Ergod. Th. & Dynam. Sys., (2022), 42, 1446-1473 © The Author(s), 2021. Published by Cambridge 1446
University Press.
doi: 10.1017/etds.2021.3

Prime number theorem for regular Toeplitz
subshifts

KRZYSZTOF FRACZEK@{, ADAM KANIGOWSKI: and
MARIUSZ LEMANCZYK$§

§ Faculty of Mathematics and Computer Science, Nicolaus Copernicus University,
ul. Chopina 12/18, 87-100 Torumn, Poland
(e-mail: fraczek @mat.umk.pl)
§ Department of Mathematics, University of Maryland, 4176 Campus Drive,
William E. Kirwan Hall, College Park, MD 20742-4015, USA
(e-mail: akanigow @umd.edu)
§ Faculty of Mathematics and Computer Science, Nicolaus Copernicus University,
ul. Chopina 12/18, 87-100 Torumn, Poland
(e-mail: mlem@mat.umk.pl)

(Received 27 April 2020 and accepted in revised form 6 January 2021)

Abstract. We prove that neither a prime nor an /-almost prime number theorem holds in the
class of regular Toeplitz subshifts. But when a quantitative strengthening of the regularity
with respect to the periodic structure involving Euler’s totient function is assumed, then
the two theorems hold.

Key words: almost prime numbers, polynomial ergodic theorems, prime number theorem,
Toeplitz systems

2020 Mathematics Subject Classification: 37B10, 37A44 (Primary); 11NO5, 11N13
(Secondary)

1. Introduction
Given a topological dynamical system (X, T'), where T is a homeomorphism of a compact
metric space X, one says that a prime number theorem (PNT) holds for (X, T') if the limit

1
lim
N—>oo 7'[(N)

Y (T (1)

p<N

(p stands always for a prime number) exists for each x € X, an arbitrary f € C(X)
and 7 (N) denotes the number of primes up to N. Then, via the Riesz theorem, for all
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f € C(X), we have
Jim n(N) Z f(T7x) = / f dvs @)

for a Borel probability measure v, on X, where v, depends only on x € X.

Let us first consider the cyclic case X = Z/kZ and Tx = x + 1. Fix x € X and notice
that (1) indeed holds by the classical prime number theorem in arithmetic progressions,
where v, is the uniform probability measure on the ‘coset’ {a < k: (a,k) =1} + x.
Hence, a PNT holds in cyclic (and therefore also in finite) systems.

Consider now the procyclic case, that is, assume we are given an odometer system
(H, T) with

H =liminv, o0 Z/n:7Z, Tx=x+(,1,...)

(here ny|ny 41 for ¢ > 0). In this case, a PNT still holds. Indeed, the space H has a sequence
of natural partitions D’ = (D}, . . _1)»t = 0, consisting of clopen sets and such that
TD! = D! 1 mod n; 1t fOllows that the sets D!, i < n; — 1, have the same diameter which
goes to 0 as t — oo. Moreover, it is not hard to see that each character of the group H is
constant on the levels of the towers D' for ¢ sufficiently large. Hence, each f € C(H) can
be approximated uniformly by functions which are constant on the levels of the towers D’
and a PNT holds because it does in the finite case.

Our main results concern prime number theorems for extensions of odometers. Recall
that odometers are zero-entropy topological systems which are minimal (all 7T -orbits are
dense) and uniquely ergodic (there is only one T -invariant measure: Haar measure in this
case). Before we describe our results, let us discuss a PNT in the class of uniquely ergodic
systems. First, recall that for all such systems (1) holds almost everywhere with respect
to the unique invariant measure [3, 23]. On the other hand, one can easily construct a
counterexample to the validity of (1) for all x € X. Indeed, denote by IP the set of prime
numbers and consider any subset P C P with no density in P, the left shift S on {0, 1}Z
and the subshift (X; PUCP)? S) obtained by the orbit closure of the characteristic function
1py(—p). It has a unique invariant measure of zero entropy (which is the Dirac measure at
the fixed point . .. 0.00 . ..) and a PNT fails in it (see, for example, [7] for details). Now,
this particular uniquely ergodic model of the one-point system implies paradoxically that
each ergodic dynamical system has a uniquely ergodic model (X, T') in which a PNT does
not hold. (Recall that the Jewett—Kreiger theorem says the following. Suppose (Z, k, R)
is an ergodic measure-theoretic dynamical system. Then there exists a uniquely ergodic
(even strictly ergodic, that is, additionally minimal) topological system (Y, §) with the
unique invariant measure v such that (Z, k, R) and (Y, v, S) are measure-theoretically
isomorphic.) To see this, take any uniquely ergodic model (Y, v, R) of the given
measure-theoretic dynamical system. Since the one-point system is (Furstenberg) disjoint
with any other system, the product system (X1,,_p, X ¥, S x R) is still uniquely ergodic,
with the unique invariant measure §_ g oo... ® v. It is not hard to see that the product system
is still measure-theoretically isomorphic to the original system. Since the new system has
(leu<_p>’ S) as its topological factor, a PNT does not hold in (X1pypy X Y, S X R).
(To illustrate this, consider an irrational rotation R, on T for which a PNT holds because
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of Vinogradov’s theorem (prime ‘orbits’ are equidistributed). However, our observation
shows that there is a uniquely ergodic model of R, in which the eigenfunctions are still
continuous but a PNT fails, that is, some of the prime ‘orbits’ are not equidistributed.)
Hence, if we think about a necessary condition for a PNT to hold, it looks reasonable to
add the minimality assumption to avoid a problem of ‘exotic’ orbits on which a PNT does
not hold (we also recall that a uniquely ergodic system has a unique subsystem which is
strictly ergodic). However, in this class one can still produce counterexamples to a PNT;
see [18] for the first symbolic counterexamples (although their entropy is not determined
in [18]), or [12] for non-symbolic counterexamples. On the other hand, we have quite a
few classes in which a PNT holds, including systems of algebraic origin [10, 22], symbolic
systems [4, 9, 15, 16] or recently [12] in the category of smooth systems, where a PNT has
been proved in the class of analytic Anzai skew products. Finding a sufficient dynamical
condition for a PNT to hold, postulated a few years ago by Sarnak [20] seems to be an
important and difficult task in dynamics; however, we rather expect the following result.

Working Conjecture. Each ergodic and aperiodic (the set of periodic points has measure
zero) measure-theoretic dynamical system has a strictly ergodic model in which a PNT
fails.

If true, this makes Sarnak’s postulate even harder to realize. The present paper should
be viewed as introductory steps in trying to understand the conjecture.

A PNT can be reformulated as the existence of a limit of (1/N )Z,K N fF(T"x)A(n),
where A stands for the von Mangoldt function: A(p*) = log p for £ > 1 and 0 otherwise.
Proving dynamical prime number theorems for zero-entropy systems is closely related to
Sarnak’s Mobius disjointness conjecture [19]:

1
Jim =Y F(T ) =0 3)
n<N

for each x € X, f € C(X) in each zero-entropy dynamical system (X, T) (u stands for
the Mobius function: w(1) = 1, w(p1 - .. .- px) = (—l)k for different primes py, . . ., pk,
and u (n) = 0 for the remaining n € N). Here, the class of systems for which we expect the
positive answer is precisely defined. In fact, in quite a few cases (see [4, 5, 8-10, 15, 16])
one can observe the following principle: once we can prove Sarnak’s conjecture for (X, T)
with a ‘sufficient’ speed of convergence to zero in (3) then a PNT holds in (X, T).

