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Abstract

The present work achieves a mathematical, in particular syntax-independent, formulation of dynamics
and intensionality of computation in terms of games and strategies. Specifically, we give game semantics
of a higher-order programming language that distinguishes programmes with the same value yet differ-
ent algorithms (or intensionality) and the hiding operation on strategies that precisely corresponds to the
(small-step) operational semantics (or dynamics) of the language. Categorically, our games and strate-
gies give rise to a cartesian closed bicategory, and our game semantics forms an instance of a bicategorical
generalisation of the standard interpretation of functional programming languages in cartesian closed cat-
egories. This work is intended to be a step towards a mathematical foundation of intensional and dynamic
aspects of logic and computation; it should be applicable to a wide range of logics and computations.

Keywords: Game semantics; categorical logic; intensionality of computation

1. Introduction

Girard et al. (1989) mention the dichotomy between the static and the dynamic viewpoints in logic
and computation; the former identifies terms (i.e., proofs or programmes) with their denotations
(i.e., results of their computations in an ideal sense), while the latter focuses on their senses (i.e.,
algorithms or intensionality) and dynamics (i.e., proof-normalisation or reduction). This distinc-
tion has been reflected in the two mutually complementary semantics of programming languages:
denotational and operational ones (Amadio and Curien, 1998; Gunter, 1992; Winskel, 1993).

Then, Girard et al. (1989) point out that a mathematical formulation of the former has been
well developed by Scotts beautiful domain theory (Abramsky and Jung, 1994; Gierz et al., 2003;
Scott, 1976), but it is not the case for the latter; the treatment of senses has been based on ad hoc
syntactic manipulations. They thus emphasise the importance of mathematics of senses:

The establishment of a truly operational semantics of algorithms is perhaps the most
important problem in computer science (Girard et al., 1989, p. 14).

The present work addresses this fundamental problem. Specifically, it gives an interpretation
[_]# of a programming language .# with a small-step operational semantics — and a syntax-
independent operation .77 that satisfies the following dynamic correspondence property (DCP):

(M1 — M) = ([Mi1] 2 # [M2] o A 2([M1] 2) = [M2] 2)

for all programmes M; and M; in .Z. Note that this ‘only if’ direction of the DCP cor-
responds to certain soundness of the interpretation .77 of —. (N.b., the opposite or com-
pleteness does not hold: (Ax. f)((Ay. y)tt) = (Ax. fi)tt and (Ax. f)((Ay. y)tt) A (x. fH)ff, but
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F([(ax. ) ((Ry. )] 2) = [(Ax. f)tt] o = [(Ax. f)ff | o, where tt and ff are programmes of the
evident truth values. The lack of completeness, however, is not necessarily negative because it
implies that the interpretation ignores some superficial syntactic differences as in the example.)
Note also that the interpretation [ ] is finer than the usual denotational semantics since
M; — M, implies [Mi] @ # [M2] 2. Therefore, the interpretation [ ] and the operation 57
capture intensionality and dynamics of computation, respectively.

Although our framework is intended to be a general approach, being applicable to a wide range
of logics and computations, as the first step, we focus on a finite fragment of the programming
language PCF (Plotkin, 1977; Scott, 1993) customised for our aim.

1.1 Game semantics

Our approach is based on game semantics (Abramsky et al., 1997; Abramsky and McCusker,
1999; Hyland, 1997), a particular kind of denotational semantics of logic and computation, in
which formulas (or types) and proofs (or programmes) are interpreted as games and strategies,
respectively.

We employ game semantics primarily for its conceptual naturality, which has so far led to
a deeper understanding of logic and computation, and mathematical precision, which has been
demonstrated by various full completeness/abstraction results (Curien, 2007) in the literature. Also,
game semantics is very flexible: It has modelled a wide range of formal systems and programming
languages by simply varying constraints on strategies (Abramsky and McCusker, 1999), which
enables us to compare and relate various concepts in logic and computation syntax-independently.
We utilise game semantics for the present work with the hope that these advantages of game
semantics are also true for intensionality and dynamics of logic and computation.

A game, roughly, is a certain kind of a directed rooted forest whose branches represent possible
‘developments’ or (valid) positions of a ‘game in the usual sense’ (such as chess, poker, etc.). Moves
of a game are nodes of the game, where some moves are distinguished and called initial; only
initial moves can be the first element or occurrence of a position of the game. Plays of a game are
(finitely or infinitely) increasing sequences (&, my, myma, . . .) of positions of the game, where € is
the empty sequence. For our purpose, it suffices to focus on rather standard sequential (as opposed
to concurrent (Abramsky and Mellies, 1999)), negative (as opposed to positive (Laurent, 2004))
games played by two participants, Player, representing a ‘computational agent, and Opponent,
representing an ‘environment, in each of which Opponent always starts a play (i.e., negative),
and then they alternately and separately perform moves (i.e., sequential) allowed by the rules of
the game. Strictly speaking, a position of each game is not just a finite sequence of moves: Each
occurrence m of Opponent’s or O- (resp. Player’s or P-) non-initial move in a position is assigned
or points to a previous occurrence m’ of P- (resp. O-) move in the position, meaning that m is
performed specifically as a response to m'. The pointers are necessary to distinguish similar yet
distinct computations (Abramsky and McCusker, 1999; Hyland and Ong, 2000).

A strategy on a game, on the other hand, is what tells Player which move (together with a
pointer) she should make at each of her turns in the game. Hence, game semantics [_]J« of a
programming language . interprets a type A in £ as a game [A]y that specifies possible plays
between Player and Opponent, and a term M : Al in % as a strategy [M]« on the game [A]y that
describes for Player how to play on [A]w. An execution of the term M is then modelled as a play
in the game [A]lw in which Player follows [M]e.

Let us consider simple examples. The simplest game is the terminal game T, which has no
moves, and thus it has only the trivial position & and the trivial strategy T := {e}.
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As another example, consider the natural number game N, which is the following rooted tree

(infinite in width):
/ q
o 1 2 3 ...

in which a play starts with Opponent’s question g (‘What is your number?’) and ends with Player’s
answer n € N (‘My number is n!”), where N is the set of all natural numbers, and n points to
q (though this pointer is omitted in the above diagram). Henceforth, we usually skip drawing
arrows that represent edges of a game. A strategy 10 on N, for instance, that corresponds to the
natural number 10 € N can be represented by the map g+ 10 equipped with the pointer from 10
to g (though it is the only choice for the pointer). In the following, pointers of most strategies are
obvious, and therefore we often omit them.

As yet another example, consider the game N — N of linear functions (Girard, 1987),
written informally Njgj — N[;] too, on natural numbers, whose typical maximal position is
qn9qio1#o;m1]> where n, m € N, and the subscripts (_)[; for i =0, 1 are unspecified ‘tags’ to dis-
tinguish the two copies of N (in the rest of the paper, we employ a similar notation for three or
more copies of a game in the obvious manner too), or diagrammatically:

N —  Npj

?q[o] /’61[1]

o]

m)

which can be read as follows:

(1) Opponent’s question g(;] for an output (“‘What is your output?’);
(2) Player’s question go) for an input (“Wait, what is your input?’);
(3) Opponent’s answer, say, n[o] to g[o] (‘OK, here is an input n.’);
(4) Player’s answer, say, m(j] to (1] (‘Alright, the output is then m.’).

A strategy succ on this game that corresponds to the (linear) successor function is represented by
the map g1 — q[o}> 41119[017[0] — 1 + 1[1], where n ranges over N, or diagrammatically:

succ

Npgpg  — Ny

(qm /Q[l]

o]

n—+1p;

1.2 Static game semantics

Game semantics is often said to be intensional and dynamic because a category of games and
strategies is usually not well pointed, and plays in a game can be regarded as ‘intensional, dynamic
interactions’ between the participants of the game. However, it has been employed as denotational
semantics, and hence it is in particular sound: If two programmes evaluate to the same value, then
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their denotations in conventional game semantics are identical. Consequently, the conventional
game semantics [_Jl¢ is actually extensional and static in the sense that if there is a reduction
M; — M; in syntax, then the equation [M;]¢ = [M2]« holds in the semantics (i.e., it does not
capture the dynamics M; — M; or the intensional difference between M; and M3). In other words,
the conventional game semantics is not intensional or dynamic in the sense that it does not satisty
the DCPs.

Therefore, to establish mathematics of senses (Girard et al., 1989), we need a more dynamic,
intensional refinement of game semantics, so that it satisfies the DCPs. To get insights to develop
such refined game semantics, let us see how the conventional game semantics fails to be dynamic
or intensional. The point in a word is that ‘internal communication’ between strategies for their
composition is a priori ‘hidden; and thus the resulting strategy is always in ‘normal form.” For
instance, the composition succ; double : N —o N of strategies succ: N —o N and double: N — N,
implementing the successor and the doubling (linear) functions, respectively,

succ double

Nigp — Ny Npp —  Np

(q[o] /7‘1[1] ?qm /761[3]

myo] np2]

m+ 1 2n(3]

is formed as follows. First, by ‘internal communication, we mean that Player plays the role of
Opponent as well in the intermediate component games N[;; and N[z just by ‘copy-catting’ her
last moves, resulting in the play

N Npj Npj =3 N3
/ q3)
q12]
ifJ[O]
no]
n+1p;

2(n+ 1)[3]

where each move for ‘internal communication’ is marked by a square box just for clarity, and
the pointer from q[j] to gp2] is added because the move g[;; is no longer initial. Importantly, it is
assumed that Opponent plays on the game N{g] — N[3), ‘seeing’ only moves of N[o] or N3}. That
is, the resulting play is to be read as follows:

1) Opponent’s question g[3] for an output in Njg) — N3} (‘What is your output?’);
2) Player’s question by double for an input in Njz) — Ni3) (‘What is your input?’);

3) triggers the question for an output in Njg] — Npjj (‘What is your output?’);
4) Player’s question g[o by succ for an input in Njg) — N;j (‘What is your input?’);

5) Opponent’s answer, say, #1[o] to g[o] in Njo] — N3] (‘Here is an input n.’);

6) Player’s answer 'Tl[l]‘ to W by succ in Njg) —o Ny1] (‘The output is then n 4 1.");
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(7) triggers the answer | n+ 1) |to[q[2) | in Npz) —o Np3] (‘Here is the input n + 1.);

(8) Player’s answer 2(n 4 1)[3] to q[3] by double in N[5; —o Ni3) (‘The output is then 2(n + 1)!’).

Next, ‘hiding’ means to hide or delete every move with the square box from the play, resulting
in the strategy for the (linear) function n +— 2(n 4 1) as expected:

suce double

Nigj Ni3)

?‘1[0 /

1’1[0

2(n+ l)[3]

Note that it is ‘hiding’ that makes the resulting play a valid one in the game Njg) — Ni3.

Now, let us plug in the strategy 57 : q(5) > 5[5] on the game T4 —o Nj5}, which coincides
with N up to ‘tags.” The composition 57; succ; double : T —o N3 is computed again by ‘internal
communication’

5T succ double

Tay — N Nog — Nppo Nppo — Ny

q3)
/ q12)
qp1)
/
(W
5[5
6[2]
12(3)
plus ‘hiding’
57; succ; double
T4 — Np3)
qp3)
123

In syntax, on the other hand, assuming that there are a (ground) type ¢ of natural numbers,
the numeral n of type ¢ for each n €N, and the constructors succ and double on type ¢ for
the successor and the doubling functions, respectively, equipped with the operational seman-
tics succn — n+ 1 and doublen — 2n for all n € N in an arbitrary functional programming

df.
language, the programme p; = Ax. (Ay. double y)((Az. succ z)x) represents the syntactic compo-
sition succ; double of succ and double. When it is applied to the numeral 5, we have the chain of
reductions
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p15 —* (Ax. double (succ x))5
—* double (succ 5)
—*double 6
—*12

Therefore, it seems that reduction in syntax corresponds in game semantics to ‘hiding inter-
nal communication.” As seen in the above example, however, this game-semantic reduction is
a priori executed and thus invisible in the conventional game semantics [_]¢. Consequently,
the two programmes p;5 and 12 are interpreted by [_]¢ as the same strategy. Furthermore,
observe that moves with the square box describe intensionality or step-by-step processes to com-
pute an output from an input, but they are invisible after ‘hiding.” Thus, e.g., a programme

p2 g AX. (Ay. succy)(Av. (Az. succ z)((Aw. double w)v)x), representing the same function as p; yet
a different algorithm double; succ; succ, is modelled as

[p2]« = [double; succ; succ]g = [succ; double]y = [p1]«-

To sum up, we have observed the following three points:

(1) (REDUCTION AS HIDING). Reduction in syntax corresponds in game semantics to ‘hiding
intermediate moves (i.e., moves with the square box)’;

(2) (A PRIORI NORMALISATION). However, the ‘hiding’ process is a priori executed in the
conventional game semantics, and hence strategies are always in ‘normal form’;

(3) (INTERMEDIATE MOVES AS INTENSIONALITY). Finally, ‘intermediate moves’ constitute
intensionality of computation; however, they are not captured in the conventional game
semantics again due to the a priori execution of the ‘hiding operation.

1.3 Dynamic games and strategies

From these observations, we have obtained a promising solution: to define a variant of games and
strategies, in which ‘intermediate moves’ are not a priori ‘hidden, representing intensionality of
logic and computation, and the hiding operations ¢ on the games and the strategies that ‘hide
intermediate moves’ in a step-by-step fashion, interpreting dynamics of logic and computation.
Let us call such a variant of games (resp. strategies) dynamic games (resp. dynamic strategies).

In doing so, we shall develop new mathematical structures that are conceptually natural and
mathematically elegant. This effort is to inherit the natural, intuitive nature of the conventional
game semantics, so that the resulting interpretation would be insightful, convincing and useful.
Also, mathematics often leads to a ‘correct’ formulation: If a definition gives rise to neat mathe-
matical structures, then it is likely to succeed in capturing the essence of concepts and phenomena
of concern and subsume various instances (n.b., recall that our aim is to establish mathematics
of senses). In fact, dynamic games and strategies are a natural generalisation of the conventional
games and strategies, and they satisfy some beautiful algebraic laws. As a result, they form a carte-
sian closed bicategory (CCB) in the sense of Ouaknine (1997)* LDG (Definition 4.1), in which
0- (resp. 1-) cells are certain dynamic games (resp. dynamic strategies), and 2-cells are the exten-
sional equivalence between 1-cells. The countably-infinite iteration of the hiding operations .7” on
dynamic games and strategies induces the 2-functor s : LDG — LMG, where the CCC LMG
of conventional games and strategies can be seen as the ‘extensionally collapsed’ LDG.

1.4 Dynamic game semantics

We then give, as the main result of the present work, game semantics [_] g« of finitary PCF (i.e.,
the simply-typed A-calculus equipped with the boolean type) in LDG that together with the hid-
ing operation ¢ satisfies the DCP (Corollary 4.6). We call the pair ([_] 9w, #¢) dynamic game
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semantics because it captures dynamics and intensionality of computation better than the con-
ventional game semantics. We select finitary PCF as our target language since a simple language
would be appropriate for the first work on dynamic game semantics.

At this point, note that it does not make much sense to ask whether full abstraction holds for
dynamic game semantics because its aim is to capture intensionality of computation.

Also, note that our dynamic game semantics is not faithful: Equality (on the nose) between
dynamic strategies is of course finer than B-equivalence but also coarser than «-equivalence, e.g.,
non-o-equivalent terms (Ax. ff)tt and (Ax. ff)ff are interpreted to be the same dynamic strategy
in the dynamic game semantics. It is because an equation between dynamic strategies captures
algorithmic difference of the interpreted terms, while a-equivalence distinguishes how the terms
are constructed even if their algorithms coincide. This point justifies our (syntax-independent)
mathematics of senses without the completeness property explained before.

On the other hand, it makes sense to ask if full completeness holds for dynamic game semantics.
In fact, we shall establish our dynamic full completeness result (Corollary 4.7).

1.5 Our contribution and related work

To the best of our knowledge, the present work is the first syntax-independent characterisation of
dynamics and intensionality of computation in the sense of the DCPs.

The work closest in spirit is Girard’s geometry of interaction (Gol) (Girard, 1989, 1990, 1995,
2003, 2011, 2013). However, Gol appears mathematically ad hoc because it does not conform to
the standard categorical semantics of type theories (Jacobs, 1999; Lambek and Scott, 1988; Pitts,
2001). Also, it does not capture the step-by-step process of reduction in the sense of the DCPs. In
contrast, dynamic game semantics refines the standard semantics and does satisfy the DCP.

Next, the idea of exhibiting ‘intermediate moves in the composition of strategies is nothing
new; there have been game-semantic approaches (Dimovski et al., 2005; Greenland, 2005; Ong,
2006) that give such moves an ‘official status.” However, because their aims are rather to develop a
tool for programme analysis and verification, they do not study in depth mathematical structures
thereof, give an intensional game semantics that refines the standard categorical semantics or
formulate the step-by-step ‘hiding’ process. Therefore, our contribution for this point is in studying
the algebraic structures of games and strategies when we do not a priori ‘hide intermediate moves’
and refining the standard categorical semantics in such a way that it satisfies the DCP.

Also, there are several approaches to model dynamics of computation by 2-categories (Hilken,
1996; Mellies, 2005; Seely, 1987). In these papers, however, the horizontal composition of 1-cells
is the normalising one, which is why the structures are 2-categories rather than bicategories.’ In
addition, the 2-cells of their 2-categories are rewriting, while the 2-cells of our bicategory are the
external equivalence between 1-cells. Note that 2-cells in a bicategory cannot interpret rewriting
unless the horizontal composition is normalising since the associativity of non-normalising com-
position on such 2-cells does not hold.® Thus, although their motivations are similar to ours, our
bicategorical approach seems novel, interpreting an application of a term by the non-normalising
composition, the extensional equivalence of terms by 2-cells, and rewriting by the hiding opera-
tion 7. Moreover, their frameworks are categorical, while we instantiate our categorical model
by game semantics. Furthermore, neither of the previous work satisfies the DCP.

Finally, the present work has some implications from theoretical as well as practical viewpoints.
From the theoretical perspective, it enables us to study dynamics and intensionality of computa-
tion as purely mathematical (or semantic) concepts, just like any concepts in pure mathematics
such as differentiation and integration in calculus, homotopy in topology, etc. Thus, we would
be able to rigorously analyse the essence of these concepts, ignoring superfluous syntactic details.
From the practical point, on the other hand, it might become a useful tool for language analysis
and design, e.g., our variant of finitary PCF would not exist without the present work.
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1.6 Structure of the paper

The rest of the present paper proceeds as follows. First, this introduction ends with fixing some
notations. Then, Section 2 defines our target programming language, viz., the finitary PCFE, and its
bicategorical semantics that satisfies the DCP, so that it remains to establish its game-semantic
instance. Next, Section 3 introduces dynamic games and strategies, and studies their basic
algebraic structures. Then, Section 4 gives dynamic with game semantics of the programming
language. Finally, Section 5 draws a conclusion and proposes some future work.

Notation 1.1. We use the following notations throughout the present article:

« We write N for the set of all natural numbers and define Nt :=N\ {0};

o We use bold letters s, t, u, v, w, etc. for sequences, in particular € for the empty sequence, and
letters a, b, c, d, m, n, x, y, z, etc. for elements of sequences;

« Given a natural number k € N, we write k for the finite set {1,2,...,k} C N (n.b., 0 = 0);

» We often abbreviate a finite sequence s = (x1, X2, . . ., X|s|) Gs X1X2 . . . X|s|, where |s| denotes the

length (i.e., the number of elements) of s, and write s(i) as another notation for x; (i € Is);

A concatenation of sequences is represented by the juxtaposition of them, but we often write as,

tb, ucv for (a)s, t(b), u(c)v, etc., and also write s.t for st if it increases readability;

o Wedefines" :=ss- - - s for a sequence s and a natural number n € N;

n

o We write Even(s) (resp.0dd(s)) if a sequence s is of even length (resp. odd length);

We define S” := { s € S| P(s) } for a set S of sequences and a predicate P € {Even, Odd};

o s < tmeans s is a prefix of t, i.e., t = s.u for some sequence u, and given a set S of sequences, we
define Pref(S) :={s|3teS.s<t};

o For a poset P = (P, <) and a subset S C P, we write Supp(S) (usually abbreviated as Sup(S))
for the supremum of S with respect to P;

o Given a set X, we define X* :={x1x2 ... x, | neN,Vien.x;e X };

* Given a function f : A — B and a subset S C A, we define f | S: S — B to be the restriction of f
to S, and f* : A* — B* by f*(a1az . . . an) '=f(a1)f(a2) . . . f(an) € B* (a1az . .. a, € A™);

o Given sets X1, Xy, . . ., Xy, and i € 1, we write 7; (or ni("))for the ith—projectionfunction Xi x
Xy X -+ X Xy — X that maps (x1, X2, . . ., Xn) > Xis

o Given a function f : X — Y and a subset Z C X, we write f | Z: X\ Z — Y for the restriction
of f to the set difference X \ Z C X.

2. Dynamic Bicategorical Semantics

Let us first present in this section a categorical description of how dynamic games and strategies
model dynamics and intensionality of our target language and show that it refines the standard
categorical semantics of type theories (Jacobs, 1999; Lambek and Scott, 1988; Pitts, 2001).

2.1 Beta-categories of computation

The categorical structure for our interpretation of logic and computation is B-categories of com-
putation (BoCs), a certain kind of bicategories whose 2-cells are equivalence relations between
1-cells, equipped with an evaluation (function) on 1-cells such that the equivalence relations are
the equality between 1-cells modulo the evaluation. Note that we do not take the quotient of 1-cells
modulo the equivalence relation (so that the BoC becomes a category) since otherwise we would
identify 1-cells with the same value even if they have different senses (or algorithms), unable to
establish mathematics of senses.

