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Abstract. For non-invertible dynamical systems, we investigate how ‘non-invertible’
a system is and how the ‘non-invertibility’ contributes to the entropy from different
viewpoints. For a continuous map on a compact metric space, we propose a notion of
pointwise metric preimage entropy for invariant measures. For systems with uniform
separation of preimages, we establish a variational principle between this version of
pointwise metric preimage entropy and pointwise topological entropies introduced by
Hurley [On topological entropy of maps. Ergod. Th. & Dynam. Sys. 15 (1995), 557—
568], which answers a question considered by Cheng and Newhouse [Pre-image entropy.
Ergod. Th. & Dynam. Sys. 25 (2005), 1091-1113]. Under the same condition, the notion
coincides with folding entropy introduced by Ruelle [Positivity of entropy production
in nonequilibrium statistical mechanics. J. Stat. Phys. 85(1-2) (1996), 1-23]. For a
C!-partially hyperbolic (non-invertible and non-degenerate) endomorphism on a closed
manifold, we introduce notions of stable topological and metric entropies, and establish a
variational principle relating them. For C? systems, the stable metric entropy is expressed
in terms of folding entropy (namely, pointwise metric preimage entropy) and negative
Lyapunov exponents. Preimage entropy could be regarded as a special type of stable
entropy when each stable manifold consists of a single point. Moreover, we also consider
the upper semi-continuity for both of pointwise metric preimage entropy and stable entropy
and give a version of the Shannon—-McMillan—-Breiman theorem for them.
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1. Introduction
Unlike the invertible dynamical systems, entropies, including topological entropy and
measure-theoretic entropy, are more delicate for non-invertible dynamical systems. Let
(X, d) be a compact metric space, f a continuous map on X and p an f-invariant
Borel probability measure. It is well known that when f is a homeomorphism we have
hiop(f) = htop(f_l) and h,(f) = h,L(f_l). These equalities tell us that the structures
of forward orbits and backward orbits have equal complexity from both topological and
measure-theoretic points of view. However, when f is non-invertible, things become
subtler and more complicated. Since the preimage of a given point is usually not single
and even uncountable, the structure of the ‘inverse orbits’ of f is more complex. In
recent years, to give quantitative estimates of how ‘non-invertible’ a system is, a number
of different entropy-like invariants, including ‘preimage entropy’ and ‘folding entropy’,
based on the preimage structure have been formulated and investigated.

Preimage entropies were introduced and studied in the 1990s by Langevin and Przytycki
[7], Hurley [6], and Nitecki and Przytycki [13], in various forms from the topological point
of view. Among these entropy-like invariants, there are two pointwise quantities,

1
iy (f) := lim lim sup — log sup s(n, &, f~"x),
e—0

n—oo N xeX

hy(f) :=§2§ ;Eliﬂgp%bgs(ﬂ’ e, f7"x), (D
where s(n, &, f~"x) is the largest cardinality of any (n, &)-separated subset of f~"x.
Clearly, hp(f) <hm(f) <hwp(f). There are examples for which either of these
inequalities is strict, and there are also many cases when the three invariants agree (see
[1, 4, 14]). One can see that all these earlier works only considered the topological version
of preimage entropies. A natural question is: can one introduce the counterpart of 4, (f) or
hp(f) from the measure-theoretic point of view, and obtain a variational principle relating
them as has been done for the classical entropy? In [2], Cheng and Newhouse considered
this topic and introduced another version of preimage entropies, hpre(f) and hpre 1 (f),
in which hpe(f) is between h,, (f) and hyop(f), and obtained a variational principle.
However, it is still unknown whether there is a variational principle for A, (f) or h,(f)
(see [2, p. 1093]). In this paper, we introduce a new version of pointwise metric preimage
entropy,

hm, ;. (f) := sup lim sup %Hu(otg_1 | f"B),

o n—o00

where the supremum is taken over all finite measurable partitions and 5 is the Borel
o-algebra. Then we establish a variational principle relating A, ,(f) and h,(f)
(respectively, h,(f)) for f with uniform separation of preimages (Theorem B), which
gives a positive answer to the above question. Moreover, we obtain the upper semi-
continuity of A, ,(f) and give a version of the Shannon-McMillan—Breiman theorem
for it.

Folding entropy was introduced by Ruelle [17] for C! maps to study the positivity of
entropy production in non-equilibrium statistical mechanics. Now let X = M be a closed
Riemannian manifold and f a differentiable self-map on M. The folding entropy of an
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f-invariant measure p is defined as

Fu(f) == Hu(elf o),

where € is the partition of M into points. Liu [11] established a type of Ruelle inequality
involving metric entropy, folding entropy and negative Lyapunov exponents for C!+¢
maps with polynomial growth near degenerate points. Recently, Liao and Wang [10]
established the inequality for any C'*t® maps. For non-degenerate C> maps, Liu [12]
established the Pesin entropy formula; and then Shu [18] obtained a type of Ledrappier—
Young formula [8, 9] expressing metric entropy in terms of folding entropy, negative
Lyapunov exponents and transversal Hausdorff dimensions along a hierarchy of stable
manifolds. More precisely, assume that f is C? and non-degenerate, and  is an ergodic
measure with Lyapunov exponents A1 <Ay <--- <Ay <0=<Agq; <---.Then

N
hu(f) = HuELf '8 = Fu(f) = Y hivi, )
i=1
where £ is a decreasing measurable partition subordinate to the stable lamination W* of
f,and y; (1 <i <) are the transversal Hausdorff dimensions of u along a hierarchy of
stable laminations W' (1 <i < s). Formula (2) tells us that the ‘folding” contributes to the
entropy.

Now there are two versions of measure-theoretic entropy-like invariants which describe
the ‘non-invertibility” of a system: folding entropy F,,(f) and pointwise metric preimage
entropy hy, . (f). A natural question arises: is there a connection between them? In
this paper, we show that they coincide with each other for continuous maps with uniform
separation of preimages (Theorem A), particularly for non-degenerate C' endomorphisms.

The pointwise preimage entropies A, (f) and h,(f) are the quantities which measure
the growth rate of the number of preimages of a single point, and they are automatically
zero for homeomorphisms. In [4], Fiebig, Fiebig and Nitecki introduced another quantity
which describes the dispersion of preimages of ‘local stable sets’, and this quantity may
be non-zero and even equal to the topological entropy for some homeomorphisms. To be
precise, let f be a continuous map on X, given ¢ > 0 and x € X. Then the e-stable set of
x under f is

S(fox,e)={yeX:d(f"x, f'y)<eVn=0,1,2,...}.

The quantity in [4] is sup, s hs(f, x, €) in which

hs(f, x, €) := lim lim sup l log s(n, 8, S(f, x, €)).
§—0 pooo N

It is shown in [4, Theorem 4.1] that sup, ¢, A5 (f, X, &) = htop(f) for all & > 0 whenever

X is a compact metric space of finite covering dimension. Via this quantity, Fiebig et al

showed that when f is forward expansive, h,(f) = hy (f) = hop(f).

Returning to differentiable dynamical systems, let X = M be a closed Riemannian
manifold and f a C! partially hyperbolic endomorphism. Since in this case stable
manifolds exist for any x € M and they inherit the Riemannian structure from M, we can
replace ‘local stable sets’ by ‘local stable manifolds’ in the above quantity in [4]. Note that
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stable manifolds are contained (usually properly) in stable sets. In this paper, we propose
a notion of stable entropy for f, which is analogous to the notion of unstable entropy
introduced by Hu, Hua and Wu [5] for C! partially hyperbolic diffeomorphisms. To be
precise, we define the stable metric entropy of f with respect to an invariant measure p as

h, (f) = = sup lim sup — : —Hy (e~ | f "),
n—oo
where o and 1 range over all finite partitions of M with small enough diameter and certain
measurable partitions subordinate to the W¥-foliation, respectively. Actually, we will show
that hy, (f) is independent of the choice of o and 5 and coincides with the partial entropy
along stable foliation 4, (f, £) studied by Shu [18] (Theorem C). Further, we obtain the
upper semi-continuity of /), (f) and give a version of the Shannon-McMillan-Breiman
theorem for it. We also define two types of stable topological entropy of f on M:

1 E—
h, top(f) = ahm sup lim lim sup — log s(n, &, f~"W¥(x, §))

0xeme—=0 nosoo N

and
h,, top(f) = hm 11rn lim sup sup l logs(n, e, f~ "Ws(x 8)),
n—oo xeM N

where W* (x, 8) is the local stable manifold of x of radius §. Then we establish a variational
principle relating stable metric entropy and stable topological entropy (Theorem D). In
fact, one can interpret preimage entropy as a special type of stable entropy in the scenario
that each stable manifold consists of a single point, that is, f has trivial stable directions
(but possibly large center directions). On the other hand, since topological entropy can be
expressed as the entropy along preimages of stable sets as discussed above, we can say
that the stable entropy lies between the preimage entropy and the topological entropy for
C! partially hyperbolic endomorphisms.

