak < oo} = { > BT (A ) < oo}

kZSj kZSj

= { > BAik) <oo}.

kZSj

Using a similar argument as in Lemma 3.1(3), we have Zkzsj Aji(k) < oo a.s., thus giving a.s.

D ki) < 0.

k>S;

Hence, with probability 1, there is a finite number of (i, j) edges that can be formed, and there
exists a last time for an (i, j) edge to form. O

Note that by the definition of L;.,;(n), applying continuous mapping gives the asymptotic
results for L;.,j(n), which also depends on the value of ¢1 + ¢3:

(1) If ¢1 +c2 > 1, then there exists some random variable & ;, satisfying IP’(SI-]- € (0, oo)) =
1, such that as n — oo,
Lij(n) as, —
nCI+C2_1 ij*

So for large n, the number of reciprocal edges between i and j is of order n¢1T¢2~1

(2) If ¢1 + ¢o =1, then there exists some random variable E,:/, satisfying IP’(ZU € (0, oo)) =
1, such that

Lisj(n) as. — '

logn v

So for large n, the number of reciprocal edges between i and j is of order log n.
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(3) Ifc; +¢p < 1, then as.
Licsj(n) 1 Lij(00) < 00.

Now consider a special case with y = 0 and i = Syt = 6 > 0; then

1
+ 1 & —_—
C1 ) < 0{>1+5

From Theorem 3.1, we see that when the probability of generating a new node in a PA net-
work at each step is too high, the node set grows strongly and it is difficult to form reciprocal
edges. Then the number of reciprocal edges between two nodes is finite a.s. If 8§ =0, then for
8in, Sout > 0, we always have c¢; + ¢2 < 1, indicating that the number of edges between two
fixed nodes is finite a.s. when no edge is added between two existing nodes.

3.2. Reciprocity in the entire graph

Here we consider the proportion of reciprocal edges in the entire PA network, R}, and the
next theorem specifies the asymptotic behavior of R, for 0 < ¢y +c2 < 5/3.

Theorem 3.2. Suppose R’ is as defined in (3.1). Then for 0 < ¢ + ¢2 < 5/3, we have
R4 BN 0, n— oo.

When ¢| + ¢ < 5/3, the reciprocity coefficient R, is likely to be small, provided that the
number of edges in the PA network is large. In particular, when c{ 4+ ¢2 < 1, i.e. in the second

and third cases in Theorem 3.1, we have RE* -2 0.

Proof. It suffices to show that ]E(Rga) — 0for 0 < c| 4+ ¢ <5/3, as n — oo. Recall that

A D= g4 punugagn )

so that Ax(i, ))1{(j,heE®—1)) indicates the event that from G(k — 1) to G(k), an edge (i, j) is
created when (j, i) already exists in G(k — 1). By the definition of RY, we have

Z Z Z A, D1jaeEx—1))

]11<]k Sj

T Z > Z Arll, DV jeEx—1))

Jj=1i<j k=S;

n+1 ZZ Z Ax(l, DLy, eEk—1))

j=1i<j k= S,+1

T ZZ Z Ak, DLy jeEx-1))

=1 i<j k=Sj+1

=:01(n) + Qz(n)-
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For Q1(n), we have

727

n

2 < o
BQi100) =~ Z 2E( D A pGoerr-1)
j=1i<j k=S;j+1
2 n n
_ Fi— i .
= ZZE Z E7 1 (Ar(@, 1) 1GeEx—1)
j=1i<j k=S;+1
2 n n
= Z Z]E Z BAji(k — D1(j,neEx—1) (3.16)
j=1i<j k=S;+1
Since §; > j — 1 for j > 2, (3.16) implies
) n j—1 n
E(@i1(m) = n+1 Z Z Z E <Aﬂ(k N 1)1{(j,i)eE(k—1),k>S,-+1}) : G.17)
j=2 i=1 k=j
By the Cauchy—Schwarz inequality, we have
E (Aji(k — ])1{(j,i)€E(k1),kZSj+l})
- 112
=[E(43x-D)] " [P D e Eh- 1. k=z5+1)]"
] T e 12
< ]E(A,?,.(k— 1)) S B(E)=El—- DU, D), 1= 5+ 1)
L =
- 172
k-1 -
r 1172 DI (S; — 1) + 8in
<|E (A%k -1 E (Aj(l E(—L 22 3.18
=[E(a3x- )] ; (A44D) + « (Sj—i-(Sin(j—l) (3.18)