With all the above in mind, we return to extensions of odometers that we intend to study.
We stay in the zero-entropy category of systems and we assume minimality. Further, we
assume that the systems are almost one-to-one extensions of odometers. (If (H,T) is a
factor of (X, S) viamw : X — H, then (X, S) is called an almost one-to-one extension of
(H, T)ifthereis apoint & € H such that | ~!(h)| = 1;in fact, in this case the set of points
with singleton fibers is G5 and dense.) We also assume that our systems are symbolic. (We
recall that each zero-entropy system has an extension which is symbolic [2], and clearly if a
PNT holds for a system, it does for a factor.) All these natural assumptions determine, how-
ever, a very precise class of topological systems, namely Toeplitz subshifts (X, ), where
x is a Toeplitz sequence over a finite alphabet A; see Downarowicz’s survey [6, §7]. That is,
x € AZ has the property that for every a € Z there is £ € N such that x(a) = x(a + k£)
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for each k € Z, and X, is the set of all y € A% with the property that all subblocks of
y also appear in x. One shows then that there is a sequence n;|n;+; such that if Per,, (x) :=
{a €Z: x(a) = x(a + kn,) for each k € Z} then

| Pery, (x) = 2. 4)

>0

Moreover, there is a natural continuous factor map 7 : X, — H, where H stands for
the odometer determined by (n;). In fact, we will restrict our attention to so-called
regular Toeplitz subshifts, whose formal definition is that the density of Utﬂi o Pery, (x)
goes to 1. Regular Toeplitz subshifts are zero-entropy strictly ergodic systems, and
measure-theoretically isomorphic to the rotations given by their maximal equicontinuous
factors. Although in [6] there are four other equivalent conditions for regularity (see [6,
Theorem 13.1]), we will choose a different path. Since 7 : X, — H is a continuous and
equivariant surjection,

E':=7"'(D") = (Ej,...,E} ) with E; =7~"(D})

is an S-tower of height n, whose levels are closed (hence clopen). By the minimality of
(Xx, S) there is a unique tower with clopen levels and of fixed height. Let us consider a
metric on A% inducing the product topology given by

d(x,y) =2~ inf{|n|:x(n)#y ()}

The diameters of the levels of towers E' do not converge to zero, unless x is periodic.
Moreover, the diameters of different levels are in general different as the shift S is not an
isometry. Let us consider the diameter of the tower E’ given by

S(E" := Z diam(E*).

0 j<n;

It is not hard to see (see Appendix A) that the regularity of a Toeplitz sequence is
equivalent to

. 8(EH
lim

t—00

=0. (5)

It is also not hard to see that this property does not depend on the choice of (n;)
satisfying (4). We recall that the Mobius disjointness of subshifts given by regular Toeplitz
sequences has been proved in [1]. Here are two first results of the paper proved in §2 and
§4, respectively.

THEOREM A. A PNT does not hold in the class of minimal almost one-to-one symbolic
extensions of odometers satisfying (5). That is, a PNT need not hold in a strictly ergodic
subshift determined by a regular Toeplitz sequence.
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THEOREM B. A PNT holds in the class of minimal almost one-to-one symbolic extensions
of odometers in which (5) holds with a speed
S(E")

lim =0, (6)
1=>00 @(ny)

where ¢ denotes the Euler totient function.

As for all Toeplitz dynamical systems constructed in the proof of Theorem A, we have

10210 R S(E")
0 < lim inf < lim sup
=00 @(n;) 1—oo  @(ny)

< 400,

which shows that the condition (6) in Theorem B is optimal to have a PNT. The systems
in Theorem B are strictly ergodic and since they all have non-trivial cyclic factors, the
measures Vy, y € Xy, in (2) are never S-invariant. (To be compared with the case of
Sturmian systems (see Theorem B.I) in which vy, y € Xy g, are equal to the unique
S-invariant measure.)

We then turn our attention to an /-almost prime number theorem (P;NT) which is much
less explored than the PNT case and which, for the first time in dynamics, is studied in
[13] (for some smooth Anzai skew products). Recall that for any / > 1 a natural number is
called an /-almost prime if it is a product of / primes. We denote the set of /-almost prime
numbers by P;. By IPZN we denote the set of /-almost prime numbers less than or equal to
N and we let ;(N) stand for the cardinality of ]P’IN. A classical result of Landau asserts
that

lim 7i(N) -
N—oo (N/log N)((log log N)!I=1/(I — 1)!)

I; (N

see [14, §56].
Analogously to the PNT, we say that a topological dynamical system (X, T') satisfies a
P;NT if the limit

. 1 n
Nh—r>noo JT](N) Z f(T X)
nEPW
exists for each x € X and each f € C(X).
In §3 and §5 we provide sketches of proofs of the exact analogues of Theorems A and B
for a P;NT for regular Toeplitz subshifts.
In §6.1 we prove a new polynomial ergodic theorem:

1
NILmoo v Z F(SP™x) exists
n<N

for monic polynomials P with positive integer coefficients for all symbolic minimal almost
one-to-one extensions of odometers with a modified condition (6). In §6.2 we provide
a regular Toeplitz subshift which does not satisfy the polynomial ergodic theorem for
squares but satisfies a PNT. We refer again to [18] for the first examples of strictly ergodic
systems (of low complexity), where the Birkhoff ergodic averages along squares do not
converge.
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While Theorem A confirms our working conjecture for a subclass of odometers, we
have been unable to confirm it for the whole class of odometers. Confirming our working
conjecture for the class of automorphisms with discrete spectrum seems to be the first
step toward a possible general statement. In Appendix B we provide a simple argument
showing that a PNT holds for all symbolic models of irrational rotations given by Sturmian
sequences. The Sturmian systems are strictly ergodic and are almost one-to-one extensions
of irrational rotations.

2. Regular Toeplitz subshifts which do not satisfy a PNT (proof of Theorem A)
Forall K,n e Nand a € Z, let

n(K;n,a)={1<p<K:peP, p=amodn}.

