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This paper deals with the following fractional elliptic equation with critical exponent

{
(−Δ)su = u

2∗s−1
+ + λu − ν̄ϕ1, in Ω,

u = 0, in RN\Ω,

where λ, ν̄ ∈ R, s ∈ (0, 1), 2∗s = (2N/N − 2s) (N > 2s), (−Δ)s is the fractional
Laplace operator, Ω ⊂ RN is a bounded domain with smooth boundary and ϕ1 is
the first positive eigenfunction of the fractional Laplace under the condition u = 0 in
RN \ Ω. Under suitable conditions on λ and ν̄ and using a Lyapunov-Schmidt
reduction method, we prove the fractional version of the Lazer-McKenna conjecture
which says that the equation above has infinitely many solutions as |ν̄| → ∞ .
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1. Introduction

In this paper, we consider the following fractional problem

{
(−Δ)su = g(u) − ν̄ϕ1, in Ω,
u = 0, in RN\Ω, (1.1)

where ν̄ ∈ R, s ∈ (0, 1), Ω ⊂ RN (N > 2s) is a bounded domain with smooth
boundary and ϕ1 is the first positive eigenfunction of the fractional Laplace under
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the condition u = 0 in RN \ Ω. g(t) has superlinear growth and satisfies

lim
t→+∞

g(t)
t

= α > lim
t→−∞

g(t)
t

= β.

Here α = +∞ and β = −∞ are allowed. For any Ω ⊂ RN and u ∈ C∞
0 (Ω), we have

u = 0 in RN\Ω. The fractional Laplace operator (−Δ)s is defined as follows:

(−Δ)su(y) = CN,sP.V.

∫
RN

u(y) − u(z)
|y − z|N+2s

dz,

where P.V. stands for the principle value and CN,s is a normalization constant (see
for instance [14]).

In particular, if s = 1, equation (1.1) reduces to

{
−Δu = g(u) − ν̄ϕ1, in Ω,
u = 0, on ∂Ω.

(1.2)

Equation (1.2) has been studied first by Ambrosetti et al. in [2], and many results
were obtained there, the readers can refer to [5–7, 10–12, 22]. It is well known
(e.g. [2]) that the location of α, β with respect to the spectrum of (−Δ,H1

0 (Ω)) has
great influence on the number of solutions to equation (1.2). Let 0 < Λ1 < Λ2 �
Λ3 � · · · � Λi � · · · be the eigenvalues of Laplace −Δ in H1

0 (Ω). In [10] Lazer
and McKenna made a conjecture that equation (1.2) has an unbounded number of
solutions as ν̄ → +∞ if α = +∞, β < Λ1, and g(t) does not grow too rapidly.

There were several works related to the Lazer-McKenna conjecture. Breuer et al.
[3] used numerical method to show that equation (1.2) has at least four solutions if
g(t) = t2 and Ω is a unit square in R2. Dancer et al. [5] proved the Lazer-McKenna
conjecture if g(t) = |t|p, where p ∈ (1, (N + 2)/(N − 2)) and N � 3. Moreover, it
is shown in [6] that the Lazer-McKenna conjecture is also true if g(t) = tp+ + λt,
where u+ = max(u, 0), N � 3, p ∈ (1, (N + 2)/(N − 2)), λ < Λ1 or λ ∈ (Λi,Λi+1)
for i � 1. Later on, Li et al. [11, 12] and Wei et al. [22] proved the Lazer-McKenna
conjecture if g(t) = t2

∗−1
+ + λt, where N � 6, 2∗ = (2N)/(N − 2) and λ ∈ (0,Λ1) or

λ ∈ (Λi,Λi+1) for i � 1. Recently, in [1], Abdellaoui et al. extended the results in [5]
to fractional Laplace and proved the fractional version of conjecture. This inspires
us to consider problem (1.1). Our goal in this paper is to prove the fractional version
of the Lazer-McKenna conjecture, extending the results in [12]. More precisely, we
consider the following equation

{
(−Δ)su = u

2∗
s−1

+ + λu− ν̄ϕ1, in Ω,
u = 0, in RN\Ω, (1.3)

where λ ∈ R, 2∗s = (2N/N − 2s), N > 2s.
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Let λ1 < λ2 � λ3 � · · · � λi � · · · be the eigenvalues of fractional Laplace (−Δ)s

under the condition u = 0 in RN \ Ω. Indeed, it follows from [20] that

λ1 = min
u∈Xs

0 (Ω)\{0}

∫
RN

∫
RN (|u(y) − u(z)|2/|y − z|N+2s)dydz∫

Ω
|u|2 ,

where Xs
0(Ω) is given by

Xs
0(Ω) =

{
u ∈ Hs(RN ) : u = 0 in RN\Ω

}
,

with the norm

‖u‖ :=

(∫
RN

∫
RN

|u(y) − u(z)|2
|y − z|N+2s

dydz

)1/2

.

Furthermore, by [20], λ1 is simple and ϕ1 > 0 in Ω.
Throughout this paper, we always assume that λ and ν̄ satisfy one of the following

conditions:
(C1) λ ∈ (0, λ1) and ν̄ > 0;
(C2) λ ∈ (λi, λi+1) for some i � 1 and ν̄ < 0.
The main result in this paper can be stated as follows:

Theorem 1.1. Suppose that 0 < s < 1, (C1) or (C2) is satisfied. Then the number
of the solutions for equation (1.3) tends to infinity as |ν̄| → +∞ if N > 6s.

Obviously, −(ν̄/λ1 − λ)ϕ1 is a negative solution of equation (1.3). We will
construct solutions of equation (1.3) redin the form

u = − ν̄

λ1 − λ
ϕ1 + v.

Then v solves {
(−Δ)sv − λv = (v − νϕ1)

2∗
s−1

+ , in Ω,
v = 0, in RN\Ω, (1.4)

where ν = (ν̄/λ1 − λ). Thus ν → +∞ as |ν̄| → +∞.
In the sequel, we mainly consider equation (1.4). We will use Lyapunov-Schmidt

reduction method to construct peak solutions of equation (1.4). This method has
been widely used to study elliptic problems, see for examples [15–18, 24] and the
references therein. The advantage of this method is that we can not only prove the
existence of many solutions but also obtain the profile of these solutions. Without
loss of generality, we always assume that max

y∈Ω
ϕ1(y) = 1 and we denote S = {z ∈

Ω : ϕ1(z) = 1}.
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It is well known that

Uxj ,μj
= b0

(
μj

1 + μ2
j |y − xj |2

)N−2s/2

,

with

b0 = 2N−2s/2 Γ(N + 2s/2)
Γ(N − 2s/2)

,

solves equation

(−Δ)su = u2∗
s−1, u > 0, in RN , (1.5)

where xj ∈ RN and μj ∈ (0,∞). In order to simplify notations, we denote U = U0,1.
Furthermore, in [8], it is shown that U is non-degenerate, in the sense that, if φ
solves the linearized equation of equation (1.5)

(−Δ)sφ = (2∗s − 1)U2∗
s−2φ, in RN ,

then φ is a linear combination of

N − 2s
2

U + x · ∇U, ∂U

∂xi
, i = 1, . . . , N.

Let PUxj ,μj
be the solution of

{
(−Δ)sPUxj ,μj

= U
2∗

s−1
xj ,μj , in Ω,

PUxj ,μj
= 0, in RN\Ω. (1.6)

We will choose PUxj ,μj
as a building block of approximate solution. Moreover, we

have

Theorem 1.2. Let k > 0 be an integer and N > 6s. Then there exists νk > 0 such
that for any ν � νk, equation (1.4) has a solution of the form

vν =
k∑

j=1

PUxν,j ,μν,j
+ φν,k,

satisfying that as ν → ∞,

(i) φν,k ∈ Xs
0(Ω) and ‖φν,k‖ → 0;

(ii) μν,jν
−2/(N−6s) → t0 > 0;

(iii) ν2/(N−6s)|xν,i − xν,j | → +∞ for i �= j;

(iv) xν,j → x∗j ∈ Ω with x∗j ∈ S;
where the constant t0 is defined in (2.1).
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In order to expand energy (see appendix B), we have to estimate

Ψxj ,μj
= Uxj ,μj

− PUxj ,μj
.

If s = 1, then Ψxj ,μj
solves {

−ΔΨxj ,μj
= 0, in Ω,

Ψxj ,μj
= Uxj ,μj

, on ∂Ω.

Using comparison principle, we can easily obtain the leading term of Ψxj ,μj
, for

much details, the reader can see [19]. In order to overcome these difficulties due
to the fractional Laplace, considering that many mathematics applied s-harmonic
extension method (see [4]) and studied a new local problem⎧⎪⎪⎨

⎪⎪⎩
div(y1−2s

N+1∇Φ) = 0, in RN+1
+ ,

Φ = Uxj ,μj
, on RN\Ω × {0},

lim
yN+1→0+

y1−2s
N+1

∂Φ
∂yN+1

= 0, on Ω × {0},

we turn to obtain the leading term of Ψxj ,μj
by convolution formula of Green

function with U2∗
s−1

xj ,μj . This idea is mainly from [9, 13]. For much details, the readers
can see appendix A. On the other hand, in order to solve critical points of K(x, μ)
(see § 3), we will use a type of gradient flow method (see [22, 23]). Indeed, we cannot
prove the existence of critical points of K(x, μ) by using maximization procedure
as in [5, 6]. Furthermore, in [12], Li et al. proved that K(x, μ) has a saddle point
such that K(x, μ) attained the minimum at μi direction and attained maximum at
xi direction. Compared with [12], the gradient flow method we used in this paper
will simply be the procedure very much to obtain critical points.