When ¢ 4+ ¢z > 1, Lemma A.2 and (A.11) together imply that there exist constants M1, M5,
M3 > 0 such that for i <j <k <n,

2(cr4er—2 i . ) —
Y PP i Y e Tk L1 B
It - Peajer Si+8in(j—1 )= 7 i’
and that forj<I<k—1,
lCI+C2—2
E (Aj(D) <My e
Therefore, when ¢ + ¢ > 1, we have
E (Aji(k — 1)1{(j,i)€E(k—l),sz,~+1})
kcl+c272 M, kc1+c271 . 1/2
c1—1 s:c1
<M el <C1+Cz—1 e +aM3j /i ) ,
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and since kcl+c2_1/(icljc2) > je171 /i1 for k > j, there exists some constant M > 0 such that

k%(01+62)—%
E(Aji(k - 1)1{(j,i)eE(k—1),szj+1}) = MW (3.19)

Then (3.17) leads to

n Jj-l »n k%(CH-Cz)—%

]E(Ql (I’l)) < Z i01/2+02j01+02/2
=2 i=1 k=j
n j—1
- M pdertard 3OF e et
T 3/2(ci+c2—1)

j=2 i=1

Ifc1/24c2>1,c1 +c2/2>1,and c1 + ¢ <5/3, then

EQm)<— M et} i i~(e1/2+¢2) i jletan g,
T 3/2(ci+c2—1) p <

Ifc1/24c<1,c14+¢2/2 <1, then

n2—3/2c1+c2)

Jert+en—3
IE(Ql(n))§3/2(01+cz—1)n2 2 U—a2—c)l—a-c)2)

2Mn—1/2
T 3/2(ci + o= (1 —c1/2 — )1 — 1 — ¢2/2)

Ifc1/24c2<1,¢c1+¢2/2>1,and ¢1 + 2 <5/3, then

— 0.

2M 3 5 1 .
B ) < nj(cl"'CZ)_f 1—(c1/24+c) —1
(Q1(n) = 32 +ea—1) 1—(c1/2+c2) ;J J

2Mnt‘1+02/2*3/2
< — 0,
3/2(c1 +c2 = (1 = (e1/2 + €2))
as ¢y +c2/2 <14 1/2=3/2. Similarly, E(Q1(n)) - 0, when ¢1/24+c2 > 1, c1 +¢2/2 < 1,
and ¢ 4 c2 < 5/3. The proof machinery also applies to the case where either ¢ /24 cx =1

or c; +c¢2/2=1, and c| + ¢z < 5/3, which gives the conclusion that for 1 <cj + ¢z <5/3,
E(Q1(n)) — 0. Following the same reasoning, we have E(Q»(n)) — 0, for 1 <cj +¢2 <5/3,

thus implying RY" L, 0forl < c1+c2<5/3.
When c1 + ¢p =1, we revise the bound in (3.19) to get the following: for some constant
M >0,

k'(logk)!/?
i61/2+62j61+62/2 ’

IA
!

E(Aji(k - Dl{(j,i)eE(k—l), k>5j+1})

Then we have

T E A 2 _ 4y og
E(Q1(n)) < _(10g n) / Z Z i1/ +c2) i—(erte2/2) < o
j=2 i=1
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Meanwhile, for some constant M’ > 0, we have

n j—1

2M, ~ (1 3/2
E(Qx(n)) < T( log n)3/2 Z Z i—(C2/2+Cl)j_(CZ+CI/2) < 4M/( 05172) 50
j=2 i=1

Hence, we have Rga 5 0 when ci+cy=1. B
When ¢1 4 ¢3 < 1, the bound in (3.18) implies that there exists some constant M > 0 such
that

A

_ kc‘|+62—2 jCl"rCz—l 172
E(Aﬂ(k_1)1{(j,i)eE(k—1),k>Sj+1}>—M ic2jel ( ic1je2 )

kc1+c2—2

=

= i1/ 2erjer /24172 (3.20)

which gives

am Iy

n — 0.
1—c2)(1—c1/2—c2)

EQi() < =

Similar reasoning also gives E(Q>(n)) — 0 when ¢; + ¢ < 1, thus giving E(Rga) — 0 and
completing the proof of the theorem. (|

Remark 3.1. (i) From the definition of ¢1 and ¢ in (2.1),if 8 <2/3,thenc; +cr <1+ <
5/3. Theorem 3.2 suggests that if the proportion of edges added between two existing nodes
is less than 2/3 and n is sufficiently large, the corresponding PA network will have RS close
to 0.