THEOREM 2.1. (PNT in arithmetic progressions; see [21]) For any natural n and any
integer a with (a, n) = 1 we have
n(K;n,a) 1
im = .
K—oo m(K) e(n)

We construct a Toeplitz sequence x € {0, 1}Z with the period structure (n;):
N1 = keping, (kg1 ng) =1, 3

for each r > 1. We will show that for this x,

lim
00 7 (n;)

Z F(SPx) does not exist,

p<<n;

where F(y) = (—1)"@. At stage r, x is approximated by the infinite concatenation of
x[0,n, — 1] € {0, 1, 2} (i.e., we see a periodic sequence of 0, 1, ? with period n;).
Successive ‘?” will be filled in the next steps of construction of x. We require that

Qﬂ(”t) 1
— 9
. 2 )
0<i<nm:x@O)=0C{0<j<n:(,n)=1}, (10)
t
HO<i <ni: x () =2 > ( ; 100,)¢>(n,>, (1n)
#p <n: x(p) =2} = 3w(ny). (12)
We choose k;1 satisfying (8), and
k
(k1) < - (13)
kz+l 2
(k1) > 1001, (14)
8logniy1 < w(myr1), 8m(ng) < mw(nes1) (15)
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and for each 0 < a < ny, (a, n;) = 1, we have

T(n41)

o)
To see (13) note that if p; stands for the ith prime then Zj%. 1/pj = +oo, whence,
remembering that ¢(p;pi+1 ... Pits) = PiDi+1 - - - piH]_[‘;.:O(l —1/pi+j), we have
[Tj—o(1 = 1/pi+;) — 0, and therefore [ T;_o(1 — 1/pi4;) < 1/2for s large enough. The
latter we obtain from Theorem 2.1 (remembering that n, is fixed, so the number of a is
known, and we can obtain the accuracy as good as we want by taking k;1 sufficiently
large).

We need two simple observations. Firstly,

#{a+jni 2 j=0,... .k} NP) = 7w (41504, 0) <2 (16)

0<k<ny: kngp=13c |J la+jn:j=0... . k—1L (A7)
0<a<n,

(a,n;)=1

Then we have the following.
LEMMA 2.2. Forevery 0 < a < n; with (a, n;) = 1, we have
#HO < j < ki1 (a+ jng,nr) = 1} = @(kgr).

Proof. First note that (a + jns, n;41) = 1 if and only if (a + jns, kr1) = 1. Indeed,
assume that (a + jny, k;+1) = 1. If for some prime p we have p|(a + jn;) and p|n;41 =
nik;+1, then plk,+1. Otherwise, we have p|n,, so pla. As (a, n;) = 1, this gives a contra-
diction. Thus (a + jny, k;+1) = 1 implies (a + jn;, n;4+1) = 1. The opposite implication
is obvious. Thus

0<j<kiqr:@@+jn,neg) =11 ={0<j <key1:(a+ jng, k1) = 1}
Let us consider the affine map
Z/kZ > j > a+ jne € Tk Z.
IfJ:={0<¥€ <ky1: (4, ky1) =1} then
O <kgr: (@t jn ki) = 1} = A7)
Since (n;, k;+1) = 1, the map A is a bijection. It follows that
#HO< j<kiy1:(a+jn,kp) =1 =#H0< L < kg1 (G, kyy) = 1)
= @(ki+1),
which completes the proof. O

We now need to describe which ‘?” we fill in x;41[0, 7,41 — 1] and how. This block is
divided into k;1 1 subblocks

x¢[0, ny — 1]x¢[0, n; — 1] .. . x£[0, n, — 1].

kit
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We fill in all ‘?’ in the first block x;[0, n; — 1] in such a way as to ‘destroy’ a PNT for the
time n;, namely

14
> F(SPx) = t)

Z( I)X(P)

(1)

p<ng p<n;
plng
1
+ 1— 1+ (—1))‘“’)).
m»( >
(p,ne)=1 (p,ni)=1 (psnr)=1
X (p)=0 x (p)=1 x(p)=?

As the number of the primes dividing 7, is bounded by log n,, it is negligible compared to
w(n;) = n;/ log n;. It follows that

Z (— )X(P)

p<n
pln;

”(”t)

so the first summand does not affect the asymptotic of the averages in (1). Since the number
of p in the last summand is at least %n(n,) in view of (12), we can fill in x,4; at places
{p <ns:(p,ny) =1, x;(p) =7} to obtain a sum completely different than the known
number which we had from stage ¢ — 1.

We fill in (in an arbitrary way) all remaining places between O and n; — 1 and all
places a + jn; for 0 < j < k41 such that this number is not coprime with 7,41, so
that (10) will be satisfied at stage ¢ 4+ 1. We must remember that for certain 0 < a < n;
coprime to n;, x;(a) was already defined at previous stages, so along the corresponding
arithmetic progressions a + jn;, 0 < j < k;41, these places are also filled in previously.
On the other hand, if x;41(a + jn;) #? (ie., x,41(a + jn;) =0 or x;41(a + jn;) = 1)
and (a + jn;, n;41) = 1 forsome 0 < j < k1 then x;(a) #7?. In view of (17), this gives

0<i <myqr: @, neg) =1, x010) #7
C{0<a<n;:(a,n)=1,x410a) £}

U U fa+jn:0<j<kigr, (@+ jng, nig) = 1}
0<a<n;
(a,ng)=1
xi(a)#?

By (10), Lemma 2.2, (11) and (14), it follows that

#HO<i <mpyr: (@ neg1) =1, x410) #7
<o) +#0<a<n :(a,n) =1,x(a) #}oki1)

| 1 |
< o) + (; W)‘P(”z)‘ﬂ(kzﬂ) = (Mkm) + ; W)(P(nzﬂ)

t+1
< Z Togr P+ < —<p(nz+1)

In particular, at stage ¢ 4+ 1, (11) is also satisfied.
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Similar arguments show that

{p <niv1 i xe01(p) #1 C{p < g1 2 plag} U {p < np txep1(p) #74

U U {fa+ jn; :0< j <kiyy, a+ jn, € PL.

0<a<ny
(a,ns)=1
Xt (@)#?

In view of (16), (11) and (15), it follows that

#Hp <nv1 D x41(p) #7
7 (nyy1)

<lognipr +m(n) +2#H0 < a <n; : (a,ng) = 1, x(a) #N———— o)
ng

ﬂ(nH—l) —7T(nt+1)

o) 2

Therefore, at stage t + 1, (12) is also satisfied.
Finally, note that

< log nyy + mw(ng) + (P( 1)

) _ o) pkiv) _ (o) 1
Nyl ny ki1 = ng 2

s0 (9) holds and the resulting Toeplitz sequence is regular.

3. Toeplitz subshifts for which a PNT does not hold
We now intend to give an example of a (regular) Toeplitz sequence x such that a P;NT
does not hold for the corresponding subshift. In fact,

0 .
Z F(S? " x) does not exist.
pOeB]"

=5 71 (ny)
For any natural m and 0 < a < m, let
m(N;m, a) :=#PY N (a + m7Z)).
LEMMA 3.1. If (a, m) > 1 then
7 (N;m, a) = o(m(N)). (18)
If (a,m) = 1 then

i (N;m, a) 1
im = .
N—o00 ;1 (N) @(m)

19)

Proof. The proof is by induction on /. If [ = 1 and (a, m) > 1 then m;(N;m,a) < 1, so
(18) holds. If (a, m) = 1 then (19) is given by Theorem 2.1.