To end this section, we introduce some notations. We define Hs(RN ) the classical
Sobolev space

Hs(RN ) =

{
u ∈ L2(RN ) :

∫
RN

∫
RN

|u(y) − u(z)|2
|y − z|N+2s

dydz <∞
}
,

with the norm

‖u‖Hs(RN ) =

(∫
RN

u2 +
∫

RN

∫
RN

|u(y) − u(z)|2
|y − z|N+2s

dydz

)1/2

.

We also define Ds,2(RN ) as follows

Ds,2(RN ) =

{
u ∈ L2∗

s (RN ) :
∫

RN

∫
RN

|u(y) − u(z)|2
|y − z|N+2s

dydz <∞
}
,

with the norm

‖u‖ :=

(∫
RN

∫
RN

|u(y) − u(z)|2
|y − z|N+2s

dydz

)1/2

.
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We recall that Xs
0(Ω) is a Hilbert space with the product

〈u, v〉 =
∫

RN

∫
RN

(u(y) − u(z))(v(y) − v(z))
|y − z|N+2s

dydz.

By [14], we can see that∫
RN

∫
RN

|u(y) − u(z)|2
|y − z|N+2s

dydz = 2C−1
N,s

∫
RN

|(−Δ)(s/2)u|2,

where the constant CN,s is given by

CN,s =

(∫
RN

1 − cos(ξ1)
|ξ|N+2s

)−1

.

We can also refer to [20, 21] for more properties of Xs
0(Ω).

Our paper is organized as follows. In § 2, we will carry out the reduction pro-
cedure. Then, we will study the reduced finite dimensional problem and prove
theorem 1.2 in § 3. Our notations are standard. We will use C to denote different
positive constant from line to line.

2. Finite dimensional reduction

Define

Dk,ν =
{

(x, μ) : μj ∈ [(t0 − Lν−sτ )ν2/(N−6s), (t0 + Lν−sτ )ν2/(N−6s)
]
,

|ϕ1(xj) − 1| � ν−sτ , |xi − xj |N−2s � ν−(2N−8s)/(N−6s)+sτ , i �= j
}
,

where xj ∈ Ω, j = 1, . . . , k, x = (x1, . . . , xk), μ = (μ1, . . . , μk), τ is a small constant,
L is a fixed large positive constant and t0 is given by

t0 =

(
A3(N − 2s)

4sλA2

)2/(N−6s)

. (2.1)

Here the positive constants A2 and A3 are defined in lemma B.1. Let

εij =
1

μ
(N−2s)/2
i μ

(N−2s)/2
j |xi − xj |N−2s

, i �= j.

Then, for (x, μ) ∈ Dk,ν , we have

εij � Cν−4s/(N−6s)−sτ .

We set

Ex,μ,k =

{
φ ∈ Xs

0(Ω) :

〈
φ,
∂PUxj ,μj

∂xjl

〉
=

〈
φ,
∂PUxj ,μj

∂μj

〉
= 0

}
,

where xj = (xj1, . . . , xjN ) ∈ RN , j = 1, . . . , k, l = 1, . . . , N .
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Define the energy functional corresponding to equation (1.4) as follows

Iν(v) =
1
2

∫
RN

∫
RN

|v(y) − v(z)|2
|y − z|N+2s

dydz − 1
2

∫
Ω

λv2 − 1
2∗s

∫
Ω

(v − νϕ1)
2∗

s
+ .

Let

Jν(x, μ, φ) = Iν

(
k∑

j=1

PUxj ,μj
+ φ

)
, (x, μ) ∈ Dk,ν , φ ∈ Ex,μ,k.

Then we expand Jν(x, μ, φ) at φ = 0 as follows

Jν(x, μ, φ) = Jν(x, 0) + lν(φ) +
1
2
Qν(φ, φ) −Rν(φ),

where

lν(φ) =
k∑

j=1

〈PUxj ,μj
, φ〉 −

k∑
j=1

∫
Ω

λPUxj ,μj
φ−

∫
Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−1

+

φ,

(2.2)

Qν(φ, ψ) = 〈φ, ψ〉 −
∫

Ω

λφψ − (2∗s − 1)
∫

Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−2

+

φψ, (2.3)

and

Rν(φ) =
1
2∗s

∫
Ω

(
k∑

j=1

PUxj ,μj
+ φ− νϕ1

)2∗
s

+

− 1
2∗s

∫
Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s

+

−
∫

Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−1

+

φ

− 2∗s − 1
2

∫
Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−2

+

φ2. (2.4)

Now we estimate lν(φ), Qν(φ, ψ) and Rν(φ) respectively.

Lemma 2.1. For any φ ∈ Xs
0(Ω), we have

lν(φ) = O

(
k∑

j=1

λ

μ2s
j

+
k∑

j=1

ν(1/2)+σ

μ
(N−2s/2)((1/2)+σ)
j

+
∑
i�=j

ε
(1/2)+σ
ij

)
‖φ‖.
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Proof. Rewrite lν(φ) as follows:

lν(φ) =

{
k∑

j=1

∫
Ω

U
2∗

s−1
xj ,μjφ−

∫
Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−1

+

φ

}
−

k∑
j=1

∫
Ω

λPUxj ,μj
φ

=: l1 − l2.

Note that

(a− b)2
∗
s−1

+ = a2∗
s−1 +O(a2∗

s−1−((1/2)+σ)b(1/2)+σ), ∀a, b > 0,

where σ > 0 is a small constant. Then we have

l1 =
k∑

j=1

∫
Ω

U
2∗

s−1
xj ,μjφ−

∫
Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−1

+

φ

=
k∑

j=1

∫
Ω

U
2∗

s−1
xj ,μjφ−

∫
Ω

(
k∑

j=1

PUxj ,μj

)2∗
s−1

φ

+O

(∫
Ω

(
k∑

j=1

PUxj ,μj

)2∗
s−1−((1/2)+σ)

(νϕ1)(1/2)+σφ

)

=
k∑

j=1

∫
Ω

U
2∗

s−1
xj ,μjφ−

∫
Ω

k∑
j=1

PU
2∗

s−1
xj ,μjφ+O

(∑
i�=j

∫
Ω

PU
(2∗

s−1/2)
xj ,μj PU

(2∗
s−1/2)

xi,μi φ

)

+O

(∫
Ω

(
k∑

j=1

Uxj ,μj

)2∗
s−1−((1/2)+σ)

φ

)
ν

1
2+σ

=
k∑

j=1

∫
Ω

U
2∗

s−1
xj ,μjφ−

k∑
j=1

∫
Ω

PU
2∗

s−1
xj ,μjφ+O

(∑
i�=j

∫
Ω

U
(2∗

s−1/2)
xj ,μj U

(2∗
s−1/2)

xi,μi φ

)

+O

(
k∑

j=1

∫
Ω

U
2∗

s−1−((1/2)+σ)
xj ,μj φ

)
ν(1/2)+σ

=
k∑

j=1

∫
Ω

U
2∗

s−1
xj ,μjφ−

k∑
j=1

∫
Ω

(Uxj ,μj
− Ψxj ,μj

)2
∗
s−1φ

+O

(∑
i�=j

∫
Ω

U
(2∗

s−1/2)
xj ,μj U

(2∗
s−1/2)

xi,μi φ

)
+O

(
k∑

j=1

∫
Ω

U
2∗

s−1−((1/2)+σ)
xj ,μj φ

)
ν(1/2)+σ
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=
k∑

j=1

∫
Ω

(2∗s − 1)U2∗
s−2

xj ,μj Ψxj ,μj
φ+O

(
k∑

j=1

∫
Ω

Ψ2∗
s−1

xj φ

)

+O

(∑
i�=j

∫
Ω

U
(2∗

s−1/2)
xj ,μj U

(2∗
s−1/2)

xi,μi φ

)
+O

(
k∑

j=1

∫
Ω

U
2∗

s−1−((1/2)+σ)
xj ,μj φ

)
ν(1/2)+σ.

(2.5)

Define Ωj = {z : μ−1
j z + xj ∈ Ω}, we choose σ > 0 small enough such that

(N − 2s)(2∗s − 1 −
(

1
2

+ σ)

)
2N

N + 2s
= N

(
2 − N − 2s

N + 2s

)
− σ

2N(N − 2s)
N + 2s

> N.

Then∫
Ω

|U2∗
s−1−( 1

2+σ)
xj ,μj φ|

� Cμ
−N−2s

2 ( 1
2+σ)

j

(∫
Ωj

(
1

(1 + |z|2)(N−2s/2)(2∗
s−1−( 1

2+σ))

) 2N
N+2s

)N+2s
2N

‖φ‖

� Cμ
−N−2s

2 ( 1
2+σ)

j ‖φ‖. (2.6)

By lemma A.2, we have

∫
Ω

|U2∗
s−2

xj ,μj Ψxj ,μj
φ| � Cμ−N+2s

j

(∫
Ωj

1
(1 + |z|2)(4sN/N+2s)

)(N+2s/2N)

‖φ‖

� C

μ
(N+2s/2)
j

‖φ‖, (2.7)

the second inequality is because of

(∫
Ωj

1
(1 + |z|2)(4sN/N+2s)

)(N+2s/2N)

= O

(
μ

(N−6s/2)
j

)
.