(ii) Note also that

n

n
l{Néean} <> A, DypeEk-1)) + Z Ar(J, DG jeEk—1))-
k=1 k=1

Hence, when ¢ 4 2¢» < 1, applying the bound in (3.20) gives the following: for fixed i, there
exists some constant M > 0 such that

oo
. ori—(c1 /2+¢ 1 /24+c2—3/2
B\ D Uy | SMTCRETD Y BT <o0
Jevn) j=1

This indicates that when ¢ 4+ 2¢3 < 1, a fixed node i can form a reciprocal pair of edges only
with finitely many nodes.

3.2.1. Simulation for c1 + c2 > 5/3. Theorem 3.2 does not explain the asymptotic behavior of
R for ci +cr €[5 /3, 14 B), provided that 8 € (2/3, 1). For comparison, we choose three
sets of parameters,

01 = (o, B, ¥y, 8in, Sour) = (0.1, 0.8, 0.1, 2, 1),
0,=(0.1,0.8,0.1, 4, 4), and 03 =(0.05, 0.9, 0.05, 1, 1),
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FIGURE 2. Box plots of REa for directed PA models simulated using 6;, i = 1, 2, 3. The red dots represent

the averaged empirical Rﬁa foreach 6;,i=1, 2, 3.

such that the values of ¢ + ¢ are equal to 1.393 < 5/3, 1.667 =5/3, and 1.727 > 5/3, respec-
tively. For each 0;, i =1, 2, 3, we simulate 1000 replications of the directed PA network with
10° edges, and compute the value of R} for each replication.

The numerical results are summarized as box plots in Figure 2. For each box plot, we use a
dark red dot to mark the corresponding averaged empirical R:". Under 0, all 1000 empirical
RY values are close to 0, with a maximum of 0.090 and a minimum of 0.021. The empirical R
values under 0, and 63 are more variable, but both have higher mean than in the 6 case. This
simulation experiment confirms that the asymptotic behavior of R} in a directed PA model
depends on the value of ¢1 + ¢;. Meanwhile, when c¢; + ¢2 > 5/3, the value of RE*‘ may not
necessarily concentrate around a specific value, but may vary over a certain range.

3.3. The first time when a reciprocal pair forms

Theorem 3.1 gives results about the first time when a reciprocal pair forms between nodes
i #j. The ¢; + ¢ > 1 scenario is discussed in Corollary 3.1, while the c; +c2 <1 case is
analyzed in Proposition 3.1.

Corollary 3.1. Let N(i)(_)j be the first time when a reciprocal pair of edges i <> j is formed
between nodes i # j; i.e.

N = inf{n>0:G, ) € En), and (j, i) € En)}, (3.21)

with the convention that inf @ = oo. If 1 <i <j are fixed, and c1, c3 are as given in (2.1) and
satisfy c1 + ¢y > 1, then N(l)e] < 00 a.s.
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Proof. We will show that for ¢1 4 ¢2 > 1, limy_s oo P(N(")(_)j >S5+ n) = IP’(N(’)(_)J — oo) 0.

Note that when ci+c2>1, (3.15) indicates that L j(S;+n) > 0o, and similarly,
L (Sj +n) =% oo. Therefore,

P(NG™ > 5+ n) < P(G. ) ¢ E(S+n)) + (G ) ¢ E(S; +n))
=P (L (8 +n) =0) + P(L(;p(S; +1r) =0) >0,
as n— 00. (]

When ¢ + ¢p < 1, if we have E(L(i,j)(oo)) < 1, then

IP’(L(,-’j)(oo) < 1) >0,
which implies P(L;;(0¢) = 0) > 0, and P(Nj™ = 00) > 0. Note that

D (S; — 1) + Sout

y - i e
Eltapioo) = (SO0 ) 1 3w s 44,

and by (A.11), there exist some constants K1, K> > 0 such that forn>i> 1,

E((DPon)’) sk, E((DPm)°) = Katn/i .