Suppose that (18) and (19) are satisfied for all parameters less than some natural number
[ > 2. Assume that (a, m) € Pjforsome j > 1.1f j > I thenm;(N;m,a) = 0.1f (a, m) €
P, then m;(N;m,a) <1, so (18) holds. If p") := (a,m) € P; for some 1< j <!
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then
m(N;m,a) < m-j(IN/pPl;m/pY, a/pP) = O (- j(N))
_ O(N(log log N)l_j_l) _ 0<N(log log N)l_1> — o(u(N)).
log N log N
Now suppose that (a, m) = 1. Assume that p; < pr < ... < p; are prime numbers

such that p@ = p; .- p; < N, p® = amodm. Then p; <~/N. Since (p1,m) =1,
there exists a unique 0 < a(p;) < m such that p; - a(p1) = a mod m and (a(p;1), m) = 1.
Then

m(Nym,a)= Y w1 (IN/pilsm, a(pr)).
pi<VN

As p; < /N implies N/p; > N'=!/! by assumption, for every & > 0 there exists N,
such that forall N > N, and p; < /N with (p1,m) =1, we have

1 ([N —1([N
(1= o=t NP T a(or) < (14 ey TV PD
p(m) ¢(m)

Since m;(N) = Zm < T-1 (IN/p1)), it follows that

71 (N) ) 71 (N)
(1 —¢) <m(N;m,a) < (1+e¢)
@(m) @(m)
for every N > N,, so we have (19). O

LEMMA 3.2. Foreveryl > 2, we have
#pD e PV : (p», N) > 1} = o(m (N)). (20)

Proof. Notice that #{p® ¢ IP’IN:(p(Z), N) > 1} < pr m;—1(N/ p). Therefore, using (7),

N/p (loglog(N/p))'~*
#pD eV P, N) > 1}:0(2 )
45 logN/p)  (1-2)!

0( N (loglog(N)~' (1 —1) Z log N )
log N (—1! loglog N plog(N/p) )’

PIN

So again, by (7), the result will follow by showing that

1 log N
y 2 = o(1).
loglog N = p log(N/p)

Note that

Z logN Z log N n Z log N
oy plog(N/p) £ plog(N/p) 4= plog(N/p)’
p<NI2 p>NI/2
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and that the second term contains at most one prime p. Moreover, as [ > 2 and
(p®, N) > 1, the number N is not prime, so N/p 2. Using this, we get

log N g N
_ — = O(log log log N),
2.yl © Z gz i = O oz oz ¥
as ZP‘N(l/p) = O(log log log N); see, for example, [11]. This finishes the proof. O
Now we repeat the scheme of the construction from §2 almost word for word, although

we have to take care how we choose k; 1.
First of all, we require that k4 is large enough so that

7 (Ne1)

T (nyg1; Ny, @) < ZT for every 0 < a < n; with (a, n;) =1, 1)
pn;
&
> et e @) S g7 (), (22)
0<La<ny,(a.ng)>1
#p® e P, (pV nig1) > 1) = o(mi(ny41)). (23)

The existence of such k;1 is guaranteed by Lemmas 3.1 and 3.2.
Next, we replace (12) by

#p e P x(pD) =0 = tmny)
and requiring (instead of (16)) that for (a, n;) = 1 we have

(1) .
o)
cf. (21). Furthermore, we replace (15) by the requirement that

#({a+jni: 0< j < ki) NB) <2

#{p(l) € IE”;” : p(l) = a mod n; with (a, n;) > 1} < %m(nH_l);

cf. (22). To carry over the previous proof, it remains to show that

(1 S =,
m(n
P 0 er (0 =1

This follows from (23) applied in the previous step of the construction.

4. Regular Toeplitz subshifts which satisfy a PNT (proof of Theorem B)
Let x € A” be a regular Toeplitz sequence. Then, for every k € N, there is an n;-periodic
sequence x; € (AU {?)% so that

xk(j) #? implies x(j) = xx(j) = x;(j) foralll > k,
and
% =N (x) :=#H0 < j < ng o x () =7 = o(ng).

For every Toeplitz sequence x € A% and natural m, let us consider a new Toeplitz
sequence x ™ e (A?"+1)Z given by

x™ ()= —=m),...,x(j+m)) foreveryj € Z.
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If (n;);>1 is a periodic structure of x, then it is also a periodic structure of x ™ Moreover,
%(x™) < 2m 4+ D% (x) forevery k > 1. (24)

Hence, the regularity of x implies the regularity of x .
Theorem B follows directly from Lemma A.1 and the following result.

THEOREM 4.1. Suppose that (X, S) is a Toeplitz system such that
% = op(ng)).
Then (X, S) satisfies a PNT.

Proof. To show a PNT for (X, S), it suffices to show that for every continuous
F : X, — C and every ¢ > 0 there exists N, so that for every N, M > N, and every
r € Z, we have

1 1
L F(S§PTx) — —— F(SPTx)| < . (25)
7(N) p;v (M) S

Note that the above is stronger than what is needed as it shows that the convergence
in (1) is uniform in y € X,. We first assume that F : X, — R depends only on the zero
coordinate, that is, F(y) = f(y(0)) for some f : A — R.

Fix ¢ > 0. Fix also k£ > 1 so that

&
N < g(,o(nk). (26)
Next choose N, such that for every N > N, we have
N N
AW, ay — T ETND g € Z with (@) = 1, 27)
pe) | 8 p(nk)
#p <N : plu) < logmg < S (N). (28)
We will show that for all N > N, and r € Z we have
1
—— Y F(§Px) - > F(S“%)| <l Fllsups (29)
T(N) =, o) (A=
(a—r.np)=1
xp(a)#?

which implies (25).
Recall that x; € (AU {?})%is an n-periodic sequence (used to construct x at stage k).
If for some a € Z we have

xi(a) # 7,
then
x(a+j-ng) =xi(a) foreveryj e Z.
This implies that if p < N and x;(p + r mod ny) # ?, then
F(SPTx) = F(SPTmodne ) (30)
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Note that
#{p <N :xx(p+rmodng) =7}
< Z #{p <N :p=a—rmodng}

0<a<nyg

(a—r.ng)=1

xi(a)="?

+ Z #{p <N :p=a—rmodng}.
0<a<ng

(a—r.ng)>1

Assume that N > N,. By (27) and (28), for every integer v with (v, ny) = 1, we have

#p <N :p=vmodm}=rNVin.v) < (1+5) Z((Z;

and

Z #Hp<N:p=a—rmodni} <#{p <N:p|nk}<§n(N), 31)

0<La<ny
(a—r,ng)>1
where the left inequality follows from the fact that if (a —r,ng) > 1 and p, =
a — r mod ny for a prime p,, then (a — r, ny) = p, and
{p < N: p=a—rmodni}={pa}.
It follows that (use also (26))

#{p <N :xx(p+rmodny) =17}
n(N)

<HO<Ka<np:(a—r,n) =1, x(a) =% (143 7(N)
8 fﬂ(nk)
7T(N) e
1 -7 (N \— N
< (1+5) Ton + T < 5T,
Let
Py :={p < N : xt(p+rmodnyg) #7}.
Then by the above, for every N > N,
1 1 e
S F(SPYx) — —— F(SPY ) < =1 Flsup- 32
0V ;N (") =~ (87720 | < S F lsup 32)
P< pEPN

But by (30),

Z F(SP*x) = Z Z F(S%%)

pePy 0<La<ny PN
xr(@)#? p=a—r mod ny

= Y F(S“x#{p<N,p=a—rmodn).
0<La<ny
xi(a)#?