Let us first introduce an auxiliary notion of B-categories, which are more general than BoCs.
Roughly, B-categories are categories up to an equivalence relation on morphisms:
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Definition 2.1 (S-categories). A S-category is a pair € = (€, =) that consists of

o A class ob(%) of objects, where we usually write A € € for A € ob(%);
o A class € (A, B) of B-morphisms from A to B for each pair A, B € €, where we often write
f:A— Bforf e €(A,B) if the underlying B-category € is obvious from the context;

5A,B,C

o A (class) function (A, B) x € (B, C) — % (A, C), called the B-composition on S-morphisms
from A to B and those from B to C, for each triple A, B, C € ¢;

o A B-morphism idy € €(A, A), called the B-identity on A, for each object A € €;

 An equivalence (class) relation 4 p on €' (A, B), called the equivalence on 8-morphisms from
A to B, for each pair A, B € G,

where we also write € (B, C) x € (A, B) oLRC € (A, C) for the B-composition ;4 p,c and often omit
the subscripts (_)a,p,c on ; (o) and =, such that it satisfies the four equations

(f;9)sh~f;(g; h) fiidg~f idas f ~f fefrng~g=fig~fg

forany A,B,C,De%,f,f':A— B, g ¢ :B— Candh:C— D.
Moreover, the B-category € is cartesian closed if

o There is an object T € €, called a B-terminal object, equipped with a -morphism !4 : A — T,
called the canonical S-morphism on A, for each object A € €, that satisfies |4 >t for any
B-morphismt: A — T;

o There is an object A x B € € for each pair A, B € €, called a 8- (binary) product of A and
B, equipped with B-morphisms JT?’B :AXxB— Aand nf’B :A x B— B, called the first and
the second B-projections on A x B, respectively, and an assignment {_, _) of a B-morphism
(a, b)g’B : C— A x B, called the B-pairing of a and b, to given object C € € and S-morphisms
a:C— Aandb:C— B, that satisfies

AB AB __AB ;. _AB -~
(@ b)S g’ ~a (a,b)G gy’ b (P by P)S g b

(a~d Ab=b)=(a,b) = (d, V),

whereh:C— A X B,a’: C— A and V' : C — B are arbitrary 8-morphisms;
« There are an object CB € € and a B-morphism evgc: CB x B— C, called the B-exponential
and the B-evaluation of B and C, respectively, for each pair B, C € €, equipped with an assign-

ment A g pc (also written Aﬁ’c(k) or Aa(k)) of a B-morphism Aapc(k):A— CB, called the
B-currying of k, to any object A € € and B-morphism k: A x B— C, that satisfies

AB AB\AxB - AB.; _AB\AxB, -
(1% Aack), 57 s s evec = k A5 Ly ") s pi eva,c) 1

k~k = Aapc(k) >~ Aapck),

where 1:A— CB and k':Ax B— C are arbitrary B-morphisms. We frequently omit the
sub/superscripts on niA B, (, _)g,B, evpc and Aapc.

That is, a (resp. cartesian closed) B-category ¥ = (%, ~ ) is a (resp. cartesian closed) category
up to =~ (i.e., the equation = on morphisms is replaced with the equivalence relation >~ on 1-
cells), where the prefix ‘8-’ signifies the compromise ‘up to 2~.” Alternatively, regarding objects
and B-morphisms of ¢ as 0-cells and 1-cells, respectively, and defining 2-cells by € (A, B)(d, ¢) :=

[~} ifd~c

@ otherwise
an arbitrary singleton set, we may identify ¢ with a (resp. cartesian closed (Ouaknine, 1997))
bicategory whose 2-cells are only the trivial one.

for any objects A, Be€ % and B-morphisms d,c: A — B, where {=~} denotes
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We are now ready to define S-categories of computation (BoCs):

Definition 2.2 (BoCs). A 8-category of computation (BoC) is a B-category € = (€, > ) equipped
with a (class) function & on B-morphisms of €, called the evaluation (of computation), that satisfies

 (SUBJECT REDUCTION). &(f):A— Bforall A,Be € andf: A — B;

o (TERMINATION). f | forall A,Be ¢ andf: A — B;

« (B-IDENTITIES). ids € Y (A, A) forall A € €;

o (EVALUATION). f~f' < 3ve ¥4 (A,B).f L vAf L vforall A,Be € andf,f : A— B,

where ¥4 (A,B) :={ve €(A,B) | &(v) =v}, whose elements are called values from A to B in €,
and we write f |, or specifically f | &™(f), if 8(f) € ¥g(A, B) for some n € N.

A BoC ¥ is cartesian closed, which we call a cartesian closed BoC (CCBoC), if so is € as a -
category, all the canonical B-morphisms, the B-projections and the (-evaluations of € are values,
and both of the B-pairing and the B-currying of € preserve values.

Convention. Since the equivalence >~ of a BoC ¥ may be completely recovered from the evalua-
tion &, we usually specify the BoC by a pair ¢ = (%, &). If f | £"(f) holds for some n € N, then
we call £"( f) the value of f and also write &“( f) for it.

The intuition behind Definition 2.2 is as follows. In a BoC € = (%, &), B-morphisms are (pos-
sibly intensional but not necessarily ‘effective’) computations with the domain and the codomain
(objects) specified, and values are extensional computations such as functions (as graphs). The -
composition is ‘non-normalising composition’ or concatenation of computations, and S-identities
are unit computations (they are just like identity functions). The execution of a computation f is
achieved by evaluating it into a unique value &“( f), which corresponds to dynamics of computa-
tion.® We regard £ as the operation on -morphisms that maps them into their values, where the
superscript (_)® indicates that it is equivalent to iterating & by w (i.e., the least transfinite num-
ber) times. In addition, the equivalence relation 2~ witnesses the extensional equivalence between
B-morphisms modulo &. The four axioms then should make sense from this perspective. In this
way, each BoC provides a ‘universe’ of dynamic, intensional computations.

It is easy to see that each BoC ¢ = (%, &) induces the category ¥« such that

« Objects are those of ¢;

» Morphisms A — B are elements in ¥ (A, B), i.e., values from A to Bin €;

» The composition of morphisms #: A — Band v: B— C is the value £“(u;v) : A — C;
o Identities are B-identities in %

Regarding the BoC ¢ as the trivial bicategory specified above, and the category ¥ as the trivial
2-category, the evaluation & induces the 2-functor £“ : ¢ — ¥ that maps A +> A for 0-cells
A, fr> &(f) for 1-cells f and ~ > = for (unique) 2-cells ~~. Clearly, ¥ is cartesian closed if
so is €, where canonical morphisms into a terminal object, projections, evaluations, pairing and
currying of ¥4 come from the corresponding ‘B-ones’ in &, respectively.

The point here is that we may now decompose the standard interpretation [_] & of functional
programming languages in a CCC ¥4 (Jacobs, 1999; Lambek and Scott, 1988; Pitts, 2001) into a
more intensional interpretation [_]4 in a CCBoC % = (%, &) and the full evaluation & : ¢ —
Y, e, [_].7 = E°([_]2), and talk about intensional difference between computations: Terms
M and M’ are interpreted to be intensionally equal if [M] g = [M'] and extensionally equal if
[M]g =~ [M'] 4. Also, the one-step evaluation & is to capture the small-step operational semantics
of the target language, i.e., to satisfy the DCP; see Definition 2.16 for the precise definition of the
DCP specialised to our target language.
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2.2 Finitary PCF

Next, let us introduce our target programming language for dynamic game semantics.

Recall first that there is a one-to-one correspondence between PCF Bihm trees (i.e., terms of
PCF in n-long normal form) (Amadio and Curien, 1998) and innocent, well bracketed strategies
(Abramsky and McCusker, 1999; Curien, 2006; Hyland and Ong, 2000). This technical highlight
in the literature of game semantics is called strong definability. Naturally, we would like to exploit
the strong definability result to establish the first instance of dynamic game semantics because the
task would be easier than otherwise.

On the other hand, the higher-order programming language PCF (Plotkin, 1977; Scott, 1993)
has the natural number type and the fixed-point combinators, which make PCF Bohm trees infini-
tary in width and depth, respectively. However, we would like to select, as the first target language
for dynamic game semantics, the simplest one possible because then the idea and the mecha-
nism would be most visible. For this reason, let us choose finitary PCF, i.e., the finite fragment of
PCEF that has only the boolean type as a ground type (or equivalently, the simply-typed A-calculus
(Church, 1940; Serensen and Urzyczyn, 2006) equipped with the boolean type).

We then define small-step operational semantics (or a reduction strategy) on finitary PCF
as follows. We restrict terms to those built from PCF B6hm trees via application and currying
(hence, e.g., the language does not have the usual variable rule), where PCF Bohm trees are nor-
malised, and application generates non-normalised terms, and define operational semantics that
normalises applications occurring in such a restricted term in the order from older to newer
ones. A main virtue of the resulting language is that we may exploit the strong definability result
straightforwardly, so that we may achieve a tight correspondence between syntax and semantics.

Remark. Note that an execution of linear head reduction (LHR) (Danos and Regnier, 2004) corre-
sponds in a step-by-step fashion to an ‘internal communication’ between strategies (Danos et al.,
1996). Hence, one may wonder if it would be better to employ LHR as the operational semantics
of finitary PCF. However, note that

« The correspondence is not between terms and strategies;
o LHR is executed by linear substitution, which makes the calculus very different from the usual
A-calculus equipped with S-reduction.

For these two points, we conjecture that it would require significantly more work than the present
work to establish the game-semantic DCP with respect to LHR, and so we leave it as future work.

In the following, we give the precise definition of the resulting target programming language
(viz., finitary PCF equipped with the small-step operational semantics).
Notation 2.3. We employ the following notations:

o Let ¥ be a countably infinite set of variables, written X, y, z, etc., for which we assume the
variable convention (or Barendregt’s convention Hankin 1994°);

o We use sans-serif letters such as I', A and a for syntactic objects and = for syntactic equality up
to a-equivalence, i.e., up to renaming of bound variables.

Definition 2.4 (FPCF). The finitary PCF (FPCF) is a functional programming language defined
as follows:

« (TYPES). A type A is an expression generated by the grammar

df.
AS oA =A
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where o is the boolean type, and A1 = A; is the function type from A; to Ay (n.b., = is right
associative). We write A, B, C, etc. for types. Note that each type may be written uniquely of the
form A =A== Ac=o0(keN)

(RAW-TERMS). A raw-term M is an expression generated by the grammar

df.
M= x| tt | ff | case(M)[M; Ma] | AxA. M | MM,

where X ranges over variables, and A over types. We call tt, ff, case(M)[M1; M2], XA M and
M1 M, respectively true, false, a case statement, an abstraction and an application. We write
M, P, Q, R, etc. for raw terms and often omit A in an abstraction AxA. M. An application is always
left associative, e.g., M{MaM3 may be written informally (M1M2)M3. The set F ¥ (M) C ¥ of all
free variables occurring in a raw-term M is defined by the following induction on M:

FYV(X) :={x} FY(tt):=Fy(f):=0
F ¥ (case(M)[M1; My]) :i=F ¥ (M)U F¥ (M) U F¥(My)
FV (X M) :=F V(M) \ {x} FV(MiMp) :=F ¥ (M1) U F 7V (My).

(CONTEXTS). A context is a finite sequence X1 : A1, X2 : Ay, . . ., Xk : A of (variable : type)-pairs
with X £ X ifi #j (i,j € k). Wewrite T, A, ©, etc. for contexts.

(TERMS). A term is an expression of the form I' =M : B, where I is a context, M is a raw-term,
and B is a type, generated by the following typing rules:

Fr=A0 Viek.THVi:AASV) =0AXg.FYV (Vi)
A=sAi=A = - =A=o0 Vie2.THWj:oA (W) =0AX¢&.ZY¥ (W)

C1
( ) A XA O CaSQ(XV1V2 .. .Vk)[Wl; Wz] :0
F'EM:o Vje2.THPj:0 I,x:AEM:B
(C2) @) T
I' - case(M)[P1; P2]: 0 r=xx*M:A=B
'FM;:A=B CEM;y:A b e {tt, ff}
A B —t> 1
(A) I'EMiM;:B (B) I'b:o

where Vi (i=1,2,...,k) and Wj (j =1, 2) range over values defined below, and §(I' =M : B) €
N, often abbreviated as §(M), is the execution number of each term I' =M : B defined by the
following induction on the derivation of ' =M : B:

- fi(b) :=0if b € {tt, ff};

- f(case(xViVa ... Vi) [W1; Wo]) := 0;

- Hcase(M)[Py; Pa]) := 0;

- BOAM) = 1(M);

= #(M1M2) := max (8(My), #(M2)) + 1.
A subterm of a term I' =M : B is a term that occurs in the deduction of I' =M : B, where a
deduction (tree) of each term of FPCF is clearly unique. Execution numbers are to assign, to
each subterm of a term, the priority order of the subterm during the execution of the term, i.e.,
they inform the operational semantics of how to reduce the term, which is made precise below.
We write I' = {M},. : B for the term T" = M : B such that §(M) = e. Also, we often omit the context
and/or the type of a term if it does not bring confusion. A programme (resp. a value) is a term
generated by the rules B, C1, L and A (resp. B, C1 and L), where the rule C2 is redundant here,
but it is necessary to define the operational semantics given below.
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Remark. The rules C2 (above) and 94 (below) are auxiliary concepts and only necessary for
‘intermediate terms’ during an evaluation of a programme into a value.

+ (BY-REDUCTION). The f1-reduction — gy on terms is the contextual closure, i.e., the closure
with respect to the typing rules, of the union of the rules

(Ax. M)P — g M[P/x]
case(tt)[My; Ma] =, Mz
case(ff)[My; Ma] — 9, M»
case(case(xV)[Wy; W,])[M1; Ma] —»,case(xV)[case(W1)[My; Ma]; case(W,)[M; M3]]
case(case(M)[P1; P2])[Q1; Q2] —w,case(M)[case(P1)[Q1; Q2]; case(P2)[Q1; Q211
where M[P/x] denotes the capture-free substitution (Barendregt et al., 1984; Hankin, 1994) of

P for x in M, and xV abbreviates XV1V, . . . Vi in the rule C1. We write nf(M) for the normal
form of each term M with respect to — gy, i.e., nf(M) is a term such that M — 7, nf(M) and

nfiM) /> gy M’ for any term M', which uniquely exists by Theorems 2.11 and 2.12 given below.
The parallel B2 -reduction =gy on terms is defined to evaluate each term M in a single-step to
its normal form nf(M).

(OPERATIONAL SEMANTICS). The (small-step) operational semantics (or the reduction strat-
egy) — on programmes M is the ‘simultaneous execution’ of =gy on all subterms of M with the
execution number 1, or more precisely — is defined by

\ ifM= MMy, §(M1M3) =1 and M1Mp =49 V;
M— I MM, if M= MMy, #(M1My) >~2andMi—>M{fori:1,2;
WAM ifM =AM and M — M,

We write Eq(FPCF) for the equational theory that consists of judgements I' =M = M’ : B, where
['+M:Band [ =M :B are programmes of FPCE such that nfiM) = nf(M’).

Values of FPCF are PCF Bohm trees except that the bottom (term) L and the natural number
type 1 are excluded. The 81 -reduction — gy is taken from Section 6 of Amadio and Curien (1998).
Hence, as announced before, programmes of FPCF are constructed from (finitary) PCF Bohm
trees via currying and application, where non-programme terms (i.e., the rules C2 and ¥4) are
auxiliary and only necessary for the operational semantics —.

Remark. Let A=A; = A; = - - - = Ay = o be an arbitrary type of FPCF. Note that an expression
A, X:A ®Fx:A is not a term of FPCEF, but instead there is another, A,x: A, ® - XA : A, where

df.
XA = kxAl AZ . Xﬁ case(XX1A1X2 . XkAk)[tt ff], which is a programme of FPCF. We often

abbrev1ate 5 as x" if it does not bring confusmn.

Givenaterm I' - M : B, an execution number is assigned to each subterm of M. These execution
numbers represent the priority order of the subterms with respect to the operational semantics —
applied to M in the sense that those with the execution number 1 are normalised in one step M —
M’, where positive execution numbers are subtracted 1. In this manner, the operational semantics
— reduces applications occurring in a given programme in the order from older to newer ones.

As we have mentioned before, programmes of FPCF are built from (finitary) PCF Bohm trees
via application and currying, where PCF B6hm trees are normalised, and only application gener-
ates non-normalised programmes. This point is reflected as follows. The typing rules B and C1,
corresponding to PCF Béhm trees, are assigned the execution number 0, the rule L, corresponding
to currying, preserves execution numbers, and the rule A, corresponding to application, increases
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execution numbers by 1. The last rule C2 is only to take care of non-programme terms gener-
ated during the execution of programmes with respect to the parallel g9 -reduction =gy (it is
why C2 is excluded from the construction of programmes), which in turn defines the operational
semantics —.'0

In summary, FPCF computes as follows. Given a programme I" - {M}, : B, it produces a finite
chain of finitary rewriting

M—M;—>My— .- — Mg (1)

where Mg is a value. Note that the programme M is constructed from values by a finite number of
applications, and the computation (1) is executed in the first-applications-first-evaluated fashion,
e.g., if M= (V1V3)((V3Va)(VsVe)), where V1, Vs, . . ., Vg are values, then e = 3, and the computation
(1) would be of the form

(V1V2)((V3V4)(V5Ve)) — V7(VgVy) — V7V19 — V11

where V7 = l’lf(V1V2), Vg = nf(V3V4), V9 = l’lf(V5V6), VlO = Ylf(Vng) and V11 = nf(V7V10).

The rest of the present section is devoted to showing that the computation (1) of FPCF in fact
correctly works (Corollary 2.14).

First, by the following Proposition 2.5 and Theorem 2.9, it makes sense that the 819 -reduction
— gy is defined on terms (not on raw-terms):

Proposition 2.5 (Unique typing). If [+ {M},:Band [+ {M}, :B/, thene=¢ and B=B'.
Proof. By induction on the construction of I' = M : B. g

Lemma 2.6 (Free variable lemma). If ' =M : B, and x € ¥ occurs free in M, then x : A occurs in
I" for some type A.

Proof. By induction on the construction of I' = M : B. O
Lemma 2.7 (EW-lemma). Ifxj : A;, X2 : Ay, ..., Xk : Ak {M}, : B, then
(1) Xg(1) s Ax(1)s X0 (2) tAs(2)s - - - > Xa (k) : Ag(k) = {M}e : B for any permutation o on k;
(2) x1:ALX2 1Ay, XK A Xikp 1 D Akg1 E {M]e : B for any variable xy11 € ¥ and type Ayt
such that Xy41 £ X fori=1,2,...,k
Proof. By induction on the construction of X; : A1, X2 : Ay, ..., Xk : Ak = M : B. O

Lemma 2.8 (Substitution lemma). If ', x: A {P},:Band ' Q: A, then I - {P[Q/x]}. : B.

Proof. By induction on the length |P| with the help of Lemmas 2.6 and 2.7. d
Theorem 2.9 (Subject reduction). If'-M:BandM —gy R, then ' =R : B.

Proof. By induction on the structure of M — g3 R with the help of Lemma 2.8. O

Next, we show that the parallel 1% -reduction =gy is well defined (Theorems 2.11 and 2.12).
Lemma 2.10 (Hindley-Rosen). Let Ry and R, be binary relations on the set 7 of all terms, and let
us write — p, for the contextual closure of R; for i =1, 2. If -, and — g, are Church-Rosser, and

for any M, P,Q € 7 the conjunction of M —¢ P and M —¢ Q implies the conjunction of P —¢ R
and Q —% R for some R € 7, then — pr,ur, is Church-Rosser.
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Proof. By a simple ‘diagram chase’; see Hankin (1994) for the details. O

Theorem 2.11 (Church-Rosser). The 1 -reduction — gy is Church-Rosser.

Proof. First, it is easy to see that the & -reduction —»:= U?zl — p, satisfies the diamond property,
and thus it is Church-Rosser.
Next, let us show that the implication

M—>gPAM—3Q=3R.P—>5RAQ—>4R )

holds for all terms M, P and Q, where note the asymmetry between —» and — g in (2), by the
following case analysis on the relation between - and @ -redexes in M:

o If the B-redex is inside the ©-redex, then it is easy to see that (2) holds;
o If the ¥ -redex is inside the body of the function subterm of the S-redex, then it suffices to
show that —» commutes with substitution, but it is straightforward;
o If ¥-redex is inside the argument of the §-redex, then it may be duplicated by a finite number
n, but whatever the number 7 is, (2) clearly holds;
o If the 8- and ¥ -redexes are disjoint, then (2) trivially holds.
It then follows from (2) that the implication
M—gPAM—5Q=3R.P>3RAQ—4R 3)
holds, which in turn implies that the implication
M—>:§P/\M—>§Q:>EIR.P—>:§R/\Q—>:§R (4)

holds for all terms M, P and Q. Applying Lemma 2.10 to (4) (or equivalently by the well-known
‘diagram chase’ argument on —% and — ), we may conclude that the 82 -reduction — gy =—¢
U —p is Church-Rosser, completing the proof. O

Now, we show strong normalisation of — gy, i.e., there is no infinite chain of — gy:
Theorem 2.12 (SN). The B -reduction — gy is strongly normalising (SN).

Proof. By a moderate, straightforward modification of the proof of strong normalisation of the
simply-typed A-calculus given in Hankin (1994). O

Therefore, it follows from Theorems 2.11 and 2.12 that the normal form nf(M) of each term M
of FPCF (with respect to the g -reduction — g ) uniquely exists. Moreover, we have

Theorem 2.13 (Normal forms are values). The normal form nf(M) of every programme M (with
respect to the B -reduction — gy ) is a value.