Finally, combining the above properties about preimage entropy, folding entropy and
stable entropy, we can get more information on how ‘non-invertible’ a system is and how
the ‘non-invertibility’ contributes to the entropy, from different viewpoints. Moreover,
we can observe the relation among topological entropy hp(f) and pointwise topological
preimage entropies i, (f) and h,(f) for a non-degenerate C 2 endomorphism f. Indeed,
when all Lyapunov exponents of f are non-negative, h,(f) = hyu (f) = hwop(f). By the
upper semi-continuity of 4,, , (f), there exists an ergodic measure of maximal preimage
entropy. If such a measure has a negative Lyapunov exponent with positive transversal
dimension, then we can conclude 2, (f) = b (f) < hop(f) (Corollary D.1).

1.1. Statement of main results. We always assume that (X, d) is a compact metric
space, f is a continuous self-map on X and B is the Borel o-algebra. Let M ;(X) and
/\/l‘} (X) respectively denote the set of all f-invariant and ergodic probability measures on
X. Let M(X) denote the set of all probability measures on X.

In [6], Hurley introduced two pointwise preimage entropies i, (f) and h,(f) asin (1)
to measure the non-invertibility of systems. It is clear that /1, (f) < &, (f). In [2], Cheng
and Newhouse defined the metric preimage entropy hpe, ;, (f) for an invariant measure
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neM;p(X)by
hpre,u (f) = sup hpre, u (f, @),

where o ranges over all finite partitions of X and
_ . 1 e
hpte,u (fs @) = by, (f, «|B7) :=1lim sup — H, (o' 1B7),
n—oo N

in which ag_l = \/7:_(} fla, H, (:|-) is the standard conditional entropy and B~ is the
infinite past o-algebra (), f "B related to B. See §2.1 for more details on conditional
entropy. Cheng and Newhouse also define the topological preimage entropy as

1
hpre(f) = lim limsup — log  sup  s(n, &, £ x).

£=>0 nsoo N xeX.k>n

Then a variational principle is obtained as follows [2, Theorem 2.5]:

hpre(f) = Sup hpre,u.(f)‘
neMp(X)

However, the variational principle for A, (f) or h,(f) is still unknown (see [2]). We
introduce a new notion of pointwise metric preimage entropy of an invariant measure as
follows.

Definition 1.1. The pointwise metric preimage entropy of f with respect to . € My (X)
and a measurable partition o of X is defined as
. 1 ST
B, (f, @) :=lim sup — Hy, (g ' | f " B).
n—oo N
Then the pointwise metric preimage entropy of f with respect to u is defined as

hm,u(f) ‘=sup hm,u(f» a),

where o ranges over all finite partitions of X.

It is easy to see that /1, ;, (f) is an invariant of measure-theoretic conjugacy. That is, if
(f, X, B, w) and (g, Y, B, v) are measure-preserving transformations, and 7 : X — Y is
a bimeasurable bijection (mod 0) such that g = 7 f, then Ay, 1, (f) = b v (8).

Remark 1.2. As B~ C f7"B for any neN, hy ,(f, o) <hpr . (f, @) and hence
R, (f) < hpre, (f) for any p € Mp(X). It is interesting to know when they coincide.

For any u € M(X), we always consider the p-completion of 3, which is also denoted
by B for simplicity. For two measurable partitions « and S of X, we write < B or 8 > «
if B is arefinement of «. Let € denote the partition of X into points. Then € is a measurable
partition which generates 3. In the following, we do not distinguish € and B in the notation
of conditional entropy. The following concept of folding entropy was introduced by Ruelle
[17].

Definition 1.3. The folding entropy of f with respect to | is defined as
Fulf) = Hu(elf~'e) = H (Bl ' B).
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Definition 1.4. f is said to have uniform separation of preimages if for some gy > 0,
d(x,y) <egopand fx = fy implies x = y. Then g is said to be an exponent of separation
for f.

THEOREM A. For any continuous map f : X — X, we have

B () = Fr(f).

If we assume further that f has uniform separation of preimages, then

P () = Fu(f).

COROLLARY A.l. If f: X — X has uniform separation of preimages with exponent
g0 > 0, then for any finite Borel partition o of X with diam(«) < &g, we have

hm,ﬂ(fa a) = hm,u,(f) = Fu(f)

THEOREM B. (Variational principle) Let f : X — X be a continuous map. Then

hw(f) = sup  hy u(f).
neMy(X)

In particular, if f has uniform separation of preimages, then

hp(f):hm(f): sup hm,u(f)
neMy(X)

Moreover, M ¢(X) can be replaced by ./\/l?(X ) in the above inequality/equality.

Remark 1.5. In [4], it is shown that &, (f) = hy,, (f) if f is forward expansive. Theorem
B generalizes this result for f with uniform separation of preimages.

Remark 1.6. For f with uniform separation of preimages, we can show that the function
w > hy , (f) is upper semi-continuous (Proposition 2.13). As a consequence, there exists
a measure v of maximal preimage entropy, that is, h, ,(f) = h;, (f). A version of the
Shannon-McMillan-Breiman theorem can also be established (Theorem 2.14).

We now consider a C! endomorphism f:M — M, where M is a C® closed
Riemannian manifold. In this paper, we focus on the case where f is non-degenerate,
that is, det D, f # 0 for any x € M. Then f has uniform separation of preimages (see
Lemma 2.6). To give the definition of partially hyperbolic endomorphisms, we recall the
inverse limit space as follows.

Let MZ be the infinite product space of M endowed with the product topology and
the metric d(%, ) = Y 00 27"d(x,, y,) for ¥ = {x,}3° _, and § = {y,)3% _. The
inverse limit space, denoted by M/, is a subspace of the product space M? such that
fXn =Xp41,n € Z, for any X = {xn},f:"‘ioo e M/ Ttis clear that M/ is a closed subset of
MZ. Let T1: M/ — M be the projection such that for ¥ = {x,}>° ., TI(¥) = xo. Let t
be the left shift map on M/ .

Consider the pullback bundle £ = IT*T M. The tangent map Df on TM induces a
fiber-preserving map on E with respect to the left shift map t, defined by IT* o Df o I,

and also denoted by Df.
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Definition 1.7. A non-degenerate C' endomorphism f : M — M is said to be partially
hyperbolic, if there exists a non-trivial continuous splitting E = E* @ E€ @ E* of the
pullback bundle E into stable, center, and unstable distributions on M / such that:
(1) the splitting is D f-invariant, that is, Dz f (E° (x)) = E° (7 (x)) (0 =c, s, u) for any

ifeM/;
(i) all unit vectors v” € E° (%) (o0 =c, 5, u) with X € M/ satisfy

Dz fo'll < IDz fo°ll < 1Dz fo"l;

(i) [|Ds flespll < 1and | Dz fl eyl > 1 forany ¥ € M.

From (iii) in the definition, we know that the unstable distribution E* may depend on
the past. However, this cannot happen for the stable distribution, that is, £*(x) depends
only on x¢. Both stable and unstable distributions E° and E* are uniquely integrable to the
stable and unstable foliations W* and W”, with TWS = ES and TW" = E “ respectively
(see [15, p. 30]). W* only depends on the future, and there exists a stable foliation W* on
M with W = ITW*. In contrast, generally there is no unstable foliation on M. We mainly
work on the stable foliation W*. Let d° be the metric induced by the Riemannian structure
on any stable manifold, and W*(x, §) denote the open ball in W*(x) of radius § > 0 with
respect to d°.

We study partial entropy caused by the stable direction for a C! partially hyperbolic
endomorphism, which is a natural generalization of results by Ledrappier and Young [8, 9]
for the diffeomorphism case. We first recall the partial entropy following Liu [12] and Shu
[18]. The definition involves a type of deceasing partitions subordinate to stable manifolds,
which we describe as follows.

PROPOSITION 1.8. [18, Proposition 2.6] Given € M (M), there exists a measurable

partition & of M which has the following properties:

() & is decreasing, thatis, f~'& <&;

(i1) \/Zio " (I17'&) =€, where € is the partition of M/ into single points;

(iii) & is subordinate to the W*-foliation of f with respect to a measure u, that is, for
w-almost every x € M, £(x) contains an open neighborhood of x in W* (x).

We denote by Q° = Q% () the set of all decreasing measurable partitions subordinate
to the W¥-foliation as in Proposition 1.8. Define h,(f, §) := H, ($|f_1§'), which is
independent of the choice of & as long as £ € O°.

Assume that an ergodic measure p has negative Lyapunov exponents A1 < iy < - - - <
As < 01in the stable direction. By Shu [18], if f is C 2 then

S
hu(f) =hu(f, &) =Fu(f) =D hivi,
i=1
where y; is the transversal Hausdorff dimension of w on ith Pesin stable manifold Wi(x)
(1<i<ys).

In the following, we construct a new type of measurable partition subordinate to the W*-
foliation. Fix &g > 0 small enough and let « be a finite partition of M with diam(«) < &o.
Denote

n(x)=a(x) N W¥(x, g), forallxeM,
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where «(x) is the element of o containing x. Then n = {n(x): x € M} is a measurable
partition of M. By continuity of the W*-foliation, if u(da) = 0, 1 is a measurable partition
subordinate to the W*-foliation, where do = | J Acq 0A and, for B C M, 0B means the
boundary of B. Let P denote the set of all finite partitions with small enough diameter and
P* denote the set of measurable partitions of M subordinate to the W*-foliation which are
induced by finite partitions in P.