https://doi.org/10.1017/etds.2021.3 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.3

Prime number theorem for regular Toeplitz subshifts 1459

If (a — r, ng) = 1, then again by (27), we have

N N N
‘#{pgN,p:a—rmodnk}—M = n(N;nk,a—r)—n( ) <£n( ).
@(ng) @(ng) 8 p(ng)
In view of (31), it follows that
! Z F(SP*x) — b Z F(5%%)
ﬂ(N) pePy (ﬂ(”lk) 0<a<ny
(a—r.ng)=1
X (a)#?
N;ng,a— 1
- F(sin ™ ”"Na ) _ > F(sx)
0<a<nyg m(N) (p(”lk) 0<a<ny
xp(a)#? (a—r,ng)=1
xg(a)#?
1 T(N)| e
< F(s° N;ng,a—r)— —— =|IFls
) 0;’1 Pl (Ning,a = r) = 2200 |+ 2l F llsup
S k
(a—r.np)=1
xg(a)#?
e#0<a<ng:xp(a) #, (a—r,ng) =1} ¢ &
< | Fls — — ) <1 F|lsup=-
Il ”sup(s o010) + 8 I ||5up2

Together with (32), this gives (29), which completes the proof in the case of F depending
only on the zero coordinate.
Now suppose that F : X, — C depends only on finitely many coordinates. Then there

exist natural m and f : A2"*! — C such that F(y) = f(y(—m), ..., y(m)) for every
¥y = (y(k))kez € Xx.Denote by X .on) C (A2 1Z the orbit closure of x™ e (A2 12,
Then every y™ e X ony is of the form y™M (k) = (y(k —m), . .., y(k +m)) for some

y = (yk)iez € Xx.

In view of (24), (X, S) is a regular Toeplitz shift with 2 (x™) = o(p(ny)). Let
us consider F : X, — C given by F(y™) = f(y™(0)) = f(y(=m), ..., y(m)) for
ym e X .oy Since F depends only on the zero coordinate, by (25) applied to x™ and
the map F, for every ¢ > 0 there exists N, such that for N, M > N, we have

1 1
— > F(SPTx) - —n F(SPt x)
7 ( )pgN 7 ( )ng
1 _ 1 i
=|—— Z F(SPHrxmy — F(SPH xmy| < ¢,
7(N) ot (M) fory?

Thus (25) holds for every F : X, — C depending only on finitely many coordinates. As
the set of such functions is dense in C(X}), (25) also holds for every F € C(X,), which
completes the proof. O

As ¢(n) — oo when n — 0o, we obtain the following result.

COROLLARY 4.2. If x is Toeplitz for which the sequence (?y) is bounded then (X, S)
satisfies a PNT.
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5. Toeplitz subshifts for which a PyNT holds
THEOREM 5.1. Suppose that (X, S) is a Toeplitz system such that

7 = o(p(ng)).
Then, for every F € C(X,) and y € Xy, the limit

. o

lim F(S§? jsts.
i i X PO i
pOePN
Proof. The proof proceeds along the same lines as the proof of Theorem 4.1. It relies on
the following analogue of (29): for every ¢ > 0O there exists a natural N, such that for all
N > N, and r € Z, we have

1 0
) Y R - o Y PG| <elFllsp (33
! ) epN PUtk 0<a<ng
P ! (a—r.np)=1
(@2

In turn, the proof of (29) is based on only two elements: (27) and (31). Their /-almost prime
counterparts follow directly from (19) and (18), respectively. Now we repeat the arguments
of the proof of (29) almost word for word, replacing (27) and (31) by their /-almost prime
counterparts. O

Remark 5.2. In view of (29) and (33), under the assumption ?; = o(¢(ng)), we have

) . 1
> RSPy = Mmoo 2 FS™y)

lim
N—oo 17(N)
pOePN p<N

for every F € C(X,) and y € X,, so a PNT and a P;NT fully coincide for this class of

regular Toeplitz systems.

6. Ergodic averages along polynomial times

Let P be a monic polynomial of degree d > 1 with non-negative integer coefficients.
The leading coefficient of P equals 1. This assumption is only for simplicity. In fact,
Theorem 6.8 below is true whenever the set of (non-zero) coefficients of P — P(0) is
coprime; see the proof of Corollary 6.3 and the assumptions of the Albis theorem in [17].
Note that, under these assumptions, P(-) is a strictly increasing function on N. For every
n e N, let

Rf::{0<a<n:a:P(m)modnforsomemGN} and wP(n):z#R,f.
Forall N,n € Nand a € RY, let
pP(N;n,a)z#{l<m<N:P(m)=amodn}
and

pfn,a) = pP(m;n,a), pfn) = max pf@;n,a).
aeRP

n
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LEMMA 6.1. The function 1/fP is multiplicative, that is, wP(nlnz) = wp(nl)l/fp(nz) if
(ni,ny) =1.Ifa € Z/nZ, ny, ..., ng are pairwise coprime andn = ny - - - ny then a €
R,f ifand only if a; € R,‘z_ fori =1,...,k where0 < a; < n; is the remainder of a when
divided by n; (i.e., 0 < a; < n; and a; = a mod n;). Moreover,

k
pPn,a) =[] " mi, a). (34)
i=1

Proof. Note that the multiplicativity of ” follows from the second part of the lemma.

Moreover, note that a € Rf if and only if a = P(mmod n for some 0 < m < n.
Indeed, if a = P(mmod n for some m € N, then a = P(m’)mod n, where 0 <m’ <n
is the remainder of m when divided by n.

Ifae R,flmnk, that is, a = P(m)mod ny - - - ny for some 0 < m < n, then a; = a =
P(m) = P(m;mod n; foreveryi =1, ..., k, where 0 < m; < n; is the remainder of m
when divided by n;.

Now, suppose a € Z/nZ, a; = a mod n; and a; € R,IZ_ for i =1,...,k. Then, for
every i =1,...,k, there exists 0 < m; <n; such that a; = P(m;mod n;. By the
Chinese remainder theorem, there exists a unique 0 < m < n such that m = mmod n; for
i=1,...,k. Itfollows that

P(m) = P(m;) =a; =mod n; foralli=1,..., k.

This yields a = P(mmod n; - - - ng anda € R,f.
The argument above also shows (34). ]

Remark 6.2. Note that in the argument above we used the fact that the a; determine a as by
the Chinese remainder theorem there exists only one 0 < a < n such that a = a; mod n;
foreachi =1,...,k.

For any natural n, denote by w(n) the number of its prime divisors (counted without
multiplicities) and by p(n) the product of its prime divisors.

COROLLARY 6.3. The arithmetic function pt is multiplicative and p¥ (n) < (d®™/
p(m)n.