Then applying the Cauchy—Schwarz inequality gives that forn>j>i>1,

. N 12 wut N 12
D}n(l’l) ~+ 8in Dj (1) + Sout
E(Apm) < | E [ [ 0 E
n+ 148y |V(n)| n+ 14 8ou|V(n)|
1 in 2 out 2 12
= — |E((Dron+8n) )JE( (070 + bou)
c1+cr—2 c1tep—2
<(KiK)'P T — =k
lCI]CZ lCIJCZ
Therefore, we have
0 0 L]+L2 2 K’
E (4 (S; +k)) AV
; (ﬂ + ; ic1je2 l—Cl—CZI g
which gives
BK' . o
E(Lg i < — T ayaT 3.22
( (l,j)(oo))_7/+ I—c —Czl J ( )

Since ¢1 — 1 <0, for j sufficiently large we have IE(L(,-, j)(oo)) < 1, thus giving IP’(N(’;_)]' = oo)
> 0. In other words, when c¢j 4¢3 < 1, it is possible to have zero pairs of reciprocal edges
between two fixed nodes i, j, if j is created at a late stage of network evolution.
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Equation (3.22) also suggests that for arbitrarily chosen i, j, E(L(,; j)(oo)) < 1 if B is small
enough. Hence, if few edges are created between existing nodes, it is possible for two fixed
nodes never to form a reciprocal pair of edges. In particular, when 8 = 0, there is no reciprocal

pair of edges, i.e. IP’(N(I;_)j = oo) =1, for all fixed i, j.
The following proposition assumes c¢; + ¢z <1 and gives the asymptotic behavior of
SUD; e IE”(N(’;_)] < n)

Proposition 3.1. If ¢c| 4 ¢ < 1, then for fixed i > 1, € > 0, as n — o0,

supIP’( ]<n>—>0

Jj=ne

Proof. Applying the union bound to P(Néej <Si+ n) gives

P(Néejfsﬁn) ZP (S + k) = ESj + k — DU {G, ))))

=

+ Y P(E(S;+k) =ES;+k— DU{(. )})
k=1

n 1

=E

n—1
ﬁ ji(Sj + k)) +E (Z BA;(S; + k))

k=0

IA

M8”

E| 2 p4ib | +E > BAk)

k=j

;\N
\

By (3.5), we see that for € > 0,

sup E ZA,,(k)) — 0, sup E ZA,,(k) — 0,

Jj>ne Jj>ne k=j
as n — 0o, which gives

supIE”( ’<n)<supIP’< j<S+n) — 0. O

J=ne J=ne

4. Discussion

Suppose that we are given a scale-free network with a large proportion of reciprocal edges,
e.g. Facebook wall posts [17], Twitter [6], Google+ [9], or Flickr [3, 10]. In fitting a directed
PA model to such a dataset using inference methods developed in [18, 19], there is no guar-
antee that the calibrated model also has a large RY . In fact, estimated values of ¢; and &)
do not necessarily satisfy ¢| + ¢y > 5/3. If we have ¢; + ¢ <5/3 in the calibrated model,
then by Theorem 3.2, the corresponding R} is close to 0, which differs from the feature of
high reciprocity in the given dataset. This flags modeling error and suggests the consideration
of alternative models or variants of the classical PA network. For instance, once a directed
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edge (i, j) is created following the PA rule, we may add a reciprocal edge (j, i) with proba-
bility p € (0, 1). The study in [4] also provides other features that can be employed to predict
reciprocal edges; we will defer the analysis of these variants of directed PA models to future
research.
Appendix A. Lemmas and proofs needed in Section 2
In this section, we state and prove two lemmas needed for the proof of Proposition 2.1,
which is also given.

A.1. Statement and proof of Lemma A.1.