Definition 1.9. The conditional entropy of f for a finite measurable partition o of M with
respect to n € P* is defined as
1 .
hyu(f, an) = lim sup -~ H, (g~ ).

n— oo

The conditional entropy of f with respect to 7 is defined as
hy(fn) = sup hy(f, aln),

aeP
and the stable metric entropy of f is defined as

hy (f) = sup hu(fIn).
neps
THEOREM C. Let f be a C' non-degenerate partially hyperbolic endomorphism and
an ergodic measure of f. Then for any & € Q°, n € PS anda € P,

hu(f, &) =h,(f, aln).
We may interpret Theorem C as a generalization of Theorem A in the following sense.
If each stable manifold consists of a single point, &, (f, £) can be regarded as the folding
entropy, while &, (f, a|n) corresponds to the pointwise preimage entropy.
Two corollaries can be obtained directly as follows.

COROLLARY C.1. We have hY () < hu(f). Moreover, if f is C2, then hu(f) = h;(f) —
Y e My In particular, if there is no negative Lyapunov exponent in the center
direction at p-a.e. x € M, then hy (f) = h;, (f).

COROLLARY C.2. Suppose that u € M (M) is ergodic. Then for any a € P and n € P?,
we have

1
1 (F) = hy(fs ) = Tim = Hy (g™ 7).

We now give the definition of stable topological entropy for endomorphisms. Let
W9 (x, §) be the open ball inside W*(x) centered at x of radius § > 0 with respect to the
metric d°.

Definition 1.10. We define two types of stable topological entropy of f on M. The first is
defined as
top(f) - hm Sup htop(fv WS(X’ 5)):

where |
(f, ws (x 8)) = hm lim sup logs(n, e, f7"WS(x, 3)).

n—oo

top
The second is defined as

1
tOp(f) = hm lim lim sup sup — logs(n, &, f~ "Ws(x 8)).

—=0e-0 psoco yemM N
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THEOREM D. Let f:M — M be a C' non-degenerate partially hyperbolic
endomorphism. Then

1, 10p (1) = 13y 1o (F) = SUPLRS, () = 1t € M (M),

Moreover,

By 10p () = Py 1op (f) = sup{hy, (f) - v € MG (M)}

COROLLARY D.1. Assume that f : M — M is a C? non-degenerate endomorphism.

(1) If all Lyapunov exponents of f are non-negative, then h,(f) = hp (f) = hiop(f).

(2) Suppose that for an ergodic measure of maximal preimage entropy there exists a
negative Lyapunov exponent with positive transversal dimension. Then h,(f) =

hin (f) < huop(f)-

2. Pointwise preimage entropy

2.1. Preliminaries on conditional entropy. Recall that for a measurable partition P
of a measure space (X, A) and a finite Borel measure i on X, the canonical system of
conditional measures for . and P is a family of probability measures {/Lf 1 x € X} with
,uf (P(x)) =1 for p-a.e. x, such that for every measurable set B C X, x — ,uf (B) is
B(P)-measurable and

(B = /X ul (B) dp(x),

where B(P) is the sub-o-algebra of elements of A which are unions of elements of P.
See, for example, [16] for reference.

THEOREM 2.1. (Rokhlin, cf. [16]) If P is a measurable partition, then there exists a
system of conditional measures relative to ‘P. It is essentially unique in the sense that two
such systems coincide in a set of full w-measure.

Assume that (X, d) is a compact metric space and f : X — X is a continuous map. The
information function of a measurable partition « of X is defined as
Ty () (x) = —log pu(a(x)).

The conditional information function of o with respect to a measurable partition 7 of X is
defined as
Ly (a|n) (x) = —log pi(a(x)).

Then the entropy H, (a) and the conditional entropy H,,(a|n) are defined as

Hﬂ(a)=/xlu(a)(X)dM(X) and Hﬂ(aln)=/xIu(aln)(X)d,u(X),

respectively.

The following facts about conditional entropy are important in our computation in the
sequel. For the proof, see [16] or [5]. Assume that f : X — X is a homeomorphism in the
remainder of this subsection.

LEMMA 2.2. Let u € M(X) and o, B, y be measurable partitions of X with H,(a|y),
H,(Bly) < oo.

https://doi.org/10.1017/etds.2019.114 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.114

1226 W. Wu and Y. Zhu

(i) Ifa <p, then I (aly)(x) < 1,(Bly)(x) and H,(aly) < H,(Bly).

(i) Lu(aV Bly)x) =1 (aly)(x) + [ (Bla vV y)(x) and Hy(aV Bly) = Hy(xly) +
HM(,B|O£\/]/).

(iii)) Hy(o v Bly) < Hy(aly) + Hu(Bly).

(iv) IfB <y, then Hy(a|B) > H,(a|y).

LEMMA 2.3. Let p € M¢(X), and a, B, y be measurable partitions of X with Hy (c|y),
H, (Bly) < oo. Then we have

() LBy ) = LBl @) + X0 LB BV ) (F(x)), hence

n—1

Hy (B3~ y) = Hu(Bly) + > Hu(BIF (B v )

i=1

() L@ ) @) = L@l ") (P71 00)) + S0y Lu(ala™ v i) (Fx)),

hence
n—2

Hy(eg ™ y) = Hulal f"'y) + Y Hulaled ™7 v ),
i=0
LEMMA 2.4. Let a be a measurable partition of X and {¢,} be a sequence of increasing
measurable partitions of X with &, /' ¢. If H, (a|£1) < oo, then for ¢, (x) = I, (]8n)(X),
¢* == sup, ¢, € L' ().

LEMMA 2.5. Let « be a finite Borel partition of X and {¢,} be a sequence of increasing
measurable partitions of X with &, /' ¢. Then:

1) limyoo Lu(|8n)(x) = 1 (@]8)(x) for p-a.e. x € X; and

(i) lim,— 00 Hu(a|§n) = Hu(aM)

2.2. Connection to folding entropy. Recall that f: X — X is said to have uniform
separation of preimages if for some g9 > 0, d(x, y) < &g, and fx = fy implies x = y.
Denote the cardinality of a set A by #A. The following lemma gives some examples and
basic properties of such systems, whose proof is immediate from the very definition and
omitted here.

LEMMA 2.6.
(1) Assume that f is forward expansive, namely, for some 8o > 0, d(f"x, f"y) < &g for
any n € Nimplies x = y. Then f has uniform separation of preimages.
(@) If f:M— M is a C' non-degenerate endomorphism, or, more generally, if f :
M — M is a local homeomorphism, then f has uniform separation of preimages.
(3) If f has uniform separation of preimages with exponent gy > 0, then f~"x is (n, &)-
separated for any x € X, n € Nand 0 < ¢ < g.
@) If f has uniform separation of preimages, then x> #f"x is upper semi-
continuous, that is, if x; — x as i — 0o, then
limsup#f "x; <#f "x.
11— 00

The following lemma is crucial. Recall that € is the partition of X into points.
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LEMMA 2.7. Assume that f : X — X has uniform separation of preimages with exponent
g0 > 0. Then for any finite Borel partition a of X with diam(«) < &g, we have

ozg_l V fTe=¢
foranyn e N.

Proof. 1t is clear that oz(’)“] Vv f"e <€ for any n € N. It is sufficient to prove the other
direction.

Let y e (ozgfl V f7"€)(x). Then fiy e a(fix) forany 0<i <n — 1. As diam(a)
< &9, we know that d(f'y, f'x) <e&g for any 0 <i <n — 1. On the other hand, y €
(f"e)(x), that is, f"y = f"x. This, together with d(f"" 'y, f*~lx) <egg, implies
f"~1y = f7=1x, since f has the uniform separation of preimages. By induction, we have

y =x. Thus € < a(’)‘_l V f"¢, and the lemma follows. O
Proof of Theorem A. Tt is clear that € > f~le > f=2¢ > . ... By invariance of i, we
have

Hy(elf'e) = Hy(f el f2e) = Hy(f el fPe) = - .
It follows that |
Fulf) = H/4(€|f_1€) = ;Hu(df_"e),

Since 016'_1 <€, we have

1 1
R, (f, o) = lim sup —Hu(oc(’)‘_1 |f™"e) <limsup —H, (| f"€) = F(f).
n n—oo N

So
hm,u(f) = sup hm,,u(fa a) < fu(f)

Now assume that f has uniform separation of preimages with exponent ¢y. Then for

any finite partition « with diam(x) < o, a(’)’*] V f~"€ =€ by Lemma 2.7. Hence

Hy(af 1 f ") = Hu(ad "' v f"l f 7€) = Hulel f 7€) = nFu(f).

Therefore |
B (f, @) =lim sup — Hy (e} ™' [ f7"€) = Fou(f). 3)

n—oo N
This completes the proof of Theorem A. O

Proof of Corollary A.1. The corollary follows from (3) in the proof of Theorem A. O

2.3. Basic properties.  In this subsection we collect some properties of pointwise metric
preimage entropy. Some of these will be used in the proof of Theorem B.
2.3.1. Power rule and product rule.