Proof. The theorem has been shown in Amadio and Curien (1998) during the proof to show that
PCF Bohm trees are closed under composition. O

Therefore, we have shown that the operational semantics — is well defined:
Corollary 2.14 (Correctness of operational semantics). If I' - {M}.: B is a programme, and
e>1 (resp. e=1), then there is a unique programme (resp. value) I' = {M},_1 : B that satisfies
M— M.
Proof. By Theorems 2.9, 2.11, 2.12 and 2.13. O
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2.3 Dynamic bicategorical semantics of finitary PCF

Now, let us present a general, categorical recipe to give semantics of FPCF in a CCBoC in such a
way that satisfies the DCP, specifically in the sense of Definition 2.16.

Definition 2.15 (Structures for FPCF). A structure for FPCF in a CCBoC € = (¥, &) is a tuple
S =(%,1, x,m, =>,e1/,t_t,]i‘, ©) such that

e BEC;

o 1, (x,m,m2) and (=,ev) are, respectively, a B-terminal object, a B-product (with
B-projections) and a B-exponential (with B-evaluations) in €’;

. t_t,ﬁ‘:l—)ﬂandﬂ:%’x (B x B) — B are values in €.

The interpretation [_ ]] " of FPCF induced by ./ in € assigns an object [[A]](? € € to each type

A, an object [[Fﬂcg € € to each context I and a B-morphism [[M]]%{ [[F]]% [[B]]g to each term
" = M : B inductively as follows:

« (TYPES). [0] = % and [A= B] :=[A] = [B];
« (CONTEXTS). [e]/ :=1and [T, x:A] := [[r]]g x [A)7;
o (TERMS).

[T Htt:o]/ = &y 1)
[T ff: o]/ = &Ny £)
[T FAxM:A= Bl = Apryz (417 (12 ([T x: AFM:B[Z)

17
[T +MN:B] := ([T FM:A= B[, [[ FN:AJ/) s %BV 1 VAL 1
[ - case(xV)[W1; W] : 0] := ([T xV: 0], ([T Wy : 0], [T FW,:0])); &)

[[" - case(M)[Py; Po] : o]/ i= & ([T FM: 0], ([T Py:o], [T FPy:0]f)); )

where [ Fx: Aﬂg : HFH‘Z — [[A}]C? (n.b., T = x: A is not a term of FPCE but we need it for
the application xV) is the obvious (possibly iterated) B-projection.

Moreover, the structure . is standard if it satisfies the following three axioms:

(1) The maps Aap,c and (_, _)g,B in € are bijections for each triple A, B, C € €;

(2) Each B-composition that occurs as the interpretation of a term is not a value;

(3) [THL:A=Band'FR:AsuchthatL—- LU AR—-R,L=U'AR—>R orL— LU AR=
R’ in FPCE, then

[riZ ’ [r1Z
[[L]]%” [[Rﬂg [[A::gB]]y [[A}]y’ ev[[A]] & J[B]Z 7 #( [[L ]]%” [[R H%ﬂ [[A:;i]]y [[A]]g’ev[[A]] [[B]]g (5)

Remark. Recall that PCF Bohm trees are normalised, while §-composition in a BoC is non-
normalising. It is why the evaluation & is applied to the interpretation of each PCF Béhm tree of
FPCF in Definition 2.15.

It is easy to see that the interpretation [[_]]éf followed by &%, i.e., é"‘”([[_]];f; ), coincides with the
standard categorical interpretation of the equational theory Eq(FPCF) in the CCC ¥4 (Jacobs,
1999; Lambek and Scott, 1988; Pitts, 2001). In this sense, we have refined the standard categorical
semantics of simple type theories in CCCs.
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At this point, let us recall the central concept of DCPs (see Section 1), specifically tailored for
the interpretation of FPCF induced by a structure in a CCBoC:

Definition 2.16 (DCP for FPCF). The interpretation [[_]]éf of FPCF induced by a structure .
for FPCF in a CCBoC ¢ = (¢, &) satisﬁes the dynamic correspondence property (DCP) if M1 — M,

implies [M1]/ # [M2] and &([M1]7) = [M2]/.
Now, we reduce the DCP for FPCF to the following:

Definition 2.17 (PDCP for FPCF). The interpretation [[_]]5 of FPCF induced by a structure
. for FPCF in a CCBoC € = (¥, &) satisfies the pointwise dynamic correspondence property
(PDCP) if for each term T" = {M}, : B it satisfies

Ao &([PIZ) if M = Ax.P;
(M) = A Sf’Ch that [[WH; # M7 I:fM =UV,e=1and UV — W;
’ ((g([[Lﬂ%ﬁ),cg)(ﬂR]]%‘/»;ev ifM=LRande> 1;
[[M]]c? otherwise.

Theorem 2.18 (Standard semantics of FPCF). The interpretation [[_]]%ﬂ of FPCF induced by a
standard structure .7 for FPCF in a CCBoC € = (€, &) satisfies the DCP if it does the PDCP.

Proof. In the following, we abbreviate [_ ﬂcf as [_]. Assume that [_] satisfies the PDCP. We show
that M — M’ implies the conjunction of [M] # [M'] and &([M]) = [M'] for any programmes I'" -
{M};:Band I' - {M'}, : B in FPCF by induction on the construction of the programme M:

o« IfM=tt, M= ff or M = case(xViV ... Vi)[W1; W], then there is no M’ such that M — M’.
« IfTFM=AxA. P:A= C, then

M— M = M =Ax. P’ AP — P’ for some programme P’ and variable x
= M =x. P’ A [P] # [P] A E([P]) = [P] for some P’ and x
(by the induction hypothesis)
= [P]# A (MDA EPD = AT (M)
UMD £ AN A A 0 S(MD) = & 0 A~ (M) = A~ (M)
= [M] # [M] A &(M]) = [MT].

e IfM=LR, (L) > 1and #(R) > 1, then

M— M =M =LR AL— L AR— R’ for some programmes L’ and R’
=M =LR AL #LTAEAD = [LTAR] #[RTA E(R]D = [R]
for some L’ and R’ (by the induction hypothesis)
=5 W] = (S, SARD)s ev A [L] # E(LD A [R] # S(RD
= [M] = E(MD A EQMD = (S(LD. EARD) ev = (L], [RT)s v = [M]
= [M] # [MT A E(M]) = [M].
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o« If M=LR, #i(L) =0 and #(R) > 1, then we have

M— M'= M’ =LR AR — R’ for some programme R’
= M =LR A [R] # [R] A &([R]) = [R'] for some R’
(by the induction hypothesis)
= [M'] = ([L], E([R]); ev = E(M]) A [R] # E([R])
= [M]=&(MD) A E(M]) = (L], £ARD); ev # (L] [RD); ev = [M]
= [M] # [M] A E(M]) = [M].

o If M=LR, #(L) > 1 and #(R) = 0, then it is handled similarly to the above case.
o If M=LR, #{(L) = 0 and {i(R) = 0, then, by the PDCP, we have

M — M = [M] # [M] A E(M]) = [M],

which completes the proof. O

To summarise the present section, we have defined bicategorical ‘universes’ of dynamic, inten-
sional computations, viz., (CC)BoCs, presented the language FPCE, and given an interpretation of
the latter in the former and a sufficient condition, viz., the PDCP, for the interpretation to satisfy
the DCP. Consequently, our research problem (described in Section 1) has been reduced to giving
a standard structure for FPCF in a game-semantic CCBoC that satisfies the PDCP.

3. Dynamic Games and Strategies

Main contributions of the present work start from this section, which introduces dynamic games
and strategies, and studies their algebraic structures. The idea of dynamic games and strategies
is to introduce the distinction between internal and external moves to conventional games and
strategies. External moves correspond to ordinary moves in conventional games; internal moves
constitute the ‘internal communication” between dynamic strategies, representing intensionality
of computation, and they are to be a posteriori ‘hidden’ by the hiding operation, capturing dynam-
ics of computation. Conceptually, external moves are ‘official’ ones for the underlying dynamic
game, while internal moves are supposed to be ‘invisible’ to Opponent because they represent
how Player ‘internally’ computes the next external move.

Dynamic games and strategies are based on the variant given in Abramsky and McCusker
(1999), which we call static games and strategies (more generally, to distinguish our ‘dynamic
concepts’ from conventional ones, we add the word static in front of the corresponding notions
given in Abramsky and McCusker (1999), e.g., static arenas, static legal positions, etc.). This
choice is because their variant combines good points of the two best-known variants: AJM-games
(Abramsky et al., 2000) and HO-games (Hyland and Ong, 2000): It has the linear decomposition of
implication (Girard, 1987), and also it is flexible enough to model a wide range of programming
features systematically (Abramsky and McCusker, 1999). We have chosen this variant with the
hope that our framework is also applicable to various formal systems and programming languages.

3.1 Dynamic arenas and legal positions

First, just like static games (Abramsky and McCusker, 1999), dynamic games are based on (the
‘dynamic generalisations’ of) arenas and legal positions. An arena defines the basic components of
a game, which in turn induces its legal positions that specify the basic rules of the game. Let us
first introduce these two preliminary concepts.

Definition 3.1 (Dynamic arenas). A dynamic arena is a triple G = (Mg, g, g ) such that

o Mg is a set, whose elements are called moves;
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o Ag is a function Mg — {0, P} x {Q, A} x N, called the labelling function, where O, P, Q and A
are arbitrarily fixed, pairwise distinct symbols, that satisfies

1(G) :=Sup({ Agi(m) | me Mg }) € N;

o g is a subset of ({x} U Mg) x Mg, where * is an arbitrarily fixed element such that x ¢ Mg,
called the enabling relation, that satisfies
- (E1). If x =g m, then Ag(m) = OQO and n = x whenever nt-g m;
- (B2). If mbg nand A3 (n) = A, then 22 (m) = Q and AR (m) = AN (n);
- (E3). If mt-G nand m # x, then Agp(m) # Agp(n);
- (E4). If mt-gn, m # % and kg(m) #+ )»Ié](n), then Xgp(m) =0,

where we define kgp :=m oAg: Mg — {O,P}, AgA ‘=myoAlg:Mg— {Q,A} and )\Iél =m30AG:
Mc — N. A move m € Mg is initial if x =G m, an O-move (resp. a P-move) ifkgp(m) =0 (resp.
i]‘kgp(m) =P), a question (resp. an answer) ifkgA(m) = Q (resp. i]‘AgA(m) =A), and internal
or )»Ig(m)-internal (resp. external) if)»lél(m) > 0 (resp. {fkg(m) =0). Any finite sequence s € M of
moves is d-complete if it ends with a move m such that kg(m) =0or kg(m) > d, whered e NU {w},
and w is the least transfinite ordinal.

Recall that a static arena G (Abramsky and McCusker, 1999) determines possible moves of
a game, each of which is Opponents/Player’s question/answer, where the third parity Xg is not
included, and specifies which move # can be performed for each move m by the relation m g n
(and % -G m means that m can initiate a play). The axioms on a static arena are the following:

« (E1). An initial move must be Opponent’s question, and an initial move cannot be enabled
by any move;

o (THE FIRST PART OF E2). An answer must be performed for a question;

« (E3). An O-move must be performed for a P-move, and vice versa.

Hence, a dynamic arena is a static arena equipped with the priority order )»Ig on moves that
satisfies additional axioms on the priority order. The priority order AY determines the ‘priority
order’ of moves to be ‘hidden’ by the hiding operations on dynamic games (Definition 3.26) and
dynamic strategies (Definition 3.66), which explains the terminology. We need all natural num-
bers for A}, not only the internal/external (I/E) distinction, to define a step-by-step execution of
the hiding operations, as we shall see. Conversely, dynamic arenas are generalised static arenas:
A static arena is equivalent to a dynamic arena whose moves are all external.

The additional axioms for dynamic arenas G are intuitively natural ones:

« We require a finite upper bound 1(G) of the priority orders since it is conceptually natural
and technically necessary for concatenation of dynamic games (Definition 3.47) to be well
defined and for the hiding operation on dynamic games to terminate;

o The axiom El adds the equation )»Ié](mo) =0 for all my M'(';1it :={meMg|xFm} since
Opponent cannot ‘se€’ internal moves;

o The second requirement of the axiom E2 states that the priority orders between a ‘QA-pair’
must coincide, which is intuitively reasonable;

o The additional axiom E4 states that only Player can make a move for a previous one if they
have different priority orders because internal moves are ‘invisible’ to Opponent (as we shall
see, if )LIE (m) =k <k, = )»Ié](mz), then after the k;-many iteration of the hiding operation,
mj and m; become external and internal, respectively, i.e., the I/E-parity is relative, which is
why E4 is not only concerned with the I/E-parity but more fine-grained priority orders).
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Technically, the additional axioms are vital for Lemma 3.13, which is in turn a key step towards
a main theorem: closure of dynamic games under the hiding operation (Theorem 3.28).

Convention. Henceforth, an arena refers to a dynamic arena by default.
Example 3.2. The terminal arena T is given by T := (4, ¥, 9).

Example 3.3. The flat arena flat(S) on a given set S is given by Mpy(s) 1= {q} U S, where q is any
element such that q € S; May(s) - 9> 0QO, (m € S) — PAO; Fflar(s) = {5, }U{(g,m) | meS}.
For instance, N := flat(N) is the arena of natural numbers, and 2 := flat(B), where B := {#¢, ff}, is
the arena of booleans (¢t and ff are arbitrarily fixed elements for ‘true’ and ‘false, respectively).

As mentioned before, interactions between Opponent and Player in a (dynamic or static) game
are represented by finite sequences of moves of the underlying arena, equipped with pointers
(Definition 3.5) that specify the occurrence of a move in the sequence for which each occurrence
of a non-initial move in the sequence is performed. Technically, pointers are to distinguish similar
yet different computations; see Abramsky and McCusker (1999), Curien (2006) for this point.

Let us now introduce such finite sequences equipped with pointers, called j-sequences:

Definition 3.4 (Occurrences of moves). Given a finite sequence s € M of moves of an arena G,

an occurrence (of a move) in s is a pair (s(i), i) such that i € |s|. More specifically, we call the pair
(s(7), i) an initial occurrence (resp. a non-initial occurrence) in s if x =g s(i) (resp. otherwise).

Definition 3.5 (J-sequences (Abramsky and McCusker, 1999; Hyland and Ong, 2000)). A
justified (j-) sequence in an arena G is a pair s= (s, J;) of a finite sequence s € M, and a
map Js: |s| — {0} U|s| — 1 such that, for all iels|, g s(i) if Js(i)=0, and 0 < Js(i) < i and
s(Js(9)) b s(i) otherwise. The occurrence (s(Js(i)), Js(3)) is called the justifier of a non-initial occur-
rence (s(i), i) in s. We also say that (s(i), i) is justified by (s(Js(7)), Js(4)), or there is a pointer from
the former to the latter.

The idea is that each non-initial occurrence in a j-sequence must be performed for a specific
previous occurrence, viz., its justifier, in the j-sequence.

Convention. By abuse of notation, we usually keep the pointer structure J; of each j-sequence
s=(s, Js) implicit and often abbreviate occurrences (s(i), i) in s as s(i). Also, we usually write
Js(s(i)) = s(j) if Js(i) =j. This convention is mathematically imprecise, but it does not bring any
serious confusion in practice. In fact, it has been the standard convention in the literature.

Notation 3.6. We write Jg for the set of all j-sequences in an arena G. We write s=1 for any
s,t e Jg if s and t are the same j-sequence in G, i.e., s=t and Js = Jt.

Next, for technical convenience, we introduce a substructure relation between j-sequences.
A j-sequence t is a substructure, or a j-subsequence, of a j-sequence s if t is a subsequence of s,
and its pointer is obtained from that of s by ‘concatenating’ it. Formally, we define

Definition 3.7 (J-subsequences). Let G be an arena. A justified (j-) subsequence of a j-sequence
selJg in G is a j-sequence t € Jg such that t is a subsequence of s, and, for all i,j e N, J(i) =j if
and only if (i) = j for some n € N,
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Let us now consider justifiers, j-sequences and arenas from the ‘external point of view’:

Definition 3.8 (External justifiers). Let G be an arena and assume s € Jg and d € NU {w}. Note
that each non-initial occurrence n in s has a unique sequence of justifiers mmymy ... mygn (k>
0), i.e., Js(n) =my, Js(mp) =my_q, ..., Ts(my) =my and Js(m1) = m, such that )\g(m) =0 or
Ag(m) >d,and 0 < Alg(mi) <dfori=1,2,...,k Wecall m the d-external justifier of n in s.

Notation 3.9. We write JO%n) for the d-external justifier of a non-initial occurrence n in a
j-sequence s.

Note that d-external justifiers are a simple generalisation of justifiers because 0-external justi-
fiers coincide with justifiers (as there is no ‘0-internal’ move). More generally, d-external justifiers
become justifiers after the d-times iteration of the hiding operation, as we shall see shortly.

Definition 3.10 (External j-subsequences). Let G be an arena, s € Jg and d € NU {w}. The d-
external j-subsequence of s is the j-subsequence S (s) of s obtained from s by deleting occurrences
of internal moves m such that 0 < Alg(m) < d and equipping the pointer jijd(s) ne T4 n) (n.b,,

strictly speaking, J s is the restriction of J°%).

Definition 3.11 (External arenas). Let G be an arena, and d € NU {w}. The d-external arena of
G is the arena % (G) given by

o Mypag) :={meMG|)»1§(m)=0v)»1§(m)>d};
. }\'%d(G) = )\,CGad rM%d(G)’ Where

—d ifx>d;
299 .= WP AR s AN od xOd:= X - x e N);
N R 6 ) 0 otherwise ( )
e M pa) n%ﬂkeN, My, My, . .. Mok € Mg \ M ypay- mbg m AVie2k—1.mitg

mip1 A mybgn (& mbgn ikaO).

That is, the d-external arena .##%(G) is obtained from the arena G by deleting internal moves
m such that 0 < )»Ié](m) < d, decreasing by d the priority orders of the remaining moves and
‘concatenating’ the enabling relation to form the ‘d-external’ one.

Convention. Given d € N U {w}, we regard .7/’ as an operation on dynamic arenas G, and L%”Gd as
an operation on j-sequences s € Jg.

Example 3.12. Define an arena G by Mg :={a,b,c,d}, A\g:a+— 0Q0, b+ PQlL,c+— 0OQl,d —
PQO, g := {(x, a), (a, b), (b, ¢), (¢, d)}, PG := Pref({abcd}) and ~g:={(s,t) € P x Pg|s=t}. A
j-sequence s in G consists of the sequence abcd and the pointer d+> ¢, c+> b, b a. The 1-
external j-subsequence %”Gl (s) consists of the sequence ad and the pointer d — a. Note that %ﬂGl (s)
is a j-sequence of the 1-external arena #’1(G). It is not a coincidence; see Lemma 3.13.

Now, let us establish the following key technical lemma towards defining the hiding operation
on dynamic games:

Lemma 3.13 (External closure lemma). If G is an arena, then, for all d € NU {w}, so is 4G),
and HZ(s) e J (g foralls € Jg.
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Proof. The case d = 0 is trivial; thus, assume d > 0. Clearly, the set M ;4. and the map A 4G,
satisfy the required axioms. Now, let us verify the axioms for the enabling relation = 4 (G):

e (E1). We have x i) M *xgm (because <« is immediate, and = holds by E4 on G as

initial moves are all external). Thus, if x F g M then )Ljfd(G)(m) = Agd(m) = 0Q0, and
nk pagym=n=x

o (E2). Assume mb g n and A =A. If mtgn, then A A (m) =A8A(m) =Q

W(G)( n)

HUG)
and )L%pd(G)(m) = AN(m) Od= AN(n) Od= A%d(G)(n). Otherwise, i.e., there are some k €
N*, my, my, ..., my € Mg \ M pag) such that m g my, m; g mjiy; for all i € 2k — 1 and

myy g 1, then in particular m,y Fg nand AgA(n) =A, but )»Ié](mzk) # )\Ig(n), a contradiction.
e (E3). Assume m Fopdg n and m # . If m k¢ n, then

If there are some k € N*, my, my, ..., my € Mg \ N te) such that m g my, m;j g mjy,
for all i € 2k — 1 and myy g n, then
2y (M) = 2.G (M) =2 (my) = AG7 (ma) = - - - = 4G (map) # 46" (1) = 250, ) ().
o (E4). Assume mt 4G n, m#* and A f,d(G)(m) # A\ fd((;)(”)‘ Then Xg(m) 75)%](11). If
m g n, then it is trivial; otherwise, i.e., there are k € N* > M1, Mo, .. Mok € MG \ M jpag

with the same property as in the case of E3 above, we have A =22 (m) =0 by E3

on G since )»Ié](m) +* Ag(ml).

}/fd(G)( m)

Hence, we have shown that the structure .#4(G) forms a well defined arena.
Next, let s € J; we have to show #4(s) J (). Assume that m is a non-initial occurrence

in %”éi(s). By the definition, the d-external justifier mg := J ijd(s)(m) occurs in Jde (s).If misa

P-move, then the sequence of justifiers mg g m; ¢ - - - g my - m satisfies Even(k) by E3 and
E4 on G, so that my d(G) M by the definition. If m is an O-move, then the justifier m, := Js(m)

satisfies )\g(mg) = )\g(m) by E4 on G, and so m - pd(G) M by the definition. Since m is arbitrary,
we have shown that J£%(s) € J d(G)> completing the proof. O

Let us proceed to introduce a useful lemma:

Lemma 3.14 (Stepwise hiding on arenas). Given an arena G, we have A(G (G) = #(G) for all
i € N, where 5" denotes the i-times iteration of .