Lemma A.1. For some integer p > 1, k>0, and v > 1, we have the following:

(i) Forp=1,
BS54 (DI, + K+ 1)+ 83 )

_ in . at+p
= (o} (S”+k)+5’”>< sv+k+1+am|v<sv+k>|) A

(ii) For an integer p > 2,

ETSt (DS, +k+ 1) +8)")

, P
— (D", + k) +8;,) (1
( v SR+ ) ( P kT 11 0, VS, £ B

o+ p d p . p—r+l
DS, + k) +6; . A2
+sv+k+1+am|v<sv+k>|Z;(r)( S+ ) (A2

a+p )

Proof. Note that the right-hand sides of (A.1) and (A.2) are both Fg,,-measurable. We
prove the results for p > 2, and the case p =1 follows by a similar argument. Let F' € Fg, 14;
then

/ E7Sk (DG, +k+ 1) +8n) ) a
F
. p
=/ (DS, + K+ D +50)” dP

—Zf

p
D”‘(l—i—l)—i—(Sin) dp,
=% JFOUS =1

and since DI"(/ + 1) = DI"(1) + 1{Node v is chosen at step i+1) =: DI"(1) + A, (I + 1), this equals

. P
-y / (D) + 80 + A+ 1)) dP
FOS,+k=1)

1>k
i) 4 8 ) (P (rinen 1 s VP
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Since F N {S, + k =1} € F, the quantity in (A.3) is equal to

i p
; /I;O{Sv+k:1} (DL“(]) + 5in> dP

. p—1
+ DNI) + 5 E71 (A (I + 1))dP
; /F sy PP+ )BT (A4 )

ey

. p—r
(p > (D@ +8u) BT (A +D)dP.
=2 1=k JFOMS k=l \"

Note also that E77(A,(1+ 1)) = (« + ﬂ)(Div“(l) + ain) /(1414 8i|V(DI), so we have
: p
/F B+ ((D‘V“(SV Fh+ 1)+ sin) ) dP

. P a+p
= [ (D, + 0+, <1+ )dp
/F( PS4+ 6n) P Skt T+ 8ulV(S, K]

a+p "Ly . p—r+1
D™ (S, + k) + §; dP.
+/Fsv+k+1+sm|v<sv+k>|;@( S+ o) 0

A.2. Statement and proof of Lemma A.2.

Next, we study properties of E [(DI"(S, + k))"] and E [(D™(S, + k))"], k> 1, which are
needed for deriving the theorems in Section 3 as well as for the proof of Proposition 2.1.

Lemma A.2. Forv e V(n) and p > 1, we have

E Din p E [(pout 4
wp [(k:lgo) Do up BH ,fczp(k)) l_ o
k>1 k>1

Proof. For p =1, we see from (A.1) that
E (DL“(SV +hk+ 1)+ 5in>

- a+ B
& ( (D", + k) +8,) (1 :
(< v Syt o+ >< +Sv+k+1+<sin|v<sv+k)|>)

since S, > 0 and |V (S, + k)| > |V (k)|, this is

in . &
=E <<D (S 8+ bin) (1 T +am|v<k>|>> ’

<E (Div“(Sv +h)+ 51“) (1 + %>

(@ + B)oin| VAR — (1 = BIK|
(+ 5l VAOD (1 + 3in(1 = ) |

+E (Div“(sv +h)+ &n)
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and as @ + 8 < 1, this is

2ot 1 40) (1)

S IVCO] = (1 = Bk
(k+ 8inl VAR (1 + Sia(1 — B))K
= HV(k) + H? (k). (A.4)

+E (Divn(sv TR+ (Sm)

Since ’V(k)| — 1 follows a binomial distribution with size k > 1 and success probability 1 — 3,
by applying the Chernoff bound we obtain

2
P (‘|V(k)| —(1- ﬁ)k) > 14+ /12(1 — Bk log k) =5 (A.5)
and rewrite the term HSZ)(k) in (A.4) as
HP (k)
Sin| [V = (1 = Bk

=E @“*+“+%)@+%wwmm+%a—mﬁ

x1
{ §l+«/12(1—ﬁ)klogk})

‘IV(k)\—(l—ﬁ)k

Sin| [V = (1 = BIK]
(k4 8inl V() ) (1 + 8in(1 — B))k

+E | (DS, +K)+8n)

x1
”|V(k)\—(l—,3)k >l+«/12(l—ﬂ)klogk}

Since D%,H(SV +k)<k+1and ‘ [V(k)| — (1 — ,B)k) <k + 1, the foregoing term is bounded by

) 8in(1+ +/T2(T — Pk Togk) N Sin(k+ 1+ 8i)(k+1) 2
k2 (14 8i(1 — B)k>  K*
Sin(1+ /12kTogk)  28in(k+ 1+ 8in)(k+ 1)
k2 + X6 .