Proof. The multiplicativity of p” follows directly from (34). By the Albis theorem (see
[17, Corollary 3 of Theorem 1.23]), for any prime number we have p* (p") < d p"~1. (Note
that compared to the notation on [17], we have

pf(nyn,a) = np_o(m), pF'(n) = max np_,(n);
aERf

the estimate on hp in [17] depends only on the degree of the polynomial.) This result
combined with the multiplicativity of p gives the required bound of p% (n). O
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LEMMA 6.4. Foralln e N, a € R,f and N > P(n), we have

—1
pP(n,a)<P W) — 1> <#HmeN: 1< P@m) <N, Pm)=amod n}
n

-1
< ,oP(n, a)(# + 1).

Proof. Let s := pf(n,a) and let 1 <mj <...<ms; <n be all numbers such that
P(m;) = anod n. Note that a natural number m satisfies P(m) < N and P(m) =
anod nifandonlyif m = jn +r with0 < j < (P~ (N) —r)/nand 0 < r < n satisfies
P(r) = anod n. Thus, r = m; for some i = l, ..., s. It follows that

p=#meN:1< Pm) <N, P(im)=mod n}

()

Since
—1 —1 _ . —1 _ .
P (N)_1< P (N) —m; <[P (N) ml}ﬂ
n n n
P~YN) —m; PN
< (N) My ( )+1,
n n

by summing up, this gives

-1 -1
s(P (N)—l)épés(l) (N)—i—l).
n n D

Remark 6.5. As P is an increasing function, we can apply the above inequalities to P (N)
instead of N (as P(N) > N). Then P(m) < P(N) if and only if m < N, and the result of
the lemma implies

P N N
P (n,a)<;—1) pF(Nin, a) < pf(n, a)(;wtl).

We now focus on the simplest case when P(n) = n2. We continue to write R for R”,
¥ for ¥ and p for p”. In view of [17, Theorems 1.27 and 1.30], we have the following
result.

PROPOSITION 6.6. For every prime number p > 2, for every a € R,n, where N = 2n or
2n + 1, we have

2 ifa = atod p for a’ € R,\{0},
o(pN,a)=12p" ifa=p¥a anda’ = aflod p fora” € R,\{0},
p" ifa=0.
Moreover, we have

2n+2 2 1 2n+1 2
p teopt and w(pzn) = w (35)

2n+1y _
V) =TT 20+ 1)
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Furthermore, if p = 2 then
p2,a)=1 foralla € Ry, p@,a)=2 foralla € Ry,
and for any N > 3, where N = 2n or 2n + 1, for every a € Ryn, we have
4 if a =nhod 8,
4.2 ifa=2"d, 2r <N —3, a’ =nhod 8,
oV, a)=1{2-2" ifa=2¥d, 2r = N —2, a’ =nhod 4,
2" ifa =2%d, 2r=N — 1, a’ =nhod 2,
2" ifa=0.
Moreover,
22144 2" 45
3 3

Proof. 'We obtain (35) by using the formulas for the values of p and counting the number
of the possibilities in each row, so for N = 2n, we have

Y™ = and Y@+ =

n—1
P—1 5 P—1 oy g
w(pzn)z 2 p2n 1+Z 2 pzl’l 2r 1+1
r=1

n—1

-1 -1 2yn _ 1 2n+1+ +2
p2 Zp2<n—r—1>:1+p(p ) (P7) _p p+2

1 _ =
Ty L 2 Pl 2+ 1D

COROLLARY 6.7. For every natural n > 2, we have p(n) < 4./n. Moreover, if n is
square-free, then p(n) < 2°™.

Proof. By a direct inspection of the formulas in Proposition 6.6, we obtain

p@V) <2v2N,  p3N) <2v3N,

but for all p > 5, we have
p(p™) </ pV.

Indeed, for the cases @ = a’ mod p (fora’ € Rp\{0}) and a = 0, this is direct. For the case
p(p".a) =2p", wehave a = p?a’ < p",s02r < N — 1 and then indeed 2p" < p"/2.
The second inequality follows directly from p(p) < 2. [

For future purposes, we are interested in cases (in Proposition 6.6) which give possibly
smallest values for the function p, hence, for every prime number p and any natural n, let

{0<a<p":a=alodpfora’ e R,\{0}} ifp>2,

A if p" =2,
P" "= Ry if p" =4,
{0 <a <?2":a =nhod 8} ifn > 3.

By Proposition 6.6, ﬁpn C Rpn
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Letn = p"' py* - - - p,'* be the canonical representation of n. Let

S :Z/nl — LIp\" L x - - x L/ p* L

be the canonical ring isomorphism. Recall (cf. Lemma 6.1 and Remark 6.2) that ®
establishes a one-to-one correspondence between R, and Rpml X+ X Rpmk. Set
1 k

R — -1 B .. R m
Ry = @7 (R i - x R m)
and
U (n) := #R,.

Then, clearly, @ is a multiplicative function. Moreover, by Proposition 6.6, for each
ae R[,N, we have

1 if pN =2,
p(pN,ay=12 ifp¥N =20rp>2,
4 ifp=2and N > 3.
Hence, in view of (34), for every a € ﬁn, we have
12290 L p(n,a) <2200, (36)

Moreover, by definition,

PNp-1/2 ifp>2,

~ 2 if p" =2

ny .__ )

T = ) £ 7 — 1
2n—3 if p=2andn > 3.

It follows that
1 1 204 (n) 1
A10-5) <= =010 -5) i
pln pln

To obtain these inequalities, for n = p{"' p5? - - - p/'*, write

200y (n) _ 15[ 29 (p")
& i=1 pi

and apply the formula above.

6.1. Polynomial ergodic theorem. In the result below P is a monic polynomial of degree
d > 1 with non-negative integer coefficients.
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THEOREM 6.8. Suppose that (X, S) is a Toeplitz system such that

% = o(ni/p (np)). (38)

Then, for every continuous map F : X, — C and y € Xy, the limit

1
li P(m)
Jim, y X FT <39>
m<N

exists.

Proof. To show (39), we need to prove that for every ¢ > 0 there exists N, so that for every
N, M > N and every r € Z, we have

1
Z F(SPm+ryy % Z F(SPM+ )| < &, (40)

m<N m<M

1
N
We first assume that F : X, — R depends only on the zero coordinate, that is, F(y) =
f(y(0)) for some f: A — R.
Fix € > 0. Choose k > 1 so that
Nk

pP(ni)’

U < o 1)
hr << —
k=3

Next, choose N > 8n,% /€. Then, in view of Remark 6.5 (and the choice of N;), for every

N > N;,anda € R,fk, we have

N
—. (42)
ny

< pP () <mi <

0| ™

N
of (N:ng, a) — p* (ng, a) -

From now on, we write that an integer number v belongs to R,’fk if there exists 0 < v/ <
ny such that v/ = wmod n; and v’ € R,fk. We will show that forall N > N, and r € Z, we

have
1 1
‘N Y RSPy — = 37 oo a = nF (S| < el Fllap,  (43)
m<N 0<La<nyg
a—reR,fk
xp(a)#?

and this implies (40).
Recall that x; € (AU {?})% is an ni-periodic sequence (used to construct x at stage k).
Note that for every a € Z, we have

xp(a) #?7= x(a+ j-ng) = xx(a) forevery j € Z.
This implies that if m < N and xx (P (m) + r mod ng) # ?, then

F(SP(m)+rx) — F(SP(m)+r mod nkx). (44)
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Therefore,

#{m < N : xx(P(m) +r mod ny) = 7}

= Z #{m <N :P(m)=a—rmodny} = Z oP (N;ng,a—r).