Proof. By induction on i. O

Thus, we may just focus on #’': Henceforth, we write . for #’' and call it the hiding
operation (on arenas); 7" for each i € N denotes the i-times iteration of .7
We may establish a similar inductive property for j-sequences:

Lemma 3.15 (Stepwise hiding on j-sequences). Given a j-sequence s € J in an arena G, we have

IH(S) (G)(%”G(s))for allieN.
Proof. By induction on i, where J."\(s), ]f, (G)(%G(s)) €J ity by Lemmas 3.13
and 3.14. d
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Lemma 3.15 implies that the equation
%G( ) %jfz I(G) jlfi—Z(G) ©0--+0 jlfl(G) o %(S) (6)

holds for any arena G, s € Jg and i € N (n.b., the equation (6) means s = s if i = 0). Thus, we may
focus on the operation .7 on j-sequences, where G ranges over all arenas. Henceforth, we write

A for #} and call it the hiding operation on j-sequences in G; . for each i € N denotes the
operation on the right-hand side of the equation (6).

Now, to deal with external j-subsequences in a mathematically rigorous manner, let us extend
the hiding operation on j-sequences to that on j-subsequences (Definition 3.7):

Definition 3.16 (Pointwise hiding on j-sequences). Let s be a j-sequence in an arena G. Given
an occurrence m in s, we define another j-sequence %ZGm(s) in G by case analysis: If m is 1-internal,
then %%m (s) is the j-subsequence of s that consists of occurrences in s that differ from m, and it is s
otherwise. Moreover, given a subsequence t=mimy...my of (the underlying finite sequence of) s
and a permutation o on k, we define 7, G % (s):= jfm"(k) e jZZGmU(Z) o %%m”(l) (s).

The point here is that the hiding operation on j-sequences can be executed in the ‘move-wise’
fashion in any order:

Lemma 3.17 (Move-wise lemma). Let G be an arena, and s € J¢.

(1) %2(;’01 (s)= %%’02 (s) for any subsequence t of s and permutations o1 and o3 on 1t;
2) %’?5’0 (s) = HG(s) for any permutation o on Is].
Proof. Immediate from the definition. O

Lemma 3.17 gives a ‘move-wise’ procedure to execute the hiding operation .7 on j-sequences
in a given arena G, where the order of deleting occurrences is irrelevant. Then, e.g., it follows that
G (stuv) = %Zg Vo AG" o AGt’T ) %Zéo (stuv) for any arena G, stuv € J and permutations o,
7, wand v on |s|, [¢], [u] and |v|, respectively, which is useful in the rest of the paper.

Convention. By Lemma 3.17, we henceforth dispense with the notation Q%ZGS"’, where G ranges
over arenas, s over j-sequences in G and o over permutations on [s|, admitting any order of ‘move-
wise’ execution of ;. We also write, abusing notation, J#;(s). (). #5(u).#5(v) for %%" Yo
jf?é"” o %%’T o Aé’o (stuv) given above, so that J5(stuv) = A5 (s).5(8).#6w). AGW).

Next, let us recall the notion of ‘relevant part’ of previous moves, called views:

Definition 3.18 (Views (Abramsky and McCusker, 1999)). Given a j-sequence s in an arena G,
the Player (P-) view [s]g and the Opponent (O-) view |s]g (we often omit the subscript G) are
given by the following induction on |s|:

o [elgi=¢8;

o [sm]g:=[s]|g.mif misa P-move;

o [sm]G :=mif mis initial;

o [smitn]g:= [s|g.mnif nis an O-move with Tgn,(n) = m;
o le]lgi=¢€;

o |sm]g = [s|g.m if mis an O-move;

Lsmtn] G = [s|g.mn if n is a P-move with Jsmn(n) = m,
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where the justifiers of the remaining occurrences in [s] (vesp. |s|) are unchanged if they occur in [s]
(resp. |s]), and undefined otherwise. A view is a P- or O-view.

The idea behind Definition 3.18 is as follows. For a j-sequence ¢ in an arena G such that m is
a P-move (resp. an O-move), the P-view [#] (resp. the O-view [¢]) is intended to be the currently
‘relevant part’ of t for Player (resp. Opponent). That is, Player (resp. Opponent) is concerned only
with the last O-move (resp. P-move), its justifier and that justifier’s P-view (resp. O-view), which
then recursively proceeds.

We are now ready to introduce a ‘dynamic generalisation’ of static legal positions:

Definition 3.19 (Dynamic legal positions). Given an arena G, a dynamic legal position in G is
a j-sequence s € Jg that satisfies

« (ALTERNATION). If s = symnsy, then A" (m) # 127 (n);

o (GENERALISED VISIBILITY). If s = tmu with m non-initial, and d € N U {w} satisfy Ag(m) =
0 or )%T(m) > d, then \Z@d(m) occurs in L}féj(t)]%d(@ if m is a P-move, and it occurs in
L%ﬂG‘i(t)J H4(G) if m is an O-move;

o (IE-SWITCH). If s = symns; with )»Ié](m) + )\.I(\;I(I’l), then m is an O-move.

Notation 3.20. £ denotes the set of all dynamic legal positions in a dynamic arena G.

Recall that a static legal position (Abramsky and McCusker, 1999) in a static arena is a j-
sequence in the arena that satisfies alternation and visibility, i.e., generalised visibility only for
d = 0. It specifies the basic rules of a static game in the sense that every ‘development’ or (valid)
position in the game must be a legal position in the underlying arena (but the converse does not
necessarily hold):

« In a position in the static game, Opponent always makes the first move by a question, and
then Player and Opponent alternately play (by alternation), in which every non-initial move
must be made for a specific previous move (viz., its justifier);

o The justifier of each non-initial move occurring in the position must belong to the ‘relevant
part’ of previous moves occurring in the position (by visibility).

The additional axioms on dynamic legal positions are conceptually natural ones:

« Generalised visibility is a generalisation of visibility, which requires that visibility must hold
after any number of iterations of the hiding operation on j-sequences;

« IE-switch states that only Player can change a priority order during a play as internal moves
are ‘invisible’ to Opponent, where the same remark as the one for the axiom E4 is applied to
the distinction of priority orders in IE-switch which is finer than I/E-parity.

Note that a dynamic legal position in a static arena, seen as a dynamic arena whose moves are
all external, is clearly a static legal position, and vice versa. Hence, dynamic legal positions are in

fact a generalisation of static legal positions.

Convention. Henceforth, a legal position refers to a dynamic legal position by default.

3.2 Dynamic games
We are now ready to define the central notion of dynamic games:
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Definition 3.21 (Dynamic games). A dynamic game is a tuple G = (Mg, Ag, g, PG, =¢g) such
that

o The triple (Mg, Ag, Fg) forms an arena (Definition 3.1);
o Pg is a subset of £, whose elements are called (valid) positions in G, that satisfies
- (P1). Pg is nonempty and prefix-closed;
- (DP2). Given tr, 't € P29 and i € N such that i < A} (r) = AX(r"), if H(8) = HL), then
HEtr) = AGET);
o >~ is an equivalence relation on Pg, called the identification of positions in G, that satisfies
- (I).s~gt=|s| =|t|;
- (I2). sm~gtn= s=g t A Ag(m) = Ag(n) A Tsm(Ism|) = T(|tn]);
- (DI3).Vd e NU {w}. s :‘é tAsmée Pg= 3tn € Pg.sm :dG tn, where

ud v 30 v e Poul =g v A AHEW) = HE ) A HEW) = AL )
forallu,v e Pg.

A play in G is an finitely or infinitely increasing sequence of positions (e, my, mymy,...) in G. A
dynamic game whose moves are all external is said to be normalised.

Recall that a static game (McCusker, 1998) is a tuple similar to a dynamic game except that
the underlying arena is static, and it only satisfies the axioms P1, I1, I2 and I3, i.e., DI3 only
for d =0. The axiom P1 captures the phenomenon that a nonempty ‘moment’ or position in a
game must have a previous ‘moment.” Identifications of positions are originally introduced in
Abramsky et al. (2000) and also employed in Section 3.6 of McCusker (1998). They are meant to
identify positions modulo inessential details of ‘tags’ for disjoint union, particularly for exponential
! (Definition 3.41): Each position s € Pg in a game G is a representative of the equivalence class
[s]:={tePg|tx=gs} e Pg/~c which we take as primary. For this underlying idea, the three
axioms I1, 12 and I3 should make sense.

The additional axiom DP2 is to enable Player to ‘play alone; i.e., Opponent does not have to
choose odd-length positions, for the internal part of a play since conceptually Opponent cannot
‘see’ internal moves. Technically, the axiom DP2 is for external consistency of dynamic strate-
gies: A dynamic strategy behaves always in the same manner from the viewpoint of Opponent,
i.e., the external part of a play by a dynamic strategy does not depend on the internal part
(Theorem 3.62). Note that the axiom DP2 is slightly involved to be preserved under the hiding
operation (Theorem 3.28); it is necessary to generalise the axiom I3 to DI3 for the same reason.

Remark. It is certainly simpler to dispense with the identification 2~ of positions for each game G
by adopting a simpler variant of exponential ! as in McCusker (1998). However, it would be mathe-
matically ad hoc since the cartesian closed structure of games and strategies would not arise via the
standard Girard translation (Girard, 1987). Recall that the aim of the present work is to establish
mathematics for dynamics and intensionality of logic and computation, where ‘good’ mathematics
should be robust and general, not ad hoc. Also, it is interesting as future work to extend the present
work to linear logic and computation. For these reasons, we retain 2~ as a structure of each game
G. Moreover, we shall establish various reasonable properties on identifications of positions, which
adds credibility to the notions of dynamic games and strategies.

Convention. Henceforth, a game refers to a dynamic game by default.

Example 3.22. The terminal game T := (4, 9, 0, {e}, {(e, €)}) is the simplest game.
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Example 3.23. The flat game flat(S) on a given set S is defined as follows. The triple flat(S) =
(Mflat(s)> Miat(s)> fiar(s)) is the flat arena given in Example 3.3, Ppay(s) 1= {e, g} U {gm | m € S}, and
fax(s) ‘= 1{(5,5) | s € Ppay(s)}. For instance, N := flat(N) is the game of natural numbers given in
the introduction, 2 := flat(B) is the game of booleans, and 0 := flat(9) is the empty game.

Also, let us define a substructure relation between games:

Definition 3.24 (Subgames). A game H is a (dynamic) subgame of a game G, written H < G, if
My € Mg, A =Ag | My, Fr 6 N (((%) UMy) x My), Py C Pg, ~4 = ~4.n (Py x Py) for
alld e NU {w} and u(H) = u(G).

For H < G, the condition on the identifications of positions is required for all d e NU {w},
so that the relation < is preserved under the hiding operation (Theorem 3.28). The last
equation p(H) = u(G) is to preserve the relation < under concatenation on dynamic games
(Definition 3.47).

We shall later focus on well founded games:

Definition 3.25 (Well founded games (Claimrambault and Harmer, 2010)). A game G is well
founded if ¢ is well founded downwards, i.e., there is no countably infinite sequence (m;)ieN of
moves m; € Mg such that x =g mg and m; =g miy forallie N.

Now, let us define the hiding operation on games:

Definition 3.26 (Hiding operation on games). Given d € NU {w}, the d-hiding operation
(on games) maps each game G to its d-external game #°%(G) defined by

o The triple (M jpa(G)> » ypd(G)> = i () S the d-external arena H°(G) of the underlying arena
G (Definition 3.11);
« Py = HE(s)|s€ PG );

o ) = i) W) S =L t (Definition 3.21)

Example 3.27. Let us revisit the game Njo; —o N3 of linear maps on natural numbers sketched
in the introduction, where we replace the ‘tag’ (_)[1) with (U)[3) for convenience. Formally, the
game consists of the set M, —on;; :={ m[j | m € My, i € {0, 3} } of moves, the labelling function
ANy —oNpz that maps qoj = PQO q3) > 0Q0, njoj > OA0 and nj; > PAO (n,n' €N), the
enabling relation g —ongs; = {(%, q(31)} U {(q[31, gro1)} U { (mo}, njoy) | mbnn} U { (mb], n’[3]) |
m' =y 1}, the set P —ony := Pref({ qjnp [ n e N JU{ q[3]q[0]n[0]n’[31 |n,n € N}) of posi-
tions and the identification N —oNps; *= { (8, 1) € PNy j—oNpz; X PNjgj—oNps | S=1} of positions.

The game underlying the composition of succ and double ‘without hiding’ given in the
introduction, which we write G, consists of the set Mg := { m[; | m € My, i € {0} U 3} of moves,
the labelling function Ag that maps my; — ANjgj—oNp3) (mp)) (i=0,3), q21 = PQL, npp) — OALl,
qny— 0Ql and ”/[1] — PAL (n,n’ € N), the enabling relation k¢ := {(x, q31)} U {(q[3], q12))} Y
{21, 9} Y {(qp)> qro} U L (mpip, npip) ImbEnn,ie {0} U3}, the set Pg:=Pref({qp)np |
neN}U {q[3]q[2]q[1]q[0]n[o]m[l]m[z]nb] |n,m,n" € N}) of positions and the identifica-
tion ~g :={(s,t) € PG X Pg|s=1t} of positions. It is then easy to see that the equation

H(G) = N (0] —© N3] holds as in the introduction. We shall introduce general constructions on
games that include this example in the next section.

Now, we give the first main theorem of the present work, which shows that the hiding operation
on games is in fact well defined:
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Theorem 3.28 (External closure of games). Given d € NU {w}, games (resp. well founded ones)
are closed under the operation W (Definition 3.26), and H < G implies HUH) < H#YG).

Proof. Let G be a game and assume d € NU {w}; we have to show that .#%(G) is a game. By
Lemma 3.13, it suffices to show that j-sequences in P .4, are legal positions in the arena 77 9G),
the set P 4 satisfies P1 and DP2, and the relation > 4, is an equivalence relation on P 4,
that satisfies I1, 12 and DI3. Since u(G) € N, we assume d € N without loss of generality.

For alternation, let simnsy € P ypa(g; we have to show Ayfd(G)(m)yé}\}fd(G)(n). We

have J”fG (tymmymy . .. mynty) = symnsy for some t;mmym; . .. mynt, € Pg, where ‘%ﬂG () =
S1» %‘g(tz) =s, and ijd(mlmz ...my) =é&. Note that Alg(m) =0V )»Ié](m) >d, Ag(n) =0V
AN(n) >dand 0 < )»I(\\;](m,-) <dfori=1,2,...,k By E3 and E4 on G, k must be even, and thus
xo;d(c)(m) =g (m) = A" (m2) = Ag" (ma) = - - - = 6" (my)) # 4g7 (m) =25, ().

For generalised visibility, let mu € P 4y with m non-initial. We have to show, for each e €
N U {w}, that if tm is e-complete, then

0d\o .
« if m is a P-move, then the justifier (J,7%)“*(m) occurs in [ %d(c)(tﬂ A ANG))
0dyO
« if m is an O-move, then the justifier (J;°¢)“¢(m) occurs in | yfd(G)(t)J A HA(G))-

Again, for u(G) € N, we may assume without loss of generality that e € N. Note that the two
conditions just given are then equivalent to

« if m is a P-move, then the justifier 7 e(d+e)(m) occurs in [ d+e(t’ ) Hre(G)
o if m is an O-move, then the justifier 7 (dJre)(m) occurs in |77 d+e(t/)J€%d+e(G),
where #'m € Pg such that 57 d(t’ m) = tm. They hold by generalised visibility on G.

For IE-switch, let symns; € Ppacq) such that A /d(G)(m) #* A fd(G)(”)' Then, there is some

tymunt, € Pg such that %% (tlmuntz) = symns;, where note that AN(m) #~ )LI(\;](n). Therefore, if

u = ¢, then we clearly have AoP = O by IE-switch on G; otherwise, i.e.,, u =/, then we

have the same conclusion because AN(m) + )%I (.
We have established P i) S < #AG) Let us proceed to verify P1 and DP2 on /7 4(G):

« (P1). Because & € Pg, we have & = 7 (e) € P ypa(G)s thus, P pa ) is nonempty. For prefix-
closure, let sm € Py a((); we have to show s € P 4. There must be some tm € Pg such that

sm= %ﬂéi(tm) = %”Gd(t) m. Hence, s = %”Gd(t) € Pj;ﬂd(G)

« (DP2). Assume tr,#'r¥ ePP4 | ieN, i<a

/
#4G) ) and %

i) =)0 i =

jfj’ﬂ(G)(t/). We have some ur, u'r’ € Pg with L%”é’l( )=tand %”Gd(u/) =t Then,
AT W) = Ay ) (AEW) = H g (O =y ) () = H g (A WD) = A W),

Thus, by DP2 on G, we have r=r and J '(r) = E(Hi)(r)=;73Ed+i)(r/)=e7,g(7’/),
establishing DP2 on HUG).

Next, = (g is a well-defined relation on P wd(G) since %”Gd(s) ~ pd(G) C%”Gd(t) does not
depend on the choice of representatives s, t € Pg. Also, it is straightforward to see that > ,.4(g,
is an equivalence relation. Now, let us show that > .4, satisfies I1, 12 and DI3. Note that I1

and 12 on X pd(G) follow from those on ~g. For DI3 on X pd(G) if J‘fG (s) ~ ffg(t) and

_%”"’(G)
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%”(‘;i(s).m € P i) where we may assume e # w, then 3s'm € Pg.%”(‘;i(s’m) = %”Gd(s).m, and so
de"’e(s’) = jf‘”e(s) Hdte(G) éféﬂe(t) By DI3 on ~, we have 3tn € Pg.s'm :‘é+e tn, whence
HE(8).1 € P ypa gy such that S (s).m = A (S m) =5, o) A (tn) = A ().,
Fmally, the preservations of well founded games and the dynamic subgame relation < under
the operation .7#? are clear from the definitions, completing the proof. O

Corollary 3.29 (Stepwise hiding on games). For any game G and natural number i € N, we have
HNA(G)) =2(G).

Proof. By Lemmas 3.14 and 3.15, it suffices to show the equation > 1 ziG)) = = i+1(G)- Then,
given s, t € Pg, we have

i) HEO) =1 016) Ao i) G ()
& HS), HH) € Pypicy. H'($) = piga) A () N H ypii ) () = H i) ()
N A i) (O WU)) = Sy (A (B)

& 3t e Pg.s" =gt N ALY = AL () A AT = AT ()

@jipé-i-l(s) ~ G %+1(t)’
which establishes the required equation. O

By the corollary just given, we may focus on J#*:

Convention. We write % for 7' and call it the hiding operation (on games); 7' denotes the
i-times iteration of . for all i € N.

Corollary 3.30 (Hiding operation on legal positions). Given an arena G and a number d €
N U {w}, we have { %ﬂéi(s) |se %)= gjfd(G).

Proof. Since there is an upper bound (G) € N, it suffices to consider the case d € N. Then, by
Lemmas 3.14 and 3.15, we may just focus on the case d = 1.

The inclusion {J75(s) | s € £} € L () is immediate by Theorem 3.28. To show the other
inclusion, let t € .Z(c); we shall find some s € Z such that

(1) Hg(s)=t;
(2) l-internal moves in s occur as even length consecutive segments m;m; . .. my; (k € N),
where m; justifies mjq fori=1,2,...,2k—1;

(3) sis l-complete.

We proceed by induction on the length |t|. The base case t = ¢ is trivial. For the inductive step, let
tm € Ly (). Then, t € 2y G), and by the induction hypothesis there is some s € .Z that satisfies
the three conditions (n.b., the first one is for ¢).

If m is initial, then sm € %%, and sm satisfies the three conditions. Hence, assume that m is
non-initial; we may then write tm = t;nt,m, where m is justified by n.

We then need the following case analysis:

o Assume n ¢ m. We take sm, where m points to n. Then, sm € 4 because

- (JUSTIFICATION). It is immediate from #n ¢ m.
- (ALTERNATION). By the condition 3 on s, the last moves of s and ¢ just coincide. Thus, the
alternation condition holds for sm.
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- (GENERALISED VISIBILITY). It suffices to establish the visibility on sm since the other cases
are included as the generalised visibility on #m. It is straightforward to see that, by the
condition 2 on s, if the view of ¢ contains n, then so does the view of s. And since tm €
L), the view of t contains n. Hence, the view of s contains # as well.

- (IE-SWITCH). Again, the last moves of s and ¢ coincide by the condition 3 on s; thus, IE-
switch on tm can be directly applied.

Moreover, it is easy to see that sm satisfies the three conditions.

o Assume 7 # *, and there are some k € N* and my, my, ..., my € Mg \ M () such that
nbtgmy, mibgmiy for all i €2k — 1 and my g m. We then take smym, ... mym, in
which m; points to n, m; points to m;_; for i=2,3,...,2k, and m points to my;. Then,
smymy ... mym € ¢ because

- (JUSTIFICATION). Obvious.

- (ALTERNATION). By the condition 3 on s, the last moves of s and ¢ just coincide. Thus, the
alternation condition holds for smym; . . . mym.

- (GENERALISED VISIBILITY). By the same argument as the above case.

- (IE-swrTCH). It clearly holds by the axiom E4.

Finally, it is easy to see that sm;m, . . . mym satisfies the three conditions.

We have completed the case analysis. O

3.3 Constructions on dynamic games

In this section, we show that dynamic games accommodate all the standard constructions on static
games (Abramsky and McCusker, 1999), i.e., they preserve the additional axioms for dynamic
games, as well as some new constructions. This result implies that the notion of dynamic games
(Definition 3.21) is in some sense ‘correct.”

Convention. We omit ‘tags’ for disjoint union of sets. For instance, we write x € A 4+ B if and only
if x € A or x € B (not both); also, given relations R4 € A x A and Rg € B x B, we write R4 + Rp

for the relation on the disjoint union A + B such that (x, y) € R4 + Rp % (x,y) € R4 V (x,¥) € Rp.