In fact, let R > 0 be such that Ω ⊂ BR(xj), we have Ωj ⊂ BμjR(0). Thus,∫
Ωj

1
(1 + |z|2)(4sN/N+2s)

�
∫

BμjR(0)

1
(1 + |z|2)(4sN/N+2s)

�
∫

B1(0)

+
∫

BμjR(0)\B1(0)

1
(1 + |z|2)(4sN/N+2s)

� C + C

∫ μjR

1

rN−1−(8sN/N+2s)dr

� Cμ
N−(8sN/N+2s)
j .
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By Hölder inequality, we have

∫
Ω

U
(2∗

s−1/2)
xj ,μj U

(2∗
s−1/2)

xi,μi φ �
(∫

Ω

U
(2∗

s/2)
xj ,μj U

(2∗
s/2)

xi,μi

)(N+2s/2N)

‖φ‖

� C[log(μiμj)](N+2s/2N)

μ
(N+2s/4)
i μ

(N+2s/4)
j |xi − xj |(N+2s/2)

‖φ‖, (2.8)

the second inequality is because of∫
Ω

U
(2∗

s/2)
xj ,μj U

(2∗
s/2)

xi,μi � C|xi − xj |−Nμ
−(N/2)
j μ

−(N/2)
i log(μiμj).

In fact, define

Ω̃1 = {y ∈ Ω : |y − xi| � |y − xj |}, Ω̃2 = {y ∈ Ω : |y − xi| < |y − xj |}.

For all y ∈ Ω̃1, we have

|xi − xj | � |xi − y| + |y − xj | � 2|y − xi|.
Hence, we have

∫
Ω̃1

U
(2∗

s/2)
xj ,μj U

(2∗
s/2)

xi,μi = b
2∗

s
0

∫
Ω̃1

μ
(N/2)
j

(1 + μ2
j |y − xj |2)(N/2)

· μ
(N/2)
i

(1 + μ2
i |y − xi|2)(N/2)

� 2Nb
2∗

s
0 μ

−(N/2)
i |xi − xj |−N

∫
Ω̃1

μ
(N/2)
j

(1 + μ2
j |y − xj |2)(N/2)

� 2Nb
2∗

s
0 μ

−(N/2)
i |xi − xj |−N

∫
Ω

μ
(N/2)
j

(1 + μ2
j |y − xj |2)(N/2)

� 2Nb
2∗

s
0 μ

−(N/2)
i |xi − xj |−N

∫
BR(xj)

μ
(N/2)
j

(1 + μ2
j |y − xj |2)(N/2)

= 2Nb
2∗

s
0 |xi − xj |−Nμ

−(N/2)
j μ

(N/2)
i

∫
BμjR(0)

1
(1 + |z|2)(N/2)

� C|xi − xj |−Nμ
−(N/2
j μ

−(N/2)
i log μj .

Similarly, we have∫
Ω̃2

U
(2∗

s/2)
xj ,μj U

(2∗
s/2)

xi,μi � C|xi − xj |−Nμ
−(N/2)
j μ

−(N/2)
i logμi.

Combining (2.5)–(2.8) with lemma A.2, we can obtain that

l1 = O

(
k∑

j=1

1

μ
(N+2s/2)
j

+
k∑

j=1

ν(1/2)+σ

μ
(N−2s/2((1/2)+σ)
j

+
∑
i�=j

ε
(1/2)+σ
ij

)
‖φ‖. (2.9)
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On the other hand,

|l2| =

∣∣∣∣∣
k∑

j=1

∫
Ω

λPUxj ,μj
φ

∣∣∣∣∣ �
k∑

j=1

∫
Ω

λUxj ,μj
|φ|

�
k∑

j=1

λ

(∫
Ω

U (2N/N+2s)
xj ,μj

)(N+2s/2N)

‖φ‖

�
k∑

j=1

λ

μ2s
j

(∫
Ωj

1
(1 + |z|2)(N(N−2s)/N+2s)

)(N+2s/2N)

‖φ‖

�
k∑

j=1

Cλ

μ2s
j

‖φ‖, (2.10)

the last inequality follows from (2N(N − 2s)/N + 2s) > N since N > 6s.
The result follows directly from (2.9) and (2.10). �

Lemma 2.2. For any φ, ψ ∈ Xs
0(Ω), there exists constant C > 0 such that

|Qν(φ, ψ)| � C‖φ‖‖ψ‖,

where C is independent of ν.

Proof. Using Hölder inequality, we can easily check this conclusion. �

It follows from lemma 2.2 that Qν(φ, ψ) is a bounded bi-linear functional in
Xs

0(Ω). Then there exists a bounded linear operator Qν from Ex,μ,k to Ex,μ,k such
that

Qν(φ, ψ) = 〈Qνφ, ψ〉, ∀φ, ψ ∈ Ex,μ,k. (2.11)

Now, we intend to prove that operator Qν is invertible in Ex,μ,k.

Proposition 2.3. There exists constant ρ > 0, independent of ν and (x, μ) ∈ Dk,ν ,
such that

‖Qνφ‖ � ρ‖φ‖, φ ∈ Ex,μ,k.

Proof. We argue by contradiction. Assume that there exist νn → ∞, (xn, μn) ∈
Dνn,k, xj,n → x∗j ∈ S and φn ∈ Exn,μn,k such that

‖Qνφn‖ = o(1)‖φn‖.

Without loss of generality, we may assume that ‖φn‖ = 1. Let φ̃i,n(y) =
μ
−(N−2s)/2
i,n φn(μ−1

i,ny + xi,n), Ωi,n = {y : μ−1
i,ny + xi,n ∈ Ω}. Then ‖φ̃i,n‖= ‖φn‖= 1.
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Thus, we may assume that there exists φ̃i ∈ Ds,2(RN ) such that

φ̃i,n ⇀ φ̃i in Ds,2
(
RN

)
,

φ̃i,n → φ̃i in L2
loc

(
RN

)
,

φ̃i,n → φ̃i a.e. on RN .

We claim that φ̃i solves

(−Δ)sφ̃i − (2∗s − 1)U2∗
s−2φ̃i = 0. (2.12)

In fact, it is sufficient to show that∫
RN

(−Δ)sφ̃iη −
∫

RN

(2∗s − 1)U2∗
s−2φ̃iη = 0, for all η ∈ C∞

0 (RN ). (2.13)

Since

〈φn, η〉 −
∫

Ω

λφnη − (2∗s − 1)
∫

Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−2

+

φnη

= Qν(φn, η) = 〈Qνφn, η〉 = o(1)‖η‖, ∀η ∈ Exn,μn,k, (2.14)

we have∫
RN

(−Δ)sφ̃i,nη̃ − λ

μ2s
i,n

∫
Ωi,n

φ̃i,nη̃

− (2∗s − 1)
∫

Ωi,n

(
k∑

j=1

Ũj,n − νnμ
−(N−2s/2)
i,n ϕ1(μ−1

i,n + xi,n)

)2∗
s−2

+

φ̃i,nη̃

= o(1)‖η̃‖, ∀η̃ ∈ Ẽxn,μn,k, (2.15)

where η̃(y) = η(μ−1
i,ny + xi,n), Ũj,n = μ

−(N−2s)/2
i,n PUxj,n,μj,n

(μ−1
i,ny + xi,n),

Ẽxn,μn,k =

{
η̃ ∈ Xs

0(Ωi,n) :
∫

RN

(−Δ)
s
2 Ṽj,l,n(−Δ)

s
2 η̃

=
∫

RN

(−Δ)
s
2 Ṽj,n(−Δ)

s
2 η̃ = 0

}
,

where l = 1, . . . , N , j = 1, . . . , k and Ṽj,l,n, Ṽj,n are given by

Ṽj,l,n(y) = μ
−(N−2s)/2
i,n μ−1

i,n

∂PUxj,n,μj,n
(z)

∂xjl

∣∣∣
z=μ−1

i,ny+xi,n

,

Ṽj,n(y) = μ
−(N−2s)/2
i,n μi,n

∂PUεn,xj,n
(z)

∂μj

∣∣∣
z=μ−1

i,ny+xi,n

.
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For any η ∈ C∞
0 (RN ), we can choose aj,l,n and bj,n such that

η̃ = η −
k∑

j=1

N∑
l=1

aj,l,nṼj,l,n +
k∑

j=1

bj,nṼj,n ∈ Ẽxn,μn,k.