LEMMA 2.8. Assume that f : X — X has uniform separation of preimages with exponent
g0 > 0, o is a finite partition of X with diam(a) < g9, and p € Myg(X). Then a, :=
H, (oz’(;_l | f~"B) is a subadditive sequence, that is, a4y < ay + a, for any m, n > 1.
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Proof. By Lemma 2.7, f‘ma(’)’*] v fTmtMB = f=MB for any m, n > 1. Then we have

i = Hy(og 771 f700B)
=H, (") B+ Hyaf g v fTB)
= Hu(o ' |f7"B) + Hyuley ™' f 7" B)
=an + am,
which proves the lemma. O
The following is a standard consequence of the subadditivity of a,,.
COROLLARY 2.9. Assume that f : X — X has uniform separation of preimages with

exponent &g > 0, « is a finite partition of X with diam(«) < go, and ;1 € M ¢(X). Then

1 1y o] .
i (f, 00 = lim —Hy, (o~ | f7"B) = inf ~Hy (e~ | /7" B).

[e.e]

PROPOSITION 2.10. (Power rule) Assume that f : X — X has uniform separation of
preimages and p € M ¢(X). Then

o (1) = Uiy (f)
foranyl e N.

Proof. Let o be a finite partition of X with diam(«) < &9, where g&( is an exponent of
separation for f. Then

n—1
Hu(\/ filaél|fn18) — Hu(agl*”ffnllg).
i=0

Dividing by n and taking the limit n — oo, by Corollary 2.9 we get
B (f o) = 1 (f ).
By Corollary A.1, we have Ay, 1, (f1) = lh u (f). m

PROPOSITION 2.11. (Product rule) Let (f, X, B, ) and (g, Y, B, v) be two measure-
preserving and continuous maps with uniform separation of preimages. Then

hm,uxu(f x g) = hm,/L(f) + v (8).
Proof. Note that for any finite partitions «, y of X and &, y of ¥, we have

Hy (o X aly xy)= Hyxev((a X @)V (y xy)—Hyx(y xy)
= H,(aly) + Hy(a|y).

Now choose two increasing sequences of finite Borel partitions y; <y, <--- of X and
Y1 <2 <--- of Y with diameters tending to zero for which B = B‘(\/?i1 yj) and B =
B(\/?‘;l 7;). Then we have, for any n € N,

Hysoo((a x &5 N x 7 vy x 7)) = Hu (e 1 y)) + Ho @) g ™" 7).
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By Lemma 2.5(ii), taking the limit as j — oo gives
Hyuxo((@ x )57 1(f % )7 (B x B) = Hu(og ™' |f 7" B) + Hu(@y ' ™" B).
Dividing by n and taking the limit as n — oo, we have

hm,//.xv(f X g, axa)= hm,u(f, o) + hm,v(ga a).

Since Ay, uxv(f X g) can be computed as the supremum over product partitions o x &,
the product rule then follows. O

2.3.2. Affinity and upper semi-continuity. ~ Recall that M ;(X) and M?(X ) denote the
set of all f-invariant and ergodic probability measures on X, respectively. Let M (X)
denote the set of all probability measures on X.

Any measurable partition y generates a sub-o-algebra B(y), thatis, B(y) is the smallest
sub-o-algebra that contains the elements in the partition y. Clearly, if {y;} is a sequence of
increasing measurable partitions, then {B(y;)} is a sequence of increasing sub-o -algebras.

PROPOSITION 2.12. (Affinity) For any finite partition o of X and n € N, the map p +—>
H,(a| f7"B) from M(X) to R* U {0} is concave. Furthermore, for any continuous map
f:X = X, themap p+ hy , (f) from M ¢(X) to R U {0} is affine.

Proof. Consider u1, uy € M(X) and a convex combination u = ay | + az 2, where 0 <
aj,ar <1 and a; +a> =1. Let «, y be finite partitions of X. From the concavity of
s > —s log s, we have

arHy, (aly) +a2Hy, (aly) < Hu(aly) < arHy, (aly) + axHy, (aly) +1og2.  (4)

Choosing an increasing sequence of finite partitions y; < y, < - - - with diameters tending
to zero for which B = B’(\/?o:1 vj), we have by Lemma 2.5(ii), fori =1, 2,

Hy(x|f™"B)= lim H,(a|f"y;) and Hy (a|f™"B)= lim Hy, (a|f"y;). (5)
Jj—>00 Jj—>00
Combining (4) and (5), we have

arHy, (o f7"B) +axHy, (| f7"B) < Hy (x| f " B)
<aiH, (a|f™"B) + ayH,, (a| f7"B) + log 2.

This shows that the map u — H, (e| f " B) from M(X) to R* U {0} is concave.

Replacing o by oz(')'fl, we get

arHy, @ f7"B) + axHyy (0 ' 1 f7"B) < Hu(og ™1 £ 7" B)
<aiHy, (@)~ 1f7"B) + axHy, (' | f 7" B) + log 2.

Dividing by n and taking the limit, we have

hm,u(fv a) = alhm,p.l (f’ a) + a2hm,uz(fs a).

Since the finite partition « is arbitrary, the second part of the proposition follows
immediately. O
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PROPOSITION 2.13. (Upper semi-continuity)
(@) Let pe M(X). For any a € P with u(da) =0 and any n € N, the map >
H, (a| f"B) from M(X) to RT U {0} is upper semi-continuous at ., that is,

lim sup H, (a|f~"B) < H,(a| f7"B).

V[

(b) Assume that f : X — X has uniform separation of preimages and j € M ¢ (X). The
pointwise preimage entropy map > hpy ,,(f) from My (X) to RT U {0} is upper
semi-continuous at |, that is,

lim sup Ay v (f) < hin 1o (f)-

V>

Proof. (a) Let n € N. Choose an increasing sequence of finite partitions y; <y <---
with diameters tending to zero for which 5 = B(\/?i] vj), and moreover, u(dy;) = 0 for
each j. Since u(da) =0, for any v € M(X), we have

lim H,(x|f™"yj)=H.(alf"y))
V=

for each j. By Lemma 2.5(ii), lim;_, o H,(a|f"y;) = Hy(xx| f~"B). For any ¢ > 0,
there exists J € N such that

Hy(a|lf"yy) < Hu(a|fT"B) +e.
‘We have

lim sup Hy (| f™"B) <limsup Hy(a|f™"ys) = Hu(el f™"ys) < Hu(al f7"B) +&.

vV V1

Since ¢ > 0 is arbitrary, we get the inequality.

(b) Let f have uniform separation of preimages with exponent gy > 0. By
Corollary A.1, for any v € M ¢(X) and any finite Borel partition « of X with diam(a) < &g
and p(da) = 0, we have h, ,(f, o) = hy,» (f). Then by Corollary 2.9,

1 1
ho(f) = lim ~Hy(ag™' | f7"B) = inf —Hy (o5 "'/ 7" B).
n—-oo n n>1ln
Let 6 > O be arbitrary. We can take N € N large enough such that
1 R
5 Hineg T TVB) < () 48,

Therefore, apply the conclusion in part (a) with » = N and o replaced by a(l)v o get

lim sup Ay, o (f) =lim sup hp o (f, @)

V> V1

1
= lim sup inf —Hu(agfl|f_n6)
>l n

vou Nz

1
< lim sup ﬁHv(a(I)v_llf_NB)

g
1 o
sﬁHmoN NFVB) < hmu(f) +6.

Since § > 0 is arbitrary, we get the result. O
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2.4. Shannon—-McMillan—Breiman theorem.

THEOREM 2.14. (Shannon-McMillan-Breiman theorem) Assume that f : X — X has
uniform separation of preimages with exponent g9 > 0, 1t € M (X). Then

1
) = [ lim e B @),

for any finite partition a with diam(«) < &g. Furthermore, for u € M?(X),

.1 1y —
hmp(f) = lim =L@}~ |f"B)(x), p-ae. x,
n—oo n
for any finite partition a with diam(«) < &o.

Proof. Let « be a finite partition of X with diam(«) < g9. By Corollary A.1, hy, , (f) =
R (f, ). Let @1 = I,L(o;lo(’l’_1 Vv f7"B) for n >0, and ¢g = Iu(oz|f_1l3). By
Lemma 2.7,

ATV B = ey B = e

and hence ¢ = @p = Iﬂ(a|f_lB) for any 0 < k <n — 1. Note also that
Hu(alf~'B) = Hu(a v f7'BIf7'B) = Hu(BIf ' B) = Fu(f) = hun,u(f)
by Theorem A. Thus

/«»o du = f L@ f~ By du = Hy(alf " B) = hm o ().
Observe that

Loy "B = L, f7"B) + Li(ale ™ v fT"B)
=L, 2 f ™" "By o f+ Lu(ale ™ v fT"B)

n—1 n—1
:Z(pn—k—loszz(poofk-
k=0 k=0
Therefore, the Birkhoff ergodic theorem yields the results. O

Remark 2.15. We do not know whether there is a Shannon—-McMillan—-Breiman theorem
without the ‘uniform separation of preimages’ condition.