Let us begin with tensor (product) ®. Roughly, a position of the tensor A ® B of games A and B
is an interleaving mixture of a position in A and that in B, in which an AB-parity change is made
always by Opponent. Formally:

Definition 3.31 (Tensor of games (Abramsky and McCusker, 1999)). Given games A and B, the
tensor (product) A ® B of A and B is defined by

* Magp :=Ma + Mp;

s AagB = [Aa, AB];

e Fagp i =Fa+bFp;

o Pagp:={se Lygp|s|A€Py,s|BEP};

sappt S s [ At AAs|Bpt|BAVie N s(i) e Ma < t(i) € Ma,

where s [ A (resp. s [ B) denotes the j-subsequence of s that consists of occurrences of moves of A

(resp. B).

In fact, as shown in Abramsky et al. (1997), only Opponent can switch between the component
games A and B (by alternation) in a position in a tensor A ® B.
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(PI, OE) (OE, OE) (OE, Pl)
LR G
(OI,OE) i (PE,OE) (OE, PE) <B_ (OE,OI)

Figure 1. The double parity diagram for the tensor A ® B.

Example 3.32. Consider the tensor N ® N of the natural number game N with itself, whose
maximal position is either of the following forms:

Ny ® Npj Njgp ® Ny

q[0] qr1]
Z\I’l[o] (\m[l]

(\Q[l] (‘1[0]

m o]

where n,m € N, and (_); (i=0, 1) are again arbitrary, unspecified ‘tags’ such that [0] # [1] just
to distinguish the two copies of N, and the arrows represent pointers. Henceforth, however, we
usually omit the ‘tags’ (_)[; unless it is strictly necessary.

Theorem 3.33 (Well defined tensor of games). Games (resp. well founded ones) are closed under
tensor Q.

Proof. Since static games are closed under tensor ® (Abramsky and McCusker, 1999), it suffices
to show that @ preserves the condition on labeling function and the axioms E1, E2, E4, DP2 and
DI3 (n.b., ® clearly preserves well foundedness of games). However, nontrivial ones are just DP2
and DI3; hence, we just focus on these two axioms.

Let A and B be any games. To verify DP2 on A ® B, let slmn, s'I'm'n’ € P33% and i € N such
that S}y p(slm) = A p(s'T'm') and i < Mg p(n) = Ao 5(1'). Note that A (m) = Al p(n) =
A§®B(n’) = A§®B(m’) by IE-switch. At a first glance, it seems that A ® B does not satisfy DP2 as
Opponent may play in A or B at will. It is, however, not the case for internal moves since simn €
Pg%dB with m internal implies m, n € M4 or m, n € Mp. This property immediately follows from
Figure 1, which shows all possible transitions of OP- and IE-parities for a play in A ® B, where a
state (XY, Z") means that the next move of A (resp. B) has the OP-parity X (resp. Z) and the IE-
parity Y (resp. W). Note that m = m’ and js%nl(m) = jﬁ,zﬂ/(m’) as %’X@)B(sl).m = %’X®B(slm) =
Hyop(§Tm') = ) op(s'1).m'". Thus, m, n, m" and n' belong to the same component
game. If m,n, m’, n' € My, then (sl | A).mn, (s'I | A).m'n’ € Pgdd, ij"((sl [A).m) = ij"(@B(slm) i
H(A) = Hlgy(S1m') | ANA) = AT T A).m') and i < A (n) = A} (n); thus, by DP2 on 4,
we conclude that n=n’ and Js%'n(n) = “7(SI>FA).mn(n) = \7(?;, rA).m’n’(”/) = jﬁ,’m,n,(n’) hold. The
other case is completely analogous, showing that A ® B satisfies DP2.

Finally, to show that A ® B satisfies DI3, assume s:g@)B t and sm € Pygp for some de
N; we have to find some tn € Pygp such that sm :ff@B tn. Assume m € My since the other
case is symmetric. Because s zf\@,B t, we have some s’ ~,gp ¢’ such that %‘1@3(5’ )= %‘%B(s)
and AL () = AL (). Thus, s [Axat' [ A, (s [ A) = A 5(s) | AUA) = AL 5(8) |
HUA) = AN TA) and A | A) = AL (1) | AUA) = AL G (8) | AUA) = A | A),
whence s [ A~4 t [ A. Similarly, s | B~% ¢t | B with s | B~g ¢ | B, #%(s | B) = (s | B) and
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%%d(t | B) = %‘jgd(t’ | B). Now, since (s [ A).m =sm [ A € P4, we have some (¢ [ A).n € P4 such
that (s [ A).m =% (t | A).n, i.e, some u4 v such that % (u) = #((s | A).m) and #{(v) =
%’j‘\d((t [ A).n). By Figure 1, we may obtain a unique § € Pogp from u and s’ | B and a unique
t € Pygp from vand t' | B such that 5 ~4gp , jff@B(E) = %’i@B(sm) and %%B(i) = ,%’j4d®3(tn),
establishing sm Zf@ g tn. O

Next, recall linear implication —o, which has been illustrated by examples in the introduction.
The linear implication A —o B is meant to be the ‘space’ of linear maps from A to B in the sense of
linear logic (Girard, 1987), i.e., they consume exactly one input in A to produce an output in B.
Strictly, a play in A —o B consumes at most one input to produce an output since it is possible that
no moves of A are performed at all during a play in A —o B. That is, A —o B is actually the ‘space’
of affine maps from A to B. Nevertheless, we follow the convention to call it linear implication.

One additional point for dynamic games is that we need to apply the w-hiding operation ¢
to the domain A of each linear implication A —o B since otherwise the linear implication A — B
may not satisfy the axiom DP2. It conceptually makes sense too because the roles of Player and
Opponent in A are exchanged, and thus Player should not be able to ‘see’ internal moves of A.

Definition 3.34 (Linear implication between games (Abramsky and McCusker, 1999)). The
linear implication A —o B from a game A to another B is defined by

o Mg—op =M ypoa) + Mp;

» A—oB = [Aypoa), ABl, where X ypo(a) = ()»g;wm), )ugéw(m, )‘.ijw(A)) and for any game G

0Py = 1P G =05
G O otherwise;

. *I—A_Ogmgg*l—gm;

. mI—A_an(m;é*)g(ml—%ﬂw(A) n) Vv (mbpn)V (xpmAx pop n);

e Py o ::{seZ%z»w(A)_oBH [%w(A) EP%%:(A),S [BEPB };

. SZAH)Btg:f'}S [ HC(A) = poy t | H(A) As | Bxpt] BAVie N s(i) e M ypop) &
t(i) € M_ypo(a),

where pointers from an initial occurrence of 7€ (A) to that of B in s are deleted.

Dually to A ® B, it is easy to see that during a play in A —o B only Player may switch between
H?(A) and B (again by alternation); see Abramsky et al. (1997) for the details.

Example 3.35. The examples of linear implication in Section 1 illustrate how Definition 3.34
works.

Theorem 3.36 (Well defined linear implication between games). Games (resp. well founded
ones) are closed under linear implication —o.

Proof. Again, it suffices to show preservation of the additional conditions on the labelling function
and the axioms E1, E2, E4, DP2 and DI3. For brevity, assume that A is normalised and consider
A —o B. Again, nontrivial conditions are just DP2 and DI3, but DI3 may be shown in a way similar
to the case of tensor ® and thus is omitted.

To verify DP2, leti € N and slmn, s'I'm'n’ € PgﬂB such that 57 __p(slm) = 5} __,(s'I'm’) and
i< )ﬁ_oB(n) = XE}I_OB(n’). Again, m and m’ are both internal, and so m, n, m’ and n’ all belong
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to B. Thus, (s | B).mn, (s’ | B).m'n’ € P399 such that (sl | B).m) = A} __g(slm) | ' (B) =
Hi_p(STm') | A (B) = Hi(S1 | B).m') and i < A (n) = A5 (n'). Then, by DP2 on B, we may
conclude that n = #’ and 7! (n) = \78;3).%(11) = \78;3).%(#) =79 (). O

slmn simn

Next, product & forms product in the categories of static games and strategies (Abramsky and
McCusker, 1999). A position in the product A&B is simply a position in A or B:

Definition 3.37 (Product of games (Abramsky and McCusker, 1999)). Given games A and B,
the product A&B of A and B is defined by

o Magp :=Ma + Mp;

o dagp = [Aa, ABl;

o Fagpi=Fa+tp

e Pygp:={sec Lusp|(s|[A€PysAs|B=¢e)V(s|A=eAs[BePp)};

df,
e s gt stV s>t

Example 3.38. A maximal position in the product 2&N is either of the following forms:

2 & N 2 & N
q q
b/§ nlj
wherebeBandn e N.
Now, for our game-semantic CCBoC (given in Section 4), let us generalise product as follows:

Definition 3.39 (Pairing of games). The pairing (L, R) of games L and R that satisfy 7¢“(L) <
C — A and 7 (R) < C —o B for some normalised games A, B and C is defined by

o M(1ry :=Mc+ (M \ Mc) + (Mg \ Mc), where ‘tags’ for the disjoint union is chosen in such
a way that 7 ((L, R)) < C —o A&B holds;
o MR :=[Acs AL | Mg, AR | Mcl;
df.
o mbp) 1< (att,ry(m) = att ry(n) V att gy (m) = CV att g (n) = C) A (peel<L’R)(m)
Fr peel<L’R>(n) vpeel@)R)(m) Fr peel(L’R)(n));
* PR ={se Zxr|(s|LePLAs|B=¢)V(s|[A=eAs[RePp)};
csountS (slA=est|A=e)As| Lot Las|Rogt R

where the map peel | p, : M1,r) — M U Mg is the obvious left inverse of the ‘tagging’ for ML),
s[ L (resp. s [ R) is the j-subsequence of s that consists of moves x such that peel<L’R> (x) € My, (resp.
peel<L,R> (x) € MR) yet changed into peel<L,R> (%), and the map attr ) : M(1,ry = {L, R, C} is given by
L if peel py(m) € M\ Mc;
att(L,R)(m) ‘=4 R ifpeel<L)R>(m) € Mp \ Mc;
C otherwise (i.e., ifpeel@,R)(m) € Mc).

Pairing of games is indeed a generalisation of product because we have (T — A, T — B) =T —o
A&B for any games A and B, where note that each game G coincides with the linear implication
T —o G up to ‘tags.” The point is that the (generalised) pairing (o, t) of strategies o : L and 7 : R
forms a strategy on the pairing (L, R) (Definition 3.91).

https://doi.org/10.1017/50960129520000250 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129520000250

924 N. Yamada and S. Abramsky

Theorem 3.40 (Well defined pairing of games). If games (resp. well founded ones) L and R satisfy
(L) QC —o A and 5“(R) < C —o B for normalised games A, B and C, then the pairing (L, R)
is a game (resp. well founded one) that satisfies 7“({L, R)) < C — A&B.

Proof. Similar to and simpler than the case of tensor ®. O

Now, let us recall exponential |, which is essentially the countably infinite iteration of tensor ®,
ie,!/AandA® A® ... coincide up to ‘tags.” More precisely, it is defined as follows:

Definition 3.41 (Exponential of games (Abramsky et al. 2000; McCusker, 1998)). Given a game
A, the exponential |A of A is defined by

o Mg =My xN;

e Ma:(a, i) > Aala);

e xFig (a,i)%*'_Aa;

o (a,i)F1a (a’,i’)%i:i’/\al—A a;

. P!A2={SE$A|ViEN.SfiEPA};

csoutE 39 e PN).Vie N s o) ~atinxi(s)=(pom) D,

where s [ iis the j-subsequence of s that consists of occurrences of moves of the form (a, i) yet changed
into a, and 2 (N) is the set of all permutations of natural numbers.

Example 3.42. A typical position in the exponential |2 is as follows:
12

(tt,10)

((q, 100)
(ff, 100)

It is now clear, from the definition of ~4, why we equip each game with an identification of
positions: A particular choice of the ‘tag’ (_, i) for an exponential !A should not matter; since the
identification may occur locally in games in a nested form, e.g., (A ® B), I!A —o IB, etc,, it gives
a neat solution to define a tailored identification ~¢ of positions as part of the structure of each
game G. Identifications of positions are originally introduced by Abramsky et al. (2000) and later
employed in McCusker (1998, Section 3.6).

Exponential ! enables us, via Girard’s translation (Girard, 1987) A = B:=1A —o B, to model the
construction = of the usual implication (or the function space).

Example 3.43. In the linear implication 2&2 —o 2, Player may play in at most only one copy of 2

out of the domain 2&2:
2 & 2 —o 2 2 & 2 —o 2
/ ! / !
q q
p» p(D)
b2 b2
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where b, 5@ € B. On the other hand, positions in the implication 2&2 = 2 = !(2&2) — 2 are
of the expected form; for instance:

12 & 2) —o 2

((q’ 0)
®,0)

( (g 1)
b, 1)
b3 ( (g, 100)
(

™ 100)
b3

where b1, b, b3, b™® b ¢ B. Hence, e.g., Player may play as conjunction A:B x B — B
or disjunction V:B x B — B on the implication 2&2 => 2 in the obvious manner, but not on
the linear implication 2&2 —o 2. This example illustrates why the standard notion of functions
corresponds in game semantics to implication =, not linear one —o.

For the game-semantic CCBoGC, let us generalise exponential of games as follows:

Definition 3.44 (Promotion of games). Fix once and for all an arbitrary bijection {_, _) : N x

N > N. Given a game G such that #°(G) <!A —o B for some normalised games A and B, the
promotion G' of G is defined by

o Mgt :=((Mg\ Mia) x N) + Mia;
o At 2 ((m, i) € (Mg \ Mia) x N) = Ag(m), ((a,) € Mia) = rg(a, j);

o *Fgr (m,i)%*l—cmforallieN;

e mbgtn & attgi(m) = attgr(n) A peel: =g peel o, where attgr (resp. peel:) is a function
Mgt — N (resp. Mgt — Mg) that maps

attgr 1 (a, (L)) e Miar—>ieN, (xi)e (Mg \Ma) X N—ieN
peel i (a, (i,j)) e Mg (a,j) e Mg,  (x,0) € (Mgt \ Mia) x N> x € Mg \ Mi;

o Pori={se X |VieNsliePsg};
csatE 3o e PN).VieN s o) g t]inmi(s)=(pom) )

where s [ i is the j-subsequence of s that consists of moves (m, i) with m € Mg \ Mia, or (a, (i, j)) with
a € My ANjeN, yet changed into m or (a, j), respectively.

Note that the equation (!T —o A)" =T —o 14 holds for any game A, and therefore promotion

(L)' is indeed a generalisation of exponential |. The point is that the (generalised) promotion ¢* of
a strategy ¢ : G forms a strategy on the promotion G (Definition 3.93).
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Example 3.45. Let us consider the promotion (!A —o B)T, where A and B are arbitrary normalised
games. If there is the position

1A —o B
((a(l)a 1)
(@, 1)
p@
in !A —o B, then there is the position
1A

(b(l)
(a(l) (i,7)) /

( @@, (i, )
®2),j)

®W,5)
(W, ( /

(a®?, <z,; >)
@, 1)

in the promotion (A —o B)*, where note that the ‘tags’ j, /' € N are chosen by Opponent.

Theorem 3.46 (Well defined promotion of games). If a (well founded) game G satisfies
H®(G) Q1A —o B for some normalised games A and B, then G' is a (well founded) game that
satisfies #°(G)" <1A — IB.

Proof. Similar to the case of tensor ®. O

Now, let us introduce a new construction on games, which formalises the construction for
‘internal communication’ between strategies sketched in the introduction:

Definition 3.47 (Concatenation and composition of games). Given games ] and K such that
H°(J) <A —o Band 7“(K) < B—o C for some normalised games A, B and C, the concatenation
J+ K of ] and K is defined by

o Mjik := Mj + Mk, where ‘tags’ for the disjoint union is chosen in such a way that the subgame
relation 7“(J] + K) §1+A —C holds,
o Ak = [A) | My, A " Mg 11’)‘ | Mpy,)> Ak | Mp, ], where B[1) and Byy) are the copies of

B that belong to ] and K, respectively, X+“ (AOP )\QA, ne— )»Ié’(n) + w) (Gis ] or K), and
w:=max (u(J), u(K)) + 1 (see Deﬁmtzon 3.1 for u(J) and w(K));

. *l_];;Km%*l—Km;

e mbpxn (m;é*)g:f}ml—]anl—Kn\/(*l—B[z] m A *bpy, n);

. P];KZ:{SGJH;K | s []GP],S FKEPK,S [B[l],B[z] € prg };

st S (VieNos) e My & ti) e M) As [ J~t| T As | K~k t[ K,
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where prp = {s € Pp,,—op, | VE < s.Even(f) = t | B =t [ By }.
Moreover, the composition J; K (also written K o J) of ] and K is defined by

L K:=°(]J$K).
Example 3.48. A typical position in the concatenation (N —o N) ¥ (N —o N) is

(Njog —  Np)) ¥ (Npp  —  Npg))

q[3]
@

( q [(01])

@)
)

@)
2]

(3)
n3)

where 1M, n?, n®) € N. We have marked internal moves by a square box just for clarity. Note
that this game coincides with the game given in Example 3.27.

We shall see that the ‘non-hiding composition’ or concatenation ¢  k of dynamic strategies
t:] and « : K is a dynamic strategy on the concatenation J £ K. It generalises the particular case
suchthat]=A —oBand K=B - C,sothati;x = (k) : #°(J+K)=];K=A — Cholds
(as we shall establish), which reformulates the conventional composition of static strategies as
concatenation plus hiding of dynamic strategies.

Theorem 3.49 (Well defined concatenation and composition of games). Games (resp. well
founded ones) are closed under concatenation and composition.

Proof. By Theorem 3.28, it suffices to focus on concatenation, where well foundedness of games is
clearly preserved under concatenation. We first show that the arena J f K is well defined. The set
Mjik and the function Ajx are clearly well defined, where the finite upper bounds p(J) and w(K)

are crucial. For the relation bk, E1 and E3 clearly hold. For E2, if m b3k n and )»%'}(n) =A,
then m,n € Mg \ Mp,,> m,n € Mp,, m,n € Mg, or m,n€ Mj\ Mp,,. In either case, we have

A (m) = Qand Al (m) = A (n).

For E4, let m b-yyx n, m # » and A}\Iﬂ((m) # )»]I\;K(n). We proceed by the following case analysis.
If (mbx n) A (m,n € Mg \ Mp,, V m,n € Mp, ), then we may just apply E4 on K. It is similar if
(mbyn) A (m,neMj\ Mg, VvV m,neMg,). Note that the case x B, m A % bp,, ncannot hap-
pen. Now, consider the case mbx n A me Mg \ Mg, An€ Mg, If m is external, then m € M,
and so E4 on J £ K is satisfied by the definition of B—o C; if m is internal, then we may just
apply E4 on K. The case mbgxnAne Mg \ Mp,; A m e Mp,, is simpler as m must be inter-
nal. The remaining cases mtyn Ame My \ Mp,, An€ Mg, andmbynAneMy\ Mp,, Ame
Mg, are analogous. Hence, we have shown that the arena J K is well defined.

Next, we show that Pjsx € %3k holds. For justification, let sm € Pjyx with m non-initial. The
nontrivial case is when m is initial in J. But in this case, m is initial in B[}, and so it has a justifier in
Byy). For alternation and IE-switch, similarly to Figure 1 for tensor ®, we have Figure 2 for ] 1 K,
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(0F, 0F) — & (0F,P)
c| e k| [k
BB
(P', 0F) 4[][] (O, PE) K (0F, 0"
Bpa) i tBp l I
]l I] ] B[]]; EB[I]B[I]B[Z] K K
(0',08) — =+ (PE, OF) werrrrrienn ~ (OF,PY

A
(P, 0F) ~——— (0%, 0)
Figure 2. The double parity diagram for the concatenation J § K.

in which the first (resp. the second) component of each state is about the OP- and IE-parities
of the next move of J (resp. K). For readability, some states are written twice, and the dotted
arrow indicates two necessarily consecutive moves of B. Then, alternation and IE-switch on J K
immediately follow from this diagram and the corresponding axioms on J and K.

For generalised visibility, let sm € Pjyx with m non-initial and d e NU {w} such that sm is
d-complete. Without loss of generality, we may assume d € N since s is finite. It is not hard to
see that %’ij(sm) € P ypapye i) holds if ##4(J # K) is not normalised; thus, this case is reduced
to the (usual) visibility on .77 4(J) £ 7#4(K). Otherwise, it is no harm to select the least d € Nt such
that 7#4(J £ K) is normalised; then %‘ﬁigl (sm) e P(a—oBpy))#(Bjy)—C) holds, and thus the visibility

of %ﬂ]‘;K(sm) = %d—l(}iK)(%ggl (sm)) can be shown completely in the same way as the proof
that shows the composition of static strategies is well defined (in particular it satisfies visibility)
(Harmer, 2004; McCusker, 1998). As a consequence, it suffices to consider the case d =0, i.e,, to
show the (usual) visibility.

For this, we need the following:

Lemma 3.50 (Visibility lemma). Assume that t € Pjix and t # e.

(1) If the last move of tis of My \ Mpy,, then [t [ J1) X [t1ysk [ J and [t []]] < [tz [ T;

(2) If the last move of t is of Mg \ Mp, then [t [ K|k < [fljix [ Kand [t | K]k < |tk [ K

(3) If the last move of t is an O-move of Mp,, U Mp,,, then [t [ B(1}, B2) 1By —oBp = Ltk |
B}, By and |t | B}, B2yl By —oBy; = [t1):k [ B(1)> Blay-

Proof of the lemma. By induction on |¢| with case analysis on the last move of ¢. O

Note that we may write sm = syns,m, where n justifies m. If s = &, then it is trivial; so assume
sy = s,r. We then proceed by the following case analysis on m:

o Assume m € Mj \ Mp,,,. By Figure 2, n € My and r € M;. By Lemma 3.50, [s [ J] < [s] [ J and
s[J] < Ls] [']. Also, by (s [ J]).m € Pj and visibility on J, n occurs in [s [ J] (resp. [s [ J]) if m
is a P- (resp. O-) move. Thus, n occurs in [s] (resp. |s]) if m is a P- (resp. O-) move.