Noting that η has compact support and the support of Ṽj,l,n and Ṽj,n moves to
infinity as n→ ∞ if i �= j. Thus, we can see that aj,l,n → 0 and bj,n → 0 if i �= j.
Furthermore, we can check that ai,l,n and bi,n are bounded. Since (xn, μn) ∈ Dνn,k,
then νnμ

−(N−2s)/2
i,n → 0. Substituting η̃ in (2.15) and letting n→ ∞, we derive that∫

RN

(−Δ)sφ̃iη − (2∗s − 1)
∫

RN

U2∗
s−2φ̃iη

=
k∑

l=1

ail

(∫
RN

(−Δ)
s
2 φ̃i(−Δ)

s
2
∂U

∂xl
− (2∗s − 1)U2∗

s−2φ̃i
∂U

∂xl

)

+ bi

(∫
RN

(−Δ)
s
2 φ̃i(−Δ)

s
2
∂U

∂μ
− (2∗s − 1)U2∗

s−2φ̃i
∂U

∂μ

)
, (2.16)

where ai,l = lim
n→∞ai,l,n and bi = lim

n→∞bi,n. On the other hand,

∫
RN

(−Δ)
s
2 φ̃i(−Δ)

s
2
∂U

∂xl
− (2∗s − 1)U2∗

s−2φ̃i
∂U

∂xl
= 0. (2.17)

and ∫
RN

(−Δ)
s
2 φ̃i(−Δ)

s
2
∂U

∂μ
− (2∗s − 1)U2∗

s−2φ̃i
∂U

∂μ
= 0. (2.18)

Thus, (2.13) follows from (2.16)–(2.18). Therefore, we have proved this claim.
We recall that U is non-degenerate, that is, if φ̃i solves (2.12), then there exists

some constants c̄l and c̄ such that

φ̃i =
N∑

l=1

c̄l
∂U

∂xl
+ c̄

∂U

∂μ
.

Note that φn ∈ Exn,μn,k, then φ̃i,n ∈ Ẽxn,μn,k. So we can obtain that∫
RN

(−Δ)
s
2 φ̃i(−Δ)

s
2
∂U

∂μ
= 0,

and ∫
RN

(−Δ)
s
2 φ̃i(−Δ)

s
2
∂U

∂xl
= 0, l = 1, . . . , N,

which imply that φ̃i = 0. Then for any R > 0,∫
B

μ
−1
i,n

R
(xi,n)

φ2
n = μ2s

i,n

∫
BR(0)

φ̃2
i,n = o(μ2s

i,n).
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Moreover, we have

∫
B

μ
−1
i,n

R
(xi,n)

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−2

+

φ2
n � C

∫
B

μ
−1
i,n

R
(xi,n)

U
2∗

s−2
xi,n,μi,nφ

2
n = o(1).

(2.19)

Thus,

∫
Ω

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−2

+

φ2
n

=
k∑

i=1

∫
Ω\B

μ
−1
i,n

R
(xi,n)

(
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s−2

+

φ2
n + o(1)

� C

k∑
i=1

∫
Ω\B

μ
−1
i,n

R
(xi,n)

(PUxi,μi
− νϕ1)

2∗
s−2

+ φ2
n + o(1)

� C

k∑
i=1

∫
Ω\B

μ
−1
i,n

R
(xi,n)

U
2∗

s−2
xi,μi φ

2
n + o(1)

� C

k∑
i=1

(∫
Ωi,n\BR(0)

U2∗
s

)(s/N)

‖φn‖2 + o(1) = oR(1) + o(1), (2.20)

where oR(1) → 0 as R→ ∞. Combining (2.14) with (2.20), we deduce that∫
RN

(−Δ)
s
2φn(−Δ)

s
2 η −

∫
Ω

λφnη = o(1)‖η‖, ∀η ∈ Exn,μn,k. (2.21)

Note that φn ∈ Xs
0(Ω) and ‖φn‖ = 1. We may assume that there exits φ ∈ Xs

0(Ω)
such that

φn ⇀ φ weakly in Xs
0(Ω),

φn → φ strongly in L2(Ω).

We claim that φ = 0. Indeed, for any η ∈ C∞
0 (Ω), we choose cj,l,n such that

η̄ = η −
k∑

j=1

N∑
l=1

cj,l,n
∂PUxj,n,μj,n

∂xjl
− dj,n

∂PUxj,n,μj,n

∂μj
∈ Exn,μn,k.

In order to estimate cj,l,n and dj,n, multiplying (2.21) by
∂PUxi,n,μi,n

∂xih
and

∂PUxi,n,μi,n

∂μi
respectively, we have

〈
η,
∂PUxi,n,μi,n

∂xih

〉
−

k∑
j=1

N∑
l=1

cj,l,n

〈
∂PUxj,n,μj,n

∂xjl
,
∂PUxi,n,μi,n

∂xih

〉
= 0, (2.22)
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and 〈
η,
∂PUxi,n,μi,n

∂μi

〉
−

k∑
j=1

dj,n

〈
∂PUxj,n,μj,n

∂μj
,
∂PUxi,n,μi,n

∂μi

〉
= 0. (2.23)

Note that〈
η,
∂PUxj,n,μj,n

∂xjh

〉
= (2∗s − 1)

∫
Ω

U
2∗

s−2
xj,n,μj,n

∂Uxj,n,μj,n

∂xjh
η = O

(
μj

μ
(N−2s/2)
j

)
, (2.24)

and〈
η,
∂PUxj,n,μj,n

∂μj

〉
= (2∗s − 1)

∫
Ω

U
2∗

s−2
xj,n,μj,n

∂Uxj,n,μj,n

∂μj
η = O

(
μ−1

j

μ
(N−2s/2)
j

)
. (2.25)

Combining (2.22) with (2.24), we see that cj,l,n = O(μ−1
j μ

−(N−2s)/2
j ). By (2.23) and

(2.25), we obtain that dj,n = O(μjμ
−(N−2s)/2
j ). Thus,

∣∣∣∣∣cj,l,n
(〈

∂PUxj,n,μj,n

∂xjl
, φn

〉
− λ

∫
Ω

∂PUxj,n,μj,n

∂xjl
φn

)∣∣∣∣∣
� C

1

μ
(N−2s/2)
j

(∫
Ω

U
2∗

s−1
xj,n,μj,n |φn| +

∫
Ω

Uxj,n,μj,n
|φn|

)

� C
1

μ
(N−2s/2)
j

[(∫
Ω

U
2∗

s
xj,n,μj,n

)(N+2s/2N)

+

(∫
Ω

U (2N/N+2s)
xj,n,μj,n

)(N+2s/2N)]
‖φn‖

� C

[
1

μ
(N−2s/2)
j

+
1

μ
(N+2s/2)
j

(∫
Ωj,n

1
(1 + |y|2)(N(N−2s)/N+2s)

)(N+2s/2N)]
‖φn‖

� C
1

μ
(N−2s/2)
j

+
1

μ
(N+2s/2)
j

, (2.26)

the last inequality follows from (2N(N − 2s)/N + 2s) > N since N > 6s. Using the
similar computation, we also have∣∣∣∣∣dj,n

(〈
∂PUxj,n,μj,n

∂μj
, φn

〉
− λ

∫
Ω

∂PUxj,n,μj,n

∂μj
φn

)∣∣∣∣∣ = O

(
1

μ
(N−2s/2)
j

)
. (2.27)

Inserting η̄ into (2.21), combining (2.26) with (2.27) and letting n→ ∞, we can
deduce that ∫

RN

(−Δ)
s
2φ(−Δ)

s
2 η −

∫
Ω

λφη = 0. (2.28)

Since λ �= λi, φ = 0. Hence, the claim is completed.
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Taking η = φn in (2.21), we derive that∫
RN

|(−Δ)
s
2φn|2 =

∫
Ω

λφ2
n + o(1)‖φn‖ = o(1) + o(1)‖φn‖

which contradicts with ‖φn‖ = 1. �

Lemma 2.4. For any φ ∈ Xs
0(Ω), it holds

DiRν(φ) = O(‖φ‖2∗
s−i), i = 0, 1, 2.

Proof. Using the fact that for a, b > 0,

(a+ b)p = ap + pap−1b+
p(p− 1)

2
ap−2b2 +O(bp), p > 2,

we can easily check this conclusion. Here, we omit it. �

Proposition 2.5. There exists νk > 0 such that for ν � νk, there exists a C1-map
φν,x,μ : Dk,ν → Xs

0(Ω), such that φν,x,μ ∈ Ex,μ,k satisfies〈
I ′ν

(
k∑

j=1

PUxj ,μj
+ φν,x,μ

)
, η

〉
= 0, ∀η ∈ Ex,μ,k. (2.29)

Furthermore,

‖φν,x,μ‖ = O

(
k∑

j=1

λ

μ2s
j

+
k∑

j=1

ν(1/2)+σ

μ
(N−2s/2)((1/2)+σ)
j

+
∑
i�=j

ε
(1/2)+σ
ij

)
,

where σ is a small positive constant.

Proof. Set

Nx,μ,k =

{
φ : φ ∈ Ex,μ,k, ‖φ‖ �

k∑
j=1

λ

μ2s−σ
j

+
k∑

j=1

ν(1+σ/2)

μ
(N−2s/2)(1+σ/2)
j

+
∑
i�=j

ε
(1+σ/2)
ij

}
.

First, by lemma 2.1, we see that lν(φ) is a bounded linear functional in Ex,μ,k.
Then, there exists lν such that

lν(φ) = 〈lν , φ〉, ∀φ ∈ Ex,μ,k.

Combining this with (2.11), we can obtain that (2.29) is equivalent to

lν +Qνφ+R′
ν(φ) = 0. (2.30)

It follows from proposition 2.3 that Qν is invertible in Ex,μ,k and

‖Q−1
ν ‖ � ρ−1.