2.5. Proof of Theorem B: the variational principle. In this section we will give a
variational principle for pointwise preimage entropies 4, ,(f) and h,,(f). In the proof,
we use the standard and elegant strategy of [19], borrow some ideas from [2], and
essentially use the assumption of the uniform separation of preimages of the map. We
always assume that (X, d) is a compact metric space and f is a continuous map on X.
First, we restate and prove the first part of Theorem B.

PROPOSITION 2.16. Let f : X — X be a continuous map. Then

forall e My (X).
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Proof. Let e Myg(X). Let a ={Ay, Az, ..., Ay} be any finite partition of X and
choose p > 0 such that p < (1/(s logs)). Since pu is regular, there exist compact sets
Bj CAj,1<j<s, with u(A;\ Bj) <p. Put By=X \ U;=1 B;. Note that u(Bg) <
sp. So, for the compact partition 8 = {By, By, ..., B}, we have

H,(x|B) < u(Bp) logs < 1.
Therefore,

Hy (g™ f7"B) < Hy (B f7"B) + Hyulag By~ v £7"B)
= Hu(By ' 1f7"B) + Hyu (e 1857

n—1

<H B "B+ Y Hyop-i(@lB)

i=0
<H, By f"B) +n.
Dividing by n and taking n — oo gives
hm,u(fv a) < hm,u(f’ B)+ 1.

Thus, using a standard technique, it suffices to prove, for any compact partition S, that

B (f, B) < him (f) + log 2. (6)

Indeed, once this is done, it follows that

hm,,u(f) <hu,(f) +10g2+1

for any f and 1 € M ¢(X). It therefore holds for f9(q € N). By [13, Theorem 5.1], there
is a power rule for A, (f), that is, h,,(f?) = qh, (f), and hence by Proposition 2.10, we
have

qhm,u(f) = hm,,u(fq) = hm(fq) + 10g 24+1<qghu(f)+ IOg 2+1.

Dividing by ¢ and taking ¢ — oo yields
hnu () < B ().

For (6), it suffices to show that there is an ¢ > 0 such that for any n € N,

H,L(,Bg_l|f_"8) <nlog2+logsups(n, e, f"x). @)

xeX

In fact, following the arguments in step 1 of the proof of [2, Theorem 2.5] (see equation
(25) there), one can get (7) immediately. For completeness, we give an outline of the proof

as follows.
Let ¢ > 0 be such that any 4e-ball meets at most two elements of 8. Choose an
increasing sequence of finite partitions y; < y» < - .- with diameters tending to zero for

which B = B (\/;?1] y,-). Then by Lemma 2.5(ii),

Hu(By | B) = Tim Hu (B3|~ v)).
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So it suffices to show that for sufficiently large j,

H, (B3 f™"y;) <nlog2+log sup s(n, &, f"x). (8)

xeX
Using the fact that the decomposition {f"x : x € f" X} is upper semi-continuous and
arguing as in [2], we can choose j big enough such that for any C € f~"y; the inequality

#(By o) < sup s(n, &, f"x) - 2"

xeX

holds, where ,68_1|c ={BNC:Be /36‘_1}. Therefore (8) is satisfied. O

The following proposition is based on Theorem 2.14, which holds for maps with
uniform separation of preimages.

PROPOSITION 2.17. Let f: X — X be a continuous map with uniform separation of
preimages. Then

i u(f) <hp(f)
forall we My (X).

Proof. We only need to prove the proposition for ergodic measure v € M;(X ). Indeed,
let u=/[ M (x) v dO(v) be the unique ergodic decomposition where 6 is a probability

measure on the Borel subsets of Mp(X) and Q(M‘}-(X)) =1. Since p+> hy, ,(f) is
affine and upper semi-continuous by Propositions 2.12 and 2.13, we have

o () = / o (f) dO () ©)
M)

by a classical result in convex analysis (cf. [3, Fact A.2.10 on p. 356]).

Let u e ./\/l‘} (X)and o ={Aq, Ay, ..., A} be a finite measurable partition of X such
that diam(a) < £9/100, w(da) =0 and s < C(gp) for some constant C(gg) > 0. Let
p > 0 be arbitrarily small. Since u(da) =0, we can take ¢ > 0 small enough such that
w(Ug(0a)) < p/(100s), where Ug(da) :={y € X : d(y, dx) < ¢} is the e-neighborhood
of da. Then there exist compact sets K; C Aj, 1 < j <, such that u(A; \ K;) < p/s
and K; NUg(0A;) =0. Put Ko = X \ Uj‘:l K ;. Note that u(Ko) < p. Then we obtain a
compact partition 8 = {Ko, K1, ..., K} of X. By shrinking ¢ if necessary, we can ensure
that d(K;, K;) > 4eforany 1 <i, j <s,i # j. Finally, define y =a Vv B.

Denote i = hp,,, (f). Let B be the set of all x € X satisfying
(1) h=limy oo (1/m) L, (g~ | f7"B) (x);

@) limy—oo (1/) Y1) x&o (%) = u(Ko) < p3

3wl Fm=1

By Theorem 2.14, the Birkhoff ergodic theorem and Rokhlin disintegration, w(B) = 1.
Let By C B be a set such that forany x € By andn > N,

MfﬁnB(a(')'_l(X)) < exp(—n(h — p)) (10)
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and
n—1

D xko(f'x) <np. (1)
i=0
Then B = U;’\,Ozl By . Choose N large enough such that u(By) > 1 — p.
Since u(By) = fX ;L{inB(BN) du(x), one can find x € By such that MfinB(BN) >
1 — p. Consider a maximal (n, €)-separated set S of By N f~"z where z = f"x; then
#S <s(n, e, f7"z). Forevery zx € S C By, the Bowen ball B(zx, n, €) intersects at most
(1 + C(gp))™ - 2" elements of )/6' -1 by (11) and the construction of y. Thus

—)IB —nB
1—p<uy (BN)SIL){ (U B(zk, n, 8))

k€S

=+ C(eo)™ 2" -5(n, &, f7"2) - exp(=n(h — p))

where in the last equality we used (10) and the fact y(;'_l(y) C a(')'_l(y), yeByN f "z
It follows that 1 — p < p log(1 + C(g9)) +log 2 + h,(f). Letting p — 0, we have

h<l1og2+ h,(f). (12)

Since f can be replaced by f9, g € N, in (12), the proposition follows immediately from
standard arguments as before. O

Proof of Theorem B. We now prove the second part of the theorem. Assume that f : X
— X has uniform separation of preimages with exponent g9 > 0. By Proposition 2.16, it
is enough to show that

sup i (f) = hin (f).
peM y(X)

Given 0 < ¢ < gg, we will find an f-invariant measure u such that
R, () = hn (f; &), (13)

where i, (f, €) :=lim sup,_, ., (1/n) log sup, .y s(n, &, f~"x).
For each positive integer n, choose x, € X and an (n, ¢)-separated set E, in f~"x,
such that #E, = s(n, &, f~"x,) and there exists a subsequence ny — oo satisfying

1
hm(f, ) = lim — log#E,,.
k—o00 Ny

Now define probability measures v, on X as
1

Yy = VE, Z Sy,

x€E,

where §, is the point mass at the point x. Let

1 n—1
. 1
Mn = ; g f*vn-

Then there exists a subsequence of {ny}, which is also denoted by {n;} for notational
convenience, such that limg_, oo 4y, = . Clearly u € M ¢(X).
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Next, choose a partition o of X with diam(«) < € and such that £ (dA) = 0 for every
A € «. In the following, we will show that, for every positive integer g,

_ 1

B (f, @l ™) > g lim — log #E,,. (14)
k—00 Nk

Indeed, dividing by ¢ and taking ¢ — oo yields (13).

CLAIM. For the above o and q, we have

1 n—1

= Hyop1(@f 1 7UB) < Hy, (g 1/ 71B) (15)
=0
and
lim sup Hy,, (of ' [f79B) < Hu (@' | f9B). (16)
k—o00

Proof of (14), assuming the claim. Note that v, is supported on f~"x,; the canonical
system of conditional measures induced by v, with respect to f "5 reduces to a single
measure on the set f ~"x,, which we may identify with v,,. Hence for any finite partition
¥, we have

Hu,, (y|f_n8) = an (y|f‘”xn)-
Since each element of oc(')'_l has at most one point of E,, we have
H,, (ozg*1 | f-nx,) =log #E, =logs(n, &, f~"xp).