» Assume m € Mk \ Mp,, - This case can be handled in a completely analogous way to the above
case.

o Assume m € Mp,,. If m is a P-move, then n,r € M and so it can be handled in the same
way as the case m € My \ Mp,3 thus, assume that m is an O-move. Then, r € Mgy, and
it is a ‘copy’ of m. Since r is an O-move in B[;) —o By}, by Lemma 3.50, [s [ Bjj}, Bj2)1 <
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Ls] [ B1}> Bjz)- Note that n is a move of Bjj) or an initial move of By). In either case,
(s I Bp1p, Bpzp).m € Pp m—oBp)} thus, n occurs in [s [ B(y}, Bz 1. Hence, n occurs in [s].

« Assume m € Mg, If m is a P-move, then n, r € M; so it can be dealt with in the same way as
the case m e MK \MB[Z] Thus, assume m is an O-move. By Figure 2, we have r € Mp,;, and
it is an O-move in B[j] —o B[a;. Thus, by Lemma 3.50, [s [B[l Bpa1 < sl I Bjp, Bpzp. Then
again, (s [ B[1}, B[a))-m € Ppj;—oBy,; thus, n occurs in [s | By1}, Bz)1, and so n occurs in [s].

Next, we verify P1 and DP2. For P1, e € Pjyk is clear; for prefix-closure, let sm € Pjsi. If
m € Mj\ Mg, then (s [ J).m=sm[] € Pj;thus,s [J € P;,s [ K=sm [ K € Px ands [ B[y}, Bz] =
sm | B1], B[2] € pry, whence s € P]iK The other cases may be handled similarly.

For DP2, let ie N and sm,s'm’ € P})ﬁg such that i < )\}\.ZtK(m) }\;K(m’) and %;K(s) =
%”]’H((s ). Without loss of generality, we may assume i =0 and )»]iK(m) =1= AﬁK(m’ ) because
if )‘IiK(m) IiK(m ) =j > 1, then we may consider zﬁf}m (sm), zﬂf}ﬂ( (§m') e P%o, N 1(K)
(n.b., the justifiers of m and m’ have the same priority order). Thus, s=s and m,m’ €
MV m,m' € Mk. If m,m’ € Mj (resp. m,m’ € Mk), then (s [ J).m, (s [ ]).m’ eP?dd (resp. (s

K).m, (s | K).m' € P299), and so we may just apply DP2 on J (resp. K).
Finally, I1, 12 and DI3 on ~j;x can be verified similarly to the case of tensor ®, completing the
proof. O

For completeness, let us explicitly define the rather trivial currying of games:

Definition 3.51 (Currying of games). Given a game G such that 7“(G) <A ® B—o C for some
normalised games A, B and C, the currying A(G) of G is G up to ‘tags’ that satisfies 7 (A(G)) <
A—o(B— Q).

Trivially, games (resp. well founded ones) are closed under currying.
Next, we show that these constructions as well as the hiding operation preserve the subgame
relation < (Definition 3.24):

Notation 3.52. We write &icr, where I is {1} or {1,2}, for any of the constructions on games
introduced so far, i.e., dicy is either ®, —o, (_, _), ()T, $ or A.

Lemma 3.53 (Preservation of subgames). Let &< be a construction on games and assume H; <
Gi for alli € I. Then, &iciH; < &ic1G;.

Proof. Let us first consider tensor ®. It is trivial to check the conditions on the sets of moves and
the labelling functions, and so we omit them. For the enabling relations, we calculate

FooH, =FH, +FH,
C (F6, N (({(*}UMp,) x Mpy,)) + (Fg, N (({x} U Mp,) X Mp,))
= (F6, N (({*} U MH,0m,) X Mi,0m,)) + (R, N (({x} U Mp,eH,) X MH,0H,))
= (6, +Fa6,) N (({*x} U My, @H,) X MH,@H,)
=FG86, N (({(x} UMp,gH,) X MH,eH,)-
For the positions, we calculate
Poom, ={s€ Zuon, | Vie{1,2}).s| H; € Py, }
C{se %56, | Vie{l,2}.s] GiePg, }
=PG,86G,-
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For the identifications of positions, given d € N U {w}, we calculate
s o, t € 35 P o, 8 Zhom, A I o (8) = I8 o (VAT g, (F) = T3 011, (D
& V) €{1,2). 35}, 1] € Puy. s =g, 1) A A5 (s)) = A3 (s | Hy)
A A (1) = A7 (8] Hp) AVk € N.s; € Mp, ¢ty € My
SVjefl,2).s rHj:;'Qj t | Hi AVkeN. s € My, & t € My,
&Vje{l,2}.s[ Gyt GjePy As rcjzgj t ] GjAVkeN.sp € Mg, &t € Mg,

& s, t € Py g, NS ZdG1®G2 t.

Finally, we have w(H; ® Hy)=max (u(Hy), u(Hz)) = max (u(Gy), u(Gz)) = u(Gy ® Ga),
showing that H; @ H, < G; ® Gs.

Linear implication — and promotion ()1 are similar, and pairing (_, _) and currying A are
even simpler; thus, we omit them. Next, let us consider concatenation #. Assume that .7°“(H;) <
A —o B, #“(Hy) <B— C, ”(G1) <D — E, 5(G,) < E —o F for some normalised games A,
B, C, D, E and F; without loss of generality, we assume that these normalised games are the
least ones with respect to <. By Theorem 3.28, 7°“(H,) < .7“(G;) < D — E and J“(H;) <
H?(G,) < E —o F, which in turn implies A < D, BLEand CF.

First, we clearly have My, 31, € Mg, 16, and AG,1G, | MH,+H, = AH,1H,> where w(H;) = n(Gj)
for i = 1, 2 ensures that the priority orders of moves of B coincide.

Next, for the enabling relations, we have

*HiH, M & x g, m& xEem=xFpm & xbgig, m
as well as
m |_H11H2 nsm |_H1 nvm |—H2 nv (x |—B[2]m N * |_B[1] n)
=mbg nvmkg, nv(*l—Em mAxbgy, n)
< m l_GliGz n
for any m, n € My, ;n,. For the positions, we have

Py s, ={se€lu1m, | s | Hy € Pp,,s | Hy € Ph,,s [B[l],B[z] € pry }
C{selgzic, |sIG1€Pg,,s| Gy Pg,,s | Eqnp,Ep €prg}
= PG,16,-
Finally, we may show, in the same manner as in the case of tensor ®, the required condition on
the identifications of positions, completing the proof. O

At the end of the present section, we establish the following useful lemma:

Lemma 3.54 (Hiding lemma on games). Let &;c] be a construction on games, and G; a game for
eachi€l. Givend e NU {w}, we have

(1) A% (Bic1G)) = Bic1 #NG)) if Bict # %

(2) UG 1(Gy)) <A —C if%”d(Gl t Gy) is normalised, where A, B and C are normalised
games such that 70°(G1) <A —o Band 7“(G) IB—C,and (A—B);(B—~C)=A—o
G

(3) HUG £ Gy) = H#UGy) £ #UGy) otherwise.

Proof. Since there is an upper bound of the priority orders of each game, it suffices to consider the
case d € N. But then, because 7#'T! = J# o 7" for all i € N, we may focus on d = 1. Let us focus
on tensor ® since the other constructions may be handled similarly.
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We have to show 72(G) ® G2) = #(G1) @ #(G3). Clearly, their sets of moves and labelling
functions coincide. For the enabling relations, we calculate

* (6,06, ME *FGe6, M< xbg mV xtg, m
& xbopymY xbEypGy m
< *ForGnerG,) m
as well as
M & (GioGy) 1 (M 7 %)
& (mkgec,n) VIke N, my, my, ..., my € Mg g, \ M_#(G,0G,)- M FGie6, M1
AVie2k—1. m;=G,0G, Mi+1 A Mk =G,0G, 1
& (mbg nvmbg,n)viie (1,2}, ke Nt my, ma, ..., myx € Mg, \ Mz G, mbg; mi
AVj €2k — 1. mj g, mjt1 A myg g, n
& Jie(1,2).mbgnvIkeNT, my,my, ..., my Mg \ M) mbg m
AVj € 2k — 1. mj =, mjp1 A myg b, n
< mbpG)He#Gy) -
We have shown that the arenas 77(G; ® G;) and 77 (Gy) ® 77(G,) coincide.

For the positions, we have

s € Py (606,

& 3t € 26,96, 76,96, (t) =s AVie{l,2}).t] G; € Pg,

& dte $G1®G2' %1®G2(t) =sAVie{l,2}. %i(t | G;) e P

& dte $G1®G2~ %1®G2(t) =sAVie{l,2}. ,%1@@2(1‘) [ H(G;) e Pr:)
(«=is by induction on |¢|)

& SE€E LW (6106) =L Gner(G) NViE{l,2).s | H(Gi) € Py

& S E€Py(G)oA(G)-

Finally, for the identifications of positions, given d € N U {w}, we have

H,06,(8) = 6106y Moo, (1)

& 3,1 € P6,56, 6106, (8) (610G K196, () N A, (8) = A, (9)
NG () = AL, ()

& Vje (1,2}, 35, t; € PG, HG,(S) Gy H6;(8) A éfé”(s]/-) = jféj“(s | G;)
NAGETNE) = AGT (1 G) AVk e N AG LG, (5(K) € M jpan g,
& AL #K) € M ypan g

& Vje(l,2).5]G; :gjl t1GjAYkeNAGE: (s(K) € M ypung,)
& AL (1K) € Mypani g,

& H6,06,(8) =%y o 7(Gy) H1962 () A H,06,(9)s K96, (8) € P (G061

which completes the proof. O
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Example 3.55. For instance, as Lemma 3.54 states, we have

H(((N—-oN)$(N—oN))$(N—oN))=((N-—-oN)$(N-—oN))+#(N—N)
= (N —N)$ (N —N).

3.4 Dynamic strategies

Dynamic strategies, another central notion of the present work, are just static strategies (Abramsky
and McCusker, 1999) on dynamic games:

Definition 3.56 (Dynamic strategies). A dynamic strategy on a (dynamic) game G is a subset
o C PE"en, written o : G, that is

» (S1). Nonempty and even-prefix-closed (i.e., smn € o = seo);
« (S2). Deterministic (i.e., smn,s'm'n’ € 0 Asm=s'm' = smn=s'm'n’).

A dynamic strategy o : G is said to be normalised if Vs € o, Vi € [s|. Ag(s(i)) =0.

Therefore, a dynamic strategy is normalised if and only if it consists of external moves only.
Note that a dynamic strategy on a normalised dynamic game is necessarily normalised, and it is
equivalent to a static strategy.

Convention. Henceforth, a strategy refers to a dynamic strategy by default.

Example 3.57. The normalised strategies succ, double : Njg) —o Nyj] sketched in the introduction
are given formally by

succ = { qqpoinpo](n+ Dy I ne N} double := { q[119|0] n/[O]Zn/[l] |n' eN}.

The non-normalised strategy obtained from succ and double by ‘non-hiding composition,
which we write succ % double : (Njg] — N[17)  (N[2] — N[3)), is given by

succ ¥ double 1= { q1319121911149/0] n/[’o](n” + 1)[1](71// + 1)[2]2(7’1// + l)[3] |n” eN}.

Since positions of a game G are identified modulo >, we must identify strategies on G if they
behave in the same manner modulo ~, leading to

Definition 3.58 (Identification of strategies (Abramsky et al. 2000)). The identification of
strategies on a game G, written g, is the relation between strategies o, T : G defined by

df.
o~gT1 & Vseo,tet,sm tle Pg.sm>gtl= (Vsmneo.3tlr € t.smn g tlr)
A (Vtlr € t.3smn € 0. tlr >~ smn).

We are particularly concerned with strategies identified with themselves:
Definition 3.59 (Validity of strategies). A strategy o : Gis valid ifo ~g 0.

Example 3.60. The normalised strategies succo, succ; : N = N given by:
succo :={q(q,0)(n,0)(n+1) | neN} succ; '={q(g DA, 1)(n' +1)|n eN}

are both valid and identified with each other by the identification >~y N.

https://doi.org/10.1017/50960129520000250 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129520000250

Mathematical Structures in Computer Science 933

On the other hand, the normalised strategies succ;, double; : IN given by:
suce; :={(q, )(i+1,i) | ie N} double; :=={(q,)(2j,j) |je N}

are clearly not valid, and they are not identified by the identification .

Since internal moves are ‘invisible’ to Opponent, a strategy o : G must be externally consistent:
If smn,sm'n € o, Ag(n) = )ng(n’) =0 and 5 (sm) = A (s'm'), then n=n' and J52(n) =
J, %“,)n,(n’ ). Moreover, external consistency of strategies should hold with respect to identification
of positions as well. In fact, we now proceed to establish a stronger property (Theorem 3.62).

Lemma 3.61 (O-determinacy). Let o, T : G such that o >~ 7, and d € NU {w}.

(1) If sm,s'm’ € Pg are d-complete, s, s’ € o, and %gi(sm) = %Gd(s/m’), then sm = s'm’;
(2) If sm, tl € Pg are d-complete, sc o, t € T, and %ﬂéi(sm) ~ pd(G) %”Gd(tl), then sm >~ tl.

Proof. Let us focus on the first clause because the second one can be proved similarly. We proceed
by induction on |s|. The base case s = ¢ is trivial: For any d € NU {w}, if jfél(sm) = jﬁf(s’m’),
then %”C?(s’m’) = %”Gd(sm) =m,and so s'm’ =m = sm.

For the induction step, let d € NU {w} be fixed and assume ,9de(sm) = 3?5’(5’ m’). We may
suppose that sm = tlrum, where [ is the rightmost O-move occurring on the left of m in s such
that )\Ié](l) =0V )»Ig(l) > d. Then, .%”Gd(s’m/) = %C?(sm) = %”Gd(t).l.%”Gd(ru).m, and so we may
write s'm’ = ¢].L.t,.m. Now, t,t| € o, tl, t] € Pg, %”Cfi(tl) = %ﬂg(t/ll), and t/ and t'I' are both d-
complete. Hence, by the induction hypothesis, t! =#,1. Therefore, t, is of the form rt, by the
determinacy of o. Thus, sm = tlrm and s'm’ = tlrt;m. Finally, if r is external, then so is m by
IE-switch, and so s'm’ = sm (n.b., £; = € in this case since otherwise %g(sm) # L%”Gd (s'm’) by IE-
switch); if 7 is j-internal (j > d), then so is m, and we apply the axiom DP2 fori=j— 1tosand s/,
concluding sm =s'm’. O

Theorem 3.62 (External consistency). Let o, T : G such that o ~¢ 7, and d € NU {w}.
(1) If smn,s m'n’ € o are d-complete, and jfél(sm) = ijd(s’m’), then smn=s'm'n’;

(2) If smn € o, tlr € T are d-complete, and %”éi(sm) >~ pd(G) %”éi(tl), then smn > tir.

Proof. Let us first prove the first clause. Let o : G be a strategy, smn, s m'n’ € 0 and d e NU {w},

and assume that smn, s'm’n’ are both d-complete and %”Gd (sm) = %”éi (s'm’). By the first clause of
Lemma 3.61, we have sm = s'm’. Therefore, by the axiom S2 on o, we have n = n’ and Jsmn(n) =

Tsmm (), whence TS9O (n) = 754 (1),

Similarly, the second clause of the theorem is proved by the second clause of Lemma 3.61. [

Let us also establish the following technical lemma:

Corollary 3.63 (Stepwise identification of strategies). Any strategies 0,7t : G such that o ~g t
satisfy o :‘é T for all d € NU {w}, where

£,
o~dt Lvseco,ter,smtlc PG.sm =% tl= (Vsmn € 0. 3tlr € . smn =~ tlr)
A (Vtlr € T.3smn € o tr =8 smn).

Proof. Immediate from Theorem 3.62. d
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Hence, given strategies o, 7 : G, we have

G:GT¢>Vd€NU{w}.UZdG‘C,
which will be useful later in the present article.
Let us proceed to show that the relation > on strategies on any game G is a PER.

Lemma 3.64 (PERlemma). Given o, 1 : G such that 0 >~g t, we have

(Vseo.qtet.s>gt) A(Vtet.Is€o.t>gs).

Proof. By symmetry, it suffices to show Vs € . 3t € 7. s >~ t. We prove it by induction on [s|. The
base case is trivial; for the inductive step, let smn € o. By the induction hypothesis, there is some
t € 7 such that s ¢ t. Then, by DI3 on 2, there is some #/ € T such that sm >~ tl. Finally, since
0 g T, there is some tIr € T such that smn ~~¢ tlr, completing the proof. O

Proposition 3.65 (PERs on strategies). Given a game G, the identification ~~¢ of strategies on G
is a PER, i.e., a symmetric, transitive relation.

Proof. We just show the transitivity as the symmetry is obvious. Let o, 7, it : G such that 0 ~g ©
and t >~ . Assume that smn € o, u € u and sm ~¢ up. By Lemma 3.64, there is some ¢ € 7 such
that s >~ t. By DI3 on =, there is some t] € Pg such that sm >~¢ tI, whence t/ >~¢ up. Also, since
0 ¢ T, there is some tlr € T such that smn >~¢ tlr. Finally, since v >~¢ u, there is some upq € u
such that tlr >~¢ upq, whence smn >~ upq, completing the proof. O

Hence, given a game G, we may take the equivalence classes [0] :={t:G| o ~g 7} of valid
strategies o : G. These equivalence classes, rather than strategies themselves, have interpreted
proofs and programmes in Abramsky et al. (2000), McCusker (1998).

At this point, let us remark that even-length positions are not necessarily preserved under
the hiding operation on j-sequences (Definition 3.10). For instance, let smnt be an even-length
position of a game G such that sm (resp. nt) consists of external (resp. internal) moves only. By
IE-switch on G, m is an O-move, and so 7Y’ (smnt) = sm is of odd-length.

Taking into account this fact, we introduce

Definition 3.66 (Hiding operation on strategies). Let G be a game, and d € NU {w}. Given
s € Pg, we define

sod i %”Gd(s) if s is d-complete (Definition 3.1);
SO e otherwise, where %Gd(s) =tm.
The d-hiding operation .#°¢ (on strategies) is then given by

%di(O‘ZG)P—){SHQngGU}.

Let us then proceed to establish a beautiful fact: If o : G, then .77 d(o): #9G) foralld e NU
{w}. For this task, we need the following lemma:

Lemma 3.67 (Asymmetry lemma). Let o : G be a strategy, and d € NU {w}. Assume smn €
o), where smn:tmunvujfcd with tmunv € o not d-complete. Then, we have smn=
A (tmun) = A°(t).mn.
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Proof. Since tmunv € o is not d-complete, we may write v = v;Iv,r with )\g(l) =0V )»Ié](l) >d,
0< Ag(r) <dand0 < Ag(x) < d for all moves x in v; or v,. Then, we have

smn = tmunvllvzrﬂ%%d = %i(t)m%i(u)n = %Cfl(t)mn,
which completes the proof. O

We are now ready to establish
Theorem 3.68 (Hiding theorem). Ifo : G, then HUo): %”d(G)for alld e NU {w}.

Proof. We first show Ho) C PE;;EG). Lets € #% (o), ie,s= tuijd for some t € 0. Let us write

t = t'm as the case t = ¢ is trivial.
o If t is d-complete, then s = th s = %ﬂGd(t) € P i) Also, since s = ijd(t/)m and m is a
P-move, s must be of even length by alternation on #4(G).
o If t is not d-complete, then we may write £ =#"momy; ... my, where my=m, t'myg is d-
complete, and 0 < AI(\\;](mi) <dfori=1,2,...,k By IE-switch, my is an O-move, and thus
s=H(t) e P ya(G) is of even length.

It remains to verify S1 and S2. For S1, o) is nonempty since € € H%o). For the even-
prefix-closure, let smn % o); we have to show s € 7#%(c). We have some tmunv € o such
that tmunvu%”Gd =smn. By Lemma 3.67, smn = jf(‘;j(t)mn, whence s = ji”Gd(t). Since tm is d-
complete, so is t by IE-switch. Therefore, s = J‘fg(t) = tujfcd e #0o).

Finally for S2, let smn, smn’ € #(0); we have to show n = n’ and js%d(n) = Z?nd(n’). Clearly,
smn = tmunvh%”cd, smn' = t/mu’n/v’h%”Gd for some tmunv,  mu'n'v’ € 0. Then, by Lemma 3.67,
smn = J‘de(tmu)n and smn’ = ,%”Gd(t’mu’)n’. Therefore, by Theorem 3.62, n=n" and js%i(n) =
J Qd/(n’ ), completing the proof. O

smn’

Next, let us review standard constraints on strategies. Recall that one of the highlights of HO-
games (Hyland and Ong, 2000) is to establish a one-to-one correspondence between PCF Bohm
trees and innocent, well-bracketed static strategies (on static games modelling types of PCF). That
is, the two constraints narrow down the hom-sets of the codomain of the interpretation functor,
i.e., the category of HO-games, so that the interpretation becomes full. Roughly, a strategy is inno-
cent if its computation depends only on P-views, and well bracketed if every ‘question-answering’
in P-views by the strategy is achieved in the ‘last-question-first-answered’ fashion. Formally:

Definition 3.69 (Innocence of strategies (Hyland and Ong, 2000)). A strategy o : G is innocent
ifVsmn,te o,tm e Pg. [tm] = [sm] = tmn € o A [tmn] = [smn].

Definition 3.70 (Well bracketing of strategies (Hyland and Ong, 2000)). A strategy o : G is

well bracketed (wb) if, given sqta € o, AgA(q) =Q, AgA(a) = A and Jsqta(a) = q, each occurrence of
a question in t, defined by [sqt|G = [sq] .t justifies an occurrence of an answer in t'.