Thus, (2.30) can be written as

φ = Aφ := −Q−1
ν lν −Q−1

ν R′
ν(φ). (2.31)

Now, we prove that A is a contraction map from Nx,μ,k to Nx,μ,k.
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On one hand, for any φ1, φ2 ∈ Nx,μ,k, using lemma 2.4, we have

‖A(φ1) −A(φ2)‖ = ‖Q−1
ν R′

ν(φ1) −Q−1
ν R′

ν(φ2)‖
� ρ−1‖R′

ν(φ1) −R′
ν(φ2)‖

� C(‖φ1‖2∗
s−2 + ‖φ2‖2∗

s−2)‖φ1 − φ2‖

� 1
2
‖φ1 − φ2‖,

if ν is large enough. Hence, A is a contraction map.
On the other hand, for any φ ∈ Nx,μ,k, applying lemma 2.1 and lemma 2.4 again,

we have

‖Aφ‖ � ρ−1‖lν‖ + ρ−1‖R′
ν(φ)‖ � C(‖lν‖ + ‖φ‖2∗

s−1)

� C

(
k∑

j=1

λ

μ2s
j

+
k∑

j=1

ν(1/2)+σ

μ
(N−2s/2)(1/2+σ)
j

+
∑
i�=j

ε
(1/2)+σ
ij

)

�
k∑

j=1

λ

μ2s−σ
j

+
k∑

j=1

ν(1+σ/2)

μ
(N−2s/2)(1+σ/2)
j

+
∑
i�=j

ε
(1+σ/2)
ij ,

if ν is large enough. Therefore, A is a contraction map from Nx,μ,k to Nx,μ,k. By
contraction mapping theorem, there exists a unique φν,x,μ ∈ Nx,μ,k such that (2.31)
holds. Moreover,

‖φν,x,μ‖ � C

(
k∑

j=1

λ

μ2s
j

+
k∑

j=1

ν(1/2)+σ

μ
(N−2s/2)(1/2+σ)
j

+
∑
i�=j

ε
(1/2)+σ
ij

)
.

�

3. Proof of main result

In this section, we will choose suitable (x, μ) ∈ Dk,ν such that

vν =
k∑

j=1

PUxj ,μj
+ φν,x,μ

is a solution of equation (1.4). We define

K(x, μ) = Jν(x, μ, φν,x,μ), (x, μ) ∈ Dk,ν ,
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where φν,x,μ is obtained in proposition 2.5. Using proposition 2.5 and lemma B.2,
we deduce that

K(x, μ) = Jν(x, μ, 0) +O(‖φν,x,μ‖2)

= kA1 −
k∑

j=1

(
λA2

μ2s
j

− ϕ1(xj)A3ν

μ
(N−2s/2)
j

)
−

k∑
i�=j

1
2
b0(A3 + b0λA(xi, xj))εij

+O

(
k∑

j=1

(
1

μ2s+2σ
j

+
ν

μ
N
2

j

+
ν1+σ

μ
((N−2s)(1+σ)/2)
j

)
+
∑
i�=j

ε1+σ
ij

)

= kA1 −
k∑

j=1

(
λA2

μ2s
j

− ϕ1(xj)A3ν

μ
(N−2s/2)
j

)
−

k∑
i�=j

1
2
b0(A3 + b0λA(xi, xj))εij

+O

(
1

ν(4s(1+σ)/N−6s)

)
, (3.1)

where the positive constants A1, A2, A3 A(xi, xj) are defined in lemma B.2 and
σ > 0 is a small constant.

Now, we intend to estimate the derivative of K(x, μ). It follows from propo-
sition 2.5 that there exist constants cih, di, i = 1, . . . , k, h = 1, . . . , N such
that

∂Jν(x, μ, φν,x,μ)
∂φν,x,μ

=
k∑

i=1

N∑
h=1

cih
∂PUxi,μi

∂xih
+

k∑
i=1

di
∂PUxi,μi

∂μi
. (3.2)

Thus

∂K(x, μ)
∂μj

=
∂Jν(x, μ, φν,x,μ)

∂μj
+

〈
∂Jν(x, μ, φν,x,μ)

φν,x,μ
,
∂φν,x,μ

∂μj

〉

=
∂Jν(x, μ, φν,x,μ)

∂μj
+

k∑
i=1

N∑
h=1

cih

〈
∂PUxi,μi

∂xih
,
∂φν,x,μ

∂μj

〉

+
k∑

i=1

di

〈
∂PUxi,μi

∂μi
,
∂φν,x,μ

∂μj

〉
.

Hence, we have to estimate (∂Jν(x, μ, φν,x,μ)/∂μj), cih and di.

Lemma 3.1. Let φν,x,μ be obtained in proposition 2.5. Then

∂Jν(x, μ, φν,x,μ)
∂μj

=
2sλA2

μ2s+1
j

− N − 2s
2

ϕ1(xj)A3ν

μ
(N−2s/2)+1
j

+
1
μj
O

(
1

ν(4s(1+σ)/N−6s)

)
,

(3.3)

and

∂Jν(x, μ, φν,x,μ)
∂xji

= μjO

(
1

μN−2s
j

+
ν

μ
(N/2)
j

+
ν1+σ

μ
((N−2s)(1+σ)/2)
j

+
∑
i�=j

εij

)
, (3.4)
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where σ > 0 is a small constant, constants A2, A3 are defined in lemma B.1.

Proof. By a direct computation, we have

∂Jν(x, μ, φν,x,μ)
∂μj

=

〈
I ′ν

(
k∑

i=1

PUxi,μi
+ φν,x,μ

)
,
∂PUxj ,μj

∂μj

〉

=

〈
I ′ν

(
k∑

i=1

PUxi,μi

)
,
∂PUxj ,μj

∂μj

〉
− λ

∫
Ω

φν,x,μ

∂PUxj ,μj

∂μj

−
∫

Ω

(
k∑

i=1

PUxi,μi
+ φν,x,μ − νϕ1

)2∗
s−1

+

∂PUxj ,μj

∂μj

+
∫

Ω

(
k∑

i=1

PUxi,μi
− νϕ1

)2∗
s−1

+

∂PUxj ,μj

∂μj
(3.5)

It follows from proposition 2.5 and (2.10) that

∣∣∣∣∣
∫

Ω

φν,x,μ

∂PUxj ,μj

∂μj

∣∣∣∣∣ � C

μj

(∫
Ω

|φν,x,μ|Uxj ,μj

)

� C

μj

‖φν,x,μ‖
μ2s

j

� C

μj

(
1

ν(4s(1+σ)/N−6s)

)
. (3.6)

Note that

∫
Ω

[(
k∑

i=1

PUxi,μi
+ φν,x,μ − νϕ1

)2∗
s−1

+

−
(

k∑
i=1

PUxi,μi
− νϕ1

)2∗
s−1

+

]
∂PUxj ,μj

∂μj

= (2∗s − 1)
∫

Ω

(
k∑

i=1

PUxi,μi
− νϕ1

)2∗
s−2

+

φν,x,μ

∂PUxj ,μj

∂μj

+O

(∫
Ω

φ
2∗

s−1
ν,x,μ

∂PUxj ,μj

∂μj

)
. (3.7)

Then, using lemma A.2, proposition 2.5 and Hölder inequality, we obtain that

∣∣∣∣∣
∫

Ω

φ
2∗

s−1
ν,x,μ

∂PUxj ,μj

∂μj

∣∣∣∣∣ � C

μj

∫
Ω

|φ2∗
s−1

ν,x,μUxj ,μj
| � C

μj
‖φν,x,μ‖2∗

s−1

� C

μj

(
1

ν(4s(1+σ)/N−6s)

)
. (3.8)
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On the other hand, by a similar computation in (B.7), we can obtain

∫
Ω

(
k∑

i=1

PUxi,μi
− νϕ1

)2∗
s−2

+

φν,x,μ

∂PUxj ,μj

∂μj

=
∫

Ω

(
k∑

i=1

Uxi,μi
− νϕ1

)2∗
s−2

+

φν,x,μ

∂Uxj ,μj

∂μj
+

1
μj
O

(
‖φν,x,μ‖
μ

(N−2s/2)
j

)

=
∫

Ω

(
k∑

i=1

Uxi,μi

)2∗
s−2

φν,x,μ

∂Uxj ,μj

∂μj
+

1
μj
O

(
‖φν,x,μ‖
μ

(N−2s/2)
j

)

+O

(
1
μj

∫
Ω

(
k∑

i=1

Uxi,μi

)2∗
s−2−((1/2)+σ)

|νϕ1|(1/2)+σ|φν,x,μ|Uxj ,μj

)

=
∫

Ω

[(
k∑

i=1

Uxi,μi

)2∗
s−2

− U
2∗

s−2
xj ,μj

]
φν,x,μ

∂Uxj ,μj

∂μj
+

1
μj
O

(
‖φν,x,μ‖
μ

(N−2s/2)
j

)

+
1
μj
O

(
k∑

i=1

ν(1/2)+σ‖φν,x,μ‖
μ

((N−2s)/2)(1/2+σ)
i

)

=
1
μj

∫
Ω

∑
i�=j

U
(2∗

s−1/2)
xi,μi U

(2∗
s−1/2)

xj ,μj |φν,x,μ|

+
1
μj
O

(
‖φν,x,μ‖
μ

(N−2s/2)
j

)
+

1
μj
O

(
k∑

i=1

ν(1/2)+σ‖φν,x,μ‖
μ

((N−2s)/2)(1/2)+σ)
i

)