E (Div“(SV 1)+ 8in

<E (Div“(Sv +K)+ 8 ) (A.6)
Combining the bound in (A.6) with (A.4) gives
. . Cl
E (Dlvn(Sv +k+1)+ 6m> <E (D‘V“(SV +h+ 8in> (1 + ?)
Sin| IV — (1 = K|
(k4 8 VI (1 4 8in(1 — B))k

8in (1+ 12k Togk k))
k2

+E (DiV“(Sv 1)+ ain)

<E (Di“(Sv k) + 8in> (1 + % n

Zain(k + 1+ (Sin)(k + 1)
+ G .
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Recursively applying the inequality above k times, we have

E (DiV“(SV Fhk+ D)+ sin)

| 8in (1 + /T2KTog K
sE(D‘v“(Sv+k)+6m)<1+%+“‘( - g))

28in (k414 8in)(k + 1)
+ 5

k
| 8in (1 + /T2TTog
5...§]E(D‘V“(Sv)+6in)1—[<1+671+ n +z2 Og)>
=1
k k
I 1+ 8) (0 +1 8in (1+ /T25Togs
+28in2( lén)( ) I1 (1+C—1+ in o d Ogs)>. (A7)
=1 s=Il+1

Here, E(Div“(SV) + Sin) = adin + Y (1 + 8in), depending on whether the «- or the y-scenario
occurs. Note that there exists a constant M > 0 such that

i (0] k c in 0}
H<1+%+5‘“(1+W)>5exp{Z(—IJrS (1+J2ng)>}

=1 ! =1 ! !
< Mk‘!, (A.8)
and it follows from (A.7) that
E [DIN(S, + k)] E [DIN(S, + k) + 8in]
sup ———— = <sup <00
k=1 ke k=1 ket
For p > 2, suppose
. r
E [(D‘v“(SV )+ 5m) ]
sup <A, <o
k=1 kC] r

holds for some constants, A, r=1,...,p— 1. Let Ap =max{A,:r=1, ..., p— 1}; then by
(A.2), we have

E ((DiV“(SV Fk+ D)+ ain)p)
in -\ a+pB
=8 ((D (S, +0+ ) (1 S K amI VS, +k>|))
p—1
+ ; (@+B) (’;) Akt

. » a+p
<E((D)(S, +k)+8n) (1
< (( NSy + k) + ) ( +pSv—|—k—|—8m|V(Sv+k)|)>

1
+ 5@+ Bpp — 1) Agk =D

=:C (k) + CP (k). (A.9)
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We rewrite the Cil)(k) term in (A.9) to get
c . p
o= (1+ 17’7) E [(D‘VH(SV )+ ain) ]

o Ry pla+B) _ap
-(DV (Sv+k)+3m) <Sv+k+8in|V(SV+k)| k >]

= (1+ ) E[ (Db +00+8n) |

+E

PonIVEL = (1 = B
(k+ 5l VDD + 8in(1 — Bk

- p
+E (D‘J‘(Sv +h)+ 5in>

(1+0)E [(Dy+10+8) ]

IA

VK = (1= Bk
k2

o p PSin
+E (DV Sy + k) + ain)

Similarly to the Chernoff bound in (A.5), we have, for p > 2,
2
P ()|V(k)| —(1- ﬁ)k) > 1+ /6p(1 — Bk log k) <5 (A.10)
Therefore, analogously to the calculation in (A.6), we have

V) = (1= Bk
k2

. 14 P(Sin
E <D‘vn(Sv 1k + ain)

V() — (1 —ﬂ)k(l
k? H\V(k)lf(lfﬁ)k‘flh/m}

in pPSin
=E | (DS, +K)+ i)

VeI - (- P

)p Péin
k2 {)\V(k)|—(l—ﬁ)k‘>l+4/6p(l—ﬂ)klogk]

+E (D;“(sv )+ 8in

and since (D{,n(SV + k) + Sin)p < (k +1+ 5in)p, this is

. Sin (1 + /6p klog k Sin(k + 1+ 8n) (k+1) 2
SE[(DL“(SV+k)+8m)p]p‘“( kzp o8 )+p"’( o i)« )kTp'
Hence,
. Sin (1 + /6pklogk
V) < E[(DIS,+0+8u) | <1+%+” n ot )>