0<La<ny 0<a<ny
afreRfk afreR,f;(
xi(a)=? xx(a)=?

Assume that N > N.. By (42), for every integer v € R,ﬁ, we have
N
P’ (N3 ng, v) < 207 () —.
ng
In view of (41), it follows that
#{m < N : xx(P(m)+rmodng) =17}
P P N
<#HO0<La<np:a—rce Rnk, xx(a) =12p" (ng)—
ng

P N e
<2%p" (mk)— < —N.
ng 4

Let
Uy :={m < N : xp(P(m) +mod ng) # ?}.

Then by the above, for every N > Ng,

1 P 1 P €
‘N Y F(TT) — = 3 FGS (m”’x)‘ < 71F llsup-

m<N meUy
But by (44),
)ORSCLCESED SRS SECT
meUy 0<La<ny m<N
a—reR,‘,D P(m)=a—r mod ny
xg(a)#?
= Y F(S“x)#m < N: P(m) =a—r mod ni}
0<La<ng
a—reR,‘,Dk
xi(a)#?
= > FSWp Wine.a—n).
0<a<ng
a—reRl
xi(a)#?

By (42), we have

P » N| &N
p' (Ning,a—r)—p (ng,a—r)—| < -—.
ny 8 ny
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It follows that

1 1
. F SP(m)+r _ P , _ F Sa
N E ( x) P E p' (ng,a—r)F(5x)

meUy k 0<La<ny
a—reR,‘lD
xg(a)#?
1 1
= ‘— Y FEp'(Nina—r)—— > pP.a—r)F(s™)
N ng
0La<ny 0<La<ny
afreRf afreRf
xi(@)#? xi(@)#?
1 a P P N
<— > IFE 0" (Nina—r) = pP (i a —r)—
N Nk
0<a<ng
a—reR,‘:;C
X (a)#£?
e#{0<a<ny:x(a) £, a—r € RP) ¢
S ”F”sup_ = < ”F”sup_-
8 ni 8

Together with (45), this gives (43), which completes the proof in the case of F' depending
only on the zero coordinate. The rest of the proof runs as in the proof of Theorem 4.1, by
passing to the Toeplitz sequences x™ e (A¥" 1% form > 1. O

Remark 6.9. Denote by P(,,) the set of all prime divisors of elements of the sequence
(n1)r>1. In view of Corollary 6.3, ?; = o(p(n;) /d@)) implies (38). Unfortunately, if
P(s,) is finite then the sequence (p(n;) /de ))t>] is bounded, so the little “o” argument
does not work and Theorem 6.8 is not applicable. Fortunately, if IP(,,) is infinite then
p(ny)/d®™) — +o0ast — 400, so Theorem 6.8 applies to a non-trivial class of regular
Toeplitz shifts; in particular, it applies when the periodic sequences x; defining x have a
bounded number of ‘?’.

However, Theorem 6.8 applies to a much wider class of regular Toeplitz shifts when
P(n) = n®. Then, by Corollary 6.7, ?; = o(,/n;) implies (38). Here the finiteness or
infinity of the set P,y does not matter.

The assumption (38) about the growth of the sequence (?,);>1 is the least restrictive
when all n; are square-free. Then, by the second part of Corollary 6.7, ?; = o(n; /2% "))
implies (38). Therefore, ?, = O (n,'~(1/10221og2 1og2 )y 4150 implies (38). Indeed, it suf-
fices to show that 22D = o(n!/10%2 og2 1og2 m) for square-free numbers n — +o00. Suppose
that w(n) = k and denote by (p;);>1 the increasing sequence of all prime numbers. Since

1nn221np1>klnk,
=1

we have
20® 2k 2
n(1/1og, log, log, n) = 2 (log, n/log, log, log, n) < 2(k log; k/log, log, (k log; k))
1
= 2k(log, k/(log, log, (k logy k))—1)
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As log, k/(log, log, (k log, k)) — +00 when k — +o0o, this gives 220 =
o(n(1/10g; logy logy n)y

6.2. Counter-examples. We will show that there exists a regular Toeplitz sequence
x € {0, 1}% with the period structure (n;);>1 satisfying

1
Mgt = kg with (keepong) =1, ngg > 2%7 and ) — <400 (46)
PEP @)
and such that
1
lim — Z F(S’”Zx) does not exist,
11— 00 nt
0<m<./ny
where F(y) = (—1)Y©@_ Let
p—1

1
0 = —
<F=1
peIP(,,,)
By (37), for every t > 1, we have
w(ny) 0
2 ¥(ng) >3
ny

B. (47)

Passing to a subsequence of (n;);>1 (and remembering that J(m) — 00 when m — 00),

we can assume that
1 1
Y=o < 7
= Uk

Set
t

w(<3)
=Y —[<=).
; Ty \ "2
At stage ¢, x is approximated by the infinite concatenation of x,[0, n, — 1] € {0, 1, 7}
(i.e., we see a periodic sequence of 0, 1, ? with period n;). Successive ‘?” will be filled in
the next steps of construction of x. We require that:

#a € Ry, i xi(@) =2 = (1 — y) ¥ (n); (49)
#HO <m < /g x(m*) =) = Bn;. (50)

Recall that, in view of Lemma 6.4 (remembering that P~ ln t+1) = /Nr+1), (36) and (46),
for each a € R,,, we have (N? stands for {m?2 : m > 0})

#({a+ jn;: 0 < j <k} NN?) > #({m*> =amod n; : m*> <nip)) — 1

N N 1
> <ﬂ — 1)p(nt,a) —-1> ( Tl _ 1)52‘0(’1:) —1

ny ny
S Lo (vt > Lo VM1
2 ng 4 ng ’
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SO
2‘0(":) n
#{a+jny: 0 < j <k} NN?) > X o (51)
ng
By the definition of the sets R,, and ﬁn, we have
Ry € \Jla+in: 0<j <kl (52)
aeRy,,
Ruc Jla+jn: 0<j <kl (53)
acRy,
Moreover, by Lemma 6.1, for every a € ﬁn,, we have
#i € Ry, :i =amodn} =#Ry,,, = ¥kit1). (54)

We need to describe now which ‘?” we fill in x;41[0, n;+1 — 1] and how. This block is
divided into k;4 | subblocks

x:[0, ny — 1]x¢[0, n; — 1] ... x£[0, n; — 1].

kit

We fill in all ‘?" in the first block x;[0, n; — 1] in such a way as to ‘destroy’ the convergence
of averages in (46) for the time n;, namely,

1 2 1 2
F(S™ x) = —< 1— 1+ (—1)*0m >>.
f 0<m2<f ﬁ mgnj mgﬁ mgﬁ

x¢(m?)=0 xr(m?)=1 xt(m?)=?

And, since the number of m in the last summand is at least 8. /n; in view of (50), we can fill
in these places at stage ¢ 4 1 to obtain a sum completely different than the known number
which we had from stage ¢. We also fill in (in an arbitrary way) the remaining places in
{0,...,n, —1}.