=
1
μj

∑
i�=j

ε
(1/2)+σ
ij ‖φν,x,μ‖ +

1
μj
O

(
‖φν,x,μ‖
μ

(N−2s/2)
j

)

+
1
μj
O

(
k∑

i=1

ν(1/2)+σ‖φν,x,μ‖
μ

((N−2s)/2)(1/2+σ)
i

)
. (3.9)

Thus, (3.3) follows from lemma B.3 and (3.5)–(3.9).
The similar computation and lemma B.4 yield (3.4). �

Lemma 3.2. Let cjl and dj be defined in (3.2). Then

cjl = μ−1
j O

(
1

μN−2s
j

+
ν

μ
N/2
j

+
ν1+σ

μ
((N−2s)(1+σ)/2)
j

+
∑
i�=j

εij

)
,

and

dj = μjO

(
1
μ2s

j

+
ν

μ
(N−2s/2)
j

+
1

ν(4s(1+σ)/N−6s)

)
.
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Proof. Multiplying (∂PUxj ,μj
/∂μj) and (∂PUxj ,μj

/∂xjl) by (3.2), respectively, we
obtain

k∑
i=1

N∑
h=1

cih

〈
∂PUxi,μi

∂xih
,
∂PUxj ,μj

∂μj

〉
+

k∑
i=1

di

〈
∂PUxi,μi

∂μi
,
∂PUxj ,μj

∂μj

〉

=

〈
∂Jν(x, μ, φν,x,μ)

∂φν,x,μ
,
∂PUxj ,μj

∂μj

〉
, (3.10)

and
k∑

i=1

N∑
h=1

cih

〈
∂PUxi,μi

∂xih
,
∂PUxj ,μj

∂xjl

〉
+

k∑
i=1

di

〈
∂PUxi,μi

∂μi
,
∂PUxj ,μj

∂xjl

〉

=

〈
∂Jν(x, μ, φν,x,μ)

∂φν,x,μ
,
∂PUxj ,μj

∂xjl

〉
. (3.11)

On the other hand, by a direct computation, we have〈
∂Jν(x, μ, φν,x,μ)

∂φν,x,μ
,
∂PUxj ,μj

∂μj

〉
=
∂Jν(x, μ, φν,x,μ)

∂μj
(3.12)

and 〈
∂Jν(x, μ, φν,x,μ)

∂φν,x,μ
,
∂PUxj ,μj

∂xjl

〉
=
∂Jν(x, μ, φν,x,μ)

∂xjl
(3.13)

Combining (3.10)–(3.13) with lemma 3.1, we can complete the proof. �

Based on lemma 3.1 and lemma 3.2, we can conclude the following conclusion.

Proposition 3.3. Let (x, μ) ∈ Dk,ν . Then

∂K(x, μ)
∂μj

=
2sλA2

μ2s+1
j

− N − 2s
2

ϕ1(xj)A3ν

μ
(N−2s/2)+1
j

+
1
μj
O

(
1

ν(4s(1+σ)/N−6s)

)
, (3.14)

where σ > 0 is a small constant.

Define

f(t) = −λA2

t2s
+

A3

t(N−2s/2)
.

Then it is easy to check that f(t) has unique minimum point

t0 =

(
A3(N − 2s)

4sλA2

)2/(N−6s)

on (0,∞). Let

α2 = kA1 + η, α1 = kA1 + kf(t0)ν−(4s/N−6s) − ν−(4s/N−6s)−(3s/2)τ ,
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where η > 0 is a small fixed constant. Denote

Kα =

{
(x, μ) ∈ Dk,ν ,K(x, μ) � α

}
.

Consider the following flow⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dx(t)
dt

= −DxK(x(t), μ(t)), t > 0,

dμ(t)
dt

= −DμK(x(t), μ(t)), t > 0,

(x(0), μ(0)) = (x0, μ0) ∈ Kα2 .

We have

Proposition 3.4. Let N > 6s. Then the flow does not leave Dk,ν before it reaches
Kα1 .

Proof. Denote

μj = tjν
2/(N−6s), tj ∈ [t0 − Lν−sτ , t0 + Lν−sτ ], j = 1, . . . , k.

Suppose that μj = (t0 + Lν−sτ )ν2/(N−6s) for some j. Then by (3.14), we have

∂K(x, μ)
∂μj

= f ′(tj)ν−(4s+2/N−6s) +O

(
(1 − ϕ1(xj))ν−(4s+2/N−6s)

)

+O

(
ν−(2+4s+4sσ/N−6s)

)

= f ′(tj)ν−(4s+2/N−6s) +O

(
ν−(4s+2/N−6s)−sτ

)

= f ′′(t0)ν−(4s+2/N−6s)Lν−sτ +O

(
L2ν−2sτν−(4s+2/N−6s)

)

+O

(
ν−(4s+2/N−6s)−sτ

)
> 0,

if we choose L > 0 is large.
Similarly, if μj = (t0 − Lν−sτ )ν2/(N−6s) for some j. Then by (3.14), we have

∂K(x, μ)
∂μj

= −f ′′(t0)ν−(4s+2/N−6s)Lν−sτ +O

(
L2ν−2sτν−(4s+2/N−6s)

)

+O

(
ν−(4s+2/N−6s)−sτ

)
< 0.

So the flow does not leave Dk,ν .
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Now, we suppose that |xi − xj |N−2s = ν−(2N−8s)/(N−6s)+sτ . Then we have

εij � C1ν
−(4s/N−6s)−sτ .

Thus, applying (3.1), we can derive

K(x, μ) � kA1 −
k∑

j=1

(
λA2

μ2s
j

− A3ν

μ
(N−2s/2)
j

)

−
k∑

i�=j

1
2
b0(A3 + b0λA(xi, xj))εij +O

(
ν−(4s+4sσ/N−6s)

)

� kA1 +
k∑

j=1

f(tj)ν(4s/N−6s) − C1ν
−(4s/N−6s)−sτ +O

(
ν−(4s/N−6s)−2sτ

)

= kA1 + kf(t0)ν−(4s/N−6s) +O

(
ν−(4s/N−6s)L2ν−2sτ

)

− C1ν
−(4s/N−6s)−sτ +O

(
ν−(4s/N−6s)−2sτ

)
< α1, (3.15)

where the last equality follows from the fact that f(tj) = f(t0) +O(|t− tj |2).
On the other hand, if |ϕ1(xj) − 1| = ν−sτ , then using (3.1), we can obtain

K(x, μ) = kA1 −
k∑

j=1

(
λA2

μ2s
j

− A3ν

μ
(N−2s/2)
j

)
−

k∑
j=1

1 − ϕ1(xj)A3ν

μ
(N−2s/2)
j

−
k∑

i�=j

1
2
b0(A3 + b0λA(xi, xj))εij +O

(
ν−(4s+4sσ/N−6s)

)

= kA1 +
k∑

j=1

f(tj)ν−(4s/N−6s) −
k∑

j=1

A3

t
(N−2s/2)
j

ν−(4s/N−6s)−sτ

−
k∑

i�=j

1
2
b0(A3 + b0λA(xi, xj))εij +O

(
ν−(4s+4sσ/N−6s)

)

� kA1 +
k∑

j=1

f(tj)ν−(4s/N−6s) −
k∑

j=1

A3

t
(N−2s/2)
j

ν−(4s/N−6s)−sτ

+O

(
ν−(4s/N−6s)−2sτ

)
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= kA1 + kf(t0)ν−(4s/N−6s) +O

(
ν−(4s/N−6s)L2ν−2sτ

)

−
k∑

j=1

A3

t
(N−2s/2)
j

ν−(4s/N−6s)−sτ +O

(
ν−(4s/N−6s)−2sτ

)
< α1. (3.16)

Thus, we complete the proof. �

Proof of theorem 1.2 We will prove that K(x, μ) has a critical point in Dk,ν .
Define

Γ =
{
h : h(x, μ) = (h1(x, μ), h2(x, μ)) ∈ Dk,ν , (x, μ) ∈ Dk,ν

}
,

where h1(x, μ) = x if x ∈ ∂D1
k,ν . Here we denote D1

k,ν = {x : (x, μ) ∈ Dk,ν} and
define the boundary of D1

k,ν by ∂D1
ν,k. Furthermore, we denote D2

k,ν = {μ : (x, μ) ∈
Dk,ν}.

Let

cν = inf
h∈Γ

max
(x,μ)∈Dk,ν

K(h(x, μ)).

We claim that cν is a critical value of K. In order to prove this claim, it is sufficient
to prove that

(i) α1 < cν < α2,

(ii) sup
(x,μ)∈∂D1

ν,k×D2
ν,k

K(h(x, μ)) < α1, ∀h ∈ Γ.

Obviously, (ii) directly follows from (3.15) and (3.16).
Now, we prove (i). Using (3.1), we can easily check that cν < α2.
For any h = (h1, h2) ∈ Γ, by the definition of h, we have h1(x, μ) = x if x ∈ ∂D1

ν,k.
Define

h̃1(x) = h1(x, t0ν−2/(N−6s)).

Then h̃1(x) = x for any x ∈ ∂D1
ν,k. Thus, by degree argument, we can obtain

deg(h̃1,D
1
ν,k, ξ) = 1, ∀ ξ ∈ D1

ν,k.