Consider positive integers g, n with n > g and let a(j) denote the integer part of
(n — j)/q for 0 < j < g — 1. Then clearly,

a(j)-1

-1 - )41 -
ay = \/ f (”’ﬂ)ozo v \/ fa,
r=0

lESj

where §;=1{0,1,...,j—1}U{j+gqa(j),...,n—1}. Then #5; <2q. We also
denote

p(j)=n—j—qa(j).
Forany 0 <r <a(j) — 2,
fntitrag .y, a;—j—rq—l = fra(frtitratagy, ag—j—rq—q—l) =B
by Lemma 2.7. Then we have

a(j)—1
-G —1, = _ i i
an(f (H'“I)ozg | f "BVaZ_;(j)v \/ f (]+sq)a(q) )
s=r+1

a(j)—1-r
_ ) q—1y p—n+j+rq n—j—rq—1 \/ —s'q q—1
= Hyjera,, ("‘0 I/ BVaiy-ng v f ey
s'=1
g—1 r—n+j+ n—j—rq—1
= f’_ﬁ/+rqvn(a0 |f nJ rqBVotq )

= H jira, @' 1F79B). )
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Similarly, as f~@+tPUDB v @271 = =43 by Lemma 2.7, we have
(J+(a(1) Da) q Ly e—n
H,, (f~ |[fT"BVa,_ p(j))
N fateipy a3+p(1>—1)

= H jrava, (g™
= Hjrai-na, @178, (18)
Hence, combining (17) and (18), we have
logs(n, &, f"xn)
= Hy, (o' 1f7"B)

<an(\/ frelf” ”B>+H - e q 1|f "Bva,” ,0(]))

tes;

a(j)=2 1 a(j)-1 1
+ 2 an( TG B T, v\ T e )

s=r+1
a(j)—-1
<2qlog#a+ Y Hjirg, @1 9B). (19)
r=0
Sum this inequality over j from O to ¢ — 1 to get

g—la(j)—1

glogs(n, e, f~"x) <2g” logha+ Y Y Hjera, (@ '|f4B)
j=0 r=0

<2q? log #a + nH,, (@81 f79B))  (by (15)).

Dividing by ng, we get
1 2¢ 1 _
—logs(n, e, f"xy) < i log #o + —Hun(ag 1|f_qB).
n n q

Hence

1
hm (f, €) =lim sup — log s(ng, &, f~ " xp,)
k—oo Nk

1 _
< — limsup Hy,, (Olg 1If_qB)
q

k— 00
1 _
SZIH“(“S Y£79B)  (by (16))

which proves (14). Letting ¢ — oo, we get

hm(f, &) < hm,u(f: a) < hm,u(f)-
This proves (13).
Proof of the claim. The claim essentially follows from the first parts of Propositions 2.12

and 2.13, respectively; we sketch the proof for completeness. Firstly, from concavity of
s > —s log s, we have

1 —q
- Z Hyyo g1l |f~7y) < Hy, (@' 1f ) (20)

n
=0
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for any finite partition y of X. Then choose an increasing sequence of finite partitions y; <
yy < - - - with diameters tending to zero for which B = B(\/?"=1 v;). Then by Lemma 2.5,

Hy, (85| 7"B) = lim Hy, (B5™'1F7"7)) @
for each n, and
1 n—1 1 1 n—1 .
- D H, i) B = jlinéo - > Hy i@l ). (22)
1=0 1=0

Combining (20), (21) and (22) and letting j — oo yields (15).
Moreover, we can take the partitions {y;} satisfying Lemma 2.5 and p(dy;) =0 for
each j, and hence

lim Hy, (o1 f ) = Huleg 17 y))
for each j. Similarly to the proof of (a) in Proposition 2.13, (replace v, «, y; there by
Un, Olg _1, f 79y}, respectively), we get inequality (16).

This completes the proof of the claim and the second part of Theorem B. For the
‘moreover’ part of the theorem, we only need to show that if f has uniform separation
of preimages, then

hw(f) < sup  hmy(f).
veM_“/(X )
Let p > 0 be sufficiently small. Then there exists an invariant measure p such that
i, u(f) > hm (f) — p/2. By (9), there exists an ergodic measure v such that

hm,v(f) > hm,u(f) —p/2>hnp(f) —p.

Since p is arbitrary, we have h,, (f) < sup{h, ,(f):v e .M‘}(M)}. This completes the
proof of Theorem B. 0

3. Stable entropy
3.1. Equivalence of two definitions of stable metric entropy. In this subsection we give
the proof of Theorem C, namely, that the two definitions of stable metric entropy are
equivalent when p is ergodic. The proof involves the relationship between two types
of measurable partitions, n and &, where 5, constructed in §1, is a measurable partition
subordinate to the W*-foliation induced by a finite measurable partition, while £ is a
decreasing measurable partition subordinate to the W*-foliation as in Proposition 1.8.

Recall that IT: M/ — M is the natural projection map. We denote by a tilde the objects
in M/ pulled back from M by IT, namely, it = i o 1'[,§ = H_lg, n= H_ln, a=I"!a,
etc. Then

(£, aln) = lim sup ~ Ha @[ ")
n—oo N
and
Hu (€1 f~'8) = HuElz7'9).

LEMMA 3.1. Forany a, B € P and n € P°,

1 .
lim —H, (&g 1By~ v T ") =0.

n—oo n
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Proof. Applying Lemma 2.3(ii) with y = ,56‘71 Vv 77, we have
Hap@y 1By~ Ve ")
n—2 .
< Hg @B,y v '+ Y Hp@la) ' v g v o),
i=0

pn—i—1 —n4iz Y s § co - . =0 >
Since f, VT > B5, where B° € P® is induced by 8 € P and diam(82; v B°)
— 0asi — oo, we know that the term in the summation above tends to 0 as i — oo. Thus
the lemma follows. O

PROPOSITION 3.2. h,(f, a|n) is independent of n € P* and o € P.

Proof. First, let us show that for 1, 72 € P*, we have h, (f, a|n1) = h,(f, aln2).
By Lemma 2.2, we have

Hg(&gf‘|r—"1)+H (x"ialag ™" v ")
= Hy@&) "1t v T + Hp (x "l e ). (23)
Similarly,
H,l(azg—‘n*"~ )+ Hy(t"ilag ' v T ")
= Hz (@ "1t v T ") + Hp (c " e ). (24)

By the construction of n; and 1y, we know that there are two finite partitions o, oy €
P such that n;(x) =o;(x) N W*(x, &), j =1, 2, for all x € M. Let Ny and N> be the
cardinality of o1 and oy, respectively. For any z € M, n1(z) intersects at most N, elements
of a, hence intersects at most N, elements of ;. Thus, we have

1 1
lim —H (v ™"il@y ' VT < lim — Hy (x|t ")
n— o0 n—-oo n
S .1 .1
= lim —H;(m2|n) = lim —H,(2|n) < lim —log N> =0.
n—oo n n—-oo n n—oo n
Similarly, we have
1 1
Hz(t™"in|&g =" v e ™) < lim —Hy(t7"fi|t ") < lim — log N1 =0.
n—-oon n—-oon
Hence by (23) and (24), we get

1 1
lim sup — H(a "+™#)) = lim sup — H(a Ne=m5,).

n—oo n—oo

Next we show that for any 8, y € P,

1 1
llmsup —Hj; (,3 N n)—llmsup —Hy(yy N

n—o00 n—o00

).
Again, by Lemma 2.2, we have

Hy By~ e < Hy 7y~ o™i + Hay By~ 175~ v o 7). (25)
By Lemma 3.1, we know that

. 1 _cpn ~n—1 —n=\
lim —H; (B~ | vt "n=0. (26)
n—-oo n
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By (25) and (26), we have

. 1 _rph—1y_—nz : 1 _(on—1_—n=
limsup —Hz (By ' |t7"n) <limsup —H;(y, [T7"n).
n—oo N n—oo n
Interchanging 8 and y, we in fact obtain
1 ~ 1
lim sup — Hz (B~ ' |t ") = lim sup — Hz (7 [T ™"#).
n—oo N n—oo N

This proves the proposition. O

We present a construction of the decreasing partition £, which will be crucial in
subsequent steps. The reader can refer to [18, §2.4] for more details. Given an ergodic
ne /\/lef(M ), we can choose x, € M and positive constants €, 7 such that

B:= B(xy, é7/2) = {x € M: d(x, x,) < é7/2}

has positive p measure and the following construction of a partition & satisfies
Proposition 1.8.
For each r € [F/2, 7], put
Ser=J Ss(x. ),

xeB

where S;(x,r)={y € Wlsoc(x) 1y € B(x«, r)}. Then we can define a partition éx* of M
such that
Ss(x,7r), yeSs(x,r)forsomex e B,

E)0) =
5e)(y M\ S, otherwise.

Next we can choose an appropriate r € [7/2, 7] such that
o0
=\ r&,
j=0

is subordinate to the W*-foliation. Thus & € Q°. The notation é‘(l)‘ = \/’;=0 fIE,, will be
used in the following steps. For notational convenience, H_léé‘ is denoted by %‘ if there
is no confusion.

The following lemma concerning é%‘ will be useful for the proof of our results.

LEMMA 3.3. Let u € M?}(M ) be an ergodic measure. Suppose n € P* is subordinate to

the W*-foliation, and éé‘ is a partition described as above, where k € N U {oo}. Then for
fi-almost every ¥ € M7, there exists N = N(X) > 0 such that for any j > N, we have

G vepaTin = ¢ a .
Hence, for any partition B of M with H, (,B~|§(I)<) < 00,
LBIES v T iR = L BIE (IR,

which implies that
. = 2k+j —ja 5z
i  (BiEy v T = Hy(BI).
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In particular, if we take k = oo, then the above two equalities become
LBIEV T8 = 1:(BIE) /%)
and
jlggo Hp(BlE v ©~'1) = Hy(BI§).