2p8in (k + 1+ 8in) " (k + 1)
k2p+2 '

Note also that
(k4 14 8i0) Gk + DK™ 72 <22+ 8Pk P <2(2 4+ 8) k107D
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for all k > 1, p > 2. We conclude from (A.9) that

E ((Divn(sv Fhk+ 1)+ sin)”)

. Sin (1 + +/6pk log k

+ (Ao(a +Bp(p — 1)*/2 + 4psin (2 + 3in)p) K1e=D—1

Following the recursive step as for the p = 1 case gives

in P in Y4
- E (DY +R)"] _ cup E[(DI"S, + k) + 8in)" ] .

k1 ke T >l ke

Note that for p > 1,
Din(m)\” Di"(n)\” Di"(n)\”
E ((#) =E\ (=) Vsizn-n | +EL{ =57 ) Liszn
in p p
<E<<Dv(sv+n)> ) +<L> |
- ncl ncl
since Divn(n) is monotone in zn. Then we have, forv > 1,

Din r
supE (<ﬂ> ) <00
n>1 nel

Applying a similar argument to the out-degrees completes the proof. (]

Remark A.1. In the proof of Lemma A.2, if we revise the inequality |V (S, 4+ k)| > |V (k)| to
[V(Sy + k)| = |V(v+ k — 1), then we have for p > 1

Dbﬂ(n) p Dgut(n) p
s (7)) <= smn((GER)) <= o

These results are used in the proof of Theorem 3.2, in Section 3.2.

A.3. Proof of Proposition 2.1

We prove only the results for Divn (n); those for DS“t(n) follow from a similar argument. First,
by Lemma A.1, we see that for n > 1,

D™(S, +n) + 8in DS, +n) + 8in

n—1 a+p - (v)
o (1+ st *n

(A.12)

is a nonnegative (fgv+n)n>0-martingale, which by the martingale convergence theorem con-
verges to some limit L, a.s. as n — oo. It remains to analyze the denominator and to verify
that P(L, € (0, 00)) = 1. We do this by applying some proof machinery similar to that of [16,
Lemma 8.17].
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By Markov’s inequality, we see that for € > 0, and max{—1, —8;,} <m <0,

Din S 8
P(L, <€)=Ilimsup P (M < e)

n—00 X;V)
DS, + 1) +8in
< el im supE V#
n—00 Xn
DS, + 1) + 8in)"
<™ limsup B (DY (Sy + ) + 3in) (A.13)
n—00 n—1 (1 + (at+B)m )
k=0 Sy+k+1+6in [V (Sy+k)|
By (A.13), it suffices to show
. (DIN(S, + 1) + 8in) "
limsupE < 00.
n—00 n—1 (1 + (a+pB)m )
k=0 Sy+k+1+3in|V(Sy+k)|
Similarly to [16, Equation (8.7.23)], there exists some constant C,, such that
DS, + 1) + 8in)"
limsup E (DY(Sy + ) + bin)
n—00 n—1 (1 + (a+pB)m )
k=0 Sy+k+1+36in [V (Sy+k)|
T(DIN(S, + 1) + 8in + m)/ (DS, +n) + 6
<Gy limsup E (DM(Sy +n) + 8in +m)/ T (DS, + n) + 8in)
1 00 n—1 (1 + (a+B)m )
k=0 Sy+k+1+8i0 | V(Sy+k)|
Hence, once we show
T'(DIN(S, + 1) + 8in +m)/ T (DINS, +n) + §;
limsup E (DY (Sy )+ bin + m)/ T (DY (Sy + ) + 8in) < 00, (A.14)

00 n—1 (1 + (a+B)m )
k=0 Sv+k+1+3in|V(Sv+k)|
the inequality in (A.13) implies P(L, € (0, c0)) = 1.
We prove (A.14) by showing that

T(D'™(S, 4 n) + 8in 4+ m)/ T(DI(S, + n) + 8in)

M’(lm) = n—1 (a+
(1+ a+pB)m )
k=0 Sy+k+1+8in [V(Sy+k)|

is an (.7-"5‘,+n)n>0-martingale. Note that

EFsvin (F (DI(Sy +n+ 1) + 8in+m) )