Hence, for any ξ ∈ D1
ν,k, there exists x̃ ∈ D1

ν,k such that

h̃1(x̃) = ξ.

Let μ̃ = h2(x̃, t0ν−2/(N−6s)). Then we have

max
(x,μ)∈Dν,k

K(h(x, μ)) � K(h(x̃, t0ν−2/(N−6s))) = K(ξ, μ̃).

Choose ξj ∈ Ω such that dist(ξj , S) � ν−sτ and |ξi − ξj | � c1ν
−sτ , where c1 is a

small positive constant. By a direct computation, we have

ε̃ij :=
1

μ
(N−2s/2)
i μ

(N−2s/2)
j |ξi − ξj |N−2s

= O

(
ν(N−2s)τ−(2(N−2s)/N−6s)

)
. (3.17)
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Combining (3.1) with (3.17), we obtain

K(ξ, μ) = kA1 −
k∑

j=1

(
λA2

μ2s
j

− A3ν

μ
(N−2s/2)
j

)
−

k∑
j=1

1 − ϕ1(xj)A3ν

μ
(N−2s/2)
j

−
k∑

i�=j

1
2
b0(A3 + b0λA(xi, xj))ε̃ij +O

(
ν−(4s+4sσ/N−6s)

)

= kA1 +
k∑

j=1

f(tj)ν−(4s/N−6s) +O(ν−(4s/N−6s)−2sτ )

+O

(
ν(N−2s)τ−(2(N−2s)/N−6s)

)

= kA1 + kf(t0)ν−(4s/N−6s) +O

(
ν−(4s/N−6s)L2ν−2sτ

)

+O(ν−(4s/N−6s)−2sτ )

� α1 +
1
2
ν−(4s/N−6s)−(3s/2)τ > α1.

Consequently, we complete the proof.

Appendix A. Basic estimate

In this section, we always suppose that dist(xj , ∂Ω) � δ > 0, where δ is a small
constant. Let G(y, z) be the Green’s function of (−Δ)s in Ω. That is, G satisfies{

(−Δ)sG(y, ·) = δy, in Ω,
G(y, ·) = 0, in RN\Ω,

where δy denotes the Dirac mass at the point y. The regular part of G is given by

H(y, z) = Γ(y, z) −G(y, z),

where Γ(y, z) is given by

Γ(y, z) =
CN,s

|y − z|N−2s
.

Let

Ψxj ,μj
= Uxj ,μj

− PUxj ,μj
.

Then we have

Lemma A.1. It holds

0 � PUxj ,μj
� Uxj ,μj

, 0 � Ψxj ,μj
� Uxj ,μj

.
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Proof. By proposition 2.4 in [13], we can see that G(y, z) � 0 and H(y, z) � 0.
Then

PUxj ,μj
=
∫

Ω

G(y, z)U2∗
s−1

xj ,μjdz � 0

and

Ψxj ,μj
=
∫

RN

Γ(y, z)U2∗
s−1

xj ,μj dz −
∫

Ω

G(y, z)U2∗
s−1

xj ,μj dz

=
∫

RN\Ω
Γ(y, z)U2∗

s−1
xj ,μj dz +

∫
Ω

H(y, z)U2∗
s−1

xj ,μj dz � 0.

�

Lemma A.2. We have

Ψxj ,μj
=

c0

μ
(N−2s/2)
j

(H(y, xj) + o(1)), (A.1)

∂Ψxj ,μj

∂μj
= −N − 2s

2
c0

μjμ
(N−2s/2)
j

(H(y, xj) + o(1)), (A.2)

∂Ψxj ,μj

∂xji
=

c0

μ
(N−2s/2)
j

(
∂H(y, xj)
∂xji

+ o(1)

)
, (A.3)

where j = 1, . . . , k, i = 1, . . . , N and c0 =
∫

RN U2∗
s−1.

Proof. Note that

Uxj ,μj
(y) =

∫
RN

Γ(y, z)U2∗
s−1

xj ,μj (z)dz,

and

PUxj ,μj
(y) =

∫
Ω

G(y, z)U2∗
s−1

xj ,μj (z)dz.

Then, we have

Ψxj ,μj
=
∫

RN

Γ(y, z)U2∗
s−1

xj ,μj (z)dz −
∫

Ω

G(y, z)U2∗
s−1

xj ,μj (z)dz

=
∫

RN\Ω
Γ(y, z)U2∗

s−1
xj ,μj (z)dz +

∫
Ω

H(y, z)U2∗
s−1

xj ,μj (z)dz

= O

(
1

μ
(N+2s/2)
j

∫
RN\Ω

1
|z − y|N−2s

1
|z − xj |N+2s

dz

)

+
1

μ
(N−2s/2)
j

∫
Ωj

H(y, μ−1
j z + xj)U2∗

s−1(z)dz
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= O

(
1

μ
(N+2s/2)
j

)
+

H(y, xj)

μ
(N−2s/2)
j

∫
RN

U2∗
s−1

+O

(
1

μ
(N−2s/2)
j

∫
Ωj

μ−1
j |z|

(1 + |z|)N+2sdz

)

= O

(
1

μ
(N+2s/2)
j

)
+

H(y, xj)

μ
(N−2s/2)
j

∫
RN

U2∗
s−1 +O

(
1

μ
(N/2)
j

)
,

the last equality follows from (B.3), where Ωj = {z : μ−1
j z + xj ∈ Ω}. By a similar

argument above, we can prove (A.2) and (A.3). �

Appendix B. Energy expand

In this section, we will expand Jν(x, μ, 0) and its derivatives. First, we recall that
the energy function corresponding to equation (1.4) is given by

Iν(v) =
1
2

∫
RN

∫
RN

|v(y) − v(z)|2
|y − z|N+2s

dydz − 1
2

∫
Ω

λv2 − 1
2∗s

∫
Ω

(v − νϕ1)
2∗

s
+ .

Lemma B.1. We have

Iν(PUxj ,μj
) = A1 − λA2

μ2s
j

+
ϕ1(xj)A3ν

μ
(N−2s/2)
j

+O

(
1

μN−2s
j

)
+O

(
ν

μ
(N/2)
j

)

+O

(
ν1+σ

μ
((N−2s)(1+σ)/2)
j

)
,

where σ is a small positive constant and A1, A2, A3 are defined by

A1 =

(
1
2
− 1

2∗s

)∫
RN

U2∗
s , A2 =

1
2

∫
RN

U2, A3 =
∫

RN

U2∗
s−1.

Proof. By a direct computation, we have

Iν(PUxj ,μj
) =

1
2

∫
Ω

U
2∗

s−1
xj ,μjPUxj ,μj

− λ

2

∫
Ω

(PUxj ,μj
)2 − 1

2∗s

∫
Ω

(PUxj ,μj
− νϕ1)

2∗
s

+

=
1
2

∫
Ω

U
2∗

s
xj ,μj −

1
2

∫
Ω

U
2∗

s−1
xj ,μj Ψxj ,μj

− λ

2

∫
Ω

U2
xj ,μj

+O

(∫
Ω

Uxj ,μj
Ψxj ,μj

)

− 1
2∗s

∫
Ω

(Uxj ,μj
− νϕ1)

2∗
s

+ +O

(∫
Ω

(Uxj ,μj
− νϕ1)

2∗
s−1

+ Ψxj ,μj

)
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=
1
2

∫
RN

U2∗
s − λ

2μ2s
j

∫
RN

U2 +O

(
1

μN−2s
j

)

+O

(
1

μN−2s
j

∫
Ω

1
|y − xj |N−2s

)

− 1
2∗s

∫
Ω

(Uxj ,μj
− νϕ1)

2∗
s

+ +O

(∫
Ω

U
2∗

s−1
xj ,μj Ψxj ,μj

)

=
1
2

∫
RN

U2∗
s − λA2

μ2s
j

− 1
2∗s

∫
Ω

(Uxj ,μj
− νϕ1)

2∗
s

+ +O

(
1

μN−2s
j

)
. (B.1)

Let R > 0 such that Ω ⊂ BR(xj). Choose σ small such that N + 2s− σ(N − 2s) >
N . Using the following estimate

(a− b)2
∗
s

+ = a2∗
s − 2∗sa

2∗
s−1b+O(a2∗

s−1−σb1+σ), a, b > 0,

we find

∫
Ω

(Uxj ,μj
− νϕ1)

2∗
s

+ =
∫

Ω

U
2∗

s
xj ,μj − 2∗s

∫
Ω

U
2∗

s−1
xj ,μj νϕ1 +O

(
ν1+σ

∫
Ω

U
2∗

s−1−σ
xj ,μj

)

=
∫

RN

U2∗
s − 2∗sϕ1(xj)ν

μ
(N−2s/2)
j

∫
RN

U2∗
s−1 +O

(
ν1+σ

μ
((N−2s)(1+σ)/2)
j

)

+
ν

μ
(N−2s/2)
j

O

(∫
BμjR(0)

μ−1
j |y|

1 + |y|N+2s

)

=
∫

RN

U2∗
s − 2∗sϕ1(xj)A3ν

μ
(N−2s/2)
j

+O

(
ν1+σ

μ
((N−2s)(1+σ)/2)
j

)
+O

(
ν

μ
(N/2)
j

)
, (B.2)

the last equality is due to the following estimate

∫
BμjR(0)

μ−1
j |y|

1 + |y|N+2s
=

⎧⎪⎨
⎪⎩
μ−1

j if 1
2 < s < 1,

μ−1
j log μj if s = 1

2 ,

μ−2s
j if 0 < s < 1

2 .