Proof. Since n is subordinate to W¥, for ji-a.e. x, there exists p = p(x) > 0 such that
B*(I1%, p) C n(I1%). Since i is ergodic, for ji-a.e. ¥ € M/, there are infinitely many
n > 0 such that 77"x € l'I_lSS,r. Take N = N (x) large enough such that

tVien s,

and
tNE@ V) c BN (M1, p) C A(F), 27)

where we write & := l'[’léx* for short. Then for any j > N, we have by (27) that
k+j
EI (xR = (\/ r‘%)(r—f&) CE@NEETR) cTGE) =T
1=0
Thus
EH v =8 @ ).
This proves the first statement in the lemma.
Following the proof of Lemma 2.11 in [S], we can prove the remaining results in the
lemma, where Fatou’s lemma and Lemma 2.5 are needed. We omit the details of the
computation here. O

The proof of the following fact is analogous to that in [S], and the reader can refer to
the proof of Lemma 2.10 in [5] for more details.

LEMMA 3.4. Suppose that i € /\/lef-(M) is an ergodic measure and o € P. Then for any
keN,
. (= Sk _
Tim_ Hy @) =0.

Proof. By the Poincaré recurrence theorem, for j-a.e. x € M T, there exist n j—> 00
such that T 7 x € H_lS”. Thus diam(l‘[(r”.fé)(i)) — 0 as j — oo. Hence é‘foo()?) =
{115}, that is, £¥ _ = ¢.

Since Hj(al€) = Hy(ale) =0, applying Lemma 2.5(ii) with ¢, = é‘fn and { =€, we
prove the lemma. O

PROPOSITION 3.5. h,(f, a|ln) < h,(f, &) foranyn € P* and & € Q°.

Proof. By Lemma 2.3(ii), with y =777 anda:é(’)‘,we have for any n € P*, n > 0,

-2

1 P RO B A1 N

—Hi((Eg)o ™ |t = —Ha@gle™' )+~ 3 Ha GGl ™~ v o™
i=0
n

= L Hp e + 2 S HGNET Y . 28

n n =
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By Lemma 3.3, the second term on the right- hand side of (28) converges to Hj (éo |t_1$ )
as j — oo. Iti 1s clear that each element of £~ !y intersects at most / - 2¥*1 elements of SO,
where [ = #f~!x for any x € M. So we have

Hp(§1™") <log(l - 241,
which implies that
lim %Hg(églf_lﬁ) =
Thus we get
lim — Ha(GOn o) = Hp(6f1e™'8) < Ha(Ele'). (29)
n—oo n
By Lemma 2.3(ii) with y = (éf-(])‘)g_l and the fact that
o€y =€

we know that

n—2
Hy@y 1Dy = Hp@|€r, )+ ) Hp@lay™ '~ v EX1h
i=0
n—2
< Hp@) + Y Ha(@lE")).
i=0
By Lemma 3.4, we have
lim Hy(@lé*;) =0.
11— 00

Then we get
.1 ~n—1) fhkyn—1
Jim -~ H g 1EDG D =0, (30)
By Lemma 2.2, we have
Hy@p e < Ha(EHR™"1e™ /) + Hu@g ' 1EH™. 31

Thus by (29), (30) and (31) we have

e

1
hyu(f> ocln) = lim sup - Hj (@ )

< H;¢E|r7'8)
:hﬂ(f9 E)

which finishes the proof of the proposition. O

PROPOSITION 3.6. Suppose u is an ergodic measure. Then for any n € P* and & € Q°,

hy(f, §) < sughu(f, aln).
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Proof. Choose a sequence of finite Borel partitions «;,, of M such that
B(ewy) /' B(E) asn— oo,
which implies
lim Hy(Gnle™'8) = HpGle™'8).
n— o0

Thus, we have
sup Hy (@l '€) = H§lz~'8).

a<&

For any a with o <&, we have that for any j > 0, a{_l 55{_1 = f~'&. Then by
Lemma 2.3(ii), we have
n—2

Hy Gy e™") = Ha@le ') + ) Hp@la)™' = v o' ~"7)
i=0

= Hy(@lt™"') + Z Hy@la]™" v /q)
j=2
n .
> Hp(@|t™') + Y Hy@r'Ev /i)
j=2
Then by Lemma 3.3, we have
lim Hp@lt ' vt /i) = Hy@lt™'é),
Jj—>00
which implies that

1 1 .
hmsup —Hy (@)~ t™"i) > liminf — Hz(@g 't ™"%) > Ha (@l 'é).
n—-oo n

n—o00

So we have

sup hy (f, aln) = Sup hu(f o|n)
aeP

1
= sup lim sup — —Hp(a,~ Eaan)

a<é n—>o0

> sup lim inf — Hlt(a )

0[<S n—oo

> sup Hp(&lt™'€)

a<&
= Hy(¢lt'9). (32)
Namely, h, (f, §) < supyep hyu(f, aln). -

Proof of Theorem C. We complete the proof of Theorem C. By Proposition 3.2,
h,(f, a|n) is independent of o, meaning that

hu(f’ 05|’7) = Ssup h//.(f’ :3|77)
peP

for any o € P. Combining Propositions 3.5 and 3.6, we are done. O
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Proof of Corollary C.1. h),(f) < h,(f) follows from the definition of stable entropy.
When f is C2, the Ledrappier—Young formula (2) by Shu can be applied. Combining
with Theorem C, we get
hu(f) =h, () = D v
A <0
If there is no negative Lyapunov exponent in the center direction at p-a.e. x € M, the sum
above vanishes, and hence hi(f) =h,(f). O

Proof of Corollary C.2. The equality hfL (f) = hy,(f, aln) follows from Theorem C. Now
all inequalities in (32) become equalities and ‘sup’ can be dropped, so h,(f, a|n) =

limy— o0 (1/n)Hy, (e~ 1 f 7" 0). O

3.2. Properties of stable entropy. In this subsection we prepare some lemmas about
the properties of stable metric and topological entropy, which are useful in the proof of
Theorem D.

LEMMA 3.7. Assume that f:M — M is a C' non-degenerate partially hyperbolic
endomorphism. Then for any « € P, n € P*, we have for any n € N,

n—1 —n K
oy VvV [fTnzea,

where o is the partition in P* induced by o € P.

Proof. Let y e (af ' v f7"m)(x).  Then fiyea(fix) for any 0<i<n—1. As
diam(a) < &g, we know that d(f'y, f'x) < &g forany 0 <i <n — 1. On the other hand,
y e (fn)(x), thatis, f"y € W3(f"x, €o). This, together with d(f" 'y, f*~'x) < ¢,
implies that "~y e W9(f" !x, gg) N (f"'x), since f is non-degenerate and the
expansion of f~! is bounded. With sufficient repetition of this argument, we have
y € W¥(x, g9) Na(x). Thus y € a®(x), and the lemma follows. O

PROPOSITION 3.8. (Power rule) Assume that f:M — M is a C' non-degenerate

partially hyperbolic endomorphism, i € M (M), a € P and n € P°. Then:

(1) a,:=Hy (otg*l | f~"n) + H,(nla®) is a subadditive sequence, that is, apm1n < am +
ay foranym, n > 1;

2)
hu(f. eln) = lim %Hu(a{}’l f ")
= inf %(H,L(agﬂf*"n) + Hyu(nla®));
(3) k3, (f)) =1hS,(f) foranyl € N.

Proof. The proof is analogous to those of Lemma 2.8 and Proposition 2.10, with minor
modifications. Note that H,(n|a®) is finite since H,(n|o’) <log #n°, where n° € P
induces n € P°. Instead of Lemma 2.7, we use Lemma 3.7 to obtain the subadditivity
of a,. The power rule uses the first equality in the second item. O
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PROPOSITION 3.9. (Affinity) Assume that f : M — M is a C' non-degenerate partially
hyperbolic endomorphism. For any o € P and n € P, the map pw— H,(c|f™"n) from
M(M) to RT U {0} is concave. Furthermore, the map |1 > h‘L (f) from M (M) to RT U

{0} is affine.

Proof. The proof proceeds along the same lines as the proof of Proposition 2.12. We
only need to use an increasing sequence of finite partitions y; < y» <- - - to approximate
n € P now. O

PROPOSITION 3.10. (Upper semi-continuity) Assume that f: M — M is a C' non-

degenerate partially hyperbolic endomorphism.

(1) LetveMs(M). For any a € P and n € P° with u(da) =0 and w®@n®)=0
is the partition in P inducing n € P*), the map p+— H,(a|f~"n) from M(M) to
R U {0} is upper semi-continuous at u, that is,

lim sup Hy,(a|f~"n) < Hu (el f"n).

P
(2)  The stable entropy map p > hy (f) from M (M) to RT U {0} is upper semi-
continuous at |, that is,

lim sup /23, (f) < hy, (f)-

V1

Proof. The proof is analogous to the proof of Proposition 2.13. Indeed, to prove (1), we
only need to use an increasing sequence of finite partitions y; <y, <--- to approximate
n € P* now. For the proof of (2), we need to use (1) and (2) of Proposition 3.8. O

The following result is the Shannon—McMillan—Breiman theorem for stable metric
entropy.