T(Din(S, 4+ n+ 1) + 8in)
_ T(DI"S, + 1) + 8in +m) (1 @+ A(DINS, + 1) + i) )

L(DIn(S, 4 n) + 8in) Sy+n+1+8imlV(Sy +n)l
(e + B)(DIN(S, + 1) + 8in) T(DIN(S, + 1) + 8in +m) DI™(S, 4 1) 4 8in + m
Sy +n+148a|V(Sy+n)|  T(DNS, +n)+ 8in) DiIn(S, + n) + Sin
_ T(DIN(S, + 1) + 8in + m) ( (@ + B)m )
(DS, + 1) + 8in) Sy+n+ 148 V(Sy+m)] )’
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which confirms that M\ is an (Fs,4n) ,-martingale. Also,

E(M(m)) ]E(M(m))
& ( (DI"(S,) + 8in + m) / T (DI(S,) + ain)>

(a+B)m
L+ 5 s

Sincem <0 and S, >v— 1> 0, we have
~1 ~1
(1+ (a + B)m ) §(l+(a+ﬂ)m>
Sy + 14 é&inv (14 6in)v

This further implies

~1

(m) (o + p)m in , in ,
E(M™) < (1 *iray) E (P (DI2(S)) + 8 + m) / T (DS + 8in) )

_(1+<oz+ﬁ)m>‘1 (ar<6m+m)+ F(sm+1+m)> B
I TR TGm) | T +8m)

)

thus completing the proof of (A.14).
Next, we consider the convergence of X,(,V) by noting that

_nl[lo < N a+p >_ o+ p i|
pard g Sy + k414 8in|V(S, + k)| Sy +k+148,|V(S, + k)|
n

—1

n ( a+p . Ccl )
o \SyHk+1+8alVS +R)l - Sy +k+1

(&

Sy +n
=:1,(n) + 11, (n) + I, (n) + c; log S: e

loS+ 4o S, +n
—_— C
S+k+1 alve g Tae e

—+

’*MT
L

Since log (1 +x) <x, for all x>0, we have I,(n+ 1) —IL,(n) <0 for all n; i.e. I,(n) is
decreasing in n. Note also that [log (1 +x) — x| < x2/2 for all x > 0, so we have

(1°(l+ VS TH) ST s TE)
T S Tkt L8l VS + 01 Syt k+ 1+ 8mV(Sy +h)|

=0
oo
k=0 Sv+k+ 1 +8m|V(Sv+k)| Sv+k+ 1 +51n|V(Sv+k)|
(@+p)’ ¢ ( 1 )2 |
< -— E < — < 00,
-2 Z Sy +k+ 1+ 8in|V(Sy + k)| Z k2

k=0

which implies I,(c0) < 00 a.s., and I,(n) —> I,(c0) as n — oco.

https://doi.org/10.1017/apr.2021.52 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.52

Reciprocity in preferential attachment 741

By [1, Theorem 3.9.4], we see that there exists a finite random variable Z such that

ad ( oa+p C1> as.
S (it ) g
2\ k¥ sulV— D] &

then

as atp cry) _.
(n) = 7 — Z (ka'V(k_ o~ ?> =: 11,(c0).

Since Y y_, 1/k —logn — ¢, where ¢ is Euler’s constant, for v =1 we have
I (n) =% ¢1& =: 111 (00),

and forv > 2,

S
s y 1
ML, (n) = ¢, (c +1log (S, + 1) — ;—1 ;> =: 1I1,,(c0).
Hence, as n — oo,
X(V)
n a.s.
2% exp {I,(00) + I1,(00) + I, (c0)} . (A.15)

((Sy +m)/(Sy +1)7

Combining (A.15) with the convergence of the martingale in (A.12), we have

b V(S”L”)& Ly exp {—(I,(00) + I, (00) + 1ML, (00)) } =: &M

(Sy +n)1 Sy + 1“1
then )
. Di;n(n) . Dm(Sv +1) as. _in
lim — = ——— =&,
n—oo pcl n—oo (8§, + n)c1

Since P(L, € (0, 00))=1and S, + 1 > v > 1, we also have IP(S‘i,“ €(0,00))=1.
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