(B.3)

The result directly follows from (B.1) and (B.2). �
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Lemma B.2. We have

Iν

(
k∑

j=1

PUxj ,μj

)
= kA1 −

k∑
j=1

(
λA2

μ2s
j

− ϕ1(xj)A3ν

μ
(N−2s/2)
j

)

−
k∑

i�=j

1
2
b0(A3 + b0λA(xi, xj))εij

+O

(
k∑

j=1

(
1

μN−2s
j

+
ν

μ
N
2

j

+
ν1+σ

μ
((N−2s)(1+σ)/2)
j

)
+
∑
i�=j

ε1+σ
ij

)
,

where A2, A3 are defined in lemma B.1, σ is a small positive constant and A(xi, xj)
is defined by

A(xi, xj) =
∫

Ω

(
1

|y − xi|N−2s
+

1
|y − xj |N−2s

)
<∞.

Proof. By a direct computation, we have

Iν

(
k∑

j=1

PUxj ,μj

)
=

k∑
j=1

Iν(PUxj ,μj
) +

1
2

∑
i�=j

∫
Ω

U
2∗

s−1
xj ,μjPUxi,μi

− λ

2

∑
i�=j

∫
Ω

PUxj ,μj
PUxi,μi

− 1
2∗s

∫
Ω

((
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s

+

−
k∑

j=1

(PUxj ,μj
− νϕ1)

2∗
s

+

)
.

(B.4)

Noting that for i �= j, we have∫
Ω

U
2∗

s−1
xj ,μjPUxi,μi

=
∫

Ω

U
2∗

s−1
xj ,μjUxi,μi

−
∫

Ω

U
2∗

s−1
xj ,μj Ψxi,μi

=
∫

Ω

U
2∗

s−1
xj ,μjUxi,μi

+O
( 1

μ
(N−2s/2)
j μ

(N−2s/2)
i

)

=
b0

μ
(N−2s/2)
j μ

(N−2s/2)
i |xi − xj |N−2s

∫
RN

U2∗
s−1

+O

(
1

μ
(N−2s/2)
j μ

(N−2s/2)
i

)

= b0A3εij +O

(
1

μ
(N−2s/2)
j μ

(N−2s/2)
i

)
, (B.5)
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and

∫
Ω

PUxj ,μj
PUxi,μi

=
∫

Ω

Uxj ,μj
Uxi,μi

+O

(
1

μ
(N−2s/2)
j μ

(N−2s/2)
i

)

= b20εij

∫
Ω

(
1

|y − xi|N−2s
+

1
|y − xj |N−2s

)

+O

(
1

μ
(N−2s/2)
j μ

(N−2s/2)
i

)

= b20εijA(xi, xj) +O

(
1

μ
(N−2s/2)
j μ

(N−2s/2)
i

)
. (B.6)

Now we estimate the last term in (B.4). By a similar computation as (B.2), we
obtain that

∫
Ω

((
k∑

j=1

PUxj ,μj
− νϕ1

)2∗
s

+

−
k∑

j=1

(PUxj ,μj
− νϕ1)

2∗
s

+

)

=
∫

Ω

((
k∑

j=1

Uxj ,μj
− νϕ1

)2∗
s

+

−
k∑

j=1

(Uxj ,μj
− νϕ1)

2∗
s

+

)
+O

(
k∑

j=1

1
μN−2s

j

)

=
∫

Ω

(
k∑

j=1

Uxj ,μj

)2∗
s

− 2∗s

∫
Ω

(
k∑

j=1

Uxj ,μj

)2∗
s−1

νϕ1 +O

(
k∑

j=1

ν1+σ

μ
((N−2s)(1+σ)/2)
j

)

−
k∑

j=1

∫
Ω

(
U

2∗
s

xj ,μj − 2∗sU
2∗

s−1
xj ,μj νϕ1

)
+O

(
k∑

j=1

1
μN−2s

j

)

=
∫

Ω

((
k∑

j=1

Uxj ,μj

)2∗
s

−
k∑

j=1

∫
Ω

(
k∑

j=1

Uxj ,μj

)2∗
s
)

+O

(
k∑

j=1

ν1+σ

μ
((N−2s)(1+σ)/2)
j

)

− 2∗s

∫
Ω

(
k∑

j=1

Uxj ,μj

)2∗
s−1

−
k∑

j=1

U
2∗

s−1
xj ,μj

)
νϕ1 +O

(
k∑

j=1

1
μN−2s

j

)

= 2∗s
k∑

i�=j

∫
Ω

U
2∗

s−1
xj ,μjUxi,μi

+O

(
k∑

i�=j

∫
Ω

U
2∗s
2

xj ,μjU
2∗s
2

xi,μi

)

+O

(
k∑

j=1

ν1+σ

μ
((N−2s)(1+σ)/2)
j

)
+O

(∫
Ω

k∑
i�=j

U
2∗s−1

2
xj ,μjU

2∗s−1
2

xi,μi νϕ1

)

+O

(
k∑

j=1

1
μN−2s

j

)
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=
k∑

i�=j

b02∗sA3εij +O

(
k∑

i�=j

log(μiμj)

μ
(N/2)
j μ

(N/2)
i |xi − xj |N

)

+O

(
k∑

j=1

ν1+σ

μ
((N−2s)(1+σ)/2)
j

)

+O

(
k∑

i�=j

ν

μ
(N+2/4)
j μ

(N+2/4)
i |xi − xj |(N+2/2)

)
+O

(
k∑

j=1

1
μN−2s

j

)
. (B.7)

The result follows from lemma B.1 and (B.4)–(B.7). �

Lemma B.3. We have

∂Jν(x, μ, 0)
∂μj

=
2sλA2

μ2s+1
j

− N − 2s
2

ϕ1(xj)A3ν

μ
(N−2s/2)+1
j

+
1
μj
O

(
1

μN−2s
j

+
ν

μ
(N/2)
j

+
ν1+σ

μ
((N−2s)(1+σ)/2)
j

+
∑
i�=j

εij

)
,

where A2, A3 are defined in lemma B.1 and σ > 0 is a small constant.

Proof. By a direct computation, we have

∂Jν(x, μ, 0)
∂μj

=

〈
I ′ν

(
k∑

i=1

PUxi,μi

)
,
∂PUxj ,μj

∂μj

〉

=
∫

Ω

k∑
i=1

U
2∗

s−1
xi,μi

∂PUxj ,μj

∂μj
− λ

k∑
i=1

∫
Ω

PUxi,μi

∂PUxj ,μj

∂μj

−
∫

Ω

(
k∑

i=1

PUxi,μi
− νϕ1

)2∗
s−1

+

∂PUxj ,μj

∂μj

=
∫

Ω

U
2∗

s−1
xj ,μj

∂PUxj ,μj

∂μj
− λ

∫
Ω

PUxj ,μj

∂PUxj ,μj

∂μj

+O

(∑
i�=j

∫
Ω

PUxi,μi

∂PUxj ,μj

∂μj

)

−
∫

Ω

(PUxj ,μj
− νϕ1)

2∗
s−1

+

∂PUxj ,μj

∂μj
+O

(∑
i�=j

∫
Ω

U
2∗

s−1
xi,μi

∂PUxj ,μj

∂μj

)
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=
∫

Ω

U
2∗

s−1
xj ,μj

∂PUxj ,μj

∂μj
− λ

∫
Ω

PUxj ,μj

∂PUxj ,μj

∂μj
+O

(∑
i�=j

εij

μj

)

−
∫

Ω

(PUxj ,μj
− νϕ1)

2∗
s−1

+

∂PUxj ,μj

∂μj

=
∫

Ω

U
2∗

s−1
xj ,μj

∂Uxj ,μj

∂μj
− λ

∫
Ω

Uxj ,μj

∂Uxj ,μj

∂μj

−
∫

Ω

(Uxj ,μj
− νϕ1)

2∗
s−1

+

∂Uxj ,μj

∂μj

+
1
μj
O

(
1

μN−2s
j

)
+O

(∑
i�=j

εij

μj

)

=
2sλA2

μ2s+1
j

+ (2∗s − 1)
∫

Ω

U
2∗

s−2
xj ,μj

∂Uxj ,μj

∂μj
νϕ1 +

1
μj
O

(
ν1+σ

μ
((N−2s)(1+σ)/2)
j

)

+
1
μj
O

(
1

μN−2s
j

)
+O

(∑
i�=j

εij

μj

)

=
2sλA2

μ2s+1
j

− N − 2s
2

A3ϕ1(xj)ν

μ
(N−2s/2)+1
j

+O

(
ν

μjμ
(N/2)
j

)

+
1
μj
O

(
ν1+σ

μ
((N−2s)(1+σ)/2)
j

)
+O

(∑
i�=j

εij

μj

)
.

�

Using the similar computation, we can conclude the following result.

Lemma B.4. We have

∂Jν(x, μ, 0)
∂xji

= μjO

(
1

μN−2s
j

+
ν

μ
(N/2)
j

+
ν1+σ

μ
((N−2s)(1+σ)/2)
j

+
∑
i�=j

εij

)
.
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