We fill in (in an arbitrary way) all places in {n;, ..., n,11 — 1} \ Ry, and only these
places, so that (48) will be satisfied at stage ¢ + 1.

We must remember that for any a € Ry, if x;(a) #? then for every 0 < j < k;41, we
have x;y1(a + jn;) = x;(a + jn;) = x;(a) #?. Moreover, for any a € Rn, if x;(a) =?
then for every 0 < j < k;41 with a + jn; € R, we have x,41(a + jn;) =?. In view
of (53), this gives

#i € Ruy., o xeg1() #7)

Yo+ Y, HatjmeRy, :0<j <kl
A€ Ry, ¢t (@) #£?

In view of (54) and (49), it follows that
#i € Ry, @ X1 (D) £ <P (n) + W ke1) — D#a € Ry, : x,(a) #2)

1P(”t) + (W(kz+1) — I)VtW(”t) <)’t )¢(”t+l) Vt+11/f(nt+1)~

Nr+1

W (kt+1)
Therefore, at stage ¢ + 1, (49) is also satisfied.
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A similar argument combined with (51), (49) and (47) shows that

#HO < m? < nipy i xq1(m?) = =#{i € Ry, NN 2 x40 () =2)

> Y #a+jn € Ry AN*:0 < j <kipi)

a€Ry, x;(a)="?

w(ny) R
§ Z 2 m _ mzw(rz;)#{a c Rnr :x¢(a) =7}
4 4l’l[

~ ny
a€Ry, x;(a)="?

NATES| w ~
=(1— yz)T'*z )T (ny) > BSirt.

t
Therefore, at stage ¢ + 1, (50) is also satisfied. This completes the construction.
Remark 6.10. In view of (48), in the constructed example of Toeplitz system (X, S) we
have ?, < v (n;). Moreover, ¥ (n;) = o(¢(n;)). Indeed, by Proposition 6.6, for every prime
number p we have ¥ (p") < p"~!(p + 2)/2. It follows that
n 1 2
v(p") cLopt2 3
e(pt) 2 p-1

4

for all prime p > 7. It follows that

w(ng)
o3
@(ny) 4

Consequently, we have ?; = o(¢(n;)). Therefore, in view of Theorem 4.1, (X, S) satisfies
a PNT.

A. Appendix. The diameter of a tower
Let x € A” be a Toeplitz sequence with the periodic structure given by (n1)r>1. Recall
that

Per,, (x) ={a € Z : x(a + jn;) = x(a) forall j € Z}.

Let Apernt (x) := Z\Pery, (x). Then we define the periodic sequence x;, € (AU {?})Z by
x¢ (k) = x(k) if k € Per,, (x) and x; (k) =? if k € Aper,, (x). Note that the density of the
set Aper,, (x) is equal to ?;/n,, where

% =#{0 < k <n; :x (k) =7 = #(Aper,, (x) N {0, 1,...,n — 1}).
It follows that the regularity of (X, S) is equivalent to ?; = o(n;).
LEMMA A.l. For any Toeplitz sequence x € A% we have
2 <S8(E" < 3% foreveryt > 1.
Proof. Note that for every 0 < j < n; we have

E; ={y e Xy:ytk—j)=x(k)=x(k) for all k € Per,, }.
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Moreover, if k € Aper, (x) then we can find y, z € E; so that y(k — j) #z(k — j). It
follows that

diam(Et.) =2 inf{|n\:neApernt x)—={j}}
J .
Suppose that

Aper, (x)N{0, 1,....,n, =1} ={l, o, ..., 1}

with 1 </} <--- <y <n; and s =?;. Thus, dlam(E’)_l andif [,y < j < (lp=
Iy —n; and [g 1 = 1] 4+ n;) then dlam(Ej) = p—min{j—li— - }. Therefore,

S(E'Y= Y diam(E%) > diam(E]) = s

0 j<n; i=1
and
N
S(E") = Z diam(E;)ZZ Z diam(E")
0<j<ns i=1 (i—1+)/2<j<Ui+li+1)/2
s
5 (T SENES PN SIS EEY
i=1 1< <1 —1)/2 1< <Ui=li—)/2
which completes the proof. O

As the regularity of x is equivalent to ?;, = o(n;), we have the following conclusion.

COROLLARY A.2. A Toeplitz sequence is regular if and only if S(E') = o(n,).

B. Appendix. Sturmian dynamical systems satisfy a PNT

LetT : T — T (T := R/Z) be an irrational rotation on T by «. For every non-zero § € T,
let {Ag, A1} be the partition given by the intervals Ag = [0, §) and A; = [B, 1). For every
x € T, denote by x € {0, 1}Z the code of x defined by x(k) =i if and only if Tkx € A;.
Finally, denote by X g C {0, 1}% the closure of the set {x € {0, 1}~ : x € T}. Since Xapis
an invariant subset for the left shift S on {0, 1}%, we can focus on the topological dynamical
system S : Xy g — Xo -

THEOREM B.1. For the topological dynamical system S : Xo g — Xo.g a PNT holds.

Proof. Forevery y = (y(n))nez € Xq,p the set ﬂnez y) C T has exactly one element
7(y) € T. Moreover,  : Xy g — T is a continuous map intertwining S and 7' and there
exists a unique S-invariant probability measure p on Xy g. The w-image of 1 coincides
with Lebesgue measure on T.

By Vinogradov’s theorem, for any character f(x) = ¢**"*

,n € Z, we have
1 p
Jim ——— H(N) Z f(TPx) = /f(x) dx forevery x € T. (55)

Since every continuous function f : T — C is uniformly approximated by trigonometric
polynomials, (55) holds also for any continuous f. Moreover, (55) holds for any Riemann
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integrable f : T — R. Indeed, for every ¢ > 0 there are two continuous functions f_, f; :
T — Rsuchthat f_(x) < f(x) < fy(x)foreveryx € T and fT(er(x) — f-(x))dx < .
It follows that

lim sup
N—oo T N)

,KZN f(T7x) < lim W ,g fr(TPx)

:/f+(x)dx</f(x)dx+8
T T
and

lim inf
N—oo T N)

;;vf( Px) > lim mgﬂ Px)

=ff,(x)dx>/f(x)dx—8.
T T

As ¢ > 0 can be chosen freely, this gives (55).

Suppose that f : X, g — R depends only on finitely many coordinates. More precisely,
assume that f(y) = g(y(—n), ..., y(n)) for some g : {0, 1}***! — R. Then there exists
F:T — R such that f = Fonm and F is constant on the atoms of the partition
Vi _, T~ {Ag, A1} (e.g., if n =0 and f is the characteristic function of {y e Xop:
v(0) = 0} then F is 14,). It follows that F is Riemann integrable. Therefore, for every
y € on,ﬁ, we have

1
n(N) Z 1) = iy X FTPnO) /T Fwyde= [ fdp.

Xo.p

Since every continuous function f : X, g — R is uniformly approximated by functions
depending on ﬁnitely many coordinates,

Zf(Spy)—> fdu foranyy e Xqpg,

n(N) Xap

holds for every continuous f. O
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