THEOREM 3.11. Let f be a C' partially hyperbolic endomorphism, and w an ergodic
measure of f. Then for any o € P, n € P* and p-a.e. x € M, we have

1
B ()= Jim Ly (e T ).

Proof. Let u e M?(M ) be ergodic. The following lemmas are counterparts of those in
[5], but the proof need modifications. 0O

LEMMA 3.12. (See [5, Lemma 3.7]) For any ne€P® and & € Q°, we have for
u-a.e. x € M,

.1 _
hu(f, &)= lim —I1,(&|f"n)(x).
n—oo n
Proof. Witha = £, y = 1", we use Lemma 2.3(ii) to get

I S T
lim —7; & 1T i)
n—oo n

n—2
1 - -~ . . .
lim —[lﬂ(sh—lﬁ)(r"—%z) +Y LEETT Y r"”ﬁ)(rl(i))}

n—oo n
i=0

S ) P PURS g 3 (E1—l% —j= n—j~i|
nlggon[lu(élr DEH + Y @ E VT E @) |

j=2
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By Lemma 3.3, for u-a.e. x, there exist N > 0 such that for any j > N,
LGEIRTEVTTpE" @) = LERTHE" @)

Therefore, the limit is equal to i, (f, &).

By Lemma 3.12, we need compare IM(S(S’_l | f~"n) and Iu(oc(')’_1 | f~"n). O
LEMMA 3.13. (See [5, Lemma 3.8]) Let « € P, n € PS5, & € Q°. Then for ji-a.e. X, we
have

1 ~ 1 -
lim — ;& ey Ve @E) = 0= lim —1z@0 1EYTT v TR (F).
n—-oon n—-oon

Proof We prove the first equality; the second is analogous. By Lemma 2.3(ii) with

a=E, y=a; Ly gn 7,

L& ey~ v i)
n—2
=lEla”" Y vt i@ @) + Y L EET T v E Ty O ()

i=0

<LEaZ{" " velipa Tt @y + Y rEE T val T v (@)

j=2
< LiEla" Vvt @) + Y EE T valTha @), (33)
Jj=2

where in the last inequality we applied Lemma 3.3 with & replaced by an even finer
partition.

Take ¢, (X) = I; (§|~” Ly §1 (&) for n > 2. Since diam(a}~ Ly 51"*])(2) — 0 as
n — 00, ¢, — 0 as n — oo almost everywhere.

Also, by Lemma 2.4, ¢* = sup, ¢, € L'(u). Hence we can apply [5, Proposition 3.5]
to get that for i-a.e. X,

Jlim —[Zl ElE " vt ’)(r%@)}:

By (33), we get the result of the lemma. O
We are now ready to prove the theorem. By Lemma 2.2, we have

L@ i) () < 1,1<&"—1 VET T ()
= ET T @E) + @ ET v e ).

Then by Lemmas 3.13 and 3.12 and Theorem C, we have

lim sup 1I (a |‘L' n)(x)<11msup I (S |r*"ﬁ)(i)

n—o0 n— 00

= H,(&|f7'8) =, (/). (34)
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Similarly,
LE D@ < i@ vE T e D
= I (@~ IT_"U)(J?)—i—I;z(éO Nag ™' v e ).
Again by Lemmas 3.13 and 3.12 and Theorem C, we have
s _ =1y i s 1 _(En—1|_—n~\ =~
by, (f)=Hyu (@&l f78) =lminf — 15§y [z n)(X)
n—oo n
| PP B
<11m1nf I (@, It (x). (35)
Combining (34) and (35), we compete the proof of the theorem. O

The following lemma on stable topological entropy is important for the proof of
Theorem D.

LEMMA 3.14. For any § > 0,

P tOp(f) sup htop 1 Ws(x, 8))

1
top(f) = l1m lim sup sup — logs(n, ¢, f~ ”Ws(x 8)).

n—oo xeM N

Proof We prove the first equality, the second is similar. It is easy to see that
p potop(f) = SuPyens hiop(f WS W5 (x, 8)) for any § > 0 since § > sup,c Riop (f. WS (x, 8))
is increasing.
Let us prove the other direction for some fixed § > 0. For any p > 0, let y € M be such
that
SUp. oy (f: WOCE,3)) = i (f, WH0r.3) + g. (36)

‘We can choose gg > 0 such that

tOp(f Ws(y, 8))—11m hmsup logs(n e, fT"WS(y, 8))

n—o00

1 -
<Tlim sup — log s(n, €0, f"W5(y, ) + g. (37)

n—oo N

Choose §1 > 0 small enough such that §; < § and

paop ) 2 S0P By (. WF(x 51)) £ (38)

Then there exist y; € WS(y, ), 1 <j <N, where N only depends on §, §; and the
Riemannian structure on W*(y, §), such that

N
W (y, 8) c | W vy, o).
j=1
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It follows that
N

1 - 1 -
lim sup — log s(n, eg, f~"W5(y, d)) <lim sup — log( E s(n, g0, fT"W3(y;, 81))>
n—oo N n—oo N =

1 -
<limsup — log Ns(n, g9, f"W5(y;, 81))

n—oo N

1 -
= lim sup - log s(n, g0, f~"W5(yi, 81))

n—oo

1 -
< lim limsup — log s(n, &, f "W5(y;, 81))

e—>0 pooo N
= iop (fs WH (i, 81)) (39
for some 1 <i < N. Combining (36)—(39),

sup iy (f, W3 Gx, 8)) < I (f, W3 (v, 8) + 2
xXeM 3

. 1 pe——— 2p
< lim sup - log s(n, €9, f~"W5(y, 8)) + 3

n—o00

s Ty . 2P
= thp(f? w (yis 81)) + =

3
s WS (v 81) 2p
< sup Ay, (f, Wo(x, 81) + 3
xeM
S h;;’[()p(f) + p'
Since p > 0 is arbitrary, we have sup, ¢y hiop (f; WH(x, 8)) < I}, 10p(f)- .

3.3. Variational principle for stable entropy.

Sketch of proof of Theorem D. The proof is analogous to that of Theorem B, with
necessary modifications. We just point out the main difference here.

For the first part showing that h;(f) < h;,mp(f) for all © € M (M), we follow the
same lines as Proposition 2.17. The crucial point is that Theorem 3.11 as well as affinity
and upper semi-continuity (Propositions 3.9 and 3.10) hold for stable metric entropy. We
mention that the first part of Lemma 3.14 is also used.

The proof of the second part is more involved. We want to show that for any p > 0,
there exists u € M ¢ (M) such that h‘;(f) > hfn’mp(f) - p.

Firstly, we should carefully construct n € P°. Fix some § > 0 small enough. By
the second part of Lemma 3.14, take ¢ > 0 small enough, x, € M and S, an (n, ¢)-
separated set of f~"WS$(x,, §) with cardinality s(n, &, f~"W3(x,, 8)) such that there
exists a subsequence ny — oo satisfying

. 1
hfn,top(f’ 8) = kli>ngo a log #Snk.

Define

1
vy, = 3 Z dy

" YESy
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and
ln—l '
Un = - ; [,
1=

There exists a subsequence of {n}, also denoted by ny, such that limg_ o ty, = K.
Obviously € M ¢ (M).

Choose a subsequence of {x,, } converging to some point yy € M, also denoted by {x,, }
for simplicity. Without loss of generality, assume that x,, € B(yo, §) for all x,,. As § is
very small, we can choose a partition 8 € P such that B(yp, 1008) C B(yo). Consequently,
W5 (x,,, 8) C B(yo, 1008) N W5 (xy,, 8) C n(xy,) for all x,,,, where n = B* € P*. That s,
W5 (xp,, 8) is contained in a single element of # for any x,,. Then choose o € P such
that ©(da) =0 and diam(a) < €. In this way, we have log s(ng, &, f~"* W3 (x,,, 8)) =
Hy, (e ™ 1 "),

Secondly, the computation in (17)—-(19) should now be modified accordingly for the
conditional entropy H,, (oegfl | f7"n). The key is (17). Using Lemma 3.7 instead, we can
obtain similarly

a(j)—1
—(itr 1, ,— _ —(its -1 -1, .=
H,, (f Ut v apZ) v ) fTUP g ) =H jira, (a5 |f700).
s=r—+1
The remaining issue is the proof of (15) and (16). But this essentially follows from the

affinity and upper semi-continuity of stable entropy, which are formulated in Propositions
3.9 and 3.10(1). We skip the details of the proof. O

Proof of Corollary D.1. Suppose that all Lyapunov exponents of f are non-negative.
Then for any ergodic measure i, iy, (f) = h,(f) by the Ledrappier—Young formula (2)
by Shu and Theorem A. By Theorem B and the variational principle for classical entropy,
we have h,(f) = hyu (f) = hop(f). which proves the first item.

Now suppose that v is an ergodic measure of maximal preimage entropy, for which
there exists a negative Lyapunov exponent with positive transversal dimension. By (2) and
Theorem A, we know that &, , (f) < hy(f). Thenhp(f) = b (f) = hpo (f) < ho(f) <
hiop(f). The proof of the corollary is complete. O
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