Next, recall that a programming language is total if its computation always terminates in a
finite period of time. This programming concept is interpreted in game semantics by totality of

strategies in a sense similar to totality of partial functions:

Definition 3.71 (Totality of strategies (Abramsky et al. 1997)). A strategy o : G is total if it
satisfies Vs € 0,sm € Pg. Ismn e o.
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Nevertheless, it is well known that totality of strategies is not preserved under composition due
to the problem of ‘infinite chattering’ (Abramsky et al., 1997; Clairambault and Harmer, 2010).
For this point, one usually imposes a condition on strategies stronger than totality, e.g., winning
(Abramsky et al., 1997), that is preserved under composition. We may certainly just apply the win-
ning condition of Abramsky et al. (1997), but it requires an additional structure on games, which
may be criticised as extrinsic and/or ad hoc; thus, we prefer another, simpler solution. A natural
idea is then to require that strategies should not contain any strictly increasing (with respect to
<) infinite sequence of positions. However, we have to relax this constraint: The dereliction derg
(Definition 3.89), the B-identity on a game G in the game-semantic CCBoC given in Section 4,
may not satisfy it, e.g., when G is an implication !A —o B or a B-exponential B,

Therefore, instead, we apply the same idea to P-views, arriving at

Definition 3.72 (Noetherianity of strategies (Clairambault and Harmer, 2010) strategy). A
strategy o : G is noetherian if it does not contain any strictly increasing infinite sequence of P-views
in G.

It has been shown in Clairambault and Harmer (2010) that total, noetherian, innocent static
strategies are closed under composition.

Now, let us show that the standard constraints on strategies except totality are all preserved
under the hiding operation, which implies that dynamic strategies are a reasonable generalisation
of static strategies in a certain sense.

Corollary 3.73 (Preservation of constraints on strategies under hiding). If a strategy o : G is
valid, innocent, wb or noetherian, then so is % (o) : #%(G), and if another © : G satisfies 0 ~g 7,
then #4(0) = ypa(g) 7 (%), for all d € N U {w)}.

Proof. Let d € NU {w} be arbitrarily fixed. We have HY o) : H#YG) by Theorem 3.68.

o Preservation of validity is by Lemma 3.61, Corollary 3.63 and the axiom DI3 on ~g;
« Preservation of innocence and noetherianity holds since L?fél (sm)] ypa(g) is a j-subsequence
in ,%”Gd( [sm]g) for any sm € Pgdd;

« Well bracketing is preserved under the d-hiding operation .72 because both of the question
and the answer of each ‘QA-pair’ are either deleted or retained.

Finally, preservation of identification of strategies is proved similarly to that of validity. O

Totality of strategies is, however, not preserved under the d-hiding operation .#°¢ on strategies
for some d € NU {w}. For instance, consider any total strategy that always performs a 1-internal
P-move, which is no longer total when the 1-hiding operation ! is applied. Clearly, even the
conjunction of totality and noetherianity of strategies is not preserved under #* for the same
reason (n.b., it is preserved only if we take the composition of total, noetherian, innocent strate-
gies). That is, recalling that composition coincides with concatenation plus hiding as sketched in
the introduction, the conjunction of totality and noetherianity is stable only under this particular
type of hiding, and not under hiding in general.

For this problem, let us introduce a new constraint on strategies:

Definition 3.74 (Strong totality of strategies). A strategy o : G is strongly total if the strategy
AU o) #UG) is total for all d e N U {w).

Strong totality strengthens totality in the evident sense, and simply by the definition it is
preserved under the d-hiding operation ¢ 4 forall d € NU {w} (see Lemma 3.79).
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We then introduce our notion of winning strategies, which is preserved under hiding:

Definition 3.75 (Winning of strategies). A strategy is winning if it is strongly total, innocent and
noetherian.

Corollary 3.76 (Closure of winning strategies under hiding). If a strategy o : G is winning, then
so is the strategy AU o) jfd(G)for alld e NU {w}.

Proof. Immediate from Corollary 3.73 (and Lemma 3.79 below). O

Conceptually, winning strategies in the sense of Definition 3.75 can be regarded as ‘strategies
for proofs’ as follows. First, a proof should not get ‘stuck, and thus ‘strategies for proofs’ must
be (strongly) total. In addition, since logic is concerned with the truth of formulas, which are
invariant to ‘passage of time, proofs should not depended on ‘states of arguments.” Hence, it makes
sense to impose innocence on ‘strategies for proofs.” Finally, noetherianity is imposed because if
a play by an innocent, noetherian strategy keeps growing infinitely, then it cannot be Player’s
‘intention, and so it should result in a ‘win’ for Player.

Technically, we need winning and wb on strategies because they play an essential role for our
full completeness result (Corollary 4.7).

At the end of the present section, we establish an inductive property of the d-hiding operation
on strategies for each d e NU {w}:

Notation 3.77. Ifo : Gand d e NU {w}, then orf :={se€o|sisd-complete} and of =0 \af.

Lemma 3.78 (Hiding and complete positions). Let o : G. Given i, d € N such that i > d, we have
H(o)= A of) =14 |sea]}.

Proof. The inclusion ¢ i(of) C (o) is obvious. For the opposite inclusion, let s € /7 (0), i.e.,

s= tu%”é for some t € o; we have to show s € 77 i(af). Ifte Gf, then we are done; thus, assume
otherwise. If there is no external or j-internal move with j > i other than the first move my in t,
then s=¢e € 7 i(af); so assume otherwise. As a result, we may write t = motmnt,r, where t,r
consists only of j-internal moves with 0 <j < i, and m and n are P- and O-moves, respectively,
such that )ng(m) = )»Ié](n) =0V Ag(m) = )ng(n) > i. Take motym € af such that mot;mpZ: =
moﬁﬂé(tl)m = thifo =s, whence s € %i(af). UJ

We are now ready to show
Lemma 3.79 (Stepwise hiding on strategies). Giveno : G, 7 Hl (o) = # YA (o)) forallie N.

Proof. We first show the inclusion AT o) C AN (A (0)). By Lemma 3.78, we may write any
element of the set #11 (o) as sﬂ%”c’“ for some s € oi“. Then, observe that

SHALY = HENS) = Aoy ) HES)) = (SIHLH Ly o) € (A (0)).

(G)

For the opposite inclusion 7 1(jf"(c;)) C #t(o), again by Lemma 3.78, we may write
any element of (' (0)) as (Sh%)ﬂjf;ﬂ(c) for some seai. We have to show that

(suij")u%ﬁi © € A (o). Ifse afrl, then it is completely analogous to the above argument;

so assume otherwise. Also, if an external or j-internal move with j > i + 1 in s is only the first move

my, then (suj‘fé)ujf}i G =€E€ A1 (0); thus assume otherwise. Now, we may write
s=smnmimy ... myr,
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where )\.I(\;I(T) =i+ 1, my, my,...,my are j-internal with 0 <j<<i4 1, and m and n are external
or j-internal P- and O-moves with j > i + 1, respectively. Then, we calculate

(SEHIA i1y = KGO g
= Hypi()(HE(S)).m
=5 (s).m  (by Lemma 3.15)
=sg A e A (0),
which completes the proof. O

Consequently, as in the case of games, we may focus on the operation !

Convention. Henceforth, we write . for ! and call it the hiding operation (on strategies); "
denotes the i-times iteration of .77 for all i € N.

3.5 Constructions on dynamic strategies

Next, let us recall standard constructions on strategies (Abramsky and McCusker, 1999). Note that
since (dynamic) strategies are simply ‘static strategies on (dynamic) games, they are clearly closed
under all the constructions on static strategies.

Nevertheless, the CCBoC of games and strategies given in Section 4 has normalised games as
0-cells and strategies ¢ : G such that J#“(G) <A = B as 1-cells A — B, and therefore we need
to generalise pairing and promotion of static strategies. In fact, we have generalised product and
exponential of static games, respectively, to pairing and promotion of dynamic games for this pur-
pose. Also, we shall decompose and generalise composition of static strategies into concatenation
plus hiding of dynamic strategies, for which we have introduced concatenation of dynamic games.

We postpone verifying the preservation of winning under these constructions on dynamic
strategies (Corollary 3.103) to the latter half of this section as it needs Lemma 3.102.

We begin with fensor ® on strategies. Roughly, the tensor ¢ ® ¥ : A ® B— C ® D of strategies
¢ :A—o Cand ¢ : B—o D plays by ¢ if the last O-move is of A or C, and by ¢ otherwise. Formally:

Definition 3.80 (Tensor of strategies (Abramsky and McCusker, 1999)). Given games A, B, C
and D, and strategies ¢ : A —o C and \ : B—o D, the tensor (product) ¢ ® ¥ of ¢ and V is given by

QY :={s€ Lugp—ocep|sIA,Ced,s[BDeV}.

Example 3.81. The tensor succ® double: N ® N — N ® N, where succ, double: N — N are
given in Section 1, plays, e.g., as follows:

succ®double succ®double
N ® N —o N ® N N ® N —o N ® N

Qq 10
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Lemma 3.82 (Well-defined tensor of strategies). Given games A, B, C and D, and strategies
¢:A—o Candy: B—o D, the tensor ¢ @ {r is a strategy on the game AQ B— CQ D. If ¢ and
are innocent (resp. wb, total, noetherian), then so is ¢ ® Y. Given ¢’ : A —o C and ' : B—o D with
¢ ~a—oc ¢’ and ¥ ~p_op Y’ we have ¢ ® ¥ ~agp—ocen ¢’ @ V.

Proof. Straightforward; see McCusker (1998), Abramsky et al. (2000). O

We next recall pairing of strategies. Intuitively, the pairing (¢, ¥) : C — A&B of strategies ¢ :
C — A and y : C —o B plays by ¢ if the play is in C — A, and by v otherwise. Formally:

Definition 3.83 (Pairing of strategies Abramsky and McCusker, 1999). Given games A, B and
C, and strategies ¢ : C —o A and f : C —o B, the pairing (¢, V) of ¢ and y is defined by

(@, ¥) :={se Lcorsn|(s|CAcdNns[B=¢)V(s|C,Bey As[A=¢)].

Example 3.84. The pairing (succ, double) : N —o N&N plays as either of the following diagrams:

(succ,double) (succ,double)

—o N & N N —o N & N

/q /‘1
q q
{ {

n+1 2n

where n € N, depending on the first O-move.

Lemma 3.85 (Well-defined pairing of strategies). Given games A, B and C, and strategies ¢ :
C— A and  : C—o B, the pairing (¢, V) is a strategy on the game C —o A&B. If ¢ and  are
innocent (resp. wb, total, noetherian), then so is (¢, V). Given ¢': C— A and ' : C —o B with
¢ ~c—on @' and ¥ ~c_op ', we have (¢, V) ~c—oassn (', ¥').

Proof. Straightforward; see McCusker (1998), Abramsky et al. (2000). O

Next, let us recall promotion of strategies. Intuitively, the promotion ¢ :!4 —o !B of a strat-
egy ¢ : A = B plays, during a play s in !A —o !B, as ¢ for each j-subsequence s [ i, called a thread
(Abramsky and McCusker, 1999; McCusker, 1998). Formally:

Definition 3.86 (Promotion of strategies McCusker, 1998). Given games A and B, and a strategy
@ : 1A —o B, the promotion ¢ of ¢ is defined by

ol i={se Lu_op|VieNslicg}.

We could have defined noetherianity of strategies in terms of positions, but then it would not
be preserved under promotion. It is another reason why we have defined it in terms of P-views
(Definition 3.72).

Example 3.87. Let succ: N = N be the successor strategy (n.b., it is on the implication =, not
the linear implication —o), which specifically selects, say, the ‘tag’ (_, 0) in the domain IN. Then,

the promotion succt 1IN — IN plays, e.g., as follows:
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SuCCT
IN s

(q,
(i, 0)) /

’C(q,
(n, (i, 0))

(n+1,1)

(4:))
(q, " o) /
/ (g, k)

Q(q, ,0
(, (k,0))
(I+1,k)
m, (j, 0))
(m+1,))

where i, j, k, n, m, | € N such that i # j, i # k and j # k, and they are all selected by Opponent. Note
that succ’ consistently plays as succ for each thread.

Lemma 3.88 (Well defined promotion of strategies). Given games A and B, and a strategy
@ : 1A —o B, the promotion ¢" is a strategy on the game |A —o |B. If ¢ is innocent (resp. wb, total,
noetherian), then so is ¢*. Given ¢ : 1A —o B with ¢ ~14_op ¢, we have 9T ~14_oip @'.

Proof. Straightforward; see McCusker (1998), Abramsky et al. (2000). O

We proceed to recall a class of simple strategies, which are S-identities in our game-semantic
CCBoC introduced in Section 4:

Definition 3.89 (Derelictions Abramsky et al. 2000; McCusker, 1998). The dereliction der :
1A —o A on a normalised game A is defined by

dery :={sePE/®", |Vt<s.Even(t) = (t] !A) [0=t]A}.
Note that any ‘tag’ (_, i) such that i € N would work; our choice (_, 0) does not matter.

Lemma 3.90 (Well defined derelictions). The dereliction ders on a normalised game A is a valid,
innocent, wb, strongly total strategy on the game |A —o A. It is noetherian if A is well founded.

Proof. We just show that dery is noetherian if A is well founded as the other points are trivial, e.g.,
validity of der, is immediate from the definition of ~4_,4. Given smn € dera, it is easy to see by
induction on |s| that the P-view [sm] is of the form m;mimym; . .. mymym, and thus there is a
sequence x4 mj 4 my - - - 4 my 4 m of enabling pairs. Therefore, if A is well founded, then
der, must be noetherian. O

Let us proceed to introduce some generalisations of existing constructions. Note that tensor ®,
pairing (_, _) and promotion (_)" of static strategies have been already generalised slightly because
they allow non-normalised dynamic games and strategies. Nevertheless, for the game-semantic
CCBoC introduced in Section 4, we need their further generalisations:
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Definition 3.91 (Generalised pairing of strategies). Given strategies ¢ : L and  : R such that
H?(L) QC —o A and 7“(R) < C —o B for some normalised games A, B and C, the (generalised)

pairing (¢, V) of ¢ and  is defined by
(@) =(s€Lur | (sILepAsR=e)V(s|[RePy As[L=¢)).

Theorem 3.92 (Well defined generalised pairing of strategies). Given strategies ¢ : L and r :
R such that 52°(L) < C—o A and #“(R) < C —o B for some normalised games A, B and C, the
generalised pairing (¢, ) is a strategy on the game (L, R). If ¢ and v are innocent (resp. wb, total,
noetherian), then so is (¢, V). Given ¢’ : L and ' : R such that ¢ ~p ¢' and ¥ ~p ', we have

(@ ¥) =R (@, ¥).
Proof. Straightforward. O
Convention. Henceforth, pairing of strategies refers to the generalised one.

Definition 3.93 (Generalised promotion of strategies). Given a strategy ¢ :G such that
H°(G) <A —o B for some normalised games A and B, the (generalised) promotion ¢' of ¢ is
defined by

ol i={se L |VieNslicp)

Theorem 3.94 (Well defined generalised promotion on strategies). Given a strategy ¢ : G such
that 7°(G) <A —o B for some normalised games A and B, the generalised promotion ¢ is a strat-
egy on the game G'. If ¢ is innocent (resp. wh, total, noetherian), then so is ¢ . Given ¢ : G such that
@ 26 @, we have ¢T ~¢: ¢

Proof. Straightforward. O
Convention. Henceforth, promotion of strategies refers to the generalised one.

Next, let us introduce a new construction on strategies, which plays a fundamental role in the
present work:

Definition 3.95 (Concatenation of strategies). Let . : ] and « : K be strategies such that 7 (J) <
A —o B and s (K) < B —o C for some normalised games A, B and C. The concatenation ¢ ¥ « of ¢
and «k is defined by

tik:={selpxl|slJe,s[Kek,s|Bpu,Bp epry}.

Example 3.96. The ‘non-hiding composition’ between succ, double : N —o N in the introduction
is formalised by the concatenation succ  double : (N — N) ¥ (N — N).

Theorem 3.97 (Well defined concatenation of strategies). Let ¢ : ] and k : K be strategies such
that 7“(J) <A — B and 5”(K) < B —o C, where A, B and C are normalised games. Then, we
have tfk : ]+ K and F6°(1); (k) = (LK) A —o C, where F“(1); °(k) is the compo-
sition of (1) : A — B and 7 (k): B—o C (Abramsky and McCusker, 1999). If v and « are
innocent (resp. wb, noetherian, total), then soist % k. Given (' : ] and k" : K with 1 ~j ' and k ~k «/,
we have 1 $ ik ~jsx ' F 1.

Proof. We just show the first statement since the other ones are straightforward. It then suf-
fices to prove t 3« :J+ K and S°(t $ k) = t; k since it implies ;k = (11 k) : H“(J+K) <

https://doi.org/10.1017/50960129520000250 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129520000250

942 N. Yamada and S. Abramsky

A —o C by Lemmas 3.54 and 3.68. However, 52 (¢ § k) = i; k is immediate from the definition of
concatenation; thus, we focusont ¥« : J $ K.

First, we have the inclusion ¢} k¥ C Pjyx because any s € ¢  « satisfies s€ Jjzk, s [J €t C Py,
s [ K ek CPgands [ By, By € prg. It is also immediate that such s is of even length. It remains
to verify the axioms S1 and S2. For this, we need the following claim:

() Each s € ¢ § « consists of adjacent pairs mn such that m, n € My or m, n € M.

Proof of the claim <. By induction on |s|. The base case is trivial. For the inductive step, let smn €
tik.Ifme My, then (s [ J).m.(n | ]) € o, wheres [ ] is of even length by the induction hypothesis.
Thus, we must have n € Mj. If m € Mg, then n € Mk by the same argument. O

o (S1). Since € €t} «, we have ¢ ¥ k # (). For even-prefix-closure, assume smn € ¢ # k. By the
claim <, either m, n € My or m, n € Mk. In either case, it is straightforward to see that s €
Pix,s[Jet, s Kekands | By, Bp) €prp,ie,sett«.

o (S2). Assume smn,smn’ € 1 k. By the claim <, either m,n,n’ € Mj or m,n,n’ € Mk.
In the former case, (s[]).mn,(s[]).mn €1. Thus, n=n" and Tgnn(n) = T(s}j).mn(n) =
Tist)).mn' (') = Tgmw (n') by S2 on «, where note that n and »’ are both P-moves and thus
non-initial in J. The latter case may be handled similarly.

Therefore, we have shown that the relation ¢ # « : J # K holds. O

At this point, let us note that totality of (dynamic) strategies is not preserved under composi-
tion, but it is preserved under concatenation. This phenomenon is essentially because totality is
not preserved under the hiding operation as already remarked before.

For completeness, let us explicitly define the rather trivial currying of strategies:

Definition 3.98 (Currying of strategies). Given a strategy o : G with 7#*“(G) <A ® B —o C for
some normalised games A, B and C, the currying A(c) : A(G) of o is o up to ‘tags.’

Lemma 3.99 (Well-defined currying of strategies). Strategies are closed under currying, and
currying preserves totality, innocence, well-bracketing, noetherianity and identification of strategies.
Proof. Obvious. O

Now, as in the case of games, let us proceed to establish the hiding lemma on strategies

(Lemma 3.102). We first need the following:

Lemma 3.100 (Hiding on legal positions in the second form). For any arena G and number
d e NU{w}, we have £ () ={ su%”éi |se %6}

Proof. Observe that
{suijd |se L6} = {sﬂ%%d | s € Z5, s is d-complete }
={ %”éi(s) | s € 4G, s is d-complete }

={ j‘de (s)|se %z} (bythe same argument as above)
=2y (by Corollary 3.30),

completing the proof. O

Notation 3.101. We write @;c1, where I is {1} or {1, 2}, for any of the constructions on strategies
introduced so far, i.e., @icy is either ®, (L)', (_, ), #,; 0r A.
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Lemma 3.102 (Hiding lemma on strategies). Let @1 be a construction on strategies, and o; : G;
for each i € I. Then, for all d € NU {w}, we have

(1) AU (Wic10:) = Bic1 % (07) if Wicr is @, ()T, (L, ) or A;
() #4011 0r) = H#U01) £ H#Y0) if%”d(al t 0y) is not normalised;
(3) oy 1 02) = H#(01); H#%0,) otherwise.

Proof. As in the case of games, it suffices to assume d = 1. Here, we just focus on pairing (_, _)
since the other constructions may be handled analogously.

Let 0;: G; (i=1,2) be strategies such that J7“(G;) I<C— A, J“(G,) < C—o B for some
normalised games A, B and C. For ({01, 02)) C (€ (01), 7 (02)), observe that

s€ A ((01,02)) = Ft € (01,02). 0H (G, 6,y =$
= 3t € L16,,6y)- 1[G, 6y =S AN (|G €oI At Ga=8) V (E] Gy €0y
At] Gy =¢g))
=€ ZLwG,G) N (s H(G1) € H(01) Ns | H(Gy) =€)
V(s [ H(Ga) € H(02) As | H(G1) =¢))
= s € (H(01), #(02)),
where the third implication is by Lemma 3.100. Next, we show the converse by
S€ (H(01), H(@2)) = s € Loy A (s | H(Gr) € H(o1) As | A(Go) = e)
V(s A(G2) € H(02) As | H(G1) =€)
= (Elueal.uu%”Gll =s|H(G)Au]G,=¢)
V @veoy vy, =s| H(G) Av | H(G) =¢)
= 3w € (01, 02). WIHG, Gy =S
= se A ((01,02)),
which completes the proof. O

A particularly important consequence of the hiding lemma is the following:

Corollary 3.103 (Closure of winning strategies). Winning strategies are closed under tensor ®,
pairing (_, _), promotion (_)T, concatenation %, composition ; and currying A.

Proof. Thanks to Lemmas 3.82 and 3.99 and Theorems 3.92, 3.94 and 3.97, it suffices to show
that the conjunction of strong totality and noetherianity of strategies is preserved under the
constructions. However, it simply follows from Lemma 3.102. O

Finally, as a technical preparation for the next section, let us define the dereliction game Z¢ on
each game G, which is, roughly, the subgame of G = G in which only plays by the dereliction derg
are possible. Formally:

Definition 3.104 (Dereliction games). The dereliction game on a game G is the subgame 5 <
G = G defined by

MEG = MG:}G )\'EG = )\'G:>G l_EG = |_G:>G

Pg,:={se PG[O]:>G[1] |Vt <s.Even(t) =t [ Gloj=t i G} ~gq =2G=G | Psg X Pg;.

Further, given normalised games A and B, we define
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. 1‘[{4’3 JA&B = A to be E4 up to ‘tags, where we often abbreviate it as IT;
. HZA’B < A&B = B to be Ep up to ‘tags, where we often abbreviate it as I1,;
e Tap <BA&A = Bto be Easp up to ‘tags’ where we often abbreviate it as 1.

Lemma 3.105 (D-lemma). Given normalised games A, B, C, LI4C=A, RI<C=B,PIC=
A&B, U QA&B = Cand V <A = CB, we have the equations

(LRI =1L (LRI =R (Pt P Pt Py = p
(TP AU, T35 e =U AUV, I 5 1) = V.
Proof. Straightforward. O

4. Dynamic Game Semantics of Finitary PCF

This last main section is the climax of the present work. We define a game-semantic CCBoC
LDG (Definition 4.1) and a standard structure .#% for FPCF in LDG (Definition 4.3) in
Section 4.1. Then, in Section 4.2, we show that the induced interpretation [[_]}ﬂ;ﬁs meets the
PDCP (Theorem 4.5), thus the DCP by Theorem 2.18, giving the first instance of dynamic game
semantics.

4.1 Dynamic game semantics of finitary PCF
Let us now establish the CCBoC LG of dynamic games and strategies:

Definition 4.1 (The CCBoC LDG). The CCBoC LDG = (LDG, %) is defined as follows:

o Objects are normalised, well founded games;

o A B-morphism A — B is a pair (J, [¢]lw) of a game ] that satisfies 7°“(J]) <A = B and
the equivalence class [¢p]w :={y :J | ¥ is wb and winning, ¥ ~; ¢ } of a valid, wb, winning
strategy ¢ : J;

Llglw) (K,

« The B-composition A Glofw) p WCIW) i the pair JT £ K, [¢" £ ¥ ]w);

o The B-identity idy : A — A on each object A is the pair (Z4, [dera]lw);

o The evaluation ¢ maps morphisms (J, [¢]w) : A — B to the pair (F€(]), [7€(¢)Iw);

o The B-terminal object is the terminal game T (Example 3.22);

o B-product and B-exponential are, respectively, given by A x B:= A&B and B := A= B=
!A —o B for all objects A, B € LDG;

o B-pairing is given by ((L, [a]w), (R, [Blw)) := ({L, R), [{@, B)]w) : C — A&B for all objects
A, B, C e LDG, and morphisms (L, [¢]w) : C— A and (R, [Blw) : C — B;

o The B-projections m): A&B— A and m,: A&B— B are the pairs (I'If"B, [wlA’B]W) and

AB | __AB . . AB . 7AB AB . /7AB

(I15"", [@;, " lw) for all objects A, B € LDG, respectively, where wo;” : I1,>" and w, " : IT,

are, respectively, the derelictions ders and derp up to ‘tags’;

B-currying is given by A(G, [¢]w) := (A(G), [A(p)lw) : A— (B= C) for all objects A, B, C €

LDG, and morphism (G, [¢]w) : A&B — C;

« The B-evaluation evpc: CE&B — C for all objects B, C € LDG is the pair (Yp,c, [up,clw)s
where vp ¢ : Yp,c is the dereliction derp—,c up to ‘tags.’

Note that we have made the underlying game of each f-morphism in LDG explicit in order
to take the equivalence class of strategies. Also, we have focused on well founded games and wb,
winning strategies for the full completeness result (Corollary 4.7), where note that games must be
well founded for derelictions to be noetherian (Lemma 3.90).
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Theorem 4.2 (Well defined LDG). LDG forms a CCBoC.

Proof. First, for B-composition, let A, B, C € LDG, (J, [¢]w):A — B and (K, [¢]w):B— Cin
LDG. Then, ¢ : J by Theorem 3.94, and #°(7) Q1A — 1B by Theorem 3.46. Therefore, we
have ¢T + v : JT £ K such that #°(JT + K) A= C by Theorem 3.97. Also, promotion and con-
catenation preserve validity, wb and winning of strategies (by Theorems 3.94 and 3.97, and
Corollary 3.103). Hence, the pair (JT £ K, [¢  ¥/]w) is a B-morphism A — C in LDG. Note that
the composition does not depend on the representatives ¢ and .

Next, B-composition preserves the equivalence (i.e., the trivial 2-cells) ~: For any
A,B,CeLDG, (,[dw).(,[[lw):A—B and (K, [¢]lw), (K, [flw):B—C in LDG,
it 00, [lw) =220, [ilw) and (K, [klw) = #°(K, [€lw), then #°('$K)=
() #°(K) = °(0)'; #°(K) = #°(J" £ K) by Lemma 3.54, and 2 (1" £ k) > o t:p)
(" &) by Corollary 3.73, whence #°(JT + K, [\ tklw) = 20" £ K, [T £ ]w).

Clearly, the associativity of S-composition modulo the equivalence ~~ holds: Given D € LDG,
and (G, [¢]) : C— D in LDG, by Lemma 3.54, we have

AT $K)" £ G) = (") #°(K)'; #°(G
= (N 2°(K)); (G
=N (K 2°(G
=) (K", (G
="+ (K" £G))

( )
H( )
( )
(K )

as well as by Lemma 3.102
A(@T 1) 1) = (PN (W) ()
= (9" W) A ()
= (") W) A ()
=A@ (W 1 9)),
whence (J, [p]w); (K, [¥]w)); (G, [¢]w) = (T, [9]w); (K, [¥]w); (G, [@]w)).

Similarly, the unit law modulo the equivalence 2 holds; we leave the details to the reader. Also,
S clearly satisfies the four axioms of BoC (Definition 2.2), having shown that LIDG is a BoC. It
remains to verify its cartesian closed structure modulo the equivalence ~~.

The universal property of the f-terminal game T modulo the equivalence ~~ is obvious,
where we define !4 := (A= T, [{e}]w) : A — T for each A € LDG. The B-projections are clearly
values in LDG. Given B-morphisms (L, [@]w):C— A and (R, [Blw):C— B in LDG, i.e.,
a:L, B:R, (L)< C= A and 5”(R) < C= B, we obtain the valid, wb, winning pairing
(o, B) : (L, R) such that s#“((L, R)) < C = A&B by Theorem 3.40 and Corollary 3.103. Hence,
the pair ((L, R), [{«, B)]w) is a B-morphism C — A&B in LDG, which does not depend on the
representatives o and f. Also, the S-pairing clearly preserves values in LDG.

Also, by Lemmas 3.54 and 3.105, we have

(LR £ TP = (L), 2°(R) TP = 22 (L)
as well as by Lemma 3.102 we have
A (o, B £ (") = (2 (@), 7B o = ().

Similarly, we have J#“((L,R)" % IT, ABy — #2(R) and 7#°((a, B)' % w{"B) = ”(B). Hence,
((L, [ow)s (R, [Blw))s 1 = (L, [a]w) and ((L, [e]w), (R, [Blw)); 2 = (R, [B]w) hold.
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Next, given any B-morphism (P, [p]w) : C — A&B in LDG, we have
A (P 5 TP, PY P)) = (oo (P) s TP, 0 (P)T; 115 P) = 0 (P)
again by Lemmas 3.54 and 3.105, as well as by Lemma 3.102, we have
H°(p" 2w, T 1) = (0 () s P, ()5 g Py = ).

Hence, ((P, [p]); 71, (P, [p]); m2) =~ (P, [p]) holds.
It is also straightforward to check that 8-pairing in LIDG preserves the equivalence ~: Given

any B-morphisms (L, [a]w), (L, [@]w): C— A and (R, [Blw), (R, [Blw): C— B in LDG such
that #¢(L, [alw) = (L, [@]w) and 2R, [Blw) = #“(R, [Blw), we have

(L [elw), (R, [BIW))) = (#°((L, R)), [ ({et, B))]w)
= ((S°(L), °(R)), [(H° (o), (B ]w)
= ((2°(L), #°(R)), (@), £ (B))]w)
= (AL R)), [ (& B))lw)
= (L, [@]w), R, [Blw))).

Finally, the requirements for -exponentials, S-currying and B-evaluations are proved simi-
larly to the cases of B-products, S-pairing and B-projections; we leave them to the reader. O

We proceed to give a standard structure (Definition 2.15) for FPCF in LDG:

Definition 4.3 (Standard structure in LDG). The standard structure
g =2, T, & m,=,ev, tt,ff, V)
of games and strategies for FPCF in LDG is defined as follows:

o 2 is the game of booleans (Example 3.23), and T is the terminal game (Example 3.22);
o & is product on games, and niA’B = (HiA’B, [wiA’B]W) (i=1,2)for any A, B € LDG;

o = is function space on games, and evap := (Ya B, [va,slw) for any A, B € LDG;

o tt:= (T = 2, [Pref({q.tt) 5" w), ff:= (T = 2, [Pref({g.f)Ee" w) : T — 2;

o 1= (2&(2&2) = 2, [case]w) : 2&(2&2) — 2, where case: 2&(2&2) = 2, is the standard
game semantics of the case-construction (Abramsky and McCusker, 1999) modified to a
normalised (dynamic) strategy in the obvious manner.

Lemma 4.4 (Standardness of .%%). The structure /4 for FPCF in LDG is standard in the sense
defined in Definition 2.15.

Proof. Straightforward, where note that the underlying game J of each morphism (J, [¢]w) in
LG is essential for the structure . to satisfy the inequality (5). O

4.2 Game-semantic dynamic correspondence property for FPCF
At last, we are now ready to prove that our game semantics satisfies the DCP (Definition 2.16):

Theorem 4.5 (PDCP-theorem). The interpretation [[_]]i]f’g@ of FPCF (Definitions 2.15 and 4.1)
satisfies the PDCP (Definition 2.17).

Proof. For the PDCP, the only nontrivial case is to show for any reduction of FPCF of the form
(AxA.V)W — U, where V, W and U are values, the equation . ([(Ax". V) W]]]LIDJG = [[U]]]L]D)G n.b., the
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inequality [(AxA.V) WH]L]D)(G # [[UﬂfﬂfG is immediate from the first component of each S-morphism
in LDG and the second axiom on standardness of .#%); the other conditions for the PDCP follow
from Lemmas 3.54 and 3.102. Let us focus on the nontrivial case, for which we define the height
Ht(B) € N of each type B by Ht(0) := 0 and Ht(B; = B;) := max (H#(B;)+1, Ht(B;)). We proceed
by induction on the height of the type A of W.

In the following, given B-morphisms (H,[t]w):C— (A= B) and (G, [o]w):C— A in
LDG, we define the B-morphism (H, [t]w)[(G, [o]w)] := (G, H)" 4+ Tap, [(t,0)" tvaglw):
C — Bin LDG. More generally, if (H, [t]w) : C— (A1 = Ay = - - - = Ay = B) and (G, [oi]lw) :
C— Ajfori=1,2,...,k thenwewrite (H, [t]w)|(G1, [o1]w), (G2, [02]W)s - - . » (Gis [0%]w) | for

(H, [t]lw) L(G1, [o1]w)] (G2, [o2]w)] - - - (G, [ok]w)] : C — B. We abbreviate [[_]]i;;ig as[_]. Let
I" be the context of (Ax*.V)W (and U). We abbreviate each f-morphism (G, [o']w) in LDG as
[o] for brevity, and focus on the second components (i.e., the equivalence classes of strategies);
the corresponding equations on the first components (i.e., games) may be obtained, thanks to
Lemmas 3.54 and 3.105, similarly to the ways for the first components shown below.

For the base case, assume Ht(A) = 0, i.e., A= 0. By induction on |V|, we have

o IfV =tt, then (AxP. t)W — tt, and clearly 22 ([(AA.t)W]) = (A([tt]), [W])T; [v] = [tt]. The
case of V = ff is analogous.

o If V=2ay“.V, then (MAYC.V)W — ayCU with (XA V)W — U’ (since nf((Axy©
VW) = af (Ay©. VIW/X]) = AyC. af (V[W/X]) = AyC. nf (AP V)W)). By the induction
hypothesis, 72 ([(Ax".V)W]) = [U']. Hence, we have

(W] = A (A gag(Ageg VD), WD) £ [v])
= (A (A (IVD), [W]) 5 [v]  (by Lemma 3.102)
= A (A (VD WD) 5 [v])
= A (A (VD W) 4 [v]))
— A ([ VW)
= Ageg(IU'D
= [ry©. V).
o IfV=case(yV; ... Vy)[Vy; Vo] with x #y, then (AxAV)W — U, where
U = case(ynf (Vi[W/x]) . . . af (Vik[W/x])) [nf (V1[W/x]); nf (V2 [W/x])].
By the induction hypothesis and the interpretation of the variable y, we have
H([(AA V)W])
= A (A (IYILIVAL - - - IVil D5 (V1D IVD) T # [case]) LIW] )
= (A A YD LIWDL LA A (VA LIWDLS - - -5 Apag (VKD LIWT L (A pag (VA D LIWT L,
Aqap (V2D LIW] 1)) # [case])
= A ([(Ax Y)W L[(x. VOW, . . ., [(x. VIOW] |, ([(Ax. V)W, [(Ax. V)W) T £ [case])
= (I LIf (Va[W/x])], - [[nf VIW/ XD, ([nf (VLW /D] [nf (Vo [W /D)D) £ [case])
= [U].
o IfV = case(x)[V1; V5], then (AXA V)W — U, where
U = case(W)[nf (V1 [W/x]); nf (V2[W/x])].
By the same reasoning as the above case, we get 2 ([(Ax". V)W]) = [U].
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Next, for the inductive step, assume H#(A) =h + 1. We proceed in the same way as the base
case, i.e., by induction on |V|, except that the last case is generalised to V = case(xVj . . . Vi) [V1; Vs,
where A=A; = A) = --- = A= 0 (k> 0). We have to consider the additional case of k> 1;
then we have (Ax*. V)W — U, where

U = case(nf (W(V1[W/x]) . ... (ViclW/x]))) [nf (V1 [W/x]); f (Vo [W/x])].
We then have the following chain of equations:

A [(Ax.NV)W]
= ANV Il (VAL VR0 # ease))LIW)
=2 (AXDLUWIILAVID LWL - - - AQVRD LIW] L (A (VD LIWD,

A(NV2DLIWID)T # [case])

= (X X)W L[(x. V)W, . . ., [(ox VW], ([(x. V)W, [(Ax. V2)W])) T case])
= (W] L[nf (Vi[W/xD)], - [[nf(Vk W/xD] 1, ([nf (V1 wW/xD)], [nf( Vo [W/xDIN T % [case])

(by the induction hypothesw w1th respect to |V|)
= ([nf (W(VAIW/X]) .. (VWSO ([nf (Vi OW/XDT Tf (V2 [W/XDD)T  [ease])

(by the induction hypothesis (applied k-times) with respect to the hight of types A; (i € k))
= [case(nf (W(V1[W/x]) . ... (Vi W/x])[nf (V1 [W/X]); nf (V2 [W/x])]]
=[u]

which completes the proof. O

Corollary 4.6 (Dynamic game semantics of FPCF). The interpretation [_] i]i)g@ of FPCF and the
hiding operation € satisfy the DCP in the sense of Definition 2.16.

Proof. By Lemma 4.4 and Theorems 2.18, 4.2 and 4.5. O

The relation between the syntax and the semantics is actually tighter than Corollary 4.6:
Exploiting the strong definability result (Amadio and Curien, 1998; Hyland and Ong, 2000), FPCF
can be seen as a formal calculus for computations in the CCBoC LIDG. In addition, FPCF rep-
resents every computation in LDG by the following full completeness result (Curien, 2007): Any
strategy on a game that interprets a type of FPCF is the denotation of some term of FPCF.

Corollary 4.7 (Dynamic full completeness). Let G be a game such that for some strategy o : G the
pair (G, [o]w) is the interpretation [T =M : B]]]LDG of a programme I" = M : B in FPCF. Then, for
any strategy & : G, there is a programme T M : B in FPCF such that [T =M : BHLDG =(G, [a]w).

Proof. Note that the game G is constructed along the construction of type B in FPCF. We proceed
by induction on the construction of G (or B). First, since values of FPCF are PCF B6hm trees
except that the natural number type ¢ is replaced with the boolean type o, and the bottom term L
is deleted, the conventional full completeness and the strong definability hold for values of FPCF
in the same way as that of the wb, innocent game semantics of PCF (Abramsky and McCusker,
1999; Hyland and Ong, 2000), where winning of strategies excludes the denotation of the bottom
term _L; see Abramsky and McCusker (1999), Curien (2006) for the details.

It remains to consider the rule A for applications (Definition 2.4), i.e., the case where G is of
the form (U, V)T + 7. But then, note that only plays by the dereliction (up to ‘tags’) are possible
in 7" (Definition 3.104), and therefore we may just apply the induction hypothesis. O
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5. Conclusion and Future Work

We have presented a mathematical (and syntax-independent) formulation of dynamics and
intensionality of computation in terms of bicategories and game semantics. From the opposite
angle, we have developed bicategorical and game-semantic frameworks for dynamic, intensional
computation with a convenient formal calculus.

Let us emphasise that the dynamic, intensional nature of our semantics stands in sharp contrast
to the static, extensional nature of conventional (categorical or game) semantics. In particular, our
semantics satisfies the highly nontrivial DCP with respect to FPCF (Definition 2.16).

The present work refines and generalises standard categorical and game semantics of type
theories. For instance, composition of static strategies is decomposed and generalised into concate-
nation plus hiding on dynamic strategies. Also, standard constructions and constraints on static
games and strategies are naturally accommodated in dynamic games and strategies. From the
category-theoretic point, the present work refines the standard CCC-interpretation of type the-
ories by the CCBoC-interpretation. In this sense, our approach is natural and general, achieving
mathematics of dynamics and intensionality of computation as promised in Section 1.

Let us remark that our result does not contradict the standard result by Danos et al. (1996), i.e.,
the correspondence between the execution of LHR and the step-by-step ‘internal communication’
between conventional strategies. In fact, LHR is a finer reduction strategy than the operational
semantics of FPCF (Definition 2.4), and the work by Danos et al. implies that LHR corresponds in
conventional game semantics what should be called a ‘move-wise’ execution of the hiding oper-
ation. On the other hand, our operational semantics is executed in a much coarser, ‘type-wise’
fashion, and thus it may be seen as executing at a time a certain ‘chunk’ of LHR in a specific order.
Our dynamic game semantics captures such a coarser dynamics of computation, and thus it does
not contradict Danos et al. (1996).

Of course, it is highly interesting to refine the present work to capture LHR or another,
finer reduction strategy such as explicit substitution (Rose, 1996) and the differential A-calculus
(Ehrhard and Regnier, 2003), which we leave as future work.

More generally, the most immediate future work is to apply the present framework of dynamic
game semantics to various other logics and computations as in the case of static game semantics
(Abramsky and McCusker, 1999). Also, it would be interesting to see how accurately our game-
semantic approach can measure the computational complexity of (higher-order) programmes.

Finally, the notion of (CC)BoCs can be a concept of interest in its own right. For instance,
it might be fruitful to develop it further to accommodate various models of computations in the
same spirit of Longley and Normann (2015) but on computation, not computability. Also, it might
be interesting to consider their relation with computations as monads (Moggi, 1991).
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and Sam Staton for fruitful discussions. The second author acknowledges support from the EPSRC grant EP/K015478/1 on
Quantum Mathematics and Computation and U.S. AFOSR FA9550-12-1-0136.

Notes

1 For simplicity, here we focus on closed terms, i.e., ones with the empty context.

2 The diagram is depicted as above only to clarify which component game each move belongs to; it should be read just as a
finite sequence, namely, q(1)q[0)"[0j™[1]> equipped with the pointers represented by the arrows. (N.b., the arrows represent
pointers, not edges of the tree, unlike the diagram of N.)

3 Composition of strategies is associative; see Abramsky et al. (1997), Hyland (1997), Abramsky and McCusker (1999) for the
details. Therefore, the order of applying composition on strategies does not matter.

4 N.b., for the present work, it suffices to know that a CCB is a generalised CCC in the sense that the equational axioms of
CCCs are required to hold only up to 2-cell isomorphisms.

5 N.b., the unit law on the nose does not hold if the composition is a non-normalising one.

6 N.b,, there is no rewriting between 1-cells (f; g); i and f; (g; h) if the composition is non-normalising.
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7 Note that if " (f), &"2(f) € Y« (A, B) for any ny, np € N, then clearly & (f) = &"2( f), where &" denotes the n-times
iteration of & for each n e N.

8 In the present work, every dynamic strategy (or f-morphism) becomes a value by a finite iteration of the hiding operation
(or evaluation) due to the axiom on labelling functions (Definition 3.1), and thus the axiom Termination (Definition 2.2)
makes sense. Of course, if we consider another, in particular finer, evaluation of computations (which is left as future work),
then this point may no longer hold.

9 Le., we assume that in any term of concern every bound variable is chosen to be different from any free variable occurring
in that mathematical context.

10 One may say that the operational semantics — executes the parallel 81¥-reduction =gy in a controlled manner that does
not produce non-programme terms at